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Abstract: This paper is dedicated to study for the first time the concept of n-cyclic refined neutrosophic
vector space as a direct application of n-cyclic refined neutrosophic sets. Also, It presents some elementary
properties of these spaces such as homomorphisms and subspaces.

On the other hand, this work defines n-cyclic refined neutrosophic real matrices, and illustrates some examples
to clarify these structures.

Keywords: n-cyclic refined neutrosophic vector space, n-cyclic refined neutrosophic ring, n-cyclic
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1. Introduction

Neutrosophy is a new branch of philosophy which concerns with the indeterminacy in real life actions and
sciences.

In the literature, neutrosophy has got many applications in pure mathematics areas such as space theory [1,2],
module theory [4,5], matrix theory [31,32,42], and number theory [3,35]. Also, it plays an important role in
applied mathematics such as equations [30], special elements [41], and topology [27,29].

n-cyclic refined neutrosophic sets were defined in [39], and used in the study of some related rings and modules.
These sets are considered as a new kind of n-refined neutrosophic sets [12], with a similar structure and
different operations.

In this work, we define the concept of n-cyclic refined neutrosophic vector spaces and n-cyclic refined
neutrosophic matrices. Also, we illustrate many examples to clarify the validity of these concepts, and we list
some of related open questions.

2. n-Cyclic Refined neutrosophic vector space.

Definition 2.1 [39]

Let (R, +.x) bearingandl;:1 = k = n be n indeterminacies. We define

R, = {ay + a;ly + a;I, + - + a,l,:a; € R} to be n-cyclic refined neutrosophic ring.

Operations on R, (I are defined as:
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Where = is the multiplication on thering R, and xI, = x, forall x = R.

Definition 2.2 [39]

Let (¥.+.x} be a field, we say that K.} = K + KI. + -+ KI, ={a; + a.l, + a-l. + -+ a0, € K}

is a n-cyclic refined neutrosophic field.
Definition 2.3

e

Let (V.+.x) be any vector space over a field X . Then we say that

r r

L =V VL4 e+ VL, = e+ 2l + o + 2, 000x; € Viis a weak n-cyclic refined neutrosophic vector

space over the field X.Elements of (I} are called n-cyclic refined neutrosophic vectors, elements of Xare
called scalars.

If we take scalars from the n-cyclic refined neutrosophic field X,,(}, we say that ¥, (7} is a strong n-cyclic
refined neutrosophic vector space over thea n-cyclic refined neutrosophic field X,(I} . Elements of
K, (Il n-cyclic refined neutrosophic scalars.

Remark 2.1. Multiplication by an n-cyclic refined neutrosophic scalar m = L. ml; € k,,(I}is defined as:

flz mil; | e I:Z ol | = Z (mga;)I0;

Where a; eV, m; e K, ILI; = I.f‘f‘i‘?‘lﬂ'd?z
Definition 2.5

Let 1, (1) be a weak n-cyclic refined neutrosophic vector space over the n-cyclic refined neutrosophic field £; a
nonempty W} (I} is called a weak n-cyclic refined neutrosophic vector subspaceof ¥ (7 if 1, (7} is a subspace

of 1,71 itself.

Definition 2.6
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Let ¥,(I} be a strong n-cyclic refined neutrosophic vector space over then-cyclic refined neutrosophic
field X, (7). A nonempty subset it (I} is called a strong n-cyclic refined neutrosophic vector submodule of

VG0 if W, () is a submodule of ¥, (1) itself.
Theorem 2.1

Let (I} be a weak n-cyclic refined neutrosophic vector space over the n-cyclic refined neutrosophic field,

r

W, (I} be anonempty subset of ¥, (I}, Then W} (I} is a weak n-cyclic refined neutrosophic subspace if only
if:

ar

" R — Sty I R -
x+ye Wl mx xe WU forall ooy e WU, me X,

proof:
it holds directly from the condition of subspace.

Definition 2.7

Let I",(I be a weak n-cyclic refined neutrosophic vector space over the field K, x be an arbitrary element of
I, (I, we say that x is a linear combination of {axy, x5, ... x5} S V(I if
x=(ayxxy) +lay xxs) + -+ lay, xx, ) a; € K(ILx; € V(1.

Definition 2.8

Let I",(I be a strong n-cyclic refined neutrosophic vector space over the n-cyclic refined neutrosophic field
K, (I, x beanarbitrary element of ",,(I', we saythat x isa linear combination of {ay, x5, ... 21 S V,( 1if
x=(my xxy) +lay xxs)+ -+ lay, xx,) a; € Kyl x; € V(1.

Definition 2.9

Let X = {xy. x5.... 2,  beasubset of aweak n-cyclic refined neutrosophic vector space ¥, (I} over the
field K, X is a weak linearly independent set if Z"_; a; = x; = 0 implies a; = 0: a; € K.

Definition 2.10

Let X = {xy. x5..... 2,  beasubset of astrong n-cyclic refined neutrosophic vector space ¥, (I} over the
n-cyclic refined neutrosophic field K, (I, X isa weak linearly independent set if X7 a; = x; = 0 implies

a; = 0 a; e K, (I
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Definition 2.11
Let ¥, (I, W, (I be two strong n-cyclic refined neutrosophic vector space over the n-cyclic refined
neutrosophic field K, (I, let f:V, (It — U, (I be a well defined map. It is called a strong n-cyclic refined

neutrosophic homomorphism if:

flaxxl+bxyvi=ax fixi+bx=fiy) forall x.veV,Tla be K, (I
A weak n-cyclic refined neutrosophic homomorphism can be defined as the same.

Definition 2.12

Let f:¥,(I — U,(I be aweak/strong n-cyclic refined neutrosophic homomorphism, we define:

(@) Ker(fl = {x eV, 1) flx) = 0L

(b) I'mif) = [y e U, I): 3x eV, (Iland v = flxl}.

Theorem 2.2

Let f:¥V,(I — U,(I be aweak n-cyclic refined neutrosophic homomorphism. Then

(@) Ker(f isaweak n-cyclic refined neutrosophic subspace of ¥, ().

(b) Im(f} is aweak nn-cyclic refined neutrosophic subspace of U, (1.

Proof:

{a} f is a vector space homomorphism since ¥,,(I, I,,(I't are vector spaces, hence Ker(f) isa subspace of
the vector space ¥V, (I, thus Ker(f} isa weak n- cyclic refined neutrosophic subspace of ¥,(1).
(b) It hold by similar argument.

Theorem 2.3

Let f:¥,(I — U,(I be astrong n-cyclic refined neutrosophic homomorphism. Then

(@) Ker(f isastrong n- cyclic refined neutrosophic subspace of ¥, (1).

(b) Im(f} is astrong n- cyclic refined neutrosophic subspace of U, (1.

Proof:
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{a} f isamodule homomorphism since ¥, (I}, U, (I are modules over the n-cyclic refined neutrosophic field
K, (I, hence Ker(f) isasubmodule of the module ¥, (I, thus Ker(f!is a strong n- cyclic refined
neutrosophic subspace of ¥, (1).

(b) Holds by similar argument.

Definition 2.13 n-cyclic refined neutrosophic matrix

Let Ay = {(@y): ay € K, (1)}, where K, (I is a n-cyclic refined neutrosophic field. We call to be the
n-cyclic refined neutrosophic matrix.

Definition 2.14 n-cyclic refined neutrosophic square matrix

Let A,,.,, iSaneutrosophic matrix. We call to be the n-cyclic refinedneutrosophic square matrix if m = n.

Example 2.1

Let n = 3, then

A+h+2h -1 2-1-23 1+l +h+1030
A= L+ 3+ 1 + 21, L+l +0 |
1—Iy—13  4—I +1,—1; —2—1,+30,—1I5/

A is a 3-cyclic refined neutrosophic square matrix.

A can be written as:

12 -1y /1 -1 13 2 0 1y (-1 -2 173
A={o0 3 o |+l0o 1 1)h+(1 2 1]L+l1 0o 1|0
‘1 4 -2/ \1 -1 -1/ 0 1 3/ -1 -1 -1/
Example 2.2
Let n = 4, then

P iy S 141, I, +1, 1+20+ 1 + 13— 1y
A=(3-I,+2I;-31, -2+1+DL+1, 2-hh-I+I; |

\1—I,—13-21, 5+31,—I1,—I3+2I, I1,-3I,—1;+1,

A is a 4-cyclic refined neutrosophic square matrix.

A can be written as
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0 1 1y /-1 -1 1y /1 0 1y ;0 -1 1
A=(3 -2 2z |+l0 1 -1)h+(-1 1 -1|L+(2 o 15
1 o4 -2/ ‘13 1/ 7 Vo 13/ o -1 -
~1 1 -1,
+1-3 1 0L
-2 2 1/

Example 2.3: Multiplication of n-cyclic refined neutrosophic square matrix

LetA=Ay+ A1y + A1, + A31;, B =By + Byly + B:I, + B3I, are two 3-cyclic refined neutrosophic
square matrixes, where

_ i | —2 14 1 17 o 2

A_I"-']_ 1| |,k3 lij‘_'t. 1 _le.rz—',kz ﬂljj ,
_J/1 1 =1 =2 4 2y 2 =2

B_I't.l] ']_'l_l't.3 ﬂljl ,‘\3 ﬂlfz I‘-']_ 1|.F_:|

Then we have.

AxB =AyBy + AyBily + AgByly + AgBals + AsByly + Ay By 1y + A Byl 0y + AsBa I, 15 + A5 Byl
+ 481 1:0y + AaBaIaly + AyBalaly + A3Bply + A3ByInly + A3 Balals + A3Ba 131,

axa=(t O3 Yot (L st OE Jue(t OC
_.:;—32 ;'IIL; 1”1 k; ;lkgl 2|H1 "32 ;‘]{; ﬁ]rlr;
-{j ;h& uh Lll _'-‘21.;; }|rz-uL11 _121';‘31 ‘2]1211
i3 olls 1k3u-k30 2&3911-33

Now, we have in 3-cyclic refined neutrosophic ring

.F]_.F]_ :.F]_..FE.F]_ :.F]_.Fz = .F_:|..F]_.F_:| = .F_:|.F]_: .F]_..Fz.rz :.F]_, .FE.F_] :.F_].Fz = .Fz, .F_:|.F_:| :.F_:|.

Thus.
|"'1 1 |"—']_ —El" |"4 Zl" -"2 —El" -"—2 —1" 1'5 4 '
axB=( S)+ (5 n+(G Jn+(3 "Pe+(3 SIn+( Sn
il 5 —4" |"—3 5 il 1 2 R i 2 —2" il T 2
—'313 261'”3_"532 o 6 o 73“2';_%* 2 JE_IE 10 2
Tloy ollatlg Jellatig _gllitlyy gllatly g/l
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_1o1y, 12 -1y
AxB=ly )t _1s/ltlyy

1z o)

61, + (11 -4,
5

\28 —5-' I3

Example 2.4: Addition on n-cyclic refined neutrosophic rings

{20y —I1y+31;  1+1 420y [ 1h—21; =2+ +0, 41y
LetA={_3 27, 41,01, 1,+1, FBTlain -1 1-n-an 1,
Hence,

A B_Il"' EIL—IE—EFJ _'F]._Z'FE] |'-' IE—EIJ —Z—Il—FE—IJ'
TETl 32 4L+ I+, 1+, -1, 1—1,— 41, +1;
A—B:Ir ZII—EFJ —1—2.“_—3]2—;3]

\—2 1,441, 1-4I,+2I,

5. Conclusions

In this paper, we have defined for the first time the concept of n-cyclic refined neutrosophic vector
space, and n-cyclic refined neutrosophic real matrices. Also, we have presented some of their
elementary properties and illustrated many examples to clarify the validity of our work.

Funding: “This research received no external funding”
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