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Abstract. A divergence measure plays an important part in distinguishing two probability distributions and drawing conclu-
sions based on that discrimination. In this paper, we proposed the concept of divergence measure of picture fuzzy sets. We
also built some formulas of the proposed divergence measure of picture fuzzy sets anddiscussed some basic properties of this
measure.Based on the proposedmeasure, we developed a multi-criteria decision-making algorithm. Finally, we applied the
proposed multi-criteria decision-making algorithm in the medical diagnosis problem and the classification problem.

Keywords: Picture fuzzy set, picture fuzzy divergence measure, medical diagnosis, classification problem

1. Introduction

The multi-criteria decision-making model has
been applied to many practical problems. Approaches
to building a decision-making model are also diverse
and rich. The decision making depends on the infor-
mation collected and the subjectivity of the decision
maker. Information may be vague, inaccurate and
uncertain. The subjectivity of decision makers can
also be influenced by many factors such as infor-
mation, psychology. Therefore, decision making
in an uncertain environment has been of interest

*Corresponding author. Nguyen =~ Xuan Thao, Vietnam
National University of Agriculture, Hanoi, Vietnam. E-mail:
nxthao@vnua.edu.vn.

to many researchers, especially decision-making
models in fuzzy environments [13-20, 24, 42,
51-55]. The ranking of objects is very important in
the decision-making process. The ranking of objects
can be done based on the aggregation operators
[2, 14-19, 42], or cross-entropy operators [51].
The ranking can be based on measures such as
the similarity measures, the distance measures or
dissimilarity measures [13, 24, 42]. In addition, the
decision-making based on the divergence measures
of fuzzy sets and the intuitionistic fuzzy sets are also
interested and developed by many researchers [9,
10, 12, 21-23, 25, 26, 32, 43, 44].

The picture fuzzy set [3] was first introduced by
Cuong as an extension of the intuitionistic fuzzy set
[1] and fuzzy set [S0]. It is a useful mathematical tool

ISSN 1064-1246/19/$35.00 © 2019 — IOS Press and the authors. All rights reserved
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for dealing with ambiguous and inaccurate problems.
So far, many theoretical and applied results have been
exploited on picture fuzzy sets [3-5, 7, 8, 11, 13,
24,27, 29-31, 33, 34, 42, 45-47]. Cuong et al. con-
tinued to study the operators on picture fuzzy sets
[4, 5]. Dinh et al. [7] studied the dissimilarity and
distance measures of picture fuzzy sets and applied
them in classification problems. The class of fuzzy
clustering problems was illustrated by the authors
Kumar et al. [11], Son et al. [29-31] and Thong et
al. [38-40]. The aggregation operators of the pic-
ture fuzzy sets were also investigated and applied
in multi-criterion decision-making problems as Garg
[8], Wang et al. [45], and Wei et al. [46]. Wei et al.
[47] studied the picture fuzzy cross-entropy for mul-
tiple attribute decision-making problems. Thao and
Dinh [34] established the concept of rough picture
fuzzy sets and studied the properties of them together
picture fuzzy topologies on rough picture fuzzy sets.
Dinh et al. studied the fuzzy picture database and
applied it to searching for criminals [41]. Another
operator of picture fuzzy sets is the correlation coef-
ficient which was also published by Singh [27] and
used in some classes of decision, clustering and clas-
sification problems with picture fuzzy information.
In the area of research on applications of fuzzy set
theory, researchers are often very interested in mea-
surements between fuzzy sets. Measures are often
used to measure the degree of similarity or dissimilar-
ity between objects. One of the dissimilarity measures
of fuzzy sets/intuitionistic fuzzy sets was recently
investigated by investigators as a measure of the
divergence of fuzzy sets [22, 23, 25]. Divergence
measures also have many applications in practical
problem classes and give us interesting results. Some
authors applied divergence measure to determine the
relationship between the patient and the treatment
regimen based on symptoms, thereby selecting the
most appropriate treatment regimen for each patient
[26]. Divergence measure was also used in multi-
criteria decision problems [21, 32, 41]. The picture
fuzzy set is considered an extension of the fuzzy set
and the intuitionistic fuzzy set. Therefore, following
the results of research on the measures on the fuzzy
sets, the intuitionistic fuzzy sets for the picture fuzzy
sets is also natural and necessary. That is the driving
force for us to study the divergence measure of the
picture fuzzy sets both in theory and its application.
In this paper, we introduce the concept of the diver-
gence measure of picture fuzzy sets, called picture
fuzzy divergence measure, a kind of dissimilarity
measure. This is a new concept that has never been

mentioned before. We also give some expressions
that define the picture fuzzy divergence measure-
sand investigate the properties of them. After that,
we develop a multi-criteria decision-making algo-
rithm, apply it in the medical diagnosis problem and
the classification problem and comparethe obtained
results to the calculated results by the other measures.
The results show thatourmeasure is really robust and
effective.

The article is organized as follows: In Section 2,
we recall the knowledge related to picture fuzzy sets.
In Section 3, we introduce the concept of picture
fuzzy divergence measure and investigate their prop-
erties. We show some applications of picture fuzzy
divergence measures in Section 4. Section 5, we give
conclusion on picture fuzzy divergence measures and
some development direction of them.

2. Preliminary

Definition 1. Picture fuzzy set (PFS):

A = {(x, pa(x), na(x), ya)lx e Uy (1)

where u4(x) € [0, 1] is a membership function,
na(x) € [0, 1] is neutral membership function,
ya(x) € [0, 1]is anon-membership function of A and
UAX)+ na(x) + ya(x) < 1forallu € S.

We denote PFS(U) is a collection of picture fuzzy
seton U. In whichU = {(1, 1,0,0)|u € U} and ¥ =
{(@,0,0, D)u € U}.

The picture fuzzy set is a particular case of the neu-
trosophic set [28], where p4(x) + na(x) + ya(x) <
3forallu € S.

For two sets A, B € PFS(U) we have:

— Union of A and B:
AUB
~ { (¥, max(4(x), p(0)), min(na (), 15(6)), }
min(y4(x), yg(x)lx € U
— Intersection of A and B:
ANB

3 (x, min( 4 (x), up(x)), min(na(x), np(x)),
max(ya(x), yp(x))|x € U

— SubsettA C B iff  ua(x) < up(x), na(x) <
nB(x)
— Complement of A: A€ =

{(x, ya(@), na(x), pax)lx € U}
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Now, we define an operator called difference
between picture fuzzy sets.

3. Divergence measure of picture fuzzy sets

Definition 2. Let A and B be two picture fuzzy sets
on U. A function D : PFS(U) x PFS(U) — R (R is
the real number set) is a divergence measure of picture
fuzzy sets if it satisfies the following conditions:

e Divl. D(A, B) = D(B, A),

e Div2. D(A, A) =0,

e Div3. DIANC,BNC) < D(A, B) for all C €
PFS(U),

e Divd. D(AUC, BUC) < D(A, B) for all C €
PFS(U).

We call the divergence measure in definition 2 is
the picture fuzzy divergence measure.

We can easily see that a picture fuzzy divergence
measure is not negative. Because, if we choose C =
then from conditions Div2 and Div3 in definition 2 we
have D(A, B) > D(ANC, BN C) = D, ¥) =0.

Now we give some divergence measures of picture
fuzzy sets and their properties.

Definition 3. Let Aand B be two picture fuzzy sets
on U = {uy, u, ..., uy}. A function D : PFS(U) x
PFS(U) — R is defined as follows:

1 n ) . ‘
DA, B) = > DA, B)+ Di(A, B) + Di(A, B)]
i=1

2
where
2 (ui)
() + wp(u;)
2 p(u;)

gln————— (@3
+MM“)HMAW0+MBW0 &

D}, (A, B) = pua(ui)In

2na(u;)
na(u;) + np(u;)
2np(u;)

Din —=MBED gy
s e ey

Di(A, B) = na(u;)In

and

2ya(u;)
vau;) + vp(u;)
2yp(u;)

ol ——M—— 5
I sy

Di(A, B) = ya(u;)In

Example 1. Assume that there are two patterns
denoted by picture fuzzy sets onU = {u1, uz, u3} as
follows

A ={(u1,0.2,0.2,0.2), (u2,0.3,0.4,0.1),
(u3,0.2,0.1,0.6)},
B = {(u1,0.6,0.1,0.3), (u2,0.2,0.1,0.6),
(u3,0.1,0.2,0.7)}

By using Equations (2)—(5) in Definition 3,we have
D), (A, B) = 0.10465, D7,(A,.B) = 0.01007,
D; (A, B) = 0.01699, D}(A, B) = 0.01699,
Dy (A, B) = 0.09637, D;(A, B) = 0.01699,
D}(A, B) = 0.01007, D}(A, B) = 0.19812,
D3 (A, B) = 0.00385

and D(A, B) = 0.15803
To proof that D(A, B) is a divergence measure of
picture fuzzy sets we need some following lemmas.

Lemma 1. Given a € (0, 1]. For all z € [0,1 — a]

then:
2a @+l 2a + 2z
a n
2a+ 7 ¢ 2a + 7

is a non-decreasing function and f(z) > 0.

f(@)=aln 6)

I;rolof. We obtain %(ZZ) =1In 22“;;2; >0 for all z €
[ D - a]'

Lemma 2. Given b € (0, 1]. For all z € (0, b] then
2b +zl 2 7
zln
b+z b+z

is a non-decreasing function and f(z) > 0.

f(z)=bln

Proof. We have 22 = In 2 < 0forall z € (0, b].

Lemma 3. Given a € (0, 1]. For all 7 € [a, 1] then
2a 2z

+ zlIn )
+z a+z

is a non-decreasing function and f(z) > 0.

(z) =aln
a

Proof. We have afa—f) =1In aszz <Oforall z € [a, 1].

Theorem 1. The function D(A, B) defined by Equa-
tions (2)—(5) (in definition 3) is a divergence measure
of two picture fuzzy sets.
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Proof. We check the conditions of the definition. For
two picture fuzzy sets A and B on U, we have:

e Divl: D(A, B) = D(B, A),

e Div2:If B = A we have D} (A, B) = Dl,',(A, B)
= Di(A, B) = 0. So that D(A, B) = 0.

e Div3. For all C € PFS(U)and for all u; €

U (i=1,2,...,n). Because of the symmetry,
we can consider the following cases we have:

— With positive degree, we have:

+If pa(ui) < wp(u;) < pc(u;) then wanc(u;) =
ma(u;) and pwpnc(u;) = pup(u;)so that

D\ (ANC,BNC)
2uanc(u;)
manc(ui) + pwpnc(u;)
2upnc(u;)
manc(ui) + pwpnc ;)
2pa(ui)
na(ui) + pwp(u;)
2upui)
walu;) + pp(u;)
= Di(A, B)

= pmanc(;)In

+upnc(;) In
= na(ui)In

+up(u;)In

+If pa(ui) < pe(i) < pp(u;) then wauc(u;) =
we(ui) and ppuc(u;) = pnp(u;). So that, according
the lemma 3 with a = 4 (u;) we have:

D, (ANC,BNC)

2a(w:) 244 (wi)

_ Oln ———~ 4+ DHn ——————
#alu)n waCui) + pe(u;) pelupn waui) + peui)

< pa(u;)In \C + pc(u;)In 21ene)

a(ui) + pwp(u;) wa(ui) + pp(ug)

=D/, (A, B)

+If pue(ui) < pa(ui) < wp(u;) then wanc(u;) =
wpnci) = pcu;) and pwp(u;) = pc(uy) +z with
7 €[0,1 — pa(u;)] so that according the lemma 1
we have:

DI(ANC,BNC)
2puc(ui) _
we i) + peui)

2uaui)+2z
2ua(ui) +z

2uc(ui)

_oel) L il
e+l @i

=pc(ui)ln

2pa(ui)

—_—+ u;)In
2ua(ui) +z #5()

< pa(ui)In

2up(u;)
ma(uy) + pupu;)

2paui)

— AL (i)
wa(ui) + pp(u;) #p(us)ln

= pa(u;)In

=Di,(A. B).

— With neutral degree: We do the same with the
case of positive degree.

— With negative degree, we have:

+If ya(ui) < ypui) < yc(ui) then yanc(u;) =

yc(ui) and ypnc(u;) = yc(u;) so that according
lemma 1 we have:

Di(ANC,BNC)

2yanc(u;)

= Yancwj)ln ——M————
AnCH vanci) + yenc(ui)

2ypnc(ui)

+ypnc(ui)ln ————————
O Y anc ) + yanc(u)

2yc(u;) 2yc(u)
= n — =Yt e 2re)
eom ve(ui) + ye(u:) 7y" ye(ui) + ye(u;)
< ya(u;)In 2ya(ui) + ypGui)In 2yp(ui)

va(ui) + yp(u;) va(ui) + yp(u;)

= D’V(A, B)

+HIf ya(ui) < ye(ui) < yp(ui) then yauc(ui) =
yc(u;) and ypue(u;) = yp(u;). So that, according the
lemma 2 with b = yg(u;) we have:

Di,(ANC,BNC)

D) )
= yeIne—er == s Y T AT —
re (R ve(u;) + yp(u;) +ys)n ve(ui) + ve(u;)

= VA(ui)ln 2]/A(M[) + yp(u)In ZVB(ui)

=D (A, B)
+If ye(u;i) < ya(u;) < yp(u;) then according the
lemma 1 we have:

D,(ANC,BNC)

2yp(u;)
va(u;) + ys(u;)

2ya(u;)
va(ui) + yp(u;)
= Di(A, B).
Now, we add that with respect to the respective
components we have:

= ya(u;)In + ys(u;) In

D(ANC,BNC)

n . )
=3 LID(ANC.BNC)+ DY(ANC.BNC)
+D\(ANC,BNCO)]
< Zl [D},(A, B) + D, (A, B) + D, (A, B)]

1=

= D(A, B)
e Div4. We perform as Div3.

Some properties of divergence measure defined by
definition 3.
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Theorem 2. For all picture fuzzy setsA, B € PFS(U),
we have:

(D1) D(A€, B€) = D(A, B),

(D2) D(AC, B) = D(A, B),

(D3) For all AC B, or BC A we have D(AN
B, B) = D(A, AU B) < D(A, B),

(D4) D(AN B, AU B) = D(A, B),

(D5) For all AC BC C we have D(A, B) <
D(A, O),

(D6) For all AC BC C we have D(B,C) <
D(A, O).

Proof. (D1). We have:

i c o . 2MAC(Mi)
D!(AC, BS) = juyc(ui)n [ac (i) + p e (i)
2/1,3(](”[)
)1
+/'LBC(M )In MAC(Mi) + I‘LBC(ui)
2ya(u;)
= i 1 TN L o N
ya(ui)In ya(u;) + yp(u;)
2 i
+yp(u;) In /o)

ya(u;) + yp(u;)
= Dy(A, B), D;(A®, BY)

= Dy (A, B), D},(A®, BY)

= D/, (A, B).
(D2). We have:
] ZMAC(Mi)
D! (A€, B) = Ol
WAT B = pac I T )
2up(u;)
D1
i) In Hac(ui) + wpu;)
2ya(u;)
ya(ui)In ya(up) + wpu;)
) In — PB4

vaui) +upui)
= Di(A, BS), D\(A“, B)
= Djy(A, BY), D)(AC, B)
—_pi C
= D! (A/B%)
So that

D(A€, B)
1 & . . .

= — Y [D{ (A, B)+ Dj(A®, B) + Di,(A®, B)]
n i=1

_ > DA, BS) + Di(A, BS) + Di(A, BY)]
n

i=1
= D(A, BY).

(D3).If A C Bthen D(AN B, B) = D(A, B), and
D(A, AUB) = D(A, B).

If BC A then D(AN B, B)=D(B,B) =0, and
D(A,AUB)=D(A, A) =0.

It means thatif A C B, or B C A we have D(A N
B, B) = D(A, AU B) < D(A, B).

(D4). Because of the symmetry of the divergence
measure, we consider the cases:

— If wa(u;) < pup(u;) then we have:
2up(u;)
malu;) + wpu;)

2 (u;)
wa(ui) + pp(u;)

D, (AUB,ANB) = up(u)n

+ua(u;) In
— D(A, B).

— If wp(u;) < wa(u;) then we have:

2 (u;)
malu;) + mpu;)

2 p(u;)
wa(u;) + ppu;)

D, (AUB,A0B) = pa(u;)In

+up(u;)In

= D(A, B).

By the same consideration for the neutral degree
and negative degree, we obtain

D(ANB,AUB)= D(A, B).
(D5). For all A C B C C and for all u; € U we

have:

— With the positive degree:
From condition wa(u;) < wp(u;) < pwc(u;) and
lemma 2 we have:
Di(A, B)
2up(u;)
mwa(ui) + wp(u;)

2pc(u;)
(i) + malu;)

244 (ui)
a(ui) + pnp(u;)
24 (u;)
a(ui) + pe(u;)

= D/ (A.O).

= pa(u;)In + wp(u;)In

= pa(u;)In + ne(u;) In

— With the neutral degree:
By the same way as the positive we have
Dy (A, B) < Dy (A, O).
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— With the negative degree:

From condition y4(u;) > yp(u;) > yc(u;) and
lemma 3 we have:

; 2ya(u;)
D\ (A, B) = ya(u;)In — A7
y )= yala)ln vau;) + vp(u;)
2yp(u;)
pin —2H0
+ye(u)ln ya(u;) + vyeu;)
2ya(u;)
Dln —YAYD
= valu)ln vaui) + yc(u;)
2 i
+yc(u;)In ye(ui)

vaui) + yc(u;)
= D/,(A, O).

So that, we obtain the result D(A, B) < D(A, C).

(D6). By the same way as (D5) using lemma 1,
lemma 2 and lemma 3, it is easy to derive these results
when considering specific cases.

Definition 4. Let A and B be two picture fuzzy sets
on U = {u, ua, ..., u,}. A function D : PFS(U) x
PFS(U) — R is defined as follows

_ l —i —i —i
D(A, B) = - Z [D,(A, B)+ D,(A, B)+ D (A, B)]

i=l

)
where
5L(A, B) = jua(ui)In ma(u;) +upGuin wpu;)
1pui) mau;)
(10)
Ez(A, B) = na(ui)In na(u;) + s In np(u;)
np(u;) na(;)
(11)
and
52,(A, B) = ya(u;)In ya(u;) + s In ve(u;)
vBui) VA (u(i1)2)

forallu; e U.

Example 2. With two picture fuzzy sets A-and B in
Example 1, using Equations (9)—(12) in Definition 4,
we have

D, (A, B) = 0.43944, D, (A, B) = 0.04055,
Di,(A, B) = 0.06931,
D, (A, B) = 0.06931, D, (A, B) = 0.41589,

Di(A, B) = 0.06931,

D, (A, B) = 0.04055, D.(A, B) = 0.89588,
Ef,(A, B) = 0.01542

and D(A, B) = 0.68522.
To proof that D(A, B) is a divergence measure of
picture fuzzy sets we need some following lemmas.
Now we consider the function:

flx, y) =xln§+yln%,‘v’x,y c©.1] (13)

Transforms the expression of function f(x, y)
we have f(x,y) =(x —y)Inx —Iny) >0, Vx,y €
(O, 1].

Besides, we also have:

%(x,y) = yy;x +Iny—Inx >0 for all y>x,
and

%(x,y) =2 4t Inx—Iny<Oforallx <y.

So that, we have result that is stated in lemma 4.

. _ y .
Lemma 4. Function f(x, y) = xIn f +yln<is

a. f(x,y),¥x,ye(@,1].
b. Increasing with variable x such that y > x,
c. Decreasing with variable y such that x < y.

Theorem 3. The function D(A, B) defined by using
Equations (9)—-(12) (in definition 4) is a divergence
measure of two picture fuzzy sets.

Proof. We consider divergence measure conditions
for function D(A, B) defined by Equation (9).

Divl: D(A, B) = D(B, A) is obvious.

Div2: If A = B then ua(u;) = up(u;i), na(u;) =
np(u;), va(u;) = yp(u;). So that, when we replace
them into the Equations (10, 11, 12) we obtain
D(A, B) =0.

Div3: D(ANC, BN C) < D(A, B)% for all C €
PFS(U). Indeed, we consider the cases for each
degree of picture fuzzy sets:

— With the positive degree:

+If pua(ui) < pp(u;i) < pe(u;) then wanc(;) =
ma(u;) and ppnc(u;) = pp(u;) so that

D,(ANC,BNC)
manc(u;)
uBnc ;) Hanc(u;i)

wau;) + s In mpu;)
wp(u;) mau;)

manc(u;)

= panc(u;)In + upnc(ui) In

= pna(u;)In

—i
=D, (A, B).
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+HIf pa(ui) < pe(ui) < pp(u;) then pauc(ui) =
we(ui) and ppyc(u;) = wp(u;). So that, according
the lemma 4.b with x = 4 (u;) we have:

D, (ANC,BNC)
ma(u;) we(u;)
By
we(ui) + pcla)in nau;)

< pua(u;)In 210 + we(u;) In Hp(ui)
B (u;) wa(u;)

= pa(ui)In

—D,(A, B).

+If o) < pa(u;) < pp(u;) then panc(u;) =
upnc(ui) = wc(u;) so that according the lemma 4.a
we have:

D,(ANC,BNC)

— )t YD 4y YD
we(uq) pe(ui)

< Ja(u)In MA(Mi) s () In mp(ui)
NB(Mi) ma(ui)

-
=D, (A, B).

with neutral degree, we do the same with the case of
positive degree.

— With negative degree, we have:

+If ya(u;) < yp(ui) < yc(u;) then yanc(u;) =
yc(ui) and ypnc(u;) = yc(u;) so that according
lemma 1 we have:

D(ANC,BNC)

= yanc(ui)In vanclt) + vBnc(ui) In enc i)
venc(u;) Vare )
= yc(u;i) In yelui) + yc(ui)In e 0
vetui) ve(u;)
< ya(u;j)In va(u) + v n ve(u;)
vBu:) va(u;)
=D,(A, B).

+If ya(ui) < ye(ui) < yp(u;) then yauc(u;) =
yc(u;i) and ypuc(u;) = yp(u;). Sothat, according the
lemma 4.c with y = yp(u;) we have:

D,(ANC,BNC)

we(u;) + s In mpu;)
wp(u;) me(uq)

= yc(u;)In

ya(ui) + () In yB(ui)
v(u;) U yaui)

=i
=D.(A, B).

< ya(ui)In

+If yc(u;) < ya(u;) < yp(u;) then according the
lemma 4.a we have:

Di(ANC,BNC)

ya(u;p) )/B(ui)
yatun T 7PN G

—i
=D, (A, B).

= ya(u;)1In

Now, we add that with respect to the respective
components we have:

D(ANC,BNC)
n . .
= %lg[DL(AﬂC,BﬂC)+Di7(AmC,BmC)
+D,(ANC, BNO)]
n . A .
< )y [Dii(A, B)+ Di(A, B) + D\,(A, B)]
= D(A, B).

Div4. We perform as Div3.
Some properties of divergence measure can be
defined by theorem 4.

Theorem 4. For all picture fuzzy set A, B € PFS(U).

(D1) D(A€, B€) = D(A, B),

(D2) D(AC, B) = D(A, B),

(D3) For all AC B, or BC A we have D(AN
B, B)=D(A, AU B) < D(A, B),

(D4) D(AN B, AU B) = D(A, B),

(D5) Forall AC B C C, or we have D(A, B) <
D(A, O),

(D6) For all A € B C C, or we have D(B, C) <
D(A, C)

(D7) D(A, A€) =0 if only if pa(ui) = yau;),
and na(u;) € [0, 1 —2pa(ui)].

Proof. The results (D1), (D2), (D3), (D4), (D5), (D6)
are proved similar to theorem 2 by using lemma 4.
(D7). We have:

D (A, AS)
nau;) UAC(’/‘Z)
—T)A(Mz)ln 7 ac (i) + Ac(u,)ln na ()
— aG)In na(u;) 04 () In nau;) _
na(u;) na(u;)
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— Let D(A, A€) = 0. Because D(A, A®) > 0 and
wemusthaveﬁL(A, A€ =0, 5;/(A, A6 =0.
We consider:

D, (A, A9)

malu;) + j4c@up)In
Mac(u;)

= (Ua(ui)—pac@))An g (@) —1In pac ;) = 0.

= pa(u;)In

This implies that p 4 (4;) — p4c(u;) = 0. It means
maui) = pac(ui) = ya(ui).

— In contrast, assume that wa(u;) = ya(u;), we

have:
D, (A, A%)
— sty in LAY gy Pt
Wac (1) mau;)

= (na(ui) — pac(u))n pa(u;) — In e (u;))

= (ua(u;) — ya@))(In pa(u;) —Inya(u;)) = 0.
and

Di(A, A)
Yac(u;)
Yac(u;) ya(ui)

va(u;) + A In mau;) —0
mau;) va(u;)

va(u;)

= ya(u;)In + yac(u;)In

= ya(u;)In

n .
So  that  D(A,AS) =4 > (D, (A, A®) +
i=1

D, (A, A) + D, (A, AS)} =0.

4. Applications of divergence measure of
picture fuzzy set.

In this section, we apply the picture fuzzy
divergence measures in the medical diagnosis and
classification problems.

4.1. In the medical diagnosis

Input:

— Diagnosis, in which each Diagnosis is a pic-
ture fuzzy set on a universal set of symptoms
characteristics.

— Patients in which each pattern is a picture fuzzy
set on a universal set of symptoms characteris-
tics.

Output: What diagnosis is best for each patient?

Algorithm:

— Step 1. We compute the divergence measure of
each patient for all diagnosis by using Equations
(2) or (9).

— Step 2. For each patient, we choose the smallest
value of the divergence measure in Step 1. This
will give us the best diagnosis for each patient.

Now, we applied the picture fuzzy divergence mea-
sure for obtaining a proper diagnosis for the data
given in Tables 1 and 2. This data was modified
from the data introduced in [6]. When using the
divergence measure we compute all the divergence
measure between each patient and each diagnosis.
After that, we chose the smallest value of them. This
will be give us the best diagnosis for each patient
(Tables 3 and 4). The results show that the optimiza-
tion will be Al (Typhoid), Bob (Stomach Problem),
Joe (Viral fever), and Ted (Typhoid).

e Compare with using other measures

+Using the dissimilarity measure of picture fuzzy
sets of Le etal., in [13].

DM, (A, B) = %Z DMi(A,B)  (14)

i=1

where

DM (A, B) = (I(naui) — ya(ui)) — (np(ui)
—yYBWi)| + [(naui) — ya(ui)) — ((mp(ui) —
yp(u))|) forallu; e Uandi =1,2,...,n.

When using the dissimilarity measure, we compute
all the dissimilarity measures between each patient
and each diagnosis. After that, we choose the small-
est value of them. This measure also gives us the
best diagnosis for each patient (Table 5). The results
also show that the optimization will be Al (Typhoid),
Bob (Stomach Problem), Joe (Viral fever), and Ted
(Typhoid).

+Using the dissimilarity measure of picture fuzzy
sets of Thao in [24].

DMy (A, B) = %Z DMi(A,B)  (15)

i=1

where '

DMy (A, B) = (|(na(u;) + naui) — ya(u;))—
() +npu;) — ypui)| + |(na(ui) — ya(u;))
—(mp(;) — ypu;))) for all wu;elU and
i=1,2,..,n.
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Table 1
Symptoms characteristics for the diagnosis
Viral fever (V) Malaria (M) Typhoid (T) Stomach problem (S) Chest problem (C)
Temperature (0.4,0.5,0.1) (0.7,0.2,0.1) (0.3,0.4,0.2) (0.1,0.2,0.7) (0.1,0.1,0.8)
Headache (0.3,0.2,0.4) (0.2,0.2,.0.5) (0.6,0.1,0.2) (0.2,0.4,0.3) (0.05,0.2,0.7)
Stomach pain (0.8,0.1,0.1) (0.01,0.9,0.05) (0.2,0.1,0.5) (0.7,0.2,0.1) (0.2,0.1,0.6)
Cough (0.45,0.3,0.1) (0.7,0.2,0.1) (0.2,0.2,0.5) (0.2,0.1,0.65) (0.2,0.1,0.6)
Chest pain (0.1,0.6,0.2) (0.1,0.1,0.8) (0.1,0.05,0.8) (0.2,0.1,0.6) (0.8,0.1,0.1)
Table 2
Symptoms characteristics for the patients
Temperature Headache Stomach pain Cough Chest pain
Al (0.7,0.1,0.15) (0.6,0.3,0.05) (0.25,0.45,0.25) (0.2,0.25,0.5) (0.1,0.2,0.6)
Bob (0.2,0.3,0.45) (0.05,0.5,0.4) (0.6,0.15,0.25) (0.25,0.4,0.35) (0.02,0.25,0.65)
Joe (0.75,0.05,0.05) (0.02,0.85,0.1) (0.3,0.2,0.4) (0.7,0.25,0.05) (0.25,0.4,0.4)
Ted (0.4,0.2,0.3) (0.7,0.2,0.1) (0.2,0.2,0.5) (0.2,0.1,0.65) (0.1,0.5,0.25)
Table 3 Table 5

Diagnosis results for the divergence measure using Equation (2)

Viral fever Malaria  Typhoid  Stomach  Chest
Problem  Problem

Al 0.223922  0.206541 0.102753 0.188912 0.282006
Bob 0.147244 0.315669 0.166453 0.115887 0.255222
Joe  0.224068 0.260287 0.310353 0.365106 0.380268
Ted 0.197407 0.350241 0.099601 0.282984 0.165600

Table 4
Diagnosis results for the divergence measure using Equation (9)

Viral fever ~Malaria  Typhoid  Stomach Chest
Problem  Problem

Al 0.3231 0.3159 0.1456 0.2746 0.3387
Bob 0.1858 0.5115 0.1998 0.1312 0.1806
Joe 0.3337 0.4017 0.4980 0.5257 0.3938
Ted 0.2850 0.5302 0.1477 0.2871 0.1990

When using the dissimilarity measure we compute
all the dissimilarity measure between each patient
and each diagnosis. After that, we choose the small-
est value of them. This measure also gives us the
best diagnosis for each patient (Table 6). The results
also show that the optimization will be Al (Typhoid),
Bob (Stomach Problem), Joe (Viral fever), and Ted
(Typhoid).

+Using the similarity measure of picture fuzzy sets
of Weiin [45].

C(A, B) = %ZC’(A,B) (16)

i=1

where

Ci(A, B) =

Diagnosis results for the dissimilarity measure using
Equation (14)

Viral fever Malaria = Typhoid  Stomach Chest
problem  problem
Al 0.2500 0.2110  0.1350 0.1875 0.3750
Bob 0.2015 0.2320  0.1785 0.1340 0.3090
Joe 0.1810 02010  0.2590 0.2885 0.3785
Ted 0.2375 0.3545 0.1375 0.2050 0.2250
Table 6

Diagnosis results for the dissimilarity measure using
Equation (15)

Viral fever Malaria  Typhoid  Stomach Chest
problem  problem
Al 0.2550 0.2420 0.1575 0.1675 0.4025
Bob 0.2065 0.2080 0.1816 0.1440 0.3490
Joe 0.2085 0.2705 0.2510 0.3210 0.4160
Ted 0.2675 0.4145 0.1850 0.2150 0.2450
Table 7

Diagnosis results for the similarity measure using Equation (16)

Viral fever Malaria  Typhoid  Stomach Chest
problem  problem

Al 0.6736 0.7876  0.8627 0.7384 0.5212
Bob 0.8052 0.6482 0.7648 0.9162 0.6792
Joe 0.7875 0.7725 0.6257 0.6322 0.6193
Ted 0.8088 0.6379 0.8693 0.7029 0.8559

When using the similarity measure, we compute
all the similarity measures between each patient and
each diagnosis. After that, we choose the largest
value of them. This measure also gives us the best

(maui)pp(ui) +nauinpu;) + ya(u;)ypu;))

forallu; e Uandi =1, 2, ..., n.

sqre(uA (i) + A i) + vaw)) x sqre(uu) + ny) + yiu)
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The most suitable relationship between patients and diagnosis when using some other measures (T: Typhoid,
S: Stomach Problem, V: Viral fever)

Proposed method Proposed method Method in [13] Method in [24] Method in [48]
in Equation (2) in Equation (9)
Al T T T T T
Bob S S S S S
Joe A% v A% A% A%
Ted T T T T T

diagnosis for each patient (Table 7). The results also
show that the optimization will be Al (Typhoid),
Bob (Stomach Problem), Joe (Viral fever), and Ted
(Typhoid).

The combined results of using different methods
for solving the above problem are shown in Table 8.
It gives us the most relevant results of the relationship
between the patient and the diagnosis when using dif-
ferent measures. From Table 8, we find that the results
of using the proposed method are also consistent with
the results when using other existing measures on the
picture fuzzy sets.

4.2. In the classification problem

Assume that, we have m pattern {A1, Az, ..., A},
in which each pattern is a picture fuzzy set on univer-
sal set U = {u1, uy, ..., un}. Suppose that, we have a
sample B with the given feature information. Our goal
is to classify sample B into which sample. To solve
this, we calculate the divergence measure of B with
each pattern A;(i = 1, 2, ..., m). Then we choose the
smallest value. It gives us the class that B belongs to.

Input:

— m pattern {A1, A», ..., A}, in which each pat-
tern is a picture fuzzy set on universal set U =
{ui, us, ..., u,}.

— Sample B is a picture fuzzy set on universal set
U={ui,uy, ..., u,}.

Output: What classification is B belong to?
Algorithm:

— Step 1. We compute the divergence measures
D(A;, B),i = 1,2, ..., m by using Equations (2)
or (9).

— Step 2. Put B belongs to the class of A;« in which
D(A;+, By = min{D(A;, B)|i = 1, 2, ..., m}.

Example 3. Assume that there are three picture fuzzy
patterns in U = {uy, us, us} as following

Ay = {(u;,0.4,0.4,0.1),(uy, 0.7, 0.15, 0.1),
(u3,0.3,0.3,0.2)}

Az = {(u;,0.5,0.3,0.1), (us, 0.7, 0.2, 0.05),
(u3,0.5,0.3,0.1)}

Az = {(u;,0.4,0.5,0.1), (uy, 0.7, 0.1, 0.1),
(u3,04,0.3,0.2)}

Assume that a sample

B = {(uy, 0.1,0.1, 0.4), (uy, 0.8, 0.05, 0.05),
(u3, 0.05, 0.8, 0.05)}

Using the divergence measure in Equation (2)
wehave D(A1, B) = 0.11845, D(A,, B) = 0.13717,
D(A3, B) = 0.13593. So that we can classifies that B
belongs to the class of Aj.

If using the divergence measure in Equation
(9)-then we have D(A;, B) = 0.51037, D(A;, B) =
0.61238, D(A3, B) = 0.59688. So that we can also
classifies that B belongs to the class of Aj.

e Compare with using other measures

+Using the dissimilarity measure of picture fuzzy
sets in [13] or [24].

Step 1. We compute the dissimilarity measures
DM(A;, B),i =1, 2, ...,m by using Equations (14)
or (15).

Step 2. Put B belongs to the class of A;+ in which
DM(A;+, B) =min{DM(A;, B)li =1, 2, ..., m}.

Using the dissimilarity measure in Equation (14)
we have DM (A1, B) =0.1792, DMy(A;, B) =
0.2, DM(A3z, B) = 0.1917. So that we can classifies
that B belongs to the class of Aj.

If using the dissimilarity measure in Equa-
tion (15) then we have DM7p(A;, B) = 0.2208,
DM7t(Az, B) = 0.2375, DMT1(A3, B) = 0.2360. So
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that we can also classifies that B belongs to the class
of A 1-

+Using the similarity measure of picture fuzzy sets
in [48].

Step 1. We compute the similarity measures
C(A;, B),i = 1,2, ..., m by using Equation (16).

Step 2. Put B belongs to the class of A;+ in which
C(Aj+, By =max{C(A;, B)li=1,2,...,m}.

If using the dissimilarity measure in Equation
(16) then we have C(A{, B) = 0.7273, C(A,, B) =
0.6744, C(A3, B) = 0.6970. So that we can also clas-
sifies that B belongs to the class of Aj.

We find that, when using the new measures, the
classification results also give the same results as the
previous measures.

5. Conclusions

There are many theoretical and applied results on
picture fuzzy sets that are built and developed. In this
paper, we study the divergence measure of picture
fuzzy sets. Along with that, we offer some diver-
gence formulas on picture fuzzy sets and give some
properties of these measures. Finally, we apply the
proposed measures in some cases. We also compared
the results using the proposed new measure with other
measures. The results obtained using the proposed
new measure also yield the same results with some
of the measures proposed on the picture fuzzy set. A
divergence measure plays an important part in dis-
tinguishing two probability distributions and making
conclusions based on that discrimination. This idea
should also be generalized to the picture fuzzy sets to
distinguish two picture fuzzy sets and to draw conclu-
sions based on that discrimination. In the future, we
will continue to study this measure and offer some
of their applications in other areas such as.image
segmentation, clustering, the multi-criteria decision
making problems or studying the relationship of this
measure with other types of measures, such as [31,
35-37, 49], on the picture fuzzy sets andapply to the
practical problems.
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