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n-Cyclic Refined Neutrosophic Group Theory, An Application Of n-
Cyclic Refined neutrosophic Sets

Rozina Ali

Cairo University, Egypt

Abstract: In This paper, use the term of n-cyclic refined neutrosophic sets to define n-cyclic refined
neutrosophic groups. Also, we study some of their properties.

Main Concepts
Definition 3.1:

Let | be the neutrosophic element, which refers to indeterminacy, we define n-cyclic refining system of
I by the set L={Iy, 15, ..., I,_1}, Where I; # [; for all i # jand i,j <n.

We define a binary operation on L as follows:

- Itis clear that L has a structure of the subset (Z,,/{0}, +), where Z,, is the additive ;; = I (4 j moa n)
group of integers modulo n.

Remark: For an easy representing, we can put I; = I'.i.e. I, = I',I, = I?,.. etc.
Definition 3.2:
Let (G,*) be a group, and | is the neutrosophic element with property I™ =1 ;n = 2, with

I'# U foralli+jandi,j <n.Wecall M(G)=G U GI U GI?> U ...U GI™* an n-cyclic refined
neutrosophic group.

It is easy to see that 2-cyclic refined neutrosophic group is the neutrosophic group.
Remark 3.3:

The sets GI* are groups under the binary operation (xI*)(yI*)=(xyI*) ; k < n with identity I* and
each one of them must be isomorphic to G.

According to the previous operation, the inverse of xI* is x~11* .
Definition 3.4:

Let M(G) be an n-cyclic refined neutrosophic group, H be a subset of M(G). We call H an AH-
subgroup if H=H, U H,1 U H,I? U ...U H,_, 1™, where H; is a subgroup of G for all i.

We call H an AHS-subgroup if Hy = H; =+ = H,_;.
We call H an AH-normal if H; is normal subgroup of G for all i.
We call H an AHS-normal if it is AHS-subgroup and AH-normal.

Definition 3.5 :



Let M(G) , M(H) be n, m-cyclic refined neutrosophic groups respectively, f: M(G)—M (H) be a map.
We say that f is an AH- homomorphism if it is a homomrphism between G, Hi.e. f(xy) =
F)fV x,y € G and f(I*) = (I)* such I is the neutrosophic element of H.

We define AH — Ker(f) = Kerf; UKerfz1 U ..U Kerf ™1, we regard that AH — Ker(f) is an
AHS-normal subgroup of M(G)

We say that f is an isomorphism if it is a correspondence one-to-one homomorphism.

fH=H,UH,JU..UH, " Yand K = K, U K;1 U ..UK,_,I""1 are two AH-subgroups of M(G).
We say that they are isomorphic if H; = K; for all i .

Definition 3.6 :

Let H, K be two AH-subgroups of M(G). We define
HoKy U H K1 U ..U H,_ K, _I""'. HK =
Definition 3.7 :

Let M(G) be an n-cyclic refined neutrosophic group, H = Hy U H;I U H,I? U ...U H,_; 1" be an
AH-normal subgroup of M(G). We define the corresponding AH-factor as M(G)/H = (G/H,) U
(G/HDIV ..U (G/H,_)I" L.

Definition 3.8 :

Let M(G) be an n-cyclic refined neutrosophic group. We define the AH-center of M(G) by
Z(UZ(IU ..U Z(G)I™ 1. Z(M(G)) =

It is easy to see that Z(M(G)) is an AHS-normal subgroup of M(G).

Definition 3.9 :

Let M(G) be an n-cyclic refined neutrosophic group. We say that M(G) is abelian if G is abelian, i.e.
M(G)=Z(M(G)).

M(G) is said to be cyclic if G is cyclic.

Theorem 3.10 :

Let M(G) be an n-cyclic refined neutrosophic group. Then

(@) If H is an AH-normal subgroup and M(G) is abelian. Then M(G)/H is abelian.

(b) If M(G) is finite and H is an AHS-subgroup, then O(H) divides O(M(G))=n O(G).
(c) If H is an AH-normal subgroup and M(G) is cyclic then M(G)/H is cyclic.

Proof:

(@) Since M(G)/H=(G/Hy) U (G/H)I U ..U (G/H,_)I"! and G/H; is abelian for all i. Then
M(G)/H is abelian.

(b) We have that O(H)=n O(H,) and O(H,,) divides the order of G then O(H) divides O(M(G))=n
O(G).



(c) Since G/H; is cyclic for all i. Then M(G)/H is cyclic.
Theorem 3.11 :
Let M(G) be an n-cyclic refined neutrosophic group and H , K be two AH-subgroups. Then
(d) H n K is an AH-subgroup.
If H, K are AHS-subgroups, then H N K is an AHS-subgroup.(b)
(c) If H, K are AH-normal subgroups, then H n K and HK are AH-normal subgroups.
(d) If H, K are AHS-normal subgroups, then H n K and HK are AHS-normal subgroups.

Proof : Suppose that H=H, U H,;/ U ..UH,_;I"Yand K =K, UK,IU ..UK,_ " tthen HNK =
(HyNKy) U(H, NK)DIV ..U (H,_; N K,_)I™"! by this argument we can easily find that the proof
holds.

Theorem 3.12 :

Let M(G), M(H) be n, m-cyclic refined neutrosophic groups respectively, and f: M(G)—M(H) be a
homomorphism. Then

a)yn = m.

(b) If K is an AH-subgroup of M(G) then f(K) is an AH-subgroup of M(H).

(c) If K is an AHS-subgroup of M(G) then f(K) is an AHS-subgroup of M(H).

(d) If Kiis an AH-normal subgroup of M(G) then f(K) is an AH-normal subgroup of f(M(G)).

(e) If K is an AHS-normal subgroup of M(G) then f(K) is an AHS-normal subgroup of f(M(G)).

() M(G)/Kerf = f (M(G)).
Proof :

(@) Suppose thatn < m thenI = f(I) = f(I™) = (I)™ and this is a contradiction according to the
definition 3.5, thusn > m.

(b) Suppose that K = K, UK, T U ...UK,,_; ™1, then f(K) = f(Ky) U f(KDIU ..U f(K,_ )" 1
with subgroups f(K;) for all i of M(H), so that f(K) is an AH-subgroup of M(H).

(c) Itis obvious that if K; = K;, then f(K;) = f(K;), thus f(K) is an AHS-subgroup of M(H).
(d), (e) hold directly from (b) and (c) and from the fact that if K; is normal, then f(K;) is normal.

(f) From the definition, we find M(G)/Kerf = (G/Kerf;) U (G/Kerf;,)I U ..U (G/Kerf)I"1; but
G/Kerf, = f(G), thus M(G)/Kerf = f(G) U f(G)I U ..U F(G)I"™"t = F(M(G)).

Theorem 3.13 :

Let M(G) be an n-cyclic refined neutrosophic group and H , K be two AH-normal subgroups with K<
H,then (M(G)/K)/(H/K) = M(G)/H.

Proof :



Suppose that=Hy U H;I U ...UH,_; 1" Yand K = K, U K;1 U ...U K,,_; I~ with K< H, then
M(G)/K)/(H/K) = ((G/Ko) U ..U (G/Kp)I"1)/(Ho/Ko) U ... U (Hyoy /K DI ) =

G/Ko/(Ho/Ko) U ..U (G/Kp1)/(Hpor /K DI" ' = G/Hy U (G/HDI U ..U (G/H,_)I"' =
M(G)/H.

Theorem 3.14 :

Let M(G) be an n-cyclic refined neutrosophic group, and H is an AH-normal subgroup, then for each
AH-subgroup T of M(G)/H there is an AH-subgroup of M(G) contains H.

Proof : It can be proved as the classical case.
Definition 3.15 :
Let M(G) , M(H) be two n-cyclic refined neutrosophic groups,

we define M(G) x M(H) = (G X H) U (G X H)II' U ...U (G x H)I™(I)™ with (I1)k = I¥(1")* for all
k, itis clear that M(G) x M(H) is an n-generalized neutrosophic group with neutrosophic element 1.

Theorem 3.16 :
Let M(G), M(H) be two n-cyclic refined neutrosophic groups. Then
(@) If M(G) , M(H) are abelian then M (G) x M(H) is abelian.

(b) If T,S are two AH-subgroups of M(G) , M(H) respectively, then T x S is an AH-subgroup of
M(G) x M(H).

(c) IfT,S are two AH-normal subgroups of M(G) , M(H) respectively, then T x S is an AH-normal
subgroup of M(G) x M(H).

(d) If T,S are two AHS-subgroups of M(G) , M(H) respectively, then T x S is an AHS-subgroup of
M(G) x M(H).

(e) If T,S are two AHS-normal subgroups of M(G) , M(H) respectively then T x S is an AHS-normal
subgroup of M(G) x M(H).

Proof :
(@) Itis clear since G x H is abelian.
(b) Assumethat T = Ty U ..UT,_ /™ *and S =S, U ..US,_,(I)™*, then

TXS=(TyXSy)U..U(T,_q XS,_1)II)* !, we can regard that T; X S; is a subgroup of G x H,
so T x S is an AH-subgroup.

(c) It holds directly from (b).

(d)IfS; =T,and S; = S; then T; X S; = T; X §; and then T X S is an AHS-subgroup.
(e) It holds directly from (d) and (c).

Example 3.17:

Consider the additive group (R*,.) and the integer n = 3. The corresponding 3-cyclic refined
neutrosophic group is



M(R) = {a,bl,cl?;a,b,c € R*}

1) We know that (Q*,.) is a subgroup of (R*,.), hence L=Q* U Q*I U Q*I? ={x,yl,zI?;x,y,z € Q*}
is a 3-cyclic refined AHS-subgroup.

2) The corresponding AH-factor is M(R)/L = R*/Q* v R*/Q* 1U R*/Q* 2.
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