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1. Introduction18

The multi-criteria decision-making model has19

been applied to many practical problems. Approaches20

to building a decision-making model are also diverse21

and rich. The decision making depends on the infor-22

mation collected and the subjectivity of the decision23

maker. Information may be vague, inaccurate and24

uncertain. The subjectivity of decision makers can25

also be influenced by many factors such as infor-26

mation, psychology. Therefore, decision making27

in an uncertain environment has been of interest28

∗Corresponding author. Nguyen Xuan Thao, Vietnam
National University of Agriculture, Hanoi, Vietnam. E-mail:
nxthao@vnua.edu.vn.

to many researchers, especially decision-making 29

models in fuzzy environments [13–20, 24, 42, 30

51–55]. The ranking of objects is very important in 31

the decision-making process. The ranking of objects 32

can be done based on the aggregation operators 33

[2, 14–19, 42], or cross-entropy operators [51]. 34

The ranking can be based on measures such as 35

the similarity measures, the distance measures or 36

dissimilarity measures [13, 24, 42]. In addition, the 37

decision-making based on the divergence measures 38

of fuzzy sets and the intuitionistic fuzzy sets are also 39

interested and developed by many researchers [9, 40

10, 12, 21–23, 25, 26, 32, 43, 44]. 41

The picture fuzzy set [3] was first introduced by 42

Cuong as an extension of the intuitionistic fuzzy set 43

[1] and fuzzy set [50]. It is a useful mathematical tool 44

ISSN 1064-1246/19/$35.00 © 2019 – IOS Press and the authors. All rights reserved
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2 N.X. Thao et al. / Divergence measure of picture fuzzy sets

for dealing with ambiguous and inaccurate problems.45

So far, many theoretical and applied results have been46

exploited on picture fuzzy sets [3–5, 7, 8, 11, 13,47

24, 27, 29–31, 33, 34, 42, 45–47]. Cuong et al. con-48

tinued to study the operators on picture fuzzy sets49

[4, 5]. Dinh et al. [7] studied the dissimilarity and50

distance measures of picture fuzzy sets and applied51

them in classification problems. The class of fuzzy52

clustering problems was illustrated by the authors53

Kumar et al. [11], Son et al. [29–31] and Thong et54

al. [38–40]. The aggregation operators of the pic-55

ture fuzzy sets were also investigated and applied56

in multi-criterion decision-making problems as Garg57

[8], Wang et al. [45], and Wei et al. [46]. Wei et al.58

[47] studied the picture fuzzy cross-entropy for mul-59

tiple attribute decision-making problems. Thao and60

Dinh [34] established the concept of rough picture61

fuzzy sets and studied the properties of them together62

picture fuzzy topologies on rough picture fuzzy sets.63

Dinh et al. studied the fuzzy picture database and64

applied it to searching for criminals [41]. Another65

operator of picture fuzzy sets is the correlation coef-66

ficient which was also published by Singh [27] and67

used in some classes of decision, clustering and clas-68

sification problems with picture fuzzy information.69

In the area of research on applications of fuzzy set70

theory, researchers are often very interested in mea-71

surements between fuzzy sets. Measures are often72

used to measure the degree of similarity or dissimilar-73

ity between objects. One of the dissimilarity measures74

of fuzzy sets/intuitionistic fuzzy sets was recently75

investigated by investigators as a measure of the76

divergence of fuzzy sets [22, 23, 25]. Divergence77

measures also have many applications in practical78

problem classes and give us interesting results. Some79

authors applied divergence measure to determine the80

relationship between the patient and the treatment81

regimen based on symptoms, thereby selecting the82

most appropriate treatment regimen for each patient83

[26]. Divergence measure was also used in multi-84

criteria decision problems [21, 32, 41]. The picture85

fuzzy set is considered an extension of the fuzzy set86

and the intuitionistic fuzzy set. Therefore, following87

the results of research on the measures on the fuzzy88

sets, the intuitionistic fuzzy sets for the picture fuzzy89

sets is also natural and necessary. That is the driving90

force for us to study the divergence measure of the91

picture fuzzy sets both in theory and its application.92

In this paper, we introduce the concept of the diver-93

gence measure of picture fuzzy sets, called picture94

fuzzy divergence measure, a kind of dissimilarity95

measure. This is a new concept that has never been96

mentioned before. We also give some expressions 97

that define the picture fuzzy divergence measure- 98

sand investigate the properties of them. After that, 99

we develop a multi-criteria decision-making algo- 100

rithm, apply it in the medical diagnosis problem and 101

the classification problem and comparethe obtained 102

results to the calculated results by the other measures. 103

The results show thatourmeasure is really robust and 104

effective. 105

The article is organized as follows: In Section 2, 106

we recall the knowledge related to picture fuzzy sets. 107

In Section 3, we introduce the concept of picture 108

fuzzy divergence measure and investigate their prop- 109

erties. We show some applications of picture fuzzy 110

divergence measures in Section 4. Section 5, we give 111

conclusion on picture fuzzy divergence measures and 112

some development direction of them. 113

2. Preliminary 114

Definition 1. Picture fuzzy set (PFS):

A = {(x, μA(x), ηA(x), γA(x))|x ∈ U} (1)

where μA(x) ∈ [0, 1] is a membership function, 115

ηA(x) ∈ [0, 1] is neutral membership function, 116

γA(x) ∈ [0, 1] is a non-membership function of A and 117

μA(x) + ηA(x) + γA(x) ≤ 1 for all u ∈ S. 118

We denote PFS(U) is a collection of picture fuzzy 119

set on U. In which U = {(u, 1, 0, 0)|u ∈ U} and ∅ = 120

{(u, 0, 0, 1)|u ∈ U}. 121

The picture fuzzy set is a particular case of the neu- 122

trosophic set [28], where μA(x) + ηA(x) + γA(x) ≤ 123

3 for all u ∈ S. 124

For two sets A, B ∈ PFS(U) we have: 125

– Union of A and B: 126

A ∪ B 127

=
{

(x, max(μA(x), μB(x)), min(ηA(x), ηB(x)),

min(γA(x), γB(x)))|x ∈ U

}
128

– Intersection of A and B: 129

A ∩ B 130

=
{

(x, min(μA(x), μB(x)), min(ηA(x), ηB(x)),

max(γA(x), γB(x)))|x ∈ U

}
131

– Subset:A ⊆ B iff μA(x) ≤ μB(x), ηA(x) ≤ 132

ηB(x) 133

– Complement of A: AC = 134

{(x, γA(x), ηA(x), μA(x))|x ∈ U} 135
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Now, we define an operator called difference136

between picture fuzzy sets.137

3. Divergence measure of picture fuzzy sets138

Definition 2. Let A and B be two picture fuzzy sets139

on U. A function D : PFS(U) × PFS(U) → R (R is140

the real number set) is a divergence measure of picture141

fuzzy sets if it satisfies the following conditions:142

• Div1. D(A, B) = D(B, A),143

• Div2. D(A, A) = 0,144

• Div3. D(A ∩ C, B ∩ C) ≤ D(A, B) for all C ∈145

PFS(U),146

• Div4. D(A ∪ C, B ∪ C) ≤ D(A, B) for all C ∈147

PFS(U).148

We call the divergence measure in definition 2 is149

the picture fuzzy divergence measure.150

We can easily see that a picture fuzzy divergence151

measure is not negative. Because, if we choose C = ∅152

then from conditions Div2 and Div3 in definition 2 we153

have D(A, B) ≥ D(A ∩ C, B ∩ C) = D(∅, ∅) = 0.154

Now we give some divergence measures of picture155

fuzzy sets and their properties.156

Definition 3. Let Aand B be two picture fuzzy sets
on U = {u1, u2, ..., un}. A function D : PFS(U) ×
PFS(U) → R is defined as follows:

D(A, B) = 1

n

n∑
i=1

[Di
μ(A, B) + Di

η(A, B) + Di
γ (A, B)]

(2)
where157

Di
μ(A, B) = μA(ui) ln

2μA(ui)

μA(ui) + μB(ui)
158

+μB(ui) ln
2μB(ui)

μA(ui) + μB(ui)
(3)159

160

Di
η(A, B) = ηA(ui) ln

2ηA(ui)

ηA(ui) + ηB(ui)
161

+ηB(ui) ln
2ηB(ui)

ηA(ui) + ηB(ui)
(4)162

and163

Di
γ (A, B) = γA(ui) ln

2γA(ui)

γA(ui) + γB(ui)
164

+γB(xi) ln
2γB(ui)

γA(ui) + γB(ui)
(5)165

Example 1. Assume that there are two patterns 166

denoted by picture fuzzy sets onU = {u1, u2, u3} as 167

follows 168

A = {(u1, 0.2, 0.2, 0.2), (u2, 0.3, 0.4, 0.1), 169

(u3, 0.2, 0.1, 0.6)}, 170

B = {(u1, 0.6, 0.1, 0.3), (u2, 0.2, 0.1, 0.6), 171

(u3, 0.1, 0.2, 0.7)} 172

By using Equations (2)–(5) in Definition 3,we have 173

D1
μ(A, B) = 0.10465, D2

μ(A, B) = 0.01007, 174

D3
μ(A, B) = 0.01699, D1

η(A, B) = 0.01699, 175

D2
η(A, B) = 0.09637, D3

η(A, B) = 0.01699, 176

D1
γ (A, B) = 0.01007, D2

γ (A, B) = 0.19812, 177

D3
γ (A, B) = 0.00385 178

and D(A, B) = 0.15803 . 179

To proof that D(A, B) is a divergence measure of 180

picture fuzzy sets we need some following lemmas. 181

Lemma 1. Given a ∈ (0, 1]. For all z ∈ [0, 1 − a]
then:

f (z) = a ln
2a

2a + z
+ (a + z) ln

2a + 2z

2a + z
(6)

is a non-decreasing function and f (z) ≥ 0. 182

Proof. We obtain ∂f (z)
∂z

= ln 2a+2z
2a+z

≥ 0 for all z ∈ 183

[0, 1 − a]. 184

Lemma 2. Given b ∈ (0, 1]. For all z ∈ (0, b] then

f (z) = b ln
2b

b + z
+ z ln

2z

b + z
(7)

is a non-decreasing function and f (z) ≥ 0. 185

Proof. We have ∂f (z)
∂z

= ln 2z
b+z

≤ 0 for all z ∈ (0, b]. 186

Lemma 3. Given a ∈ (0, 1]. For all z ∈ [a, 1] then

(z) = a ln
2a

a + z
+ z ln

2z

a + z
(8)

is a non-decreasing function and f (z) ≥ 0. 187

Proof. We have ∂f (z)
∂z

= ln 2z
a+z

≤ 0 for all z ∈ [a, 1]. 188

Theorem 1. The function D(A, B) defined by Equa- 189

tions (2)–(5) (in definition 3) is a divergence measure 190

of two picture fuzzy sets. 191
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Proof. We check the conditions of the definition. For192

two picture fuzzy sets A and B on U, we have:193

• Div1: D(A, B) = D(B, A),194

• Div2: If B ≡ A we have Di
μ(A, B) = Di

η(A, B)195

= Di
γ (A, B) = 0. So that D(A, B) = 0.196

• Div3. For all C ∈ PFS(U)and for all ui ∈197

U, (i = 1, 2, ..., n). Because of the symmetry,198

we can consider the following cases we have:199

– With positive degree, we have:200

+If μA(ui) ≤ μB(ui) ≤ μC(ui) then μA∩C(ui) =201

μA(ui) and μB∩C(ui) = μB(ui)so that202

Di
μ(A ∩ C, B ∩ C)203

= μA∩C(ui) ln
2μA∩C(ui)

μA∩C(ui) + μB∩C(ui)
204

+μB∩C(ui) ln
2μB∩C(ui)

μA∩C(ui) + μB∩C(ui)
205

= μA(ui) ln
2μA(ui)

μA(ui) + μB(ui)
206

+μB(ui) ln
2μB(ui)

μA(ui) + μB(ui)
207

= Di
μ(A, B)208

+ If μA(ui) ≤ μC(ui) ≤ μB(ui) then μA∪C(ui) =209

μC(ui) and μB∪C(ui) = μB(ui). So that, according210

the lemma 3 with a = μA(ui) we have:211

Di
μ(A ∩ C, B ∩ C)212

= μA(ui) ln
2μA(ui)

μA(ui) + μC(ui)
+ μC(ui) ln

2μC(ui)

μA(ui) + μC(ui)
213

≤ μA(ui) ln
2μA(ui)

μA(ui) + μB(ui)
+ μC(ui) ln

2μB(ui)

μA(ui) + μB(ui)
214

= Di
μ(A, B)215

216

+If μC(ui) ≤ μA(ui) ≤ μB(ui) then μA∩C(ui) =217

μB∩C(ui) = μC(ui) and μB(ui) = μC(ui) + z with218

z ∈ [0, 1 − μA(ui)] so that according the lemma 1219

we have:220

Di
μ(A ∩ C, B ∩ C)221

=μC(ui)ln
2μC(ui)

μC(ui)+μC(ui)
+μC(ui) ln

2μC(ui)

μC(ui) + μC(ui)
= 0222

≤ μA(ui) ln
2μA(ui)

2μA(ui) + z
+ μB(ui) ln

2μA(ui) + 2z

2μA(ui) + z
223

= μA(ui) ln
2μA(ui)

μA(ui) + μB(ui)
+ μB(ui) ln

2μB(ui)

μA(ui) + μB(ui)
224

= Di
μ(A, B).225

– With neutral degree: We do the same with the 226

case of positive degree. 227

– With negative degree, we have: 228

+If γA(ui) ≤ γB(ui) ≤ γC(ui) then γA∩C(ui) = 229

γC(ui) and γB∩C(ui) = γC(ui) so that according 230

lemma 1 we have: 231

Di
γ (A ∩ C, B ∩ C) 232

= γA∩C(ui) ln
2γA∩C(ui)

γA∩C(ui) + γB∩C(ui)
233

+γB∩C(ui) ln
2γB∩C(ui)

γA∩C(ui) + γB∩C(ui)
234

= γC(ui) ln
2γC(ui)

γC(ui) + γC(ui)
+ γC(ui) ln

2γC(ui)

γC(ui) + γC(ui)
= 0 235

≤ γA(ui) ln
2γA(ui)

γA(ui) + γB(ui)
+ γB(ui) ln

2γB(ui)

γA(ui) + γB(ui)
236

= Di
γ (A, B) 237

238

+If γA(ui) ≤ γC(ui) ≤ γB(ui) then γA∪C(ui) = 239

γC(ui) and γB∪C(ui) = γB(ui). So that, according the 240

lemma 2 with b = γB(ui) we have: 241

Di
γ (A ∩ C, B ∩ C) 242

= γC(ui) ln
2γC(ui)

γC(ui) + γB(ui)
+ γB(ui) ln

2γB(ui)

γC(ui) + γB(ui)
243

≤ γA(ui) ln
2γA(ui)

γA(ui) + γB(ui)
+ γB(ui) ln

2γB(ui)

γA(ui) + γB(ui)
244

= Di
γ (A, B) 245

246

+If γC(ui) ≤ γA(ui) ≤ γB(ui) then according the 247

lemma 1 we have: 248

Di
γ (A ∩ C, B ∩ C) 249

= γA(ui) ln
2γA(ui)

γA(ui) + γB(ui)
+ γB(ui) ln

2γB(ui)

γA(ui) + γB(ui)
250

= Di
γ (A, B). 251252

Now, we add that with respect to the respective
components we have:

D(A ∩ C, B ∩ C)

= 1
n

n∑
i=1

[Di
μ(A ∩ C, B ∩ C) + Di

η(A ∩ C, B ∩ C)

+Di
γ (A ∩ C, B ∩ C)]

≤ 1
n

n∑
i=1

[Di
μ(A, B) + Di

η(A, B) + Di
γ (A, B)]

= D(A, B) 253

• Div4. We perform as Div3. 254

Some properties of divergence measure defined by 255

definition 3.
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Theorem 2. For all picture fuzzy setsA, B ∈ PFS(U),256

we have:257

(D1) D(AC, BC) = D(A, B),258

(D2) D(AC, B) = D(A, BC),259

(D3) For all A ⊆ B, or B ⊆ A we have D(A ∩260

B, B) = D(A, A ∪ B) ≤ D(A, B),261

(D4) D(A ∩ B, A ∪ B) = D(A, B),262

(D5) For all A ⊆ B ⊆ C we have D(A, B) ≤263

D(A, C),264

(D6) For all A ⊆ B ⊆ C we have D(B, C) ≤265

D(A, C).266

Proof. (D1). We have:267

Di
μ(AC, BC) = μAC (ui) ln

2μAC (ui)

μAC (ui) + μBC (ui)
268

+μBC (ui) ln
2μBC (ui)

μAC (ui) + μBC (ui)
269

= γA(ui) ln
2γA(ui)

γA(ui) + γB(ui)
270

+γB(ui) ln
2γB(ui)

γA(ui) + γB(ui)
271

= Di
γ (A, B), Di

η(AC, BC)272

= Di
η(A, B), Di

γ (AC, BC)273

= Di
μ(A, B).274

(D2). We have:275

Di
μ(AC, B) = μAC (ui) ln

2μAC (ui)

μAC (ui) + μB(ui)
276

+μB(ui) ln
2μB(ui)

μAC (ui) + μB(ui)
277

= γA(ui) ln
2γA(ui)

γA(ui) + μB(ui)
278

+μB(ui) ln
2μB(ui)

γA(ui) + μB(ui)
279

= Di
γ (A, BC), Di

η(AC, B)280

= Di
η(A, BC), Di

γ (AC, B)281

= Di
μ(A, BC)282

So that283

D(AC, B)284

= 1

n

n∑
i=1

[Di
μ(AC, B) + Di

η(AC, B) + Di
γ (AC, B)]285

= 1

n

n∑
i=1

[Di
γ (A, BC) + Di

η(A, BC) + Di
μ(A, BC)] 286

= D(A, BC). 287

(D3). If A ⊆ B then D(A ∩ B, B) = D(A, B), and 288

D(A, A ∪ B) = D(A, B). 289

If B ⊆ A then D(A ∩ B, B) = D(B, B) = 0, and 290

D(A, A ∪ B) = D(A, A) = 0. 291

It means that if A ⊆ B, or B ⊆ A we have D(A ∩ 292

B, B) = D(A, A ∪ B) ≤ D(A, B). 293

(D4). Because of the symmetry of the divergence 294

measure, we consider the cases: 295

– If μA(ui) ≤ μB(ui) then we have: 296

Di
μ(A ∪ B, A ∩ B) = μB(ui) ln

2μB(ui)

μA(ui) + μB(ui)
297

+μA(ui) ln
2μA(ui)

μA(ui) + μB(ui)
298

= D(A, B). 299

– If μB(ui) ≤ μA(ui) then we have: 300

301

Di
μ(A ∪ B, A ∩ B) = μA(ui) ln

2μA(ui)

μA(ui) + μB(ui)
302

+μB(ui) ln
2μB(ui)

μA(ui) + μB(ui)
303

= D(A, B). 304

305

By the same consideration for the neutral degree
and negative degree, we obtain

D(A ∩ B, A ∪ B) = D(A, B).

(D5). For all A ⊆ B ⊆ C and for all ui ∈ U we 306

have: 307

– With the positive degree: 308

From condition μA(ui) ≤ μB(ui) ≤ μC(ui) and 309

lemma 2 we have: 310

Di
μ(A, B) 311

= μA(ui) ln
2μA(ui)

μA(ui) + μB(ui)
+ μB(ui) ln

2μB(ui)

μA(ui) + μB(ui)
312

= μA(ui) ln
2μA(ui)

μA(ui) + μC(ui)
+ μC(ui) ln

2μC(ui)

μC(ui) + μA(ui)
313

= Di
μ(A, C). 314

315

– With the neutral degree: 316

By the same way as the positive we have 317

Di
η(A, B) ≤ Di

η(A, C).



U
nc

or
re

ct
ed

 A
ut

ho
r P

ro
of

6 N.X. Thao et al. / Divergence measure of picture fuzzy sets

– With the negative degree:318

From condition γA(ui) ≥ γB(ui) ≥ γC(ui) and319

lemma 3 we have:320

Di
γ (A, B) = γA(ui) ln

2γA(ui)

γA(ui) + γB(ui)
321

+γB(ui) ln
2γB(ui)

γA(ui) + γB(ui)
322

≤ γA(ui) ln
2γA(ui)

γA(ui) + γC(ui)
323

+γC(ui) ln
2γC(ui)

γA(ui) + γC(ui)
324

= Di
γ (A, C).325

So that, we obtain the result D(A, B) ≤ D(A, C).326

(D6). By the same way as (D5) using lemma 1,327

lemma 2 and lemma 3, it is easy to derive these results328

when considering specific cases.329

Definition 4. Let A and B be two picture fuzzy sets
on U = {u1, u2, ..., un}. A function D : PFS(U) ×
PFS(U) → R is defined as follows

D(A, B) = 1

n

n∑
i=1

[D
i

μ(A, B) + D
i

η(A, B) + D
i

γ (A, B)]

(9)
where

D
i
μ(A, B) = μA(ui) ln

μA(ui)

μB(ui)
+ μB(ui) ln

μB(ui)

μA(ui)
(10)

D
i
η(A, B) = ηA(ui) ln

ηA(ui)

ηB(ui)
+ ηB(ui) ln

ηB(ui)

ηA(ui)
(11)

and

D
i
γ (A, B) = γA(ui) ln

γA(ui)

γB(ui)
+ γB(xi) ln

γB(ui)

γA(ui)
(12)

for all ui ∈ U.330

Example 2. With two picture fuzzy sets A and B in
Example 1, using Equations (9)–(12) in Definition 4,
we have

D
1
μ(A, B) = 0.43944, D

2
μ(A, B) = 0.04055,

D
3
μ(A, B) = 0.06931,

D
1
η(A, B) = 0.06931, D

2
η(A, B) = 0.41589,

D
3
η(A, B) = 0.06931,

D
1
γ (A, B) = 0.04055, D

2
γ (A, B) = 0.89588,

D
3
γ (A, B) = 0.01542

and D(A, B) = 0.68522. 331

To proof that D(A, B) is a divergence measure of 332

picture fuzzy sets we need some following lemmas. 333

Now we consider the function:

f (x, y) = x ln
x

y
+ y ln

y

x
, ∀x, y ∈ (0, 1] (13)

Transforms the expression of function f (x, y) 334

we have f (x, y) = (x − y)(ln x − ln y) ≥ 0, ∀x, y ∈ 335

(0, 1]. 336

Besides, we also have: 337

∂f
∂x

(x, y) = y−x
y

+ ln y − ln x ≥ 0 for all y ≥ x, 338

and 339

∂f
∂y

(x, y) = x−y
y

+ ln x − ln y ≤ 0 for all x ≤ y. 340

So that, we have result that is stated in lemma 4. 341

Lemma 4. Function f (x, y) = x ln x
y

+ y ln y
x

is 342

a. f (x, y), ∀x, y ∈ (0, 1]. 343

b. Increasing with variable x such that y ≥ x, 344

c. Decreasing with variable y such that x ≤ y. 345

Theorem 3. The function D(A, B) defined by using 346

Equations (9)–(12) (in definition 4) is a divergence 347

measure of two picture fuzzy sets. 348

Proof. We consider divergence measure conditions 349

for function D(A, B) defined by Equation (9). 350

Div1: D(A, B) = D(B, A) is obvious. 351

Div2: If A = B then μA(ui) = μB(ui), ηA(ui) = 352

ηB(ui), γA(ui) = γB(ui). So that, when we replace 353

them into the Equations (10, 11, 12) we obtain 354

D(A, B) = 0. 355

Div3: D(A ∩ C, B ∩ C) ≤ D(A, B) 1
2 for all C ∈ 356

PFS(U). Indeed, we consider the cases for each 357

degree of picture fuzzy sets: 358

– With the positive degree: 359

+If μA(ui) ≤ μB(ui) ≤ μC(ui) then μA∩C(ui) = 360

μA(ui) and μB∩C(ui) = μB(ui) so that 361

D
i
μ(A ∩ C, B ∩ C) 362

= μA∩C(ui) ln
μA∩C(ui)

μB∩C(ui)
+ μB∩C(ui) ln

μB∩C(ui)

μA∩C(ui)
363

= μA(ui) ln
μA(ui)

μB(ui)
+ μB(ui) ln

μB(ui)

μA(ui)
364

= D
i
μ(A, B). 365
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+If μA(ui) ≤ μC(ui) ≤ μB(ui) then μA∪C(ui) =366

μC(ui) and μB∪C(ui) = μB(ui). So that, according367

the lemma 4.b with x = μA(ui) we have:368

D
i
μ(A ∩ C, B ∩ C)369

= μA(ui) ln
μA(ui)

μC(ui)
+ μC(ui) ln

μC(ui)

μA(ui)
370

≤ μA(ui) ln
μA(ui)

μB(ui)
+ μC(ui) ln

μB(ui)

μA(ui)
371

= D
i
μ(A, B).372

373

+If μC(ui) ≤ μA(ui) ≤ μB(ui) then μA∩C(ui) =374

μB∩C(ui) = μC(ui) so that according the lemma 4.a375

we have:376

D
i
μ(A ∩ C, B ∩ C)377

= μC(ui) ln
μC(ui)

μC(ui)
+ μC(ui) ln

μC(ui)

μC(ui)
= 0378

≤ μA(ui) ln
μA(ui)

μB(ui)
+ μB(ui) ln

μB(ui)

μA(ui)
379

= D
i
μ(A, B).380

with neutral degree, we do the same with the case of381

positive degree.382

– With negative degree, we have:383

+If γA(ui) ≤ γB(ui) ≤ γC(ui) then γA∩C(ui) =384

γC(ui) and γB∩C(ui) = γC(ui) so that according385

lemma 1 we have:386

D
i
γ (A ∩ C, B ∩ C)387

= γA∩C(ui) ln
γA∩C(ui)

γB∩C(ui)
+ γB∩C(ui) ln

γB∩C(ui)

γA∩C(ui)
388

= γC(ui) ln
γC(ui)

γC(ui)
+ γC(ui) ln

γC(ui)

γC(ui)
= 0389

≤ γA(ui) ln
γA(ui)

γB(ui)
+ γB(ui) ln

γB(ui)

γA(ui)
390

= D
i
γ (A, B).391

+If γA(ui) ≤ γC(ui) ≤ γB(ui) then γA∪C(ui) =392

γC(ui) and γB∪C(ui) = γB(ui). So that, according the393

lemma 4.c with y = γB(ui) we have:394

D
i
γ (A ∩ C, B ∩ C)395

= γC(ui) ln
μC(ui)

μB(ui)
+ γB(ui) ln

μB(ui)

μC(ui)
396

≤ γA(ui) ln
γA(ui)

γB(ui)
+ γB(ui) ln

γB(ui)

γA(ui)
397

= D
i
γ (A, B). 398

+If γC(ui) ≤ γA(ui) ≤ γB(ui) then according the 399

lemma 4.a we have: 400

D
i
γ (A ∩ C, B ∩ C) 401

= γA(ui) ln
γA(ui)

γB(ui)
+ γB(ui) ln

γB(ui)

γA(ui)
402

= D
i
γ (A, B). 403

Now, we add that with respect to the respective
components we have:

D(A ∩ C, B ∩ C)

= 1
n

n∑
i=1

[D
i
μ(A ∩ C, B ∩ C) + D

i
η(A ∩ C, B ∩ C)

+D
i
γ (A ∩ C, B ∩ C)]

≤ 1
n

n∑
i=1

[D
i
μ(A, B) + D

i
η(A, B) + D

i
γ (A, B)]

= D(A, B).

Div4. We perform as Div3. 404

Some properties of divergence measure can be 405

defined by theorem 4. 406

Theorem 4. For all picture fuzzy set A, B ∈ PFS(U). 407

(D1) D(AC, BC) = D(A, B), 408

(D2) D(AC, B) = D(A, BC), 409

(D3) For all A ⊆ B, or B ⊆ A we have D(A ∩ 410

B, B) = D(A, A ∪ B) ≤ D(A, B), 411

(D4) D(A ∩ B, A ∪ B) = D(A, B), 412

(D5) For all A ⊆ B ⊆ C, or we have D(A, B) ≤ 413

D(A, C), 414

(D6) For all A ⊆ B ⊆ C, or we have D(B, C) ≤ 415

D(A, C) 416

(D7) D(A, AC) = 0 if only if μA(ui) = γA(ui), 417

and ηA(ui) ∈ [0, 1 − 2μA(ui)]. 418

Proof. The results (D1), (D2), (D3), (D4), (D5), (D6) 419

are proved similar to theorem 2 by using lemma 4. 420

(D7). We have: 421

D
i
η(A, AC) 422

= ηA(ui) ln
ηA(ui)

ηAC (ui)
+ ηAC (ui) ln

ηAC (ui)

ηA(ui)
423

= ηA(ui) ln
ηA(ui)

ηA(ui)
+ ηA(ui) ln

ηA(ui)

ηA(ui)
= 0. 424
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– Let D(A, AC) = 0. Because D(A, AC) ≥ 0 and425

we must have D
i
μ(A, AC) = 0, D

i
γ (A, AC) = 0.426

We consider:427
428

D
i

μ(A, AC)429

= μA(ui) ln
μA(ui)

μAC (ui)
+ μAC (ui) ln

μAC (ui)

μA(ui)
430

= (μA(ui)−μAC (ui))(ln μA(ui)−ln μAC (ui)) = 0.431
432

This implies that μA(ui) − μAC (ui) = 0. It means433

μA(ui) = μAC (ui) = γA(ui).434

– In contrast, assume that μA(ui) = γA(ui), we435

have:436
437

D
i

μ(A, AC)438

= μA(ui) ln
μA(ui)

μAC (ui)
+ μAC (ui) ln

μAC (ui)

μA(ui)
439

= (μA(ui) − μAC (ui))(ln μA(ui) − ln μAC (ui))440

= (μA(ui) − γA(ui))(ln μA(ui) − ln γA(ui)) = 0.441

and442

D
i
γ (A, AC)443

= γA(ui) ln
γA(ui)

γAC (ui)
+ γAC (ui) ln

γAC (ui)

γA(ui)
444

= γA(ui) ln
γA(ui)

μA(ui)
+ μA(ui) ln

μA(ui)

γA(ui)
= 0.445

So that D(A, AC) = 1
n

n∑
i=1

{Di
μ(A, AC) +446

D
i
η(A, AC) + D

i
γ (A, AC)} = 0.447

4. Applications of divergence measure of448

picture fuzzy set.449

In this section, we apply the picture fuzzy450

divergence measures in the medical diagnosis and451

classification problems.452

4.1. In the medical diagnosis453

Input:454

– Diagnosis, in which each Diagnosis is a pic-455

ture fuzzy set on a universal set of symptoms456

characteristics.457

– Patients in which each pattern is a picture fuzzy458

set on a universal set of symptoms characteris-459

tics.460

Output: What diagnosis is best for each patient? 461

Algorithm: 462

– Step 1. We compute the divergence measure of 463

each patient for all diagnosis by using Equations 464

(2) or (9). 465

– Step 2. For each patient, we choose the smallest 466

value of the divergence measure in Step 1. This 467

will give us the best diagnosis for each patient. 468

Now, we applied the picture fuzzy divergence mea- 469

sure for obtaining a proper diagnosis for the data 470

given in Tables 1 and 2. This data was modified 471

from the data introduced in [6]. When using the 472

divergence measure we compute all the divergence 473

measure between each patient and each diagnosis. 474

After that, we chose the smallest value of them. This 475

will be give us the best diagnosis for each patient 476

(Tables 3 and 4). The results show that the optimiza- 477

tion will be Al (Typhoid), Bob (Stomach Problem), 478

Joe (Viral fever), and Ted (Typhoid). 479

• Compare with using other measures 480

+Using the dissimilarity measure of picture fuzzy
sets of Le et al., in [13].

DM1(A, B) = 1

n

n∑
i=1

DMi
1(A, B) (14)

where 481

DMi
1(A, B) = (|(μA(ui) − γA(ui)) − ((μB(ui) 482

−γB(ui))| + |(ηA(ui) − γA(ui)) − ((ηB(ui) − 483

γB(ui))|) for all ui ∈ U and i = 1, 2, ..., n. 484

When using the dissimilarity measure, we compute 485

all the dissimilarity measures between each patient 486

and each diagnosis. After that, we choose the small- 487

est value of them. This measure also gives us the 488

best diagnosis for each patient (Table 5). The results 489

also show that the optimization will be Al (Typhoid), 490

Bob (Stomach Problem), Joe (Viral fever), and Ted 491

(Typhoid). 492

+Using the dissimilarity measure of picture fuzzy
sets of Thao in [24].

DMT (A, B) = 1

n

n∑
i=1

DMi
T (A, B) (15)

where 493

DMi
T (A, B) = (|(μA(ui) + ηA(ui) − γA(ui))− 494

(μB(ui) + ηB(ui) − γB(ui))| + |(ηA(ui) − γA(ui)) 495

−(ηB(ui) − γB(ui))|) for all ui ∈ U and 496

i = 1, 2, ..., n.
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Table 1
Symptoms characteristics for the diagnosis

Viral fever (V) Malaria (M) Typhoid (T) Stomach problem (S) Chest problem (C)

Temperature (0.4,0.5,0.1) (0.7,0.2,0.1) (0.3,0.4,0.2) (0.1,0.2,0.7) (0.1,0.1,0.8)
Headache (0.3,0.2,0.4) (0.2,0.2,.0.5) (0.6,0.1,0.2) (0.2,0.4,0.3) (0.05,0.2,0.7)
Stomach pain (0.8,0.1,0.1) (0.01,0.9,0.05) (0.2,0.1,0.5) (0.7,0.2,0.1) (0.2,0.1,0.6)
Cough (0.45,0.3,0.1) (0.7,0.2,0.1) (0.2,0.2,0.5) (0.2,0.1,0.65) (0.2,0.1,0.6)
Chest pain (0.1,0.6,0.2) (0.1,0.1,0.8) (0.1,0.05,0.8) (0.2,0.1,0.6) (0.8,0.1,0.1)

Table 2
Symptoms characteristics for the patients

Temperature Headache Stomach pain Cough Chest pain

Al (0.7,0.1,0.15) (0.6,0.3,0.05) (0.25,0.45,0.25) (0.2,0.25,0.5) (0.1,0.2,0.6)
Bob (0.2,0.3,0.45) (0.05,0.5,0.4) (0.6,0.15,0.25) (0.25,0.4,0.35) (0.02,0.25,0.65)
Joe (0.75,0.05,0.05) (0.02,0.85,0.1) (0.3,0.2,0.4) (0.7,0.25,0.05) (0.25,0.4,0.4)
Ted (0.4,0.2,0.3) (0.7,0.2,0.1) (0.2,0.2,0.5) (0.2,0.1,0.65) (0.1,0.5,0.25)

Table 3
Diagnosis results for the divergence measure using Equation (2)

Viral fever Malaria Typhoid Stomach Chest
Problem Problem

Al 0.223922 0.206541 0.102753 0.188912 0.282006
Bob 0.147244 0.315669 0.166453 0.115887 0.255222
Joe 0.224068 0.260287 0.310353 0.365106 0.380268
Ted 0.197407 0.350241 0.099601 0.282984 0.165600

Table 4
Diagnosis results for the divergence measure using Equation (9)

Viral fever Malaria Typhoid Stomach Chest
Problem Problem

Al 0.3231 0.3159 0.1456 0.2746 0.3387
Bob 0.1858 0.5115 0.1998 0.1312 0.1806
Joe 0.3337 0.4017 0.4980 0.5257 0.3938
Ted 0.2850 0.5302 0.1477 0.2871 0.1990

When using the dissimilarity measure we compute497

all the dissimilarity measure between each patient498

and each diagnosis. After that, we choose the small-499

est value of them. This measure also gives us the500

best diagnosis for each patient (Table 6). The results501

also show that the optimization will be Al (Typhoid),502

Bob (Stomach Problem), Joe (Viral fever), and Ted503

(Typhoid).504

+Using the similarity measure of picture fuzzy sets
of Weiin [45].

C(A, B) = 1

n

n∑
i=1

Ci(A, B) (16)

where

Ci(A, B) = (μA(ui)μB(ui) + ηA(ui)ηB(ui) + γA(ui)γB(ui))

sqrt(μ2
A(ui) + η2

A(ui) + γ2
A(ui)) × sqrt(μ2

B(ui) + η2
B(ui) + γ2

B(ui))

for all ui ∈ U and i = 1, 2, ..., n.505

Table 5
Diagnosis results for the dissimilarity measure using

Equation (14)

Viral fever Malaria Typhoid Stomach Chest
problem problem

Al 0.2500 0.2110 0.1350 0.1875 0.3750
Bob 0.2015 0.2320 0.1785 0.1340 0.3090
Joe 0.1810 0.2010 0.2590 0.2885 0.3785
Ted 0.2375 0.3545 0.1375 0.2050 0.2250

Table 6
Diagnosis results for the dissimilarity measure using

Equation (15)

Viral fever Malaria Typhoid Stomach Chest
problem problem

Al 0.2550 0.2420 0.1575 0.1675 0.4025
Bob 0.2065 0.2080 0.1816 0.1440 0.3490
Joe 0.2085 0.2705 0.2510 0.3210 0.4160
Ted 0.2675 0.4145 0.1850 0.2150 0.2450

Table 7
Diagnosis results for the similarity measure using Equation (16)

Viral fever Malaria Typhoid Stomach Chest
problem problem

Al 0.6736 0.7876 0.8627 0.7384 0.5212
Bob 0.8052 0.6482 0.7648 0.9162 0.6792
Joe 0.7875 0.7725 0.6257 0.6322 0.6193
Ted 0.8088 0.6379 0.8693 0.7029 0.8559

When using the similarity measure, we compute 506

all the similarity measures between each patient and 507

each diagnosis. After that, we choose the largest 508

value of them. This measure also gives us the best
509
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Table 8
The most suitable relationship between patients and diagnosis when using some other measures (T: Typhoid,

S: Stomach Problem, V: Viral fever)

Proposed method Proposed method Method in [13] Method in [24] Method in [48]
in Equation (2) in Equation (9)

Al T T T T T
Bob S S S S S
Joe V V V V V
Ted T T T T T

diagnosis for each patient (Table 7). The results also510

show that the optimization will be Al (Typhoid),511

Bob (Stomach Problem), Joe (Viral fever), and Ted512

(Typhoid).513

The combined results of using different methods514

for solving the above problem are shown in Table 8.515

It gives us the most relevant results of the relationship516

between the patient and the diagnosis when using dif-517

ferent measures. From Table 8, we find that the results518

of using the proposed method are also consistent with519

the results when using other existing measures on the520

picture fuzzy sets.521

4.2. In the classification problem522

Assume that, we have m pattern {A1, A2, ..., Am},523

in which each pattern is a picture fuzzy set on univer-524

sal set U = {u1, u2, ..., un}. Suppose that, we have a525

sample B with the given feature information. Our goal526

is to classify sample B into which sample. To solve527

this, we calculate the divergence measure of B with528

each pattern Ai(i = 1, 2, ..., m). Then we choose the529

smallest value. It gives us the class that B belongs to.530

Input:531

– m pattern {A1, A2, ..., Am}, in which each pat-532

tern is a picture fuzzy set on universal set U =533

{u1, u2, ..., un}.534

– Sample B is a picture fuzzy set on universal set535

U = {u1, u2, ..., un}.536

Output: What classification is B belong to?537

Algorithm:538

– Step 1. We compute the divergence measures539

D(Ai, B), i = 1, 2, ..., m by using Equations (2)540

or (9).541

– Step 2. Put B belongs to the class ofAi∗ in which542

D(Ai∗ , B) = min{D(Ai, B)|i = 1, 2, ..., m}.543

Example 3. Assume that there are three picture fuzzy 544

patterns in U = {u1, u2, u3} as following 545

A1 = {(u1, 0.4, 0.4, 0.1), (u2, 0.7, 0.15, 0.1), 546

(u3, 0.3, 0.3, 0.2)} 547

A2 = {(u1, 0.5, 0.3, 0.1), (u2, 0.7, 0.2, 0.05), 548

(u3, 0.5, 0.3, 0.1)} 549

A3 = {(u1, 0.4, 0.5, 0.1), (u2, 0.7, 0.1, 0.1), 550

(u3, 0.4, 0.3, 0.2)} 551

Assume that a sample 552

B = {(u1, 0.1, 0.1, 0.4), (u2, 0.8, 0.05, 0.05), 553

(u3, 0.05, 0.8, 0.05)} 554

Using the divergence measure in Equation (2) 555

we have D(A1, B) = 0.11845, D(A2, B) = 0.13717, 556

D(A3, B) = 0.13593. So that we can classifies that B 557

belongs to the class of A1. 558

If using the divergence measure in Equation 559

(9) then we have D(A1, B) = 0.51037, D(A2, B) = 560

0.61238, D(A3, B) = 0.59688. So that we can also 561

classifies that B belongs to the class of A1. 562

• Compare with using other measures 563

+Using the dissimilarity measure of picture fuzzy 564

sets in [13] or [24]. 565

Step 1. We compute the dissimilarity measures 566

DM(Ai, B), i = 1, 2, ..., m by using Equations (14) 567

or (15). 568

Step 2. Put B belongs to the class of Ai∗ in which 569

DM(Ai∗ , B) = min{DM(Ai, B)|i = 1, 2, ..., m}. 570

Using the dissimilarity measure in Equation (14) 571

we have DM1(A1, B) = 0.1792, DM2(A2, B) = 572

0.2, DM1(A3, B) = 0.1917. So that we can classifies 573

that B belongs to the class of A1. 574

If using the dissimilarity measure in Equa- 575

tion (15) then we have DMT (A1, B) = 0.2208, 576

DMT (A2, B) = 0.2375, DMT (A3, B) = 0.2360. So 577



U
nc

or
re

ct
ed

 A
ut

ho
r P

ro
of

N.X. Thao et al. / Divergence measure of picture fuzzy sets 11

that we can also classifies that B belongs to the class578

of A1.579

+Using the similarity measure of picture fuzzy sets580

in [48].581

Step 1. We compute the similarity measures582

C(Ai, B), i = 1, 2, ..., m by using Equation (16).583

Step 2. Put B belongs to the class of Ai∗ in which584

C(Ai∗ , B) = max{C(Ai, B)|i = 1, 2, ..., m}.585

If using the dissimilarity measure in Equation586

(16) then we have C(A1, B) = 0.7273, C(A2, B) =587

0.6744, C(A3, B) = 0.6970. So that we can also clas-588

sifies that B belongs to the class of A1.589

We find that, when using the new measures, the590

classification results also give the same results as the591

previous measures.
592

5. Conclusions593

There are many theoretical and applied results on594

picture fuzzy sets that are built and developed. In this595

paper, we study the divergence measure of picture596

fuzzy sets. Along with that, we offer some diver-597

gence formulas on picture fuzzy sets and give some598

properties of these measures. Finally, we apply the599

proposed measures in some cases. We also compared600

the results using the proposed new measure with other601

measures. The results obtained using the proposed602

new measure also yield the same results with some603

of the measures proposed on the picture fuzzy set. A604

divergence measure plays an important part in dis-605

tinguishing two probability distributions and making606

conclusions based on that discrimination. This idea607

should also be generalized to the picture fuzzy sets to608

distinguish two picture fuzzy sets and to draw conclu-609

sions based on that discrimination. In the future, we610

will continue to study this measure and offer some611

of their applications in other areas such as image612

segmentation, clustering, the multi-criteria decision613

making problems or studying the relationship of this614

measure with other types of measures, such as [31,615

35–37, 49], on the picture fuzzy sets andapply to the616

practical problems.617
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based on linguistic intuitionistic fuzzy numbers for dealing 669

with multi-attribute group decision making, Applied Soft 670

Computing 62 (2018), 395–422. 671

[16] P. Liu, Multiple attribute group decision making method 672

based on interval-valued intuitionistic fuzzy power Hero- 673

nian aggregation operators, Computers & Industrial 674

Engineering 108 (2017), 199–212. 675

[17] P. Liu and P. Wang, Some q-Rung Orthopair Fuzzy Aggrega- 676

tion Operators and Their Applications to Multiple-Attribute 677

Decision Making, International Journal of Intelligent Sys- 678

tems 33(2) (2018), 259–280. 679

[18] P. Liu and S.M. Chen, Group decision making based 680

on Heronian aggregation operators of intuitionistic fuzzy 681

numbers, IEEE Transactions on Cybernetics 47(9) (2017), 682

2514–2530. 683

[19] P. Liu, S.M. Chen and J. Liu, Multiple attribute group 684

decision making based on intuitionistic fuzzy interaction 685



U
nc

or
re

ct
ed

 A
ut

ho
r P

ro
of

12 N.X. Thao et al. / Divergence measure of picture fuzzy sets

partitioned Bonferroni mean operators, Information Sci-686

ences 411 (2017), 98–121.687

[20] P. Liu and S.M. Chen, Multiattribute Group Decision Mak-688

ing Based on Intuitionistic 2-Tuple Linguistic Information,689

Information Sciences 430-431 (2018), 599–619.690

[21] A.R. Mishra, R. Kumari and D.K. Sharma, Intuitionistic691

fuzzy divergence measure-based multi-criteria decision-692

making method, Neural Computing and Applications693

(2017), 1–16.694

[22] S. Montes, N.R. Pal and V. Janiš, Divergence measures695
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