
See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/354623900

Solving An Open Problem About Kothe's Conjecture In Refined Neutrosophic

Rings

Preprint · September 2021

DOI: 10.13140/RG.2.2.11316.78720

CITATIONS

0
READS

8

2 authors, including:

Rozina Ali

Cairo University

15 PUBLICATIONS   0 CITATIONS   

SEE PROFILE

All content following this page was uploaded by Rozina Ali on 16 September 2021.

The user has requested enhancement of the downloaded file.

https://www.researchgate.net/publication/354623900_Solving_An_Open_Problem_About_Kothe%27s_Conjecture_In_Refined_Neutrosophic_Rings?enrichId=rgreq-8a74f77b727f0c2ce82cb1e63362d6b8-XXX&enrichSource=Y292ZXJQYWdlOzM1NDYyMzkwMDtBUzoxMDY4NTgzNDI1Njc5MzYxQDE2MzE3ODE1NTA0NjQ%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/354623900_Solving_An_Open_Problem_About_Kothe%27s_Conjecture_In_Refined_Neutrosophic_Rings?enrichId=rgreq-8a74f77b727f0c2ce82cb1e63362d6b8-XXX&enrichSource=Y292ZXJQYWdlOzM1NDYyMzkwMDtBUzoxMDY4NTgzNDI1Njc5MzYxQDE2MzE3ODE1NTA0NjQ%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-8a74f77b727f0c2ce82cb1e63362d6b8-XXX&enrichSource=Y292ZXJQYWdlOzM1NDYyMzkwMDtBUzoxMDY4NTgzNDI1Njc5MzYxQDE2MzE3ODE1NTA0NjQ%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Rozina-Ali-7?enrichId=rgreq-8a74f77b727f0c2ce82cb1e63362d6b8-XXX&enrichSource=Y292ZXJQYWdlOzM1NDYyMzkwMDtBUzoxMDY4NTgzNDI1Njc5MzYxQDE2MzE3ODE1NTA0NjQ%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Rozina-Ali-7?enrichId=rgreq-8a74f77b727f0c2ce82cb1e63362d6b8-XXX&enrichSource=Y292ZXJQYWdlOzM1NDYyMzkwMDtBUzoxMDY4NTgzNDI1Njc5MzYxQDE2MzE3ODE1NTA0NjQ%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Cairo-University3?enrichId=rgreq-8a74f77b727f0c2ce82cb1e63362d6b8-XXX&enrichSource=Y292ZXJQYWdlOzM1NDYyMzkwMDtBUzoxMDY4NTgzNDI1Njc5MzYxQDE2MzE3ODE1NTA0NjQ%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Rozina-Ali-7?enrichId=rgreq-8a74f77b727f0c2ce82cb1e63362d6b8-XXX&enrichSource=Y292ZXJQYWdlOzM1NDYyMzkwMDtBUzoxMDY4NTgzNDI1Njc5MzYxQDE2MzE3ODE1NTA0NjQ%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Rozina-Ali-7?enrichId=rgreq-8a74f77b727f0c2ce82cb1e63362d6b8-XXX&enrichSource=Y292ZXJQYWdlOzM1NDYyMzkwMDtBUzoxMDY4NTgzNDI1Njc5MzYxQDE2MzE3ODE1NTA0NjQ%3D&el=1_x_10&_esc=publicationCoverPdf


Solving An Open Problem About Kothe's Conjecture In Refined 

Neutrosophic Rings 

Arwa A. Hajjari and Rozina ALi 

Abstract: This paper is dedicated to prove the equivalence between Kothe's conjecture in the classical 

ring R and the corresponding Refined neutrosophic ring 𝑅(𝐼1, 𝐼2) 

 Main discussion 

In [5], authors have proved that 𝑃 = (𝑃0 , 𝑃1𝐼1, 𝑃2𝐼2)  is a full ideal of 𝑅(𝐼1, 𝐼2) if and only if 

𝑃0 , 𝑃1, 𝑃2  𝑎𝑟𝑒 𝑖𝑑𝑒𝑎𝑙𝑠 𝑖𝑛 𝑅 𝑤𝑖𝑡ℎ 𝑃0 ≤ 𝑃2 ≤ 𝑃1 , under the condition that R has unity. First of all, we give 

an example to show that this statement is not true if R has not a unity. 

Example : 

Consider 2𝑍(𝐼1, 𝐼2) = {(2𝑎, 2𝑏𝐼1, 2𝑐𝐼2); 𝑎, 𝑏, 𝑐 ∈ 𝑍} the refined neutrosophic ring of even integers, let 

𝑃 = (2𝑍, 4𝑍𝐼1, 4𝑍𝐼2) = {(2𝑎, 4𝑏𝐼1, 4𝑐𝐼2); 𝑎, 𝑏, 𝑐 ∈ 𝑍} be a subset of it. First of all, we show that P is a 

full ideal of 2𝑍(𝐼1, 𝐼2). It is easy to see that (P,+) is a subgroup. Let 𝑥 = (2𝑚, 4𝑛𝐼1, 4𝑡𝐼2) be any 

element of P, 𝑟 = (2𝑎, 2𝑏𝐼1, 2𝑐𝐼2) be any element of 2𝑍(𝐼1, 𝐼2), we have: 

𝑟𝑥 = (4𝑎𝑚, 𝐼1[8𝑎𝑛 + 4𝑏𝑚 + 8𝑏𝑛 + 8𝑏𝑡 + 8𝑐𝑛], 𝐼2[8𝑎𝑡 + 8𝑐𝑡 + 4𝑐𝑚]) ∈ 𝑃. Thus P is a full ideal and 

the inclusion's condition is not available, that is because 2Z is not contained in 4Z. 

The following theorem describes the structure of nil ideals in 𝑅(𝐼1, 𝐼2). 

Theorem : 

Let 𝑅(𝐼1, 𝐼2) be any neutrosophic ring, we have: 

(a) (𝑥, 𝑦𝐼1, 𝑧𝐼2) is nilpotent in 𝑅(𝐼1, 𝐼2) if and only if 𝑥, 𝑥 + 𝑧, 𝑥 + 𝑦 + 𝑧 are nilpotent elements in R. 

(b) If 𝑃 = (𝑄, 𝑀𝐼1, 𝑁𝐼2) is an ideal of 𝑅(𝐼1, 𝐼2), then P is nilpotent if and only if 𝑄, 𝑀, 𝑁, 𝑄 + 𝑁, 𝑄 +

𝑀 + 𝑁 are nilpotent. 

(c) If 𝑃 = (𝑄, 𝑀𝐼1, 𝑁𝐼2) is a right/left ideal of 𝑅(𝐼1, 𝐼2), then P is nil if and only if 𝑄, 𝑀, 𝑁, 𝑄 + 𝑁, 𝑄 +

𝑀 + 𝑁 are nil. 

Proof: 

(a) First of all, we prove that (𝑥, 𝑦𝐼1, 𝑧𝐼2) 𝑛 = (𝑥𝑛 , 𝐼1[(𝑥 + 𝑦 + 𝑧)𝑛 − (𝑥 + 𝑧)𝑛], 𝐼2[(𝑥 + 𝑧)𝑛 − 𝑥𝑛]), 

where n is any positive integer. 

For n=1 it is clear. We suppose that it is true for 𝑛 = 𝑘, we shall prove it for k+1. 

 (𝑥, 𝑦𝐼1, 𝑧𝐼2)𝑘+1 = (𝑥, 𝑦𝐼1, 𝑧𝐼2)𝑘(𝑥, 𝑦𝐼1, 𝑧𝐼2) = (𝑥𝑘 , 𝐼1[(𝑥 + 𝑦 + 𝑧)𝑘 − (𝑥 + 𝑧)𝑘], 𝐼2[(𝑥 + 𝑧)𝑘 −

𝑥𝑘]). (𝑥, 𝑦𝐼1, 𝑧𝐼2) = (𝑥𝑘+1, 𝐼1[𝑥(𝑥 + 𝑦 + 𝑧)𝑘 − 𝑥(𝑥 + 𝑧)𝑘 + 𝑦(𝑥 + 𝑦 + 𝑧)𝑘 − 𝑦(𝑥 + 𝑧)𝑘 + 𝑦𝑥𝑘 −

𝑦𝑥𝑘 + 𝑦(𝑥 + 𝑧)𝑘 + 𝑧(𝑥 + 𝑦 + 𝑧)𝑘 − 𝑧(𝑥 + 𝑧)𝑘], 𝐼2[𝑥(𝑥 + 𝑧)𝑘 − 𝑥𝑥𝑘 + 𝑧(𝑥 + 𝑧)𝑘 + 𝑧𝑥𝑘 − 𝑧𝑥𝑘]). 

Hence  (𝑥, 𝑦𝐼1, 𝑧𝐼2)𝑘+1 = (𝑥𝑘+1, 𝐼1[(𝑥 + 𝑦 + 𝑧)𝑘+1 − (𝑥 + 𝑧)𝑘+1], 𝐼2[(𝑥 + 𝑧)𝑘+1 − 𝑥𝑘+1]) 

Thus it is true by induction. 

Now, we suppose that (𝑥, 𝑦𝐼1, 𝑧𝐼2)  is nilpotent in 𝑅(𝐼1, 𝐼2), hence there is a positive integer n such that 



(𝑥, 𝑦𝐼1, 𝑧𝐼2)𝑛 = 0. By the previous statement, we get 𝑥𝑛 = 0 𝑎𝑛𝑑 (𝑥 + 𝑧)𝑛 − 𝑥𝑛 = 0, 𝑎𝑛𝑑 (𝑥 + 𝑦 +

𝑧)𝑛 − (𝑥 + 𝑧)𝑛 , 𝑡ℎ𝑢𝑠 (𝑥 + 𝑦 + 𝑧)𝑛 =  (𝑥 + 𝑧)𝑛 = 0. Thus 𝑥, 𝑥 + 𝑦 + 𝑧, 𝑥 + 𝑧 are nilpotent elements 

in R. The converse is clear. 

(b) Let 𝑃 = (𝑄, 𝑀𝐼1, 𝑁𝐼2) be a nilpotent ideal of 𝑅(𝐼1, 𝐼2), then there exists a positive integer n such 

that 𝑃𝑛 = {0} . 

For any element 𝑥 ∈ 𝑄 we have (𝑥, 0,0) ∈ 𝑃 , hence 𝑥𝑛 = 0, and Q is nilpotent. 

On the other hand for any element 𝑦 ∈ 𝑀 we have (0, 𝑦𝐼1, 0) ∈ (0, 𝑀𝐼1, 0) ≤ 𝑃 , hence (0, 𝑦𝐼1, 0)𝑛 =

{0}, 𝑡ℎ𝑢𝑠 𝑦𝑛 = 0, and M is nilpotent . By the same argument, we get that N is nilpotent. 

Now, for every 𝑥 ∈ 𝑄, 𝑦 ∈ 𝑀, 𝑧 ∈ 𝑁, we have 𝐴 = (𝑥, 𝑦𝐼1, 𝑧𝐼2) ∈ 𝑃, by the assumption of the 

nilpotency of P, we get 𝐴𝑛 = (𝑥𝑛 , 𝐼1[(𝑥 + 𝑦 + 𝑧)𝑛 − (𝑥 + 𝑧)𝑛], 𝐼2[(𝑥 + 𝑧)𝑛 − 𝑥𝑛]) = 0, hence 𝑥𝑛 =

0 𝑎𝑛𝑑 (𝑥 + 𝑧)𝑛 − 𝑥𝑛 = 0, 𝑎𝑛𝑑 (𝑥 + 𝑦 + 𝑧)𝑛 − (𝑥 + 𝑧)𝑛 , 𝑡ℎ𝑢𝑠 (𝑥 + 𝑦 + 𝑧)𝑛 =  (𝑥 + 𝑧)𝑛 = 0, which 

implies that 𝑄 + 𝑁, 𝑄 + 𝑀 + 𝑁 are nilpotent. 

The converse is easy and clear.  

(c) Let 𝑃 = (𝑄, 𝑀𝐼1, 𝑁𝐼2) be a nil ideal of 𝑅(𝐼1, 𝐼2), and 𝐴 = (𝑥, 𝑦𝐼1, 𝑧𝐼2) be an arbitrary element of P, 

then there exists a positive integer n such that 𝐴𝑛 = (𝑥𝑛 , 𝐼1[(𝑥 + 𝑦 + 𝑧)𝑛 − (𝑥 + 𝑧)𝑛], 𝐼2[(𝑥 + 𝑧)𝑛 −

𝑥𝑛]) = 0 , thus 𝑥𝑛 = 0, (𝑥 + 𝑦 + 𝑧)𝑛 =  (𝑥 + 𝑧)𝑛 = 0 , so that 𝑄, 𝑄 + 𝑀 + 𝑁, 𝑄 + 𝑀 are nil. 

Also, 𝑁, 𝑀 are nil ideals, that is because 𝑀, 𝑁 ≤ 𝑄 + 𝑀 + 𝑁. 

For the converse, we assume that 𝑄, 𝑀, 𝑁, 𝑄 + 𝑁, 𝑄 + 𝑀 + 𝑁 are nil ideals in the classical ring R, we 

must prove that 𝑃 = (𝑄, 𝑀𝐼1, 𝑁𝐼2) is a nil ideal of 𝑅(𝐼1, 𝐼2). 

Let 𝐴 = (𝑥, 𝑦𝐼1, 𝑧𝐼2) be an arbitrary element of P, we have 𝑥 ∈ 𝑄, 𝑦 ∈ 𝑀, 𝑧 ∈ 𝑁. There exists three 

positive integers 𝑚, 𝑛, 𝑘 such that 𝑥𝑛 = (𝑥 + 𝑦 + 𝑧)𝑚 = (𝑥 + 𝑧)𝑘 = 0. Now, we compute 

𝐴𝑚+𝑛+𝐾 = (𝑥𝑚+𝑛+𝑘 , 𝐼1[(𝑥 + 𝑦 + 𝑧)𝑚+𝑛+𝑘 − (𝑥 + 𝑧)𝑚+𝑛+𝑘], 𝐼2[(𝑥 + 𝑧)𝑚+𝑛+𝑘 − 𝑥𝑚+𝑛+𝑘]) =

(0,0,0) = 0. This means that P is a nil ideal of the refined neutrosophic ring 𝑅(𝐼1, 𝐼2). 

 

 

The following theorem shows the equivalence between Kothe's conjecture in the classical ring R and 

the corresponding refined neutrosophic ring 𝑅(𝐼1, 𝐼2). 

Theorem : 

Kothe's conjecture is true in the refined neutrosophic ring 𝑅(𝐼1, 𝐼2) if and only if it is true in the 

corresponding classical ring R. 

Proof: 

If Kothe's conjecture is true in 𝑅(𝐼1, 𝐼2) , then it is true in R, that is because R is a homomorphic image 

of 𝑅(𝐼1, 𝐼2). See [9]. 

Now, suppose that Kothe's conjecture is true in 𝑅. If 𝑃 = (𝑄, 𝑀𝐼1, 𝑁𝐼2), 𝐿 = (𝑆, 𝑇𝐼1, 𝐺𝐼2) are two nil 

ideals of 𝑅(𝐼1, 𝐼2), then by theorem , we get 𝑄, 𝑄 + 𝑁, 𝑄 + 𝑀 + 𝑁, 𝑆, 𝑆 + 𝐺, 𝑆 + 𝑇 + 𝐺 are nil in R, 

hence 𝑃 + 𝐿 = (𝑄 + 𝑆, [𝑀 + 𝑇]𝐼1, [𝑁 + 𝐺]𝐼2) is a nil ideal in 𝑅(𝐼1, 𝐼2), that is because 



𝑄 + 𝑆, 𝑄 + 𝑆 + 𝑁 + 𝐺, 𝑄 + 𝑆 + 𝑁 + 𝐺 + 𝑀 + 𝑇 are nil in R (Since the Kothe's conjecture is true in the 

ring R by the assumption). This implies that Kothe's conjecture is true in the refined neutrosophic ring 

𝑅(𝐼1, 𝐼2). 
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