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Abstract In this study, a neutrosophic N'—subalgebra, a (implicative) neu-
trosophic A —filter, level sets of these neutrosophic A —structures and their
properties are introduced on a Sheffer stroke BE-algebras (briefly, SBE-algebras).
It is proved that the level set of neutrosophic N —subalgebras ((implicative)
neutrosophic A —filter) of this algebra is the SBE-subalgebra ((implicative)
SBE-filter) and vice versa. Then it is proved that the family of all neutrosophic
N —subalgebras of a SBE-algebra forms a complete distributive modular lat-
tice. We present relationships between upper sets and neutrosophic N —filters
of this algebra. Also, it is given that every neutrosophic N —filter of a SBE-
algebra is its neutrosophic N’ —subalgebra but the inverse is generally not true.
It is demonstrated that a neutrosophic A'—structure on a SBE-algebra defined
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by a (implicative) neutrosophic N —filter of another SBE-algebra and a surjec-
tive SBE-homomorphism is a (implicative) neutrosophic A —filter. We present
relationships between a neutrosophic A/ —filter and an implicative neutrosophic
N —filter of a SBE-algebra in detail. Finally, certain subsets of a SBE-algebra
are determined by means of A/'—functions and some properties are examined.

Keywords SBE-algebra - (implicative) SBE-filter - neutrosophic N —
subalgebra - (implicative) neutrosophic A/ —filter.

1 Introduction

Sheffer stroke which is one of the two operators that can be used by itself, with-
out any other logical operators, was originally introduced by H. M. Sheffer to
build a logical formal system [22]. Since it provides new, basic and easily appli-
cable axiom systems for many algebraic structures owing to its commutative
property, this operation has many applications in algebraic structures such as
orthoimplication algebras [1], ortholattices [4], Boolean algebras [11], strong
Sheffer stroke non-associative MV-algebras [5], filters [14] and neutrosophic
N-structures [17], Sheffer Stroke Hilbert Algebras [12], fuzzy filters [13] and
neutrosophic N-structures [18], (fuzzy) filters of Sheffer stroke BL-algebras
[15] and Sheffer stroke UP-algebras [16]. On the other hand, H S. Kim and Y.
H. Kim introduced BE-algebras as a generalization of a dual BCK-algebra and
defined filters and upper sets on this algebra [10]. Also, some types of filters
in BEalgebras [3] and some results in BE-algebras [19]. Recently, Katican et
al. introduced BE-algebras with Sheffer stroke and investigated upper sets,
SBE-filters and SBE-homomorphisms [8].

The fuzzy set theory which has the truth (t) (membership) function and
positive meaning of information was introduced by L. Zadeh [26]. There-
fore, researchers deal with negative meaning of information. For this pro-
pose, Atanassov introduced the intuitionistic fuzzy set theory [2] which is
a type of fuzzy sets and has truth (t) (membership) and the falsehood (f)
(nonmembership) functions. Then, Smarandache introduced the neutrosophic
set theory which is the intuitionistic fuzzy set theory and has the indetemi-
nacy/neutrality (i) function with membership and nonmembership functions
[23,7]. Hence, neutrosophic sets are defined on three components (t,4, f) [27].
In recent times, neutrospohic sets are applied to the algebraic structures such
as BCK/BCl-algebras and BE-algebras ([6], [7], [9], [20], [25]).

In the second section, basic definitions and notions on Sheffer stroke BE-
algebras, neutrosophic A'—functions and neutrosophic N —structures are pre-
sented (briefly, SBE-algebra). In third section, an implicative SBE-filter, a
neutrosophic A'—subalgebra, a (implicative) neutrosophic N'—filter and a level
set on neutrosophic N —structures are defined on SBE-algebras. Then it is
shown that the level set of a neutrosophic A/ —subalgebra on a SBE-algebra
is its SBE-subalgebra and vice versa, and that the family of all neutrosophic
N —subalgebras of the algebraic structure forms a complete distributive modu-
lar lattice. By defining a (implicative) neutrosophic N/ —filter of a SBE-algebra,
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some properties are investigated. Also, a neutrosophic N —filter of a SBE-
algebra is restated by means of upper sets. We demonstrate that every implica-
tive neutrosophic N —filter of a SBE-algebra is the neutrosophic N —filter but
the inverse is generally not true. It is propounded that level set of a (implica-
tive) neutrosophic N —filter of a SBE-algebra is its (implicative) SBE-filter and
the inverse always holds. Indeed, it is proved that a neutrosophic N —structure
on a SBE-algebra defined by means of a (implicative) neutrosophic A/ —filter of
another SBE-algebra and a surjective SBE-homomorphism is a (implicative)
neutrosophic A —filter. We illustrate that every neutrosophic N —filter of a
SBE-algebra is the neutrosophic N'—subalgebra but the inverse is mostly not
valid. Besides, the cases which a neutrosophic N —filter of a SBE-algebra is
an implicative neutrosophic A —filter are analyzed. Special subsets of a SBE-
algebra are described by A —functions and it is shown that these subsets are
(implicative) SBE-filters of SBE-algebra for its (implicative) AN/ —filter. Finally,
we determine new subsets by means of the A/—functions and some elements
of a SBE-algebra and prove that these subsets are (implicative) SBE-filters
of a SBE-algebra for a (implicative) neutrosophic A —filter of this algebraic
structure but the inverse does not hold in general.

2 Preliminaries

In this section, basic definitions and notions about Sheffer stroke BE-algebras
(for short, SBE-algebras) and neutrosophic A —structures.

Definition 1 [4] Let S = (S, o) be a groupoid. The operation o on S is said to
be a Sheffer operation (or Sheffer stroke) if it satisfies the following conditions
for all x,y,z € S:

(S1)zoy=youx,

(52) (zox)o(zoy) =,

(93) zo((yoz)o(yoz)) =((xoy)o(zroy))oz,

(54) (o ((zox)o(yoy)))o(zo((zox)o(yoy))) =

Definition 2 [8] A Sheffer stroke BE-algebra (shortly, SBE-algebra) is a struc-
ture (S;0,1) of type (2,0) such that 1 is the constant in S, o is a Sheffer
operation on S and the following axioms are satisfied for all x,y,z € S:
(SBE —1) zo(zox) =1,

(SBE=2) zo((yo(zoz))o(yo(z02))) =yo((zo(z02))o(zo(z02)).
Lemma 1 [8] Let (S;o0,1) be a SBE-algebra. Then the following hold for all
T,y €S:

() zo(lol) =1,

1) lo(zox)=u,
i

(

(iii) zo ((yo(zomw))o(yo(rox))) =1.

(iv) zo(((xo(yoy))o(yoy))o((zo(yoy))o(yoy))) =1,

(v) (xol)o(zol)=u,

(vi) (xoy)o(zoy))o (x z) = 1and((woy)O(xoy))O(yoy)=1,
(vii) zo((xoy)o(zoy)) =xoy=((roy)o(roy))oy.
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Definition 3 [8] A SBE-algebra (S;o0,1) is called self-distributive if

zo((ye(zez))o(yo(z02)) =(zo(yoy))e((xo(zoz))e(zo(z02)),

for any z,y,z € S.

Definition 4 [8] Let (S;0,1) be a SBE-algebra. Define a relation < on S by
x<yifandonly if zo(yoy) =1,

for all z,y € S. The relation is not a partial order on S, since it is only reflexive
by (SBE —1).

Lemma 2 [8] Let (S;o0,1) be a SBE-algebra. Then

If t <y, thenyoy <zxoux,

z=<yo(roux),

y=(yo(xow))o(zox),

If S is self-distributive, then x <y implies yoz <X x oz,

If S is self-distributive, then yo(zoz) =X (zo(zox))o((yo(zox))o(yo(zox))).

Guds o o~

Definition 5 [8] Let (S;0,1) be a SBE-algebra. Then a nonempty subset
F C S is called a SBE-filter of S if it satisfies the following properties:
(SBEf—1)1¢€ F,

(SBEf —2)Forallz,ye S,zo(yoy) € Fand x € F imply y € F.

Lemma 3 [8] Let (S;0,1) be a SBE-algebra. Then a nonempty subset F C S
is a SBE-filter of S if and only if for all x,y € S

(i) x e F andy € F imply (xoy)o(xoy) € F,

(ti) x € F and x Xy imply y € F.

Definition 6 [8] Let (S;0,1) be a SBE-algebra, x,y € S and define U(z,y) =
{z€S:z0((yo(z02))o(yo(z02z)))=1}. Then U(z,y) is called an upper
set of z and y. For z,y € S, U(z,y) is not a SBE-filter of S in general.

Definition 7 [8] A subset T of a SBE-algebra (S; o, 1) is called a SBE-subalgebra

of Sifxo(yoy) € T, for x,y € T. Clearly, S itself and {1} are SBE-subalgebras
of S.

Definition 8 [8] Let (S;0g,1s) and (P;op,1p) be SBE-algebras. A mapping
f S — P is called a SBE-homomorphism if f(zogy) = f(z)op f(y), for all
z,y € S and f(lg) = 1p.

Definition 9 [21] A modular lattice is any lattice which satisfies z <y —
xV(yAz)=yA(zVz2).

Theorem 1 [21] Every distributive lattice is a modular lattice.

Definition 10 [6] F(X,[—1,0]) denotes the collection of functions from a set
X to [—1,0] and a element of F(X,[—1,0]) is called a negative-valued function
from X to [—1,0] (briefly, N'—function on X). An N —structure refers to an
ordered pair (X, f) of X and N'—function f on X.
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Definition 11 [9] A neutrosophic N —structure over a nonempty universe X

X T
is defi Xy = = : X h
is defined by Xn T In ) {(TN(x),IN(x),FN(m)) x € X} where

Tx,In and Fy are N —function on X, called the negative truth membership
function, the negative indeterminacy membership function and the negative
falsity membership function, respectively.

Every neutrosophic A/ —structure Xy over X satisfies the condition

(Vx € X)(=3<Tn(z)+ In(z)+ Fn(z) <0).

Definition 12 [7] Let Xx be a neutrosophic N —structure on a set X and
a, 8,7 be any elements of [—1,0] such that —3 < a + 8+ < 0. Consider the
following sets:

Ty ={r € X : Tn(z) < a},

Iﬁ, ={z e X:Iy(z)> S}

and
Fi={reX:Fn(z) <~}

The set
Xn(a,B,7y) ={x € X : Tn(z) <a,In(x) > S and Tn(x) <~}
is called the (a, 8, v)—level set of X . Moreover, Xy (o, 8,7) =T ﬂI]BV NFy.

Consider sets
Xyii={re X : Tn(x) < Tn(wy),

Xy ={re X :In(z) > In(w)
and
Xy ={r € X :Fn(z) < Fy(wy),

for any wy, w;,w; € X. Obviously, w; € Xy, w; € X' and wy € X5 [7].

3 Neutrosophic A —structures

In this section, we present implicative SBE-filters, neutrosophic A/ —subalgebras
and (implicative) neutrosophic A —filters of SBE-algebras. Unless indicated
otherwise, S states a SBE-algebra.

Definition 13 A nonempty subset F' of a SBE-algebra S is called a implica-
tive SBE-filter of S' if it satisfies

(SIF-1)1€F,

(SIF—2) zo((yo(z02)o(yo(z02) € Fandzo(yoy) € F imply
xo(zoz)€F, forall z,y,z€S.

Ezample 1 Consider a SBE-algebra S in which the set S = {0,u,v,w,t, 1}
and the Sheffer operation o on S has the following Cayley table [8]:
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Table 1 Cayley table of Sheffer operation o on S

= = = )
+ = =8 &+ R
g mr— g8 e
SR~ N
[~~~
o8 e 8 =+ Hr

|
Then {w,t,1} is an implicative SBE-filter of S while {v,1} is not since

wo (uou)=u¢ {v,1} when wo ((vo(uowu))o(vo(uou)))=1¢€ {v,1} and
wo (vowv)=wv e {v,1}.

— <+ 8 ¢ g o|o

Lemma 4 FEvery implicative SBE-filter of a SBE-algebra S is a SBE-filter of
S.

Proof Let F be an implicative SBE-filter of S. It is obvious from (SIF — 1)
that | € F. Assume that z,z0(yoy) € F. Since 1lo((xo(yoy))o(zo(yoy))) =
zo(yoy) € Fand lo(xox) =2 € F from Lemma 1 (ii), it follows from
Lemma 1 (i) and (SIF — 2) that y = 1o (yoy) € F. Thus, F is a SBE-filter
of S.

The inverse of Lemma 4 is not true in general.

Ezample 2 [8] Consider a SBE-algebra S where the set S = {0, u,v,w,t,1}
and the Sheffer operation o on S has the following Cayley table [8]:

Table 2 Cayley table of Sheffer operation o on S

o ‘ 0 v v w t 1
0 1 1 1 1 1 1
u 1 v 1 1 1 v
v 1 1 u 1 1 u
w |1 1 1 t 1 t
t 1 1 1 1 w o w
1 1 v u t w 0

Then {1} is a SBE-filter of S but it is not implicative since uwo (vov) = v ¢
{1} when uo ((wo (vow))o(wo(vov)))=1€ {1} and uo(wow)=1¢€ {1}.

Definition 14 A neutrosophic N —subalgebra Sy of a SBE-algebra S is a
neutrosophic N —structure on S satisfying the condition

min{Tn(z), Tn(y)} < Tn(z o (yoy)),
In(zo(yoy)) < lzllax{ffv(a?), In(y)

Fy(zo(yoy)) < max{Fy(z), Fn(y)},

for all z,y € S.
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Ezxample 3 Consider the SBE-algebra S in Example 2. Then a neutrosophic
N —structure

T 1

SN = {(—0.87, 01,03y € {1}}U{(—0.03,—1,—0.78)

}

on S is a neutrosophic A/ —subalgebra of S.

Definition 15 Let Sy be a neutrosophic A/ —structure on a SBE-algebra S
and «, 3,7 be any elements of [—1,0] such that -3 < a+ 8+ v < 0. For the
sets

Ty ={ze€S:a<Tn(x)},

If[ ={xeS:Iy() <}

and
Fi:={x€S:Fn(z) <~}

the set
Sn(a,B,y) i ={x € S:a<Ty(),In() < B and Fy(z) <~}
is called the (v, 8,7)—level set of Sy. Also, Sy(a, 8,7) =Txr N Iﬁ, nFEy.

Theorem 2 Let Sy be a neutrosophic N —structure on a SBE-algebra S and
a, B,y be any elements of [—1,0] with —3 < a+ B+~ < 0. If Sy is a
neutrosophic N —subalgebra of S, then the nonempty level set Sy(a, 8,7) of
SN is a SBE-subalgebra of S.

Proof Let Sy be a neutrosophic N —subalgebra of S and z,y be any elements
of Sy(a, B,7), for a, B,y € [-1,0] with =3 < a+ 8+~ < 0. Then o <
Tn(2), Tn(y)i In(2), In(y) < B and Fy(z), Fn(y) < . Since

a <min{Tn(z),Tn(y)} < Tn(zo (yoy)),

In(zo(yoy)) <max{In(z),In(y)} < B
and

Fn(zo(yoy)) <max{Fn(z), Fn(y)} <1,

for all 2,y € S, it is obtained that x o (yoy) € T]%,IJ%,F]’\Y,, and so, xo(yoy) €
5 N Iﬁ, NFY = Sn(a, B,7). Hence, Sy (e, 8,7) is a SBE-subalgebra of S.

Theorem 3 Let Sy be a neutrosophic N —structure on a SBE-algebra S and
T;\",,I]’% and Fy be SBE-subalgebras of S, for all a, 8,7 € [—1,0] with —3 <
a+ B+~ <0. Then Sy is a neutrosophic N —subalgebra of S.
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Proof Let T, If, and Fy, be SBE-subalgebras of S, for all a, 8, € [—1, 0] with
—3 < a+ 8+~ < 0. Suppose that ay = Ty (xo(yoy)) < min{Tn(x),Tn(y)} =
1
ag. Ifa = §(a1+0z2) € [-1,0), then oy < a < awe. So, x,y € T but zo(yoy) ¢
T which is a contradiction. Thus, min{Tn(z), Tn(y)} < Tn(z o (y o y)), for
all z,y € S. Assume that 81 = max{Iy(z),In(y)} < IN(xo(yoy)) = Bo. If
1
8= 5(51—&—52) € [-1,0), then 51 < B < f2. Hence, z,y € I]’(z, but xo(yoy) ¢ I]ﬂv
which is a contradiction. Thus, In(z o (yoy)) < max{Iy(z),In(y)}, for all
x,y € S. Moreover, suppose that v; = max{Fn(z), Fn(y)} < Fny(xz o (yo
1
y) = 72 Iy = 500 +2) € [-1,0), then 7 < 5 < 72 Thus, ,y €
Fy; whereas z o (y oy) ¢ Fy which is a contradiction. Thereby, Fn(z o (y o

y)) < max{Fn(z), Fx(y)}, for all z,y € S. Therefore, Sy is a neutrosophic
N —subalgebra of S.

Theorem 4 Let {Sy, : i € N} be a family of all neutrosophic N'—subalgebras
of a SBE-algebra S. Then {Sn;, : i € N} forms a complete distributive modular
lattice.

Proof Let T be a nonempty subset of {Sy, : ¢ € N}. Since Sy, is a neutro-
sophic N —subalgebra of S, for all i € N, it satisfies the condition (1) for all
x,y € S. Then (T satisfies the condition (1). Thus, ()7 is a neutrosophic
N —subalgebra of S. Let P be a family of all neutrosophic A/ —subalgebras of
S containing | J{Sn, : ¢ € N}. So, () P is a neutrosophic A/ —subalgebra of S. If
Nien SN, = Nien Sn, and ;o Sy, = (P, then ({Sy, : i € N}, \/, \) forms

a complete lattice. Moreover, it is distibutive by the definitions of \/ and A.

By Theorem 1, the lattice is modular.

Lemma 5 Let Sy be a neutrosophic N —subalgebra of a SBE-algebra S. Then
Tn(z) <Tn(1),In(1) < Iy(x) and Fy(1) < Fy(x), (2)

forallxz € S.

Proof Let Sy be a neutrosophic A/ —subalgebra of S. Then it follows from
(SBE-1) that

Ty () = min{Ty (2), Tn(2)} < Ty (w0 (¢ 0 2)) = T (1),

In(1) =In(zo(zox)) <max{Iy(x),In(z)} = In(x)

and
Fn(1)=Fn(zo(zox)) <max{Fy(x), Fx(z)} = Fn(z),

for all x € S.

The inverse of Lemma 5 does not usually hold.
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Example 4 Consider the SBE-algebra A in Example 2. Then a neutrosophic
N —structure

v X
(091,04 —05)) V1

Sy =1 sz eS—{v}}

(0,—0.7,—0.8) °

on S satisfies the condition (2) but it is not a neutrosophic A'—subalgebra of
S since max{Fn(u), Fx(0)} = —0.8 < —=0.5 = F5(v) = Fy(uo (000)).

Lemma 6 A neutrosophic N'—subalgebra Sy of a SBE-algebra S satisfies
Tn(z) <Tn(zo(yoy)), In(zo(yoy)) < In(x) and Fy(zo(yoy)) < Fn(z),
for all x,y € S if and only if Ty, Iy and Fn are constant.

Proof Let Sy be a a neutrosophic N'—subalgebra of a SBE-algebra S satisfying
Ty (x) < Tn(wo(yoy)), In(zo(yoy)) < Iy(x) and Fy(wo(yoy)) < Fy (), for
all z,y € S. Since Ty (1) < Tn(lo(zox)) =Tn(x), IN(z) =In(lo(zox)) <
In(1) and Fy(x) = Fy(lo(zox)) < Fy(1) from Lemma 1 (ii), it follows
from Lemma 5 that Ty (z) = Ty (1), In(x) = In(1) and Fy(z) = Fn(1), for
all z € A. Hence, T, Iy and Fy are constant.

Conversely, it is obvious by the fact that T, Iy and Fy are constant.

Definition 16 A neutrosophic A/ —structure Sy on a SBE-algebra S is called
a neutrosophic N —filter of S if

min{Tx(z o (yoy)), Tn ()} < Tn(y) < Tn(1),
In(1) < In(y) < maxébv(xo (yoy)),In(z)} (3)

Fn(1) < Fn(y) <max{Fy(zo(yoy)) Fn(z)},
for all z,y € S.
Ezample 5 Consider the SBE-algebra S in Example 1. Then a neutrosophic

N —structure

T xT

Sv =g ooy ¢ © eGS0 o)

:r=u,v,1}

on S is a neutrosophic N —filter of S.

Lemma 7 Let Sy be a neutrosophic N —structure on a SBE-algebra S. Then
SN is a neutrosophic N—filter of S if and only if

1. =y implies Tn(z) < Tn(y), In(y) < In(z) and Fn(y) < Fy(x),
2. min{Tn(z), Tn(y)} < Tn((zoy)o(xoy)), In((zoy)o(zoy)) < max{ly(z),
In(y)} and Fy((zoy)o (zoy)) < max{Fn(z), Fn(y)},

forallxz,y € S.

Proof Let Sy be a neutrosophic A —filter of S.
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1. Assume that < y. Then x o (y oy) = 1. Thus,
Ty(z) = min{Tn (1), Tn ()} = min{Tn (2 o (y 0 y)), T ()} < Tn(y),

In(y) <max{Iy(zo(yoy)) In(z)} = max{in(1), In(2)} < In(2)

and

Fi(y) <max{Fy(z o (yoy)), Fn(2)} = max{Fy (1), Fn(2)} < Fy(2),

for all z,y € S.

2. Since y S yo(((xox)o(xox))o((xox)o(xox))) = zo(xoy) from Lemma
2 (3), (S1) and (S2), it is obtained from (1) that min{Tn(z),Tn(y)} <
min{Ty (), Tn(z o (zoy))} = min{Ty(2), Ty (zo (((zoy) o (zoy))o((zo
y)o(zoy)))} < T((woy)o(woy)), In((roy)o(zoy)) < max{ly(w), Ly(zo
((wo) o (oy)) o ((zoy) o (xoy))} = max{Ix(z), In(z o (z 0 y))} <
max{Iy(x),In(y)} and Fx((zoy) o (zoy)) < max{Fn(x), Fy(zo (((x o
y)o(@oy)o((@oy) o (xoy))} = max{Fy(z), Fx(z o (z o y)} <
max{Fn(z), Fn(y)}, for all z,y € S.

Conversely, let Sy be a neutrosophic N —structure on S satisfying (1) and
(2). Since z < 1 from Lemma 1 (i), we have from (1) that Ty (z) < Tn(1),
In(1) < Iy(z) and Fy(1) < Fy(x), for all z € S. Also, ((xo(zo(yoy)))o(xo
(zo(yoy))))e(yoy) = (zo(yoy))o((zo(yoy))o(zo(yoy))) = 1 from (S1), (SBE-
1) and (SBE-2), and so, it follows that (zo(zo(yoy)))o(zo(xo(yoy))) Sy
Then it follows from (1) and (2) that

min{Ty(zo(yoy)), In(z)} <Tn((zo(xo(yoy)))o(zo(zo(yoy)))) < Tn(y),

In(y) < In((zo(zo(yoy)))e(zo(zo(yoy)))) < max{Iy(zo(yoy)), In(z)}

and

Fin(y) < Fn((zo(zo(yoy)))o(zo(zo(yoy)))) < max{Fy(zo(yoy)), Fn(x)},

for all z,y € S. Therefore, Sy is a neutrosophic N —filter of S.

Lemma 8 Let Sy be a neutrosophic N —filter of a SBE-algebra S. Then

1. Tn(x) < Ty (yo(wox)), In(yo(zox)) < In(x) and Fy(yo(wox)) < Fy(x),

2. min{Tn(z), Tn(y)} < Tn(zo(yoy)), In(zo(yoy)) < max{In(x),In(y)}
and Fy(ro (yoy)) < max{Fn(z), Fn(y)},

3. Tn(z) <Tn((wo(yoy))o(yoy)), IN(zo(yoy))o(yoy)) < In(z) and
Fn((x (yoy))O(yoy) < Fy(z),

4- min{Tn(2), Tn(y)} < Tn((zo((yo(202))o(yo(202))))o(202)), In((zo
((yo(z02))o(yo(z02))))o(z02)) <max{Iy(z),In(y)} and Fy((z o
((yo(zoz))o(yo(z02))))o(z0z)) <max{Fy(z), Fn(y)},

forall x,y,z € S.

Proof Let Sy be a neutrosophic N/ —filter of a SBE-algebra S. Then



O Joy b WN

Neutrosophic A/ —structures on Sheffer stroke BE-algebras 11

1. Tt is proved from Lemma 2 (2) and Lemma 7 (1).

2. Tt follows from (1) that min{Tn(z), Tn(y)} < Tn(y) < Tn(zo (y
In(zo(yoy)) < In(y) < max{In(z),In(y)} and Fi(zo(yoy)) < Fn(y)
max{Fn(z), Fn(y)}, for all z,y € S.

3. We get from Lemma 2 (3) and Lemma 7 (1).

4. Tt is obtained from (3) and (SBE-2) that

min{Tn(x), Tn(y)} < min{Tn(x),Tn((yo ((zo(z02))o(xo
(202))))o((xo(zoz))o(zo(202))))}
< min{Tn(z), Tn(z o (((zo ((yo (z02))
o(yo(z02z))))o(zoz))o((zo((yo
(z02))o(yo(z02))))o(202))))}
<Tn((zo((yo(z02))o(yo(202))))o(202)),
In((zo((yo(z0z2))o(yo(z02))))o(202))
< max{In(z), In(z o (((zo((yo(z02))o(yo(z02))))o
(z02))o((zo((yo(z02))o(yo(z02))))o(202))))}
= max{In(z), In((yo((zo(z0z))o(zo(z0z))))o((zo(z0z))o(x0o(202))))}
< max{Iy(z), In(y)}
and

Fn((zo((yo(z02))o(yo(z02))))o(z02))

<max{Fn(z),Fy(zo(((xo((yo(z02))o0
(zoz))o((zo((yo(zo2))o(yo(z02)))

= max{Fn(z), Fxy((yo((zo(z02))o(zo(z0z

< max{Fy(2), Fn(y)},

for all z,y,z € S.

Theorem 5 Let Sy be a neutrosophic N —structure on a SBE-algebra S.
Then Sy is a neutrosophic N —filter of S if and only if

2 € Ula,y) implies min{T (x), T (4)} < T (=), In(2) < max{Iy(z), In (3)}
and Fy(2) < max{Fy(z), Fx(y)}, @
4

forall x,y,z € S.

Proof Let Sy be a neutrosophic N'—filter of S and z € U(z,y). Since z o ((yo
(zoz))o(yo(z02z))) =1, it is obtained that © < y o (z 0 z). Then it follows
from Lemma 7 (1) that min{Tn(z),Tn(y)} < min{Tn(yo (z02)),Tn(y)} <
T(2), I () < max{In (yo(202)), In(y)} < max{Iy(z), Ix(y)} and Fy(z) <
max{Fy(y o (=  2)), Fx (y)} < max{Fy (z),

Fn(y)}, for all z,y,2 € S.

Conversely, let Sy be a neutrosophic N —structure on S satisfying the
condition (4). Since zo((xo(lol))o(xo(lol))) = 1 from Lemma 1 (i), we have
that 1 € U(z,x), for all x € S. Then Ty (z) = min{Tn(z),Tn(x)} < Tn(1),
In(1) < max{Iy(x),In(x)} = In(z) and Fy(1) < max{Fn(x), Fy(x)} =
Fyn(x), for all z € S. Since zo (((xo(yoy))o(yoy))o((xo(yoy))o(yoy))) =1
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Lemma 1 (iv), we obtain that y € U(x,z o (y oy)). Thus, it follows from the
condition (4) that min{Ty(zo (yoy)), Tn(z)} < Tn(y), In(y) < max{Iy(zo
(yoy)),In(x)} and Fn(y) < max{Fn(zo (yoy)), Fn(x)}, for all z,y € S.
Hence, Sy is a neutrosophic N —filter of S.

Definition 17 A neutrosophic A —structure Sy on a SBE-algebra S is called
an implicative neutrosophic N —filter of S if it satisfies

(inf—l) TN(I) S TN(l), IN(I) S IN(IE) and FN(l) S FN(:E),

(inf-2) min{Ty (zo((yo(z02))o(yo(z02)))), Tn(zo(yoy))} < Tn(zo(z02)),
In(zo(z02)) <max{In(zo((yo(z02))o(yo(202)))) In(zo(yoy))} and
Fn(zo(zo02z)) <max{Fn(zo((yo(zo0z))o(yo(z02)))),Fn(zo(yoy))},
for all x,y,z € S.

Ezxample 6 Consider the SBE-algebra S in Example 1. Then a neutrosophic
N —structure
Sy =1

- o x=0,u,v}U{ i
(—0.87,0,-097)  “ =" (—0.13, —1, —0.99)

cr=w,t, 1}

on S is an implicative neutrosophic N —filter of S.

Lemma 9 Every implicative neutrosophic N'—filter of a SBE-algebra S is a
neutrosophic N —filter of S.

Proof Let Sy be an implicative neutrosophic A/ —filter of S. Then it is clear
from (inf-1) that T (z) < Tn (1), In(1) < Iy(z) and Fn(1) < Fy(x), for all
x € S. Since it follows from Lemma 1 (ii) and (inf-2) that min{Tn(x o (y o
y), Tn(x)} = min{Tn(1o ((ze (yoy))o(zo(yoy)))), Tn(lo(zox))} <
Tn(lo(yoy)) =Tn(y), In(y) = In(1o(yoy)) < max{In(lo((xo(yoy))o
(zo(yoy)))), In(lo(zox))} and Fy(y) = Fn(1o(yoy)) <max{Fy(lo((zo
(yoy))o(xzo(yoy)))),Fn(lo(xzox))}, for all z,y,z € S, Sy is a neutrosophic
N —filter of S.

The inverse of Lemma 9 is mostly not true.

Example 7 Consider the SBE-algebra A in Example 2. Then a neutrosophic
N —structure

1 x
01— Yt

Sy ={ L xeS—{1}}

(_17 Ov 0) ’
on S is a neutrosophic N —subalgebra of S but it is not implicative since
Tn(uo(vov)) =Tn(v)=-1<0=Tyn(1)min{Tn(uo ((wo(vov))o(wo(vo
v)))), Tn (u o (woyw))}.

Theorem 6 Let Sy be a neutrosophic N —structure on a SBE-algebra S and
a, B,y be any elements of [—1,0] with —3 < a4+ B8+ < 0. If Sy is a
(implicative) neutrosophic N —filter of S, then the nonempty («, 3,7)-level set
Sn(a, B,7) of Sy is a (implicative) SBE-filter of S.



O Joy b WN

Neutrosophic A/ —structures on Sheffer stroke BE-algebras 13

Proof Let Sy be a neutrosophic A —filter of S and Sy(a,3,7) # 0, for
a,B,7 € [-1,0] with —3 < a+ 8+v <0. Since a < Tny(z) <Tn(1),In(1) <
In(z) < B and Fy(l) < Fy(z) < v, for all z € S, we obtain that 1 €
Sw(o B,7). Let 20 (50 ),z € Sy (@, B,). Since a < Ti(z), T (o (y o)),
In(z),In(zo(yoy)) < B and Fy(x), Fy(xo (yoy)) <, it follows that

a <min{Tn(zo (yoy)), Tn(z)} < Tn(y),

In(y) < max{In(zo(yoy)),In(z)} < B
and
Fn(y) < max{Fn(zo(yoy)), Fn(z)} <7,
for all x,y € S, which imply that y € Sy(a, 8,7). So, Sy(«, 8,7) is a SBE-
filter of S.
Let Sy be an implicative neutrosophic A/ —filter of S and zo ((yo(z02))o
(yo(z02))),wo(yoy) € Sn(a,B,7). Since a < Ty (w0 ((yo(z0z))o(yo(zo

2)))), Tn(z o (y o y)), IN(x ° ((y o(zoz))o(yo(zo2))),In(zo(yoy)) <p
and Fy(zo((yo(z02))o0 (202)))), Fn(zo(yoy)) <4, it is obtained that
o < min{Tn(z o ((y (ZOZ)) (yo(z02)))),In(zo(yoy))} <Tn(zo(202)),
In(zo(z02)) <max{Iy(zo((yo(zoz))o(yo(z02)))),In(xo(yoy))} < B and
Fy(zo(202)) < max{Fy(zo((yo(202))o(yo(z02)))), Fn(zo(yoy))} <7.
Thus, zo(z0z) € TJC\“,,I]ﬁV,FX,, and so, xo(zo0z) € TJ‘{‘,HIJ%HF;\Y, = Sn(a, 8,7).
Hence, Sy(«a, 8,7) is an implicative SBE-filter of S.

Theorem 7 Let Sy be a neutrosophic N —structure on a SBE-algebra S and
TS, I]BV, F} be (implicative) SBE-filters of S, for all o, 8,7 € [—1,0] with —3 <
a+ B+v<0. Then Sy is a (implicative) neutrosophic N'—filter of S.

Proof Let Sy be a neutrosophic N —structure on a SBE-algebra S and T, [ f,,
F} be SBE-filters of S, for all v, 8,7 € [—1, 0] with —3 < a+ S+~ < 0. Suppose
that Tn (1) < Tn (), In(x) < In(1) and Fy(z) < Fn(1), for some z € S. If
= S@n(1) + Tw(@), B = S(In(1) + In(@)) and y = 2 (Fx(1) + F(x)
n [—1,0), then Tn(1) < a < T (), In(z) < B < IN(1) and Fy(z) <y <
Fn (1), which imply that 1 ¢ T, I]/z,, Fy. This contradicts with (SBEf-1). So,
TN(I) < TN(l), IN(l) < IN(Z‘) and FN(l) < F}\[(ﬂl‘)7 for all x € S. Assume
that
a1 =T (y) <min{Tx(z o (yoy)),Tn(z)} = as,
Br=max{Iy(z o (yoy)), In(x)} < In(y) = B2,
and

71 =max{Fn(zo(yoy)), Fn(z)} < Fn(y) = 7.

/7 1 / 1 !’ 1
Ifa = §(a1—|—ag) 8 = 7(61—&—&2) and ~ = 5(714‘72)111 [-1,0), then oy <

o < as, ﬂl < ,6 < ﬁg and 41 < 7 < 72. Thus, xo(yoy),x ET]Q‘,,IZ%,F’Y
but y ¢ TN ,IN 7FN , which contradicts with (SBEf-2). Hence,

min{Ty(zo (yoy)), Tn(x)} < Tn(y),
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In(y) <max{Iy(zo(yoy)), In(z)}
and
Fy(y) < max{Fy(zo (yoy)), Fn(2)},
for all #,y € S. Therefore, Sy is a neutrosophic N —filter of S.

Let Ty, Iﬁ,, F} be implicative SBE-filters of S, for all o, 8,7 € [—1,0] with
—3 < a+pf+7 <0. Suppose that a1 = Ty(xo(z02)) < min{Ty(zo((yo(zo
2))o(yo(202)))), Tr(zo (yoy))} = az, by = max{Iy(zo ((yo(202))o (yo (z0
s In (20 (yoy)} < In(wo(202)) = by and ¢ = max{Fy(wo((yo(202))o
(yo(z02)))), Fn(zo(yoy))} < Fy(xo(z02)) = ¢, for some z,y,2z € S. If g =

1
5(01 +az), Bo = §(b1 +b2) and 7o = 5(01 +c2) in [—1,0), then a1 < ap < az,
b1 < fo <bgand ¢; <y < c2. So,z0((yo(z0z2))o(yo(z02))),z0(yoy) €
T IR0 F° but z o (z02) ¢ TS, 150, FY°, which is a contradiction. Thus,
min{T(z o ((y o (202)) o (y o (2 0 2)), Tw(z o (y 0 )} < Twlw o (= 0 2)),
In(wo (202)) < max{Ix(zo (3o (20 2)) o (y o (20.2)))), In(z 0 (y o))} and

Fy(zo(z02)) <max{Fn(zo((yo(z02))o(yo(z02)))), Fn(zo(yoy))}, for
all z,y,z € S.

Theorem 8 Let Sy be a neutrosophic N —structure on a SBE-algebra S.
Then Sy is a neutrosophic N —filter of S if and only if

x,Y € SN(O‘7B7’7) <~ U(.’L’,y) g SN(OQﬁ,'Y), (5)
forallz,y € S and o, B,v € [-1,0] with -3 < a+ 5+~ <0.

Proof Let Sy be a neutrosophic N —filter of S. Assume that =,y € Sy(«, 3,7),
for any z,y € S and a,8,y € [-1,0] with -3 < a4+ S+~ < 0, and
z € U(z,y). Since « < T (x), Tn(y), In(x),In(y) < Band Fn(z), Fn(y) <7,
it follows from Theorem 5 that o < min{Tn(x),Tn(y)} < Tn(2), In(2) <
max{Iny(z),In(y)} < 8 and Fy(z) < max{Fn(z), Fnv(y)} < v. Thus, z €
TJ‘{‘,,IJB\,,FX,7 and so, z € T{ N IJﬁ\, N EY, = Sn(a,B,7). Hence, U(z,y) C
Sn(a, 8,7). Suppose that U(z,y) C Sn(«,B,7). Since z o ((y o (z o x)) o
(yo(zox))) =1and zo((yo(yoy))o(yo(yoy))) =xo(lol))l from (SBE-1),
Lemma 1 (i) and (iii), we have that z,y € U(z,y) C Sn (o, 8,7).

Conversely, Let Sy be a neutrosophic A —structure on S satisfying the
condition (5). Then it is obtained from Lemma 1 (i) and the condition (5)
that 1 € U(z,y) C Sy(a, 8,7). Assume that x,z0(yoy) € Sy(«, 8,7). Thus,
U(z,zo(yoy)) € Sn(a,B,7). Since zo(((zo(yoy))o(yoy))o((zo(yoy))o(yo
y))) =1 from Lemma 1 (iv), it follows that y € U(z,z o (yoy)) C Sn(a, B,7).
Thereby, Sn(a, 8,7) = Ta N Ilﬁv N Fy is a SBEfilter of S, and so, Sy be a
neutrosophic N —filter of S by Theorem 7.

Corollary 1 Let Sy be a neutrosophic N —structure on a SBE-algebra S.
Then Sy is a neutrosophic N —filter of S if and only if

(Z) 7& SN(OQB?V) = Uz,yESN(a,ﬁ,'y) U(.’If, y)7 (6)
forallz,y € S and o, 8,7 € [-1,0] with -3 < a+ 5+~ <0.
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Proof Let Sy be a neutrosophic N'—filter of S. By Theorem 8, it is obvious
that it is obvious that Uw,yeSN(a,Bm) U(z,y) C Sn(a, B8,7), for all x,y € S
and «, 8,7 € [-1,0] with —3 < a+ S+~ < 0. Then it is sufficient to show that
Sn(, B,7) € Usyesn(a,p) U@, y). Since Sy is a neutrosophic N —filter of
S, it follows from Theorem 6 that Sy(a,3,7) is a SBE-filter of S. Assume
that € Sn(a, 8,7). Since zo (Lo (xox))o(lo(zox))) =xo(rox)=1
from Lemma 1 (ii) and (SBE-1), we have that € U(z,1). Thus,

Sn(a,py)CU@ S |J U@nc |J Uy
z€SN(a,8,7) z,y€SN (a,3,7)
Conversely, let Sy be a neutrosophic A —structure on S satisfying the
condition (6). Since 1 € U(z,y) from Lemma 1 (i), we get that

le U U(’I’,y) :SN(O‘aﬂ7’Y)'
z,y€SN (a,B,7)
Assume that z,z 0 (yoy) € Sy(«, 5,7). Since Ux,xo(yoy)ESN(a,ﬁ,’y) U(z,x 0

(yoy)) = Sn(e,B,7) and zo (((xo(yoy))o(yoy))e((zo(yoy))o(yo
y))) = 1 from the condition (6) and Lemma 1 (iv), it is obtained that y €

Uz ,zo(yoy)ESN (a,3,7) U(JI Zx o (y o y)) - SN(O[ B 7) Hence SN(O[ ﬂ FY) is a
SBE-filter of S, and so, Sy is a neutrosophic A —filter of S from Theorem 7.
Theorem 9 Let (S;0g,15) and (P;op,1p) be SBE-algebras, f : S — P be

a surjective SBE-homomorphism and Py = be a neutrosophic

(TN7 INa FN)
N —structure on P. Then Py is a (implicative) neutrosophic N —filter of P

if and only if P]{, = is a (implicative) neutrosophic N — filter

(TS I, FY,)
of S where the N'—functions TI{,,I};?F]{, : S — [-1,0] on S are defined by
T (@) = T (F(@)). 1§(2) = In(f(2)) and F}(z) = Fy(f(2)), for allz € S,
respectively.

Proof Let (S;0g,1g) and (P;op,1p) be SBE-algebras, f : S — P be a surjec-

tive SBE-homomorphism and Py = be a neutrosophic N —filter

(TN7IN7FN)
of P. Then T} (z) = Tn(f(z)) < Tn(1p) = Tn(f(1s)) = T4 (1s), I{(1s) =
In(f(1s)) = In(1p) < In(f(2)) = I{(z) and F{(1s) = Fn(f(1s) = Fx(1p)

< Fn(f(z)) = Fi(z), for all z € S. Also,

min{T{ (z), T{ (z o5 (y 05 y))} = min{Tn (f(x)), Tn(f(z 05 (y o5 ¥)))}
= min{Tn (f(2)), Tw (f(z) op (f(y) op f(¥)))}
<Tn(f(y))
=T (y),

f(@)op (f(y)or f(y)))}
f(@os (yosy)))}
s (yosy))}
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and
Fi(y)
(), En(f(x) op (f(y) or f(y))}
) En(f(xos (yosy)))}
os (yosy))},

for all z,y € S. Thus, PJ{, = is a neutrosophic N —filter of S.

(TR I, FY,)
Suppose that Py is an implicative neutrosophic AN —filter of P. Since
min{T (z o5 ((y os (2 05 2)) 05 (y 05 (2 05 2)))), T (z 05 (y 05 )}
= min{Tn (f(z o5 ((y 05 (2 05 2)) 05 (y 05 (2 05 2))))), In (f(z 05 (y 05 9)))}
= min{Tn(f(z) op ((f(y) op (f(2) op f(2))) or (f(y)

op(f(z) op f(2)))), Tn(f(z)opr (f(y) or f(y))}
< Tn(f(z)op (f(2) op f(2)))
=Tn(f(zos (2 05 2))
= T{,(x og (z 05 2)),

I{(z o5 (205 2))
=In(f(zos (205 2)))
= In(f(x)op (f(2) op f(2)))
< max{In(f(z)op ((f(y) or (f(2) op f(2))) op (f(y)
op(f(2) op f(2))), In(f(x) op (f(y) op f(¥)))}
= max{Iy(f(z o5 ((y o5 (2 05 2)) 05 (y 05 (2 05 2))))), In(f (z 05 (Y 05 ¥)))}
= max{I{(z o5 ((y o5 (2 05 2)) 05 (y 05 (2 05 2)))), I} (w 05 (y 05 )}
and
Ff(z o5 (205 2))
=Fy(f(zos (205 2)))
= Fn(f(x) op (f(2) op f(2)))
< max{Fn(f(z) op (f(y) op (f(2) op f(2))) op (f(y)
op(f(2) op f(2))))), Fn(f(x) op (f(y) or f(¥)))}
= max{Fy(f(zos ((y o5 (2 05 2)) 05 (y 05 (2 05 2))))), Fn(f(z 05 (y 05 ¥)))}
= max{F{(z os ((y o5 (2 05 2)) 05 (y 05 (2 05 2)))), F{r(z 05 (y 05 )}
for all x,y,z € S. Hence, P](, is an implicative neutrosophic A/ —filter of S.
Conversely, let P]’:, be a neutrosophic N —filter of S. So, T (y) = ITn (f(x)) =
T{(x) < T{(1s) = Tn(f(1s)) = Tn(1p), In(1p) = In(f(1s)) = I{(1s) <
I{(z) = IN<f<ar>> = In(y) and Fy(1p) = Fx(f(1s)) = F{(1s) < F{(x) =

Fn(f(z)) = Fn(y), for all y € P. Besides,
min{Tn(y1), Tn (y1 op (y2 op y2))} = mln{TN(f(l“l)) Tn(f(z1)
op(f(z2) op f(z2)))}
= min{Tn(f(x1)), Tn(f(z1 05 (z2 05 22)))}
= mln{Tf( 1), T (21 05 (22 05 22))}
< T (z2)
= TN(f(ifz))
= TN(yQ)a
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In(y2) = IN(f(z2))

= I (x2)
< max{[f (z1), ]J;(Sm o5 (2 05 72))}
= max{Iy(f(z1)), In(f(z1 05 (x2 05 22)))}
= max{In(f(z1 )) In(f(x1)op (f(x2)op f(x2)))}
= max{In(y1), IN(y1 0P (y2 0P ¥2))}
and
Fy(y2) = Fn(f(72))
< max{Ff (xl),FJ{[(% s (z2 05 72))}
= max{Fn(f(z1)), FN(f(!E1 o5 (w2 05 w2)))}
= max{Fn(f(z1)), Fn(f(x1) op (f(x2) op f(x2)))}
= max{Fn(y1), Fn(y1 op (Y2 0p y2)) },
for all y1,y> € P. Thereby, Py = (TISF) is a neutrosophic N —filter of
NyIN, FN

P. Assume that PJ{, is an implicative neutrosophic A/ —filter of S. Since

min{Tn (y1 op ((y2 op (Y3 0r y3)) op (Y2
op(yzopy3)))), In(y1op (Y2 0p y2))}
= min{Tn (f(z1) op ((f(z2) op (f(z3) op f(23))) op (f(x2)
op(f(xs) op f(x3))))), In(f(21) op (f(z2) op f(932)) }
= mll’l{TN(f(l‘l og ((1‘2 og (.133 og 1'3)) Oog (
os(z3 05 73))))), Tn(f(21 05 (72 05 902)))}
= mln{T]]\;(arl Oog ((J)Q Oog (.133 Oog $3)) Og (332
OS($3 05 73)))), T (21 05 (w2 05 2))}
< T{ (21 05 (23 05 73))}
= TN( (z1 05 (23 05 23)))
=Tn(f(x1) op (f(x3) op f(23)))
=Tn(y10p (ys op Y3)),

10op (y30py3))

(f(z1) op (f(z3) op f(x3)))
(f(z1 05 (z3 05 73)))

(ZL’l Oog (CE3 og 112'3))}

~
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os(w3 05 73)))), I (1 05 (x2 05 72))}
= max{In(f(z1 o5 ((z2 0o (x5 05 x3)) 05 (x
os(z3 05 23))))), In(f(21 05 (22 05 xz)))}
= max{In(f(z1) op ((f(z2) op (f(x3) op f(x3))) op (f(22
op(f(xs)op f(x3))))), In(f(x1) op (f(z2) op f(x 2)))}
= max{In(y1op ((y2 0p (Y3 °P y3)) oP (32
op(ysopy3)))), In(y1op (y2 op y2))}

T2



O Joy b WN

18 Tahsin Oner et al.

and
Fn(y1op (y30p y3))
= Fn(f(z1) op (f(z3) op f(x3)))
= Fn(f(z1 05 (z3 05 x3)))
F{ (21 05 (23 05 x3))}

(
os(w5 05 73)))), Fi (21 05 (w3 05 72))}
= max{Fn(f(z1 o5 ((xz o5 (23 05 x3)) o5 (@
os(z3 05 23))))), Fn(f(z1 05 (22 05 22))) }
= max{Fy(f(z1) op ((f(z2) op (f(x3) op f(x3))) op (f(x2)
op(f(x3) op f($3))))) Fn(f(z1) op (f(z2) op f(22)))}
= max{Fn(y1 opr ((y2or (y3 or ¥3)) op (42
op(ys op y3)))): Fn(y1 op (y2 op yz))},

2

for all y1,y2,y3 € P. Therefore, Py is an implicative neutrosophic A/ —filter of
P.

Theorem 10 FEvery neutrosophic N —filter of a SBE-algebra S is a neutro-
sophic N'— subalgebra of S.

Proof Let Sy be a neutrosophic N —filter of S. Since ((zoy)o(zoy))o(yo
1 from Lemma 1 (vi), we get that (zoy)o (zoy) < y, for all z,y
Then it follows from Lemma 7 and Lemma 2 (2) that min{Tn(x), T (
Tn((xoy)o(zoy)) < Tn(y) < TN(x °(yoy)), In(zo(yoy)) < In(y
In((z oy) o (xoy)) < max{Iy(x), In(y)} and Fy(zo (yoy)) < Fn(y
Fn((xoy)o(zoy)) <max{Fn(x),Fn(y)}, for all z,y € S. Thereby, S
neutrosophic N —subalgebra of S.

ZAA@
Hv\,zms
ml/\l/\IAC’JII

The inverse of Theorem 10 does not generally hold.

Example 8 Consider the SBE-algebra S in Example 1. Then a neutrosophic
N —structure

0 1 ok T
(—1,-0.88,0)” (0, —1, —0.73) (—0.55,—-0.91,—0.43)

Sy =1{ cx e S—{0,1}}

on S is a neutrosophic A/ —subalgebra of S but it is not a neutrosophic A/ —filter
of S since Ty (0) — 1 < —0.55 = min{Tn(uo (000)),Tn(u)}.

Lemma 10 Let Sy be a neutrosophic N'—subalgebra of a SBE-algebra S sat-
isfying

min{Tn(zo ((yo(z02))o(yo(z02)))), Tn(zo(yo ))}SI N(zo(z02))

IN(JUO(ZOZ))SmaX{IN(HUO((Z/O(Z‘;Z))( o(z02)))), In(zo(yoy))}
Fyn(zo(z02)) <max{Fn(zo((yo(z02))o(yo(z02)))),Fx(xo (yoy))(}»?,)

for all z,y,z € S. Then Sy is a neutrosophic N —filter of S.
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Proof Let Sy be a neutrosophic N —subalgebra of S satisfying the condition
(7). By Lemma 5, it is obvious that Tn(z) < Tn(1),In(1) < Iy(z) and
Fn(1) < Fy(x), for all x € S. Then it is obtained from Lemma 1 (ii) that
min{7Tn(zo (yoy)), Tn(z)} = min{Ty(lo ((zo(yoy))o(zo(yoy)))) Tn(lo
(zox))} <Tn(lo(yoy)) =Tn(y), In(y) = In(Lo (yoy)) < max{Iy(lo
((zo(yoy))o(zo(yoy)))), In(lo(zox))} = max{Iy(zo(yoy)), In(x)} and
Fn(y) = Fn(lo(yoy)) < max{Fy(1o((xo(yoy))e(xo(yoy)))), Fi(lo(xox))} =
max{Fn(z o (yoy)), Fn(x)}, for all ,y € S. Hence, Sy is a neutrosophic
N —filter of S.

Theorem 11 Let S be a self-distributive SBE-algebra. Then every neutro-
sophic N —filter of S is an implicative neutrosophic N —filter of S.

Proof Let Sy be a neutrosophic N —filter of a self-distributive SBE-algebra
S. Since Sy be a neutrosophic N —filter of S, it is clear that Ty (z) < T (1),
In(1) < In(z) and Fy(1) < Fy(z), for all x € S. Then it follows from
Definition 3 that min{Tn(zo ((yo (z02))o(yo(z02)))),Tn(zo(yoy))} =
min{Ty ((zo(yoy))o(z0(202))0(x0(202)))), T (wo(yoy))} < Tw(zo(202)),
In(zo(z02)) <max{Iy((zo(yoy))o((zo(z02))o(xo(z02)))),In(zo
(yoy))} = max{In(z o ((yo(z02)o(yo(z02))) In(xo(yoy))} and
Fy(wo(z02)) < max{Fy((zo(yoy))o((xo(z02))o(x0(202)))), Fiv(wo(yoy))} =
max{Fn(zo((yo(z02))o(yo(z02)))),Fn(xo(yoy))}, for all z,y,z € S.
Thus, Sy is an implicative neutrosophic N —filter of S.

Lemma 11 Let Sy be a (implicative) neutrosophic N —filter of a SBE-algebra
S. Then the subsets S, = {x € S : Tn(x) = Tn(1)}, Spy = {z € S :
In(z) =In(1)} and Spy, ={z € S: Fn(x)=Fn(1)} of S are (implicative)
SBE-filters of S.

Proof Let Sy be a neutrosophic N —filter of S. Then it is obvious that 1 €
ST SIn: SFy- Assume that gc zo(yoy) € Sry,Sry,Sry. Since Ty(z) =
Tn(1) = Tn(z o (yoy)), In(z) = In(1) = In(x o (yoy)) and Fy(z) =
Fn(1) = Fy(z o (youy)), 1t is obtained that Tn (1) = min{Tn(1),Tn (1)}
min{Ty(z o (yoy)),In(x)} <Tn(y), In(y) < max{In(zo (yoy)),In(z)}
max{In(1),In(1)} = In(1) and Fn(y) < max{Fn(zo (yoy)),Fn(z)} =
max{Fn(1),In(1)} = Fy(1), which imply that Tn(y) = Tn(1), In(y)
In(1) and Fn(y) = Fn(1). Then y € Sty,Sry,Sry. Hence, St,,Sr, and
Sy are SBE-filters of S.

Let Sy be an implicative neutrosophic A —filter of S. Suppose that zo ((y
(zo0z))o(yo(z02))),x0(yoy) € STy, Stn,SFy- Since Ty (zo ((yo(z0z))o(yo
(202)))) =Tn(1) = Tn(zo(yoy)), In(zo((yo(z02))o(yo(z02)))) = IN(1)
In(zo(yoy)) and Fy(zo((yo(z0z2))o(yo(z02)))) = Fn(1) = Fn(zo(yoy)
it follows that T (1) = min{Txn(1),Tn (1)} = min{Tn(zo((yo(z0z))o(yo(z

2)))); Tn(wo(yoy))} < Tn(zo(z02)), In(xo(z02)) < max{Iy(zo((yo(z02)
(yo(z02)))), In(xzo(yoy))} = max{In(1),In(1)} = In(1) and Fn(zo(z0z2)) <
max{Fy (zo((yo(z0z))o(yo(z02)))), Fn(xo(yoy))} = max{Fn(1), Fn(1)} =
Fn(1), which imply that Ty (x o (202)) =Tn(1), IN(zo(z02)) = In(1) and

O

o o
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Fn(zo(zo0z)) = Fn(1). Thus, xo(z0z) € Sty, Sry, Sry . Therefore, Sty , Sty
and Sp, are implicative SBE-filters of S.

Definition 18 Let S be a SBE-algebra. Define the subsets
Sy i={reS:Tn(st) <Tn(x)},
SN i={xeS:In(x)<In(si)}

and
S}gvf ={z€S:Fy(z) < Fn(sf)}

of S, for all s;,s;,s; € S. Also, it is obvious that s, € Sy, s; € Sy and
Sf € S;\f

Example 9 Consider the SBE-algebra S in Example 2. Let
—0.99, if z = u,w

. 0, ifx=t,1
In(z) = (;,0'72’ i)ftﬁe?wlise, In(z) = { _,17 otherwi;‘e7
Fy(z) = { :8?711’ ioftlxle?w?;(:,v st =v,8 =uand sy = w.
Then
Sy ={zxeS:Ty) <Ty(z)} ={0,v,t},
Sy ={zeS:In(x) <In(}={0,u,v w}
and

Sy ={reS:Fy(z)<Fy(w)} = {w,t1}.

Theorem 12 Let s¢,5; and sy be any elements of a SBE-algebra S. If Sn
is a (implicative) neutrosophic N'—filter of S, then Sy, Sx and Sy are (im-
plicative) SBE-filters of S.

Proof Let s, s; and sy be any elements of S and Sy be a neutrosophic N —filter
of S. Since Tn(s¢) < Tn (1), In(1) < In(s;) and Fn(1) < Fn(sy), for any
St,8i,5¢ € S, it follows that 1 € Sy, Sy, Sx/. Assume that z o (yoy),z €
S, S, SN - Since T (sy) < Tv(z o (yoy)),Tn(z), In(z o (yoy)),In(z) <
In(s;) and Fy(z o (yoy)), Fn(z) < Fn(sy), it is obtained that Tn(s;) <
min{T (z o (3 0 ), Tw(2)} < Tw(y), In(y) < max{Iy(z o (y o)), In(2)} <
In(s;) and Fn(y) < max{Fn(zo(yoy)), Fn(z)} < Fn(sy), which imply that
y € S3, S, Sy . Thus, S3t, S and Sy are SBEfilters of S.

Let Sy be an implicative neutrosophic A —filter of S. Suppose that zo((yo
(z02))o(yo(z0z))),zo(yoy) € S, S, Sl Since T (st) < Tw(zo((yo(zo
z))o(yo(z02)))), Tn(zo(yoy)), In(wo((yo(z0z))o(yo(202)))), In(zo(yoy)) <
In(s;) and Fy(zo((yo(zoz))o(yo(z0z)))), Fn(zo(yoy)) < Fn(sy), we get that
Tn(s¢) < min{Ty(zo((yo(z0z))o(yo(202)))), Tn(zo(yoy))} < Tn(xo(z02)),
In(zo(z0z)) < max{Iy(zo((yo(zoz))o(yo(z02)))), In(xo(yoy))} < In(si)
and Fy(zo(z0z)) < max{Fy(zo((yo(z0z))o(yo(z02)))), Fn(zo(yoy))} <
Fx(sy), which means that x o (z 0 2) € S}, Sx, SN . Hence, S3¢, Sx and Sy
are implicative SBE-filters of S.



O Joy b WN

Neutrosophic A/ —structures on Sheffer stroke BE-algebras 21

Ezample 10 Consider the SBE-algebra S in Example 1. For a (implicative)
neutrosophic N —filter

x x
Sy ={

086 075,060 | © = VMY Tom Zos 2o
of S and s; =0,s;, =u,sf =w € S, the subsets

Sy ={z€S:Ty(0) <Tn(z)} =S5,

S% ={zreS:In() < Inu)} =S5

cx=w,t, 1}

and
SN ={ze€S:Fy(x) < Fy(w)}={w,t1}

of A are (implicative) SBE-filters of S.

Theorem 13 Let s;,s; and sy be any elements of a SBE-algebra S and Sy
be a neutrosophic N —structure on S.

1. If SJS\},Sf;' and Sy are SBE-filters of S, then

Tn(z) <min{Tn(yo (z02)), Tn(y)} = Tn(z) < Tn(2),
max{In(yo(z02)),In(y)} <In(z)= In(z) < Iy(x) and (8)

max{Fy(yo(z02)), Fn(y)} < Fn(z) = Fn(2) < Fy(),

forall x,y,z € S.
2. If Sy satisfies the condition (8) and

TN(.Z‘) S TN(I), IN(I) S IN($) and FN(l) S FN(.’L‘), (9)

for all x € S, then S3,S% and Sy are SBE-filters of S, for all s; €
T&l, Si € I;,l and sy € Fﬁl.

Proof Let s;,s; and sy be any elements of S and Sy be a neutrosophic
N —structure on S.

1. Assume that S3, S3 and Sy be SBE-filters of S and Ty (z) < min{Ty (yo
(202)),Tn(y)}, max{In(yo (z02)),In(y)} < In(z) and max{Fn(yo (zo0
2)), Fn(y)} < Fn(z). Since yo (20 2),y € S, Sx, Sy where s; = s; =
sp =, it follows that z € S3¢, 5%, Sy where s; = s; = s; = x. Therefore,
Tn(z) < Tn(z), In(2) < In(z) and Fn(z) < Fn(z), for all z,y,z € S.

2. Let Sy be a neutrosophic A —structure on S satisfying the conditions
(8) and (9), for s, € Tx', s; € Iy' and s; € Fy'. It is obvious from
from the condition (9) that 1 € S}, S%, Sy . Suppose that z o (yoy),z €
S, 8%, Sx - Then Ty (s;) < T (wo(yoy)), Tn(z), IN(zo(yoy)), In(x) <
In(s;) and Fn(zo(youy)), Fn(z) < Fn(sy). Since Tn(sy) < min{Tn(z o
(y 0 ), T ()}, max{In(z o (y 0 9), In(x)} < In(s;) and max{Fy(z o
(yoy)),Fn(z)} < Fn(sf), it is obtained from the condition (8) that
Tn(st) <Tn(y) In(y) < In(s;) and Fn(y) < Fn(sy), which imply that
y € S, Sxi, S . Thereby, S, Sy and Sy are SBE-filters of S.
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Example 11 Consider the SBE-algebra S in Example 1. Let

—0.83,if z =0, w,t [ =079, if x = u,v,1
T(w) = {O, otherwise, In(x) = { —0.3, otherwise,
—0.67,ifz =1

Fy(x) = { —0.17, otherwise,
Then the SBE-filters
S =9,8% = {u,v,1} and Sy} = S
of S satisfy the condition (8).
Also, let

Sy ={

and s; =t, s, =u, sf=v € S.

L s r=w.t 1} U {;
0,-1,-1) "~ 77 (—0.09,0,—0.9)
be a neutrosophic N —structure on S satisfying the conditions (8) and (9).
Then the subsets Sy = S, S = {w,t,1} and Sy = {w,t,1} of S are SBE-
filters of S, where s; = u,s; = w and sy = 1.

: o =0,u,v}

4 Conclusion

In the study, an implicative SBE-filter, a neutrosophic A/ —subalgebra, a (im-
plicative) neutrosophic A/ —filter and a level set on neutrosophic N —structures
are introduced on SBE-algebras. Then we prove that the level set of a neu-
trosophic N '—subalgebra (a (implicative) neutrosophic N —filter) of a SBE-
algebra is its SBE-subalgebra (a (implicative) SBE-filter) and vice versa, and
that the family of all neutrosophic N —subalgebras of the algebraic structure
forms a complete distributive modular lattice. We present the situations which
N —functions are constant. Additionally, the new statement equivalent to the
definition of a neutrosophic N —filter of a SBE-algebra is given. We restate a
neutrosophic A/ —filter of a SBE-algebra by means of upper sets on this algebra.
It is illustrated that every implicative neutrosophic N —filter of a SBE-algebra,
is the neutrosophic N —filter but the inverse does not mostly hold, and that
level set of a (implicative) neutrosophic N —filter of a SBE-algebra is its (im-
plicative) SBE-filter and vice versa. Infact, we reveal relationships between
(implicative) neutrosophic A —filters of two SBE-algebras by the hepl of an
onto SBE-homomorphism. It is demontrated that every neutrosophic N —filter
of a SBE-algebra is the neutrosophic A/ —subalgebra but the inverse is not valid
in general. Also, it is shown that a neutrosophic N —filter of a self-distributive
SBE-algebra is its implicative neutrosophic A —filter. Besides, the subsets St ,
Sry and S, of a SBE-algebra are its (implicative) SBE-filters for the (im-
plicative) V' —filter. At the end, it is proved that the subsets S3t, Sy and S/ of
a SBE-algebra defined by any elements s, s;, sy of the algebraic structure and
N —functions are its (implicative) SBE-filters, if a neutrosophic N —structure
on this algebraic structure is the (implicative) neutrosophic N —filter.

In future works, we plan to study on plithogenic structures and relation-
ships between neutrosophic N —structures on some algebraic structures.
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