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ABSTRACT

In this manuscript, our objective is to introduce the notion of neutrosophic extended metric-like spaces. We
establish some fixed point theorems in this setting. Neutrosophic extended metric-like spaces metric space uses the
idea of continuous triangular norms and continuous triangular conorms in an extended intuitionistic fuzzy metric-like
space. Triangular norms are used to generalize with the probability distribution of triangle inequality in metric space
conditions. Triangular conorms are known as dual operations of triangular norms. Triangular norms and triangular
conorm are very significant for fuzzy operation. The obtained results boost the approaches of existing ones in the
literature and are supported by some examples and an application.

Keywords: Fixed point; Metric like space; Extended metric like space; Neutrosophic metric space;
Integral equation.

INTRODUCTION

After being given the notion of fuzzy sets (FS) by Zadeh [12], many researchers provide abundant generalizations. In
this continuation, Kramosil and Michalek [16] originated the approach of fuzzy metric spaces. George and Veeramani
[8] initiated the approach of fuzzy metric spaces. Garbiec [9] gave the fuzzy interpretation of the Banach contraction
principle in fuzzy metric spaces. For basic concepts, see [7, 10, 11, 14, 23]. Harandi [21] is credited with coining the
term metric like spaces (MLS) which elegantly generalizes the idea of metric spaces. Shukla and Abbas [22]
reformulated definition (MLS) in this context, resulting in a fuzzy metric-like spaces (FMLS).

Mehmood [13] originated the approach of a fuzzy extended b-metric space (FEBMS) by replacing coefficient
b > 1 with a function a: B X B — [1, ). The approach of intuitionistic fuzzy metric spaces was introduced by Park
in [1] and Konwar [4] who initiated an intuitionistic fuzzy b-metric space (IFBMS). Kirisci and Simsek [17]
generalized the approach of intuitionistic fuzzy metric space by presenting the approach of a neutrosophic metric space
(NMS). Simsek and Kirisci [19] and Sowndrarajan et al. [18] proved some fixed point results in the setting of an NMS.

In this manuscript, we use the concepts of fuzzy extended b-metric space, NMS, and FMLS to introduce the
notion of a neutrosophic extended metric-like space (NEMLS). So the notion of NEMLS is a generalization of fuzzy
extended b-metric space, FMLS, IFBMS, NMS, and other concepts in the existing literature. Also, some fixed point
(FP) results with non-trivial examples and an application are provided. For related works, see [1, 2, 3, 5, 6, 15, 20, 24-
34].

In the end, some notations which are important for the understanding of this manuscript are accommodated in
the appendix section to avoid obscurity and vagueness.

In this article, CTM is used for a continuous triangular norm and CTCM for a continuous triangular co-norm.

PRELIMINARIES

In this section, some basic definitions are given that are helpful to understand the main results.
Definition 2.1 [13] A 4-tuple (B,4,,9, @) is called a FEBMS if B is a non-empty set, a: B X B — [1,0),0is a
CTM and A, isan FSon B X B x (0, ), meeting the below circumstances for all 9,6, 5 € B and ¢,0 > 0:
(F1) 4,(9,6,0) = 0;

(F2)4,(0,6,¢) =1 &9 =;

(F3) 4,(9,6,¢) = 4,(6,9,¢);

(F4) A, (D, B,a(®,B)(s + 0)) = 84(9,8,6) © Ay (8, B, 0);

(F5) 4,(9,6, -):(0,00) — [0,1] is continuous.
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Example 2.2 [13] Let B = {1,2,3} and define A, by
¢
A, (9,8,6) =5 +d(¥,6)
0 if¢c=0
Take d(9,8) = (9 — §)? and given a: B X B — [1,») as
a(®,6) =1+9 +6.
Also take the CTM: a © b = anb = min{a, b}. Then (B, A,,0, A) is an EFBMS.

if¢ >0,

Park introduced the concept of intuitionistic fuzzy metric spaces (IFMSs) and utilized this idea to investigate
fixed point results. Park defined the notion of IFMSs as follows:

Definition 2.3 [1] Suppose E # @ is an arbitrary set, assume a five-tuple (E, R, S, *, A) where * isa CTM, A is a
CTCM, and R, S are FSs on E X E X (0, ). If (E,R,S,*,A) meet the following circumstances for all §8,8,d €
Eandm, A1 > 0:

(BLYR(B,8,1) +5(B,6,4) <1,

(B2)R(B,5,1) >0,

(B3)R(B,6,1) =1 & B =56,

(B4) R(B,6,4) =R(6,B, 1),

(B5) R(B,0, (A2 + ) = R(B,8,)*R(8,9,m),

(B6) R(B, 8,7) is non decreasing (ND) function of R* and /{1_{2 R(B,6,1) =1,

(B7) S(B,6,1) >0,

(B8)S(B,0,) =0= B =5,

(B9)S(B,6,41) =S(6,B,0,

(B10) S(B,8, (A + m)) < S(B,8,)AS(5,9,m),

(B11) S(B, 6,") is non increasing (NI) function of R* and /{13.10 S(B,6,4) =0.

Then (E,R, S, * A) is an IFMS.

The concept of neutrosophic metric spaces was discussed by Kirisci and Simsek in his work and he defined the

said concept as follows:

Definition 2.4 [17] Suppose B # @. Given a six tuple (B, My, Ny, Oy, *, <) where * is a CTM, ¢ is a CTCM,

M, N, and O, NS on B X B x (0,). If (B, My, Ny, O , %, ¢) meets the below circumstances for all 9,6, €

Bandg,o > 0:

Iy 0<M,®,6¢) <1,
(mn  M,8,6,¢)=1o9=4
[IV) M(p (19' 5! C) = M(p (61 191 C);
(V) M(p(ﬁhg(g + O‘)) 2 M(p(ﬁl 6! c)*M(p(slﬁl o-)l
(V) M, (9,6,):[0,0) - [0,1] is continuous,
(VI  0<N,(3,8,¢) <1,
(IX) N,(9,6¢)=0=0=34,
X)  N,(®,6,6) =Ny(6,9,9),
(XD Ny(9,B,(c+0)) < Ny(9,6,6)4N,(8,B,0),
(X10) N, (¥, 6,):[0,9) - [0,1] is continuous,
(X lim N, (8,6,6) = 0,
Xv)y 0<0,1,6,¢) <1,
(XV)  0,(8,8,¢) =09 =4,
[XVI) O(p (191 6' g) = O(p (61 191 C);
(XVII)  0,(9,B,(s+0)) < 0,(9,8,6)%0,(8,B,0),
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(XVIID) 0,(9,6,):[0,0) - [0,1] is a continuous,
(XIX)  lim 0,(9,8,¢) =0,
¢

(XX) if ¢ < 0 then M(p(ﬂ, 6,¢) =0, N¢,(z9,6, ¢)=1, 04,(19, 6,¢)=1,
Then (M(p,N(p,Oq,) is a neutrosophic metric onand (3B, M(p,N(p,Oqu, *,¢) is an NMS. The functions
M(p(ﬁ, 4,¢), Nq,(19, 6,¢) and 04,(19, 6,¢) represent the degree of nearness, naturalness, and non-nearness
between 9 and § for ¢, respectively.

MAIN RESULTS
Now, we introduce the notion of NEMLS and utilize this concept to investigate some fixed point results.
Definition 3.1 Suppose B # @. Given a six tuple (B, M, Ny, O, *, &) where * is a CTM, ¢ is a CTCM,p: B X B -
[1,00), M,, N, and O, are NSs on B X B X (0, ). If (B, M, Ny, 0, *, &) meets the below circumstances for all
9,6, €Bandg,o > 0:
)] M,(9,6,6) + Ny(9,6,6) + 0,(9,8,¢) <3,
(i) 0<M,®,6¢ <1,
(i) M,(®,6,¢) = 1implies9 = 6,
(iv) M(p (,6,6) = M(p (6,9,¢),
V) Mu(9,8.00,8)( +0)) = My(9,6,6)*M,(8,8,0),
(vi)  M,(9,6,):[0,00) — [0,1] is continuous,
(vii) glLrg M,(9,6,¢) =1,
(viii) 0<N,(®,6¢) =<1,
(ix) N,(9,8,¢) = 0 implies 9 = 6,
(x)  N,(®,6,6) = Ny(8,9,6),
xi)  Ny(9,8,0,B)(s +0)) < No(¥,8,6)$N,, (8, 8,0),
(xii) N, (¥, 6,):[0,) — [0,1] is continuous,
(xiii) gll_)rg N,(®,8,5) =0,
(xiv) 0<0,0,6,¢) <1,
(xv) 0,(9,8,¢) = 0 implies 9 = 4,
(xvi) 0,(9,8,6) = 0,(6,9,¢),
(xvi))  0,(9,8, 0¥, B) (s + 0)) < 0,(9,65,6)$0,(5,B,0),
(xviii) 0,(,6,):[0,0) - [0,1] is a continuous,
(xix) gh_g 0,(9,8,6) =0,
(xx) if ¢ < 0then M,(¥,68,5) =0,N,(®,8,6) =1,0,(9,6,¢) =1,

Then (M(p,N(p,O(p) is an extended neutrosophic metric-like (ENML) on and (3B, My, Ny, Oy, * &) is an
NEMLS.

Example 3.2 Let 8 = N. Define M, N, 0,: B X B x (0,0) - [0,1] by

¢ N (8,6,¢) = max{9, §}?
¢ + max{d, 6}’ o\ 0 6) = ¢ + max{d, §}?
max{9, §}?

M,(,68,¢) =

0,(9,8,¢) =

forall 9,6 € Band ¢ > 0. Define the CTN by a © 4 = a - & and CTCN "$" by a ¢ 4 = max{a, &} and define "¢"
by
1 if 9 =4,
¢(9,6) = {max{ﬁ, 6} if9#6
Then (B, M, Ny, 0,,0,%) be a NEMLS.
Proof: (i)—(iv), (vi) — (x), (xii) — (xvi) and (xviii) — (xx) are obvious. We shall prove (v), (xi) and (xix). We have
max{d, f}* < ¢(9, B)[max{9, §}* + max{§, f}?].
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Then
¢omax{d, £} < o, B)[(¢o + %) max{¥, 5}* + (¢o + ¢?) max{§, £}?].
That is
¢omax{, £} < o, B)[(¢ + 0)o max{V, §}* + (¢ + o)¢ max{§, £}?].
Then

comax(9, §Y? < ¢(9, B)I(s + o) max{®, 5} + (s + 0)s max(s, £} + (¢ + o) max{s, §}* max{5, f}*].
I}:t is comax{®, B2 < 0(9, B)(c + o) [0 max(d, 52 + ¢ max(s, B} + max{d, 52 max{s, B},
en
PR J)CJ; ;((jﬂrfl[?;(({g ff)w + 9@, B)(s + 0)[o max{d, §}* + ¢ max{5, B}* + max{¥, 6}* max{§, B}*].
Z}Tl?‘rll’.(ﬁ' B)(s + o) + max{9, B3] < ¢, B)(s + 0)[so + o max{9, §}* + ¢ max{8, f}* + max{d, §}* max{s, B}*].
That is cole@®@, B) (¢ + o) + max{9, B3] < (¥, B)(¢c + 0)[¢ + max{d, §}%][c + max{5, B}?].

Then
»@,B)( +0) - o
@@, B) (¢ + o)+ max{¥,B}? ~ [¢ + max{¥, §}?][c + max{5, £}?]
That is
e@,B)(s +0) - ¢ _ a
@@, B) (¢ + o) + max{¥,B}? ~ ¢+ max{d,6}* o+ max{§, f}*
Hence

= M, (9,8, 99, 8) (¢ + 0)) = M,(9,6,5) © My (8, B, 0).
(v) is satisfied.
max{9, f}* = max{¥, f}* max{1,1}

Then
9,6} 8, BY?
max{d9, £}? = max{9, £}* max {Zzzgﬁ, 6%2 , 2226,22}'
That is
X 5 max{d, §}* max{§, B}
max{9, B} < [¢@, B) (¢ + o) + max{¥, }*] max {C T max(@. 07 7 + max{&[i}z}'
Then
max{J, §}? - max{d, §}* max{§, f}?
0@,B)(c+ o) + max{9,B}> ~ max {g + max{9, 6}’ o + max{5, [)’}2}'

Hence

Ny (9,8, 09, B)(s + 0)) < Ny(9,6,6).
(xi) is satisfied.

max{J, £}? < (¥, B) max{max{9, §}%, max{s, £}*}

Then
9, B}? 9,8)? 8, BY?
—ma:i f} <o, pB) max{max{c ) ,max{a £ }
That is
max{J, B} - {max{ﬁ,&}z max{(‘i,ﬂ}z}
e@RG+) - ¢ T o [
Hence

= 0,(9,B,91,B)(s +0)) < 0,(9,65,6)%0,(8,B,0).
(xvii) is satisfied.
Remark 3.3 The above example is also satisfied for a © # = min{a, 6} and a ¢ & = max{a, 4}.
Definition 3.4 Let (23, My, Ny, 0<p,0,<>) be a NEMLS and {9,,} be a sequence in B.then {9,,} is named to be:
() a convergent, if there exists ¥ € 8B such that
lim M, (9,,9,¢) = My, (¥,9,¢), lim N,(9,,9,¢) = N, (9,9, ¢),and lim 0, (9, 9,¢) = 0,(¥,9,),
n—-oo n—oo n—oo

forall¢ > 0
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(i) a Cauchy sequence (CS), if and only if for each ¢ >0, there exists n, € N such that
lim My, (O Onsqr§), lim Ny (9, On4q. ) and lim 0, () Onsqr ¢) eXists and finite.

(iii) If every Cauchy sequence convergent in B, then (QS, Mgy, Ny, 0¢,0,<>) is called complete NEMLS.
lim M, (9, Op4q,6) = lim M, (95,9, 6) = My, (9,9,6),

n—-oo

lim Ny, (9, 9n4q,6) = 1im Ny, (95,9, 6) = Ny (9,9, 6),

n—-oo

1im 0y (9, Onrq,6) = 1im 0, (9,9, 6) = 0y (8,9, 6).

At this time, we shall prove extended Neutrosophic like Banach contraction results.
Theorem 3.5 Let (23, My, Ny, 0(p,0,<>) be a complete NEMLS in the company of ¢: B X B — [1, ) and suppose that

c11_>n010 M,(,8,¢) = 1,€li_)r£1o N,(®,6,6) =0 and cll_)n; 0,(9,6,6)=0 (D
forall 9,6 € Band ¢ > 0. Let f: B — B be a mapping satisfying
M, (£9,§8,k¢) = M, (9,8,6), N,(9,f8,ks) < N,(¥,6,¢),
0,(f9,§6,ks) < 0,(9,6,¢) 2
forall 9,6 € B,0 < k < 1 and ¢ > 0. Further, suppose that for an arbitrary J, € B,and n,q € N, we have
(p(ﬁn' 7-9n+q) < %'

where 9, = f*9y = f9,,_;. Then f has a unique FP.
Proof: Let 9, be a random element of B and take 9,, = f*9, = fa,_1, n € N. By using (2) for all ¢ > 0, we have

¢
M¢(l9n'19n+1' k¢) = M(p(ﬁ?n—l'.fﬁn' k¢) = M(p(ﬁn—liﬁnt ¢) = M(p (ﬁn—Z'ﬁn—LE)
Y ¢
=M, (ﬁn—S'ﬁn—Z'ﬁ) > > M, (190, ﬁl’ﬁ)'
¢
N(p(ﬁn'ﬁn+1: kC) = N(p(fﬁn—lrfﬁn: kC) < N(p(ﬁn—l:ﬁnx C) < N(p (ﬁn—Ziﬁn—liﬁ)

<N, (ﬁn_3,19n_2,%) < <N, (ﬁo,ﬁl,kin)

and
¢
Op (W, D41, K6) = Oy (-1, 0 6) < Oy (O-1,81,6) < Op (V-2 n-1,7.)
< 0y (On-s nzrs) < -+ < 0, (90,91, 5).
We obtain
¢ ¢
My @ Onsas k) = My (80,9075), Ny (O B K6) < Ny (0,91, 757) amd
¢
Op (O, Bns1,6) < Oy (90,91, 77) - 3)
Forany q € N,¢ = % = 5 + 5 + -+ 2 and using definition of a NEMLS, we deduce
¢ ¢

M(p (ﬁn'ﬂnﬂp C) 2 M(p 7-9nr19n+1' 0 M(p 19n+1» 19n+21

9 (#(9n Bnsq)) 9 (0O 9n1q)®(9ns1,9nrq))

S
q ((P (ﬁn' ﬁn+q)(p(19n+1: 79n+q)§0(79n+2: 79n+q))

0 ...0

o Mqa ﬁn+2' 19n+3'

My ( Oneq-1,Onsqr 3 :
¢< ntq-1r ¥ntq q(40(19n'19n+q)§0(19n+1'19n+q)¢(19n+2v19n+q)'"90(19n+q—1v19n+q))>
Also,
g S
|9 Ny [ O B
q (¢ (90 Bnrq)) I CICE A ICH

th(ﬁn' 19n+q' C) < N(p 19n'19n+1'

¢

9 (0B Ons0) @ (Bt )9 Iz, Ona) )

<> N(p 19n+2' ﬁn+3'
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g
N v + —1'19 +q’
‘/’< i i q ((,0(1971, l9n+q)§0(l9n+1:l9n+q)(p(l9n+2119n+q)"'(p(ﬁn+q—1' 19n+q))>
and

S S
0p (9 On4q:6) < Oy | O Ons1,——————— | ¥ 0 | Ons1, Onsas
e ‘/’< v Q((p(ﬁwﬁnﬂq))) (p< " " q((p(ﬁnl19n+q)(p(19n+1'19n+q))>

g
q ((P (19n' 19n+q)(p(19n+1: 19n+q)(p(19n+2: 19n+q))

<> O(p ﬁn+2: l9n+3:

S
q(‘P(ﬂnﬂgn+q)(l7(ﬂn+1:19n+q)¢(19n+2‘19n+q)"“P(ﬁn+q—1ﬂ9n+q)) '
Using (3) and the definition of an NEMLS, we deduce

O(p ﬁn+q—1']9n+q'

¢ ¢
My(9n Onsqr§) = My, [ 90,9, oM, | 9,9,
e w( q (99 nsq)) k"> w( q (¢(19n'19n+q)§0(19n+1'19n+q))kn+1>

¢

OM(p 190,191, 0...0
q ((p(ﬁn'ﬁn+q)(p(l9n+1'ﬁn+q)(p(19n+2'19n+q)) kn+2

M, | 99,0, 3 .
q (w(ﬁn' l9n+q)(p(l9n+1' l9n+q)(p(l9n+2t 19n+q) (p(19n+q—1t 19n+q)) fn+a=1

Also,

Ny (9 9n4q,6) < Ny | 90,91, ¢ & N, [ 90,9,, ¢
q ((P (1911: 191‘L+q)) kn q (‘p(ﬁnt 19n+q)(p(19n+1' 19n+q)) kn+2
o N, [ 90,91, d
q (@(1911, 19n+q)(p(19n+1' 19n+q)(p(79n+2' 19n+q)) kn+3
Y
N, | 90,95,
( q ((p(ﬁn: l9n+q)(p(19n+1: l9n+q)(p(19n+2: 19n+q) (p(ﬁn+q—1: ﬁn+q)) kn+q—1>
and

Y ¢
0y () 9nsqr6) < 0, | 90,94, $0,| 99,94,
e Y ( q (@(1911, 19n+q)) kn) Y ( q (¢(ﬁn:19n+q)(p(79n+1:19n+q)) kn+2>

Q 0(p 190! 1'91' c <>
q ((,0(1911, ﬁn+q)(p(l9n+1' ﬁn+q)§0(19n+2: 79n+q)) kn+3

S
0, (99 .
k4 T q(‘P(ﬁnﬂan+q)‘ﬂ(19n+1v19n+q)<P(19n+2ﬂ9n+q)"'(P(79n+q—1ﬂ9n+q))kn+q_1

By hypothesis, for all n, g € N, we obtain ¢ (9, 19n+q)k < 1, with 0 < k < 1. Therefore, by (1) and for n — oo,
lim M, (9, On4qr6) =101 0 0=1,

n—oo

lim Ny (9, 9n44,6) =04 044 0=0

n—oo

and
lim 0p(9ns Onsqr6) =005 0=0.
That is, {99,} is a CS. Since (523, M,, Ny, 0¢,O,<>) is a complete NEMLS, let
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lim M 0 (O Onig 6) = lim M, (95,9, 6) = My, (9,9,6),
11m Ny (9n, Onsq,6) = 11m1v (O, 9,6) = N, (9,9, ),
n—oo

lim 0, (9, On+4q,6) = 11m0 (O, 9,6) = 0,(9,9,¢).

n—oo

Now, we claim that 9 is a FP of f. Using definition of the NEMLS and (1), we obtain
¢ ¢
1,0,0,6) > My (05— ) o (o5 )
¢ v Y2(p@0,9)) N T 2(0(0,9))

¢ Y
>M,|a9,————|oM,|0,41,9,————]—>101=1 .
“’(“ 2(<p(ﬁ9.z9))k) "’< “ 2(<p(ft9n9)))_) wnme
Also,
¢ Y
N,(f9,9,¢) <N, <a, 19n,7><>N (ﬂn,a,i)
o o \[%f 2(p(f9,9)) "¢ d 2(p(f9,9))
¢ Y
<N,la 0, ————]| <N, <19n ,ﬁn,—)—>0<>0=Oasn—>00,
“’( 2(<p(f19.19))k> PN 2(0(f9,9))
and

¢ ¢
O(P #9,9,¢) < 0<p <fd,fl9n,m) ¢ Olp (_fﬁn; a, W)

s —
= 0p (.00 i) © O (Snone o) 2 000 = 0asn = o
This implies that f = 9. To show its uniqueness, suppose that fc = ¢ for some ¢ € B, then

12 M,y(c,9,¢) = M,(fc,f9,¢) = M, (cﬁ£)=M¢, (fc,fﬁ,%)
=M, (cﬁkz) =M, (cﬁkn)ﬁlasn—)m.

Also,
0 < Ny (c,9,) = Ny (fc, 9,6) < Ny (c,9, %)=N¢, (fc,fﬁ,%)
<N, (cﬁkz) < < Ny, (cﬁkn)—>0asn—>00,
and

0= 0,(c,0,6) = 0y (fe.[9,) < 0, (¢.8,2) = 0, (fe.f0.7)

SO(,,( kz) "< 0, ( ,%)AOasn—WO.
By using the definition of a NEMLS, 9 = c.
Definition 3.6 Let (EB, My, Ny, Oy, ,<>) be a NEMLS. A map f: B = B is an extended neutrosophic like contraction if
there exists 0 < k < 1 so that

1 1
M, 50 =K [Mww,s, ) 1] )
N(p(fﬁ,f& ¢) < kN(p(ﬁ, 5,¢), (5)
and
Oq)(fﬁ,f& ¢) < k0<p(19, 4,¢), (6)

forall9,6 € Band ¢ > 0.

Now, we prove a result for the above extended neutrosophic-like contraction.

Theorem 3.7 Let (23, My, Ny, Oy, ,<>) be a complete NEMLS with ¢: 8 X B — [1, %) and suppose that
ELY{;M¢(195C)—1§1LI{.})N (196§)—Oandcll_)r230 »,8,¢)=0 (7)

for all ¥,6 € B and ¢ > 0. Let f: B - B be an extended Neutrosophic like contraction mapping in definition 3.3.

Further, suppose that for an arbitrary 9, € B,and n, q € N, we have

1
(0(1911, 19n+q) < E;
where 9,, = f*9, = fa,,_;. Then f has a unique FP.
Proof: Let 9, be in B and take 9,, = f*9, = fa,_,, n € N. By using (4), (5) and (6) for all ¢ > 0, n > g, we have
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1 1
—1= —
M(p (1971: l9n+1' C) M(p (fﬂn—ll 1911' C)

1 k
<k|l—r———-1|l=———7<—k
M(p(ﬁn—lﬂﬁn: C) M(p(ﬁn—l'ﬁn' C)

1

Thus,
1

< +
M(p (ﬁn' l9n+1: C) M(p (ﬁn—ll 1911' C)
2

k
S Mo Gnoatnrd) +k(1—-k)+(1-k).

(1-k)

Continuing in this way, we get
n

<
M(p (1911' 19n+1' §) M(p (190' 191' C)
o Lk k24 e+ DA — k) S ———+ (1 — k).

+ kT A -+ k" 2A -k ++ k(A -k + (1 —k)

<
- M¢(190ﬂ91,€) M¢(190:191:§)
We obtain
1
kn 1 K = M(p(19n119n+1: C) (8)
- 1 (1-
M(p(ﬁmﬁpo ( )
Also,
N¢(l9n'19n+1' ) = N(p(fﬁn—l' Uny6) < kN(p(ﬁn—liﬁnt ¢) = N(p(fﬁn—Z'ﬁn—l' 9)
< kzN(p(ﬁn—Z:ﬁn—lr C) <= an<p(190:191, C) (9)
and

0¢(19n'19n+1r C) = O(p(fﬁn—lrﬁnr C) < kO(p(ﬁn—l:ﬁn: C) = 0<p(f"9n—2:19n—1: C)
< k20¢(l9n—2'19n—1: C) <= knO(p(ﬁO' 191; C)- (10)
Forany q € N,¢ = % = 2 + 2 + -+ 2 and using the definition of a NEMLS, we deduce

¢ ¢
= | ° My | Uns1, 942,
q (¢(l9n:19n+q)) Y " " q (‘p(ﬁn' 19n+q)(p(19n+1'19n+q))

M(p (ﬁn' ﬁn+q' C) = M(p 7-971' ﬁn+1'

S
q ((p (1971: 19n+q)(p(19n+1: ﬁn+q)§0(79n+2: ﬁn+q))

¢
(p(ﬁn: 19n+q)(p("9n+1: 19n+q)§0("9n+2: 7971+q) (p(ﬁn+q—1: ﬁn+q))

O ...0

0 M(p 19n+2' 7-9n+3'

M(P ﬁn+q—1,19n+q;
a(

Also,

¢ S
————= | ¥ No | In+1,On+2,
q (@(1911, 19n+q)) Y " " q (‘p(ﬁn'19n+q)(p(19n+1'19n+q))

N(p(ﬁn' '-9n+q' C) = N(p 7-9nr19n+1r

¢
q ((p(ﬁn'ﬁn+q)(p(l9n+1'79n+q)§0(19n+2'79n+q))
¢
(,0(1911, l9n+q)(p(l9n+1' l9n+q)§0(19n+2' 19n+q) ¢(ﬁn+q—1' 19n+q))

<> N(p '-9n+21 19n+3'

N(p l9n+q—1' l9n+q'
a(

and

S S
———— | ¥ 0| Vn+1,n+2,
q ((p(ﬁnﬂ?nﬂz)) Y " " q ((p(ﬁn' 19n+q)(p(79n+1'19n+q))

Oqa (19”, l9n+q1 C) S O(p 1971' I9n+1'

¢

9 (90 Ons0) @ (Brs1 ) 9 Iz, Onag) )

<> O(p 19n+2' 19n+3'
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0y | 91,0 s .
¢ n+q-b n+q’q(‘P(19nﬂ9n+q)¢’(19n+1r19n+q)<P(T9n+2J9n+q)"'</’(19n+q—1ﬂ9n+q))

One writes
1
M(p(ﬁn'ﬁn+q:(>') 2 K
+(1-k"
S
M,| 99,9, —F———>———~
w( v q(q)(ﬁn,ﬁnm)))
1
° kn+1

+ (1 — k1)

¢
M, | 99,9,
Y ( o q (‘p(ﬁn'0n+q)(p(ﬁn+1:19n+q)))

1
(o] O ...0

+2
K +(1 - kn2)

M, [ 9,95, §
q ((P (19n: 191‘L+q)()0(19n+1: 191‘L+q)(p("9n+2' 19n+q))

1

n+q-1 )
k + (1 - knra1)

M, | 99,95, d
q (w(ﬂn' l9n+q)(p(l9n+1' l9n+q)(p(l9n+2' 7-9n+q) (p(19n+q—1t 19n+q))
Also,

Y ¢
Ny (n Onsqr§) < kN, | 99,91, ————— | ¢ k"IN, | 9, 94,
e w( q ((p(ﬁn:ﬁrwq))) v q (w(ﬁn:ﬁn+q)§0(19n+1: 19n+q))

S
q ((p(ﬁn' 19n+q)(p(19n+1' 19n+q)§0(19n+2' 19n+q))

$ kn+2N4, (190, Iy, S d

kn+q_1N(p 190’ 191’ §
q ((p (ﬁn: 19rl+q)(l’("9n+1: 19n+q)§0("9n+2: ﬁn+q) o (p(ﬁn+q—1: ﬁn+q))
and

¢ ¢
0p (9, Onsqr6) < k™0, | 99,0, ——————— | ¢ k™10, | 9,91,
e ‘P< q ((p(ﬁn' 19n+q))> Y C[ (¢(19n:ﬁn+q)§0(l9n+1: 19n+q))

¢

q ((p (ﬁn: 19n+q)(p("9n+1: ﬁn+q)§0(19n+2: ﬁn+q))
k™10, | 9y, 95, 3 :
<P< 01 Q(‘P(19nv19n+q)47(19n+1v19n+q)</’(’9n+2ﬂ9n+q)"'¢(19n+q—1v19n+q))>
By hypothesis for all n,q €N, we obtain (p(ﬁn, 19n+q)k < 1. Therefore, from the definition of a
NEMLS, (1) and for n - oo,

& k™20, (190, Iy, S d

lim M, (9, Opsq ) =1010-0=1

n—oo

lim Ny (95, 9n44,6) =04 044 0=0

n—oo

and
lim 0p(UnsOnsqr6) =005 0=0.
That is, {99,} is a CS. Since (523, M,, Ny, 0¢,O,<>) is complete, let
lim M, (ﬁnrﬁn+qr C) = Tlll_r)roloM<p (U, 9,6) = M, ®,9,9),

n—-oo
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lim N 0 (O Onig §) = lim N,, (O, 9,6) = N, (9,9, ),
11m 0y (9n,9n1q,6) = 11m0 (O, 9,6) = 0,(9,9,¢).

n—oo

Now, we investigate that 9 is an FP of f. Using the definition of a NEMLS and (1), we obtain

1 1 k
— 1<kl —1|=——————k
M, (f9,,f9,¢) [Mq,(ﬁn,ﬁ ) ] M, (9,,9,¢)
1
>—— < M, (f9,, 9,
M(p(;n,ﬁq)+(1 ) (f nf C)

Using the above inequality, we obtain

c ¢
My (9.0,6) 2 My (8,81 o5 ) 0 My (80,10, 5mes)
1

¢
ZM(p(ﬁn'ﬁn+1:2¢(l9’ﬁ9)>o T —»10l1l=1asn— oo,

M, <z9n,19,72(p(g,ﬁ9)) +(1-k)

Ny (8,§8,6) < N, (ﬂ.ﬁnﬂ.m) 0 Ny (.50 Z(p(;, ﬁ9)>
Ny (90 O,

)OkN(p(ﬁn,ﬁ,m)%0<>0=Oasn—>oo

Also,

¢
200, §9)
and

¢ ¢
0,(9,f9,6) < 0, (ﬁ:ﬁn+1'm> ¢ 0y (f%iﬁm)
< 0, (19"'19’“1’2 )

)<>k0 (ﬁn,ﬁ 5 (19f19)) 0&60=0asn — oo.
This implies that f§ = 9. Now, we show uniqueness. Suppose fc = ¢ for some ¢ € B, then

—1= —
M,(,c¢,¢) M, (§9, fc, )

1
< — - -
<k [Mq,w,c,c) 1] ARTREPS IS
which is a contradiction. Also,
N(p(ﬁl C, C) = N(p(fﬁlfcl C) S kN(P(l?l Cl c) < N(p(ﬁ; C, g)
a contradiction, and
O(p(ﬁl C, C) = 0(p(f19l.fcl C) S kO(P(l?l Cl c) < O(p(ﬁ; C, g)
It is also a contradiction. Therefore, we must have M, (9,¢,¢) =1, N,(¥,¢,¢) = 0and 0,(9,c,¢) = 0, hence ¥ =
c.
Example 3.8 Let B = N. Define
1 if 9 =24,
¢(9,6) = {max{ﬁ, 8} if0%6
Also, take
IS N, (9. 5.¢) = max{?, §}? 40,9,8,) = max{J, §}?
¢+ max{d,8}2" $ _g+max{19 8)? an R ¢
witha o 4 = a.# and a ¢ 4 = max{a, £}. Then (23, M,, Ny, O, ,<>) is a complete NEMLS.
Define f: B - B by

M,(9,6,6) =

1 if9 €{1,2},
f9) =19

7 if otherwise

Then we have four cases:
(@ If9,6 € {1,2},then f9 =f6 = 0;

(b) If9 e{1,2}and § ¢ {1,2},then f9 = 0 and f6 =
(c) If8€{12}and19${12} thenf6—0andfz9—

\1I07\1|07

(d) If9,6 ¢ {1,2} then f9 = ; and f§ = ;.
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In all above cases, one gets
M, (59,6, k¢) = M, (9,8,5), N,(f9,f5,ks) < N,(®,6,¢) and 0,(fd, {6, k) < 0,(9,6,¢)

are satisfied for k € E, 1). Then

1 1
s L=k [M(p T 1], N, (9,56, ¢) < kN, (9,8,) and 0, (9,5, k¢) < 0,(9,,¢)

are satisfied for k € E, 1).
Observe that all circumstances of Theorem 3.5 and Theorem 3.7 are fulfilled, and 1 is the unique FP of f.

AN APPLICATION TO INTEGRAL EQUATIONS

Let B = C([e, g], R) be the set of continuous functions defined on [e, g]. Consider the integral equation:
9 = (D +B [ FULNIWdjforL,j € [e,g] (1n

where > 0, f(j) is a fuzzy function of j € [e, g] and F € 8. Define M,,, N,, and O, by

M,®D,8D),¢) = sup mforallﬁj €Band¢>0
max{d(1), §()}?

N ®WM,6),¢) = S p mforallﬁ,é‘e%andc>0

and
2
0,01, 5(1),¢) = sup 22 OOV g1 a119,6 € Band ¢ > 0
lee, g]
where the CTN and CTCN are defined by @ © 4 = a.4 and a ¢ & = max{a, #}. Given ¢: B X B > [1, ) as
(05)_{1 if9 = 6;

¢ " |max{9, 6} if otherwise.

(3B, My, Ny, 0,,0,%) is a complete NEMLS.

Theorem 4.1 Suppose the below conditions hold:
L max{F(, )9, F(j)s(D} <max{d(),6(D}forI, 6 € B,k €(0,1)and VL j € [e, g];

L Bfldj<k<1.

Then integral equation (11) has a unique solution.

Proof: Define f: 8 — B by
W = f() + B [P FWUje(Ddj foralll,j € [e, g].
For all 9,8 € B, we have

kg
Mo (B f8WD, Q) = Sup e axtO), BOY?

_ kg
" telewi ks + max(F () + B L FUNedj, f() + B [T F UL De(DdjY
_ k¢
tclesg) ks + max(B [2 F(, De(Dd], B [° F(, DeDdj}?
= sup ke
tele) kg + max(F (L, )9 (D), F(LNEWY (B [° &)’
g

= SUu
teten1 s + max(@ (D), 5 (D}
Also,

_ max{{9(1), 5 (D}?
Np (Do), K6) = sup 4 ko, o (DT

max{f () + B [ F(L, NeDdj, f§) + B [ FU DeDdj}?
cleg) kg + max(f () + B [ FU DeDd), fG) + B 12 FU Ne(Dd)}?
max{p |, 9E,e()d) B J2FQ e djy?
cleg) kg + max{f JPFWNed), B f) FUL e)djy
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oy _TOFLDIOFLDODY (6 [¢ aj)’
tele kg + max(F ()9 (D), F(LNSDY (B [° df)’
=y _MAFLDIWD,FUNSWDY
= eleg) ¢ + max(F (L, NI, F(L, NS}
max{9(1), 5(1)}?
< sup
ele] § + max(d (D), 5(D)}2
< N,((D, 6D, ¢).

Moreover,

2
le[e.g] kg

O JPFWDed), fG) + B[S FU HeD)djy?
" e kg
max{B [ F(, NeD)dj, B [} F(L Ne(D)dj}?
= sup X
lele,g] ¢ ,
max{F (L, )9 (D), FLHSWMY (B J7 dj)
= sup %
le[e,g] ¢

- max{F (L, )9, F{, )5 (D}
< sup

le[e,g]

¢
max{9(1), 5§(D)}?
< sup ————
lele,g] ¢
= 0,01, 60, ¢).
Therefore, all circumstances of Theorem 3.5 are fulfilled. Hence, operator f has a single FP. This implies that
integral equation (11) has a single solution.

CONCLUSION AND FUTURE WORK

This study aims to define a neutrosophic extended metric-like space and examine some properties. This work is the
extended form of a fuzzy metric like space see [21, 22]. This new concept can also be studied to the fixed point theory,
as in metric fixed metric theory and so it can construct the NEMLS fixed point theory. As is well known, in recent
years, the study of metric fixed point theory has been widely researched because this theory has a fundamental role in
various areas of mathematics, science, and economic studies. This work can easily extend in the structure of
neutrosophic controlled metric like spaces, neutrosophic triple partial g-metric like space, and many others.

APPENDIX
Definition 6.1 [1] A binary operation (BO) ©: [0, 1] X [0, 1] = [0, 1] is called a continuous triangle norm if it
meets the below assertions:
1. aotb=40a,(V)a, & €[0,1];
o is continuous;
aol=a,(V)a€0,1];
(aoctb)on=ao (b on),(V)a,bnel01];
Ifa <wand & < d,witha,#,1n,d € [0,1],thena o & <unod.

arwDN

Definition 6.2 [1] ABO<$ : [0, 1] x [0, 1] — [0, 1] is called a continuous triangle conorm, if it meets the below
assertions:
1. a$b=6%a, ) a, b €l0,1];
$ is continuous;
as0=0,(V)ae€]0,1];
(avsB)dn=ad (b on),(V)a é,nel0,1];
Ifa <nand & <d, witha, &,1,d € [0,1], thena ¢ & < u < d.

SANEE
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