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1. Introduction

The idea of neutrosophy was initiated and developed by Smarandache [1] in 1999. In recent
decades the theory was used at various junctions of mathematics. More precisely, the theory made an
outstanding advancement in the field of topological spaces. Salama et al. and Hur et al. [2-6] are some
who posted their works of neutrosophic topological spaces, following the approach of Chang [7] in
the context of fuzzy topological spaces. One can easily observe that the fuzzy topology introduced by
Chang is a crisp collection of fuzzy subsets.

Sostak [8] observed that Chang’s approach is crisp in nature and so he redefined the notion
of fuzzy topology, often referred as smooth fuzzy topology, as a function from the collection of all
fuzzy subsets of X to [0, 1]; Fang Jin-ming et al. and Vembu et al. [9,10] are some who discussed the
concept of basis as a function from a suitable collection of fuzzy subsets of X to [0,1]. Yan, Wang,
Nanjing, Liang and Yan [11,12] developed a parallel theory in the context of intuitionistic I-fuzzy
topological spaces.

The notion of a single-valued neutrosophic set was proposed by Wang [13] in 2010. In 2016,
Gayyar [14] introduced the concept of smooth neutrosophic topological spaces. The notion of the basis for
an ordinary single-valued neutrosophic topology was defined and discussed by Kim [15]. Salama, Alblowi,
Shumrani, Muhammed Gulisten, Smarandache, Saber, Alsharari, Zhang and Sunderraman [4,16,17] are
some others who posted their work in the context of single-valued neutrosophic topological spaces.

In Section 2, we give all basic definitions and results, which are important prerequisites that are
needed to go through the theory developed in this paper. In Section 3, we define the notion of the basis

Symmetry 2020, 12, 1557; doi:10.3390/sym12091557 www.mdpi.com/journal /symmetry


http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
http://dx.doi.org/10.3390/sym12091557
http://www.mdpi.com/journal/symmetry

Symmetry 2020, 12, 1557 2 of 20

and subbasis for a smooth neutrosophic topology; further, we develop the theory using the concept
of neutrosophic quasi-coincident neighborhood systems. In addition, we prove some results which
are similar to the classical ones, to establish the consistency of theory developed. Finally, in Section 4,
we define and discuss the product of smooth neutrosophic spaces using our definition of basis.

2. Preliminaries

In this section, we give all basic definitions and results which we need to go through our work.
As usual R and Q denote the sets of all real numbers and rationals respectively. First we give the
definition of a neutrosophic set [1,4].

Definition 1. Let X be a non-empty set. A neutrosophic set in X is an object having the form
N = {(x, TN,IN,FN> X E X}

where
TN:X—>J’O,1+{, IN:X—>J’0,1+L, FN:X—>J’0,1+{

and
70 < Ty(x) + In(x) + Fy(x) <37,

represent the degree of membership (namely, Ty(x)), the degree of indeterminacy (namely, Iy(x)) and the degree
of non-membership (namely, Fy(x)), for all x € X to the set to the set N.

Here ~0 = 1 —eand 17 = 1 + € where € is infinitesimal number and € > 0; further, 1 and € denote
standard part and non-standard part of 1 + €; 0 and € denote the standard part and non-standard part
of 0 — €. While dealing with scientific and engineering problems in real life applications, it is difficult
to use a neutrosophic set with values from |~0,1" |. In order to overcome this draw back, Wang et al.
[13] defined the single-valued neutrosophic set, which is a particular case of the neutrosophic set.

Definition 2. [13] Let X be a space of points (objects) with a generic element in X denoted by x. Then N is
called a single-valued neutrosophic set in X if N has of the form N = (Ty, Iy, Fy), where Ty, Iy, Fy : X — [0, 1].
In this case, Ty, Iy, Fy are called the truth membership function, indeterminancy membership function and falsity
membership function, respectively.

For conventional reasons and as there is no ambiguity, we refer a single-valued neutrosophic set
simply as a neutrosophic set throughout this paper; we also restate the definition, in order to view it
explicitly as a function from a non-empty set X to ¢ = [0, 1]?, in the following way:

Let X be a nonempty set and I = [0, 1]. A neutrosophic set N on X is a mapping defined as
N = (Ty, Iy, Fy) : X — {, where { = Band Ty, Iy, Fy : X — [ suchthat0 < Ty + Iy + Fy < 3.

We denote the set of all neutrosophic sets of X by X and the neutrosophic sets (0,1,1) and (1, 0,0)
by Ox and 1x respectively. Let (7,s,t), (I, m,n) € (; then

(r,s, ) U (I,m,n) = (rvIi,sAmtAn);
(r,s,) M (Il,m,n) = (rAl,sVmtVn);

o (rs,t)C(,mmn)=(r<ls>mt>n);
( Y (Lmn)=(r>1s<mt<n).

. 7,s,t

Definition 3. [1,4] Let X be a non-empty set and let N,M € (X be given by N = (Ty, Iy, Fv) and
M= <TM, IM,FM>. Then

o The complement of N denoted by N is given by

N¢ = <1—TN,1—IN,1—FN>.
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e  The union of N and M denoted by N UM is an neutrosophic set in X given by
NUM= (TyV Tw, Iy A Iy, Fn A Fu) .
o The intersection of N and M denoted by N M is an neutrosophic set in X given by
NMM = (Ty ATy, InV Iy, v V Fu) .
e The product of N and M denoted by N x M is given by
(N xM)(x,y) =N(x)MM(y),V (x,y) € X x Y.
o Wesaythat N T Mif Ty < Ty, Iy > Iv, Fx > Fu.

For an any arbitrary collection {N;};c; C {¥ of neutrosophic sets the union and intersection are
given by

° UN; = <\/ TNi’ N INi’ié\]FNi>

ie] i€] ie]
° |_|Ni—</\ TNi/\/IN,'/\/FN1>-
ie] ie] ie] ie]

Definition 4. Let X be a nonempty set and x € X. Ifr € (0,1],s € [0,1) and t € [0,1), then a neutrosophic
point x, ., in X given by

1,5t

(0,1,1), otherwise.

X, (2) = {(7'5'0/ ifz = x,

Wesay x,., € Nifx, , T N. To avoid the ambiguity, we denote the set of all neutrosophic points by pt({%).

Definition 5. A neutrosophic set N is said to be quasi-coincident with another neutrosophic set M, denoted by
N[g]M, if there exists an element x € X such that

Tu(x) + Tu(x) > 1Lor Iy(x) + Iu(x) < 1or Fy(x) + Fu(x) < 1.

If M is not quasi-coincident with N, then we write M[q]N.

Definition 6. [14] Let X be a nonempty set. Then a neutrosophic set ¥ = (Tx, Iz, Fx) : {X —  is said to be
a smooth neutrosophic topology on X if it satisfies the following conditions:

C1 T(0x) = T(1x) = (1,0,0).
C2 T(NMIM) T T(N)MET(M), VN,Me X
C3 T(UZ‘.E]NI‘) _ ﬂie]g(Ni)/ VN; € gX,i eJ.

The pair (X, %) is called a smooth neutrosophic topological space.

3. The Basis for a Smooth Neutrosophic Topology

The main objective of this section is to define and discuss the concept of basis for a neutrosophic
topology. Many fundamental classical statements and theories describe ways to obtain a topology from
a basis; every topology is a basis for itself; characterizations of a set to form a basis; comparison of two
topologies is a way to get a basis from a subbasis; quasi-neighborhood systems are discussed. Though
the structural development of the theory is same as the ones followed in the context of classical and
fuzzy topological spaces, the strategies following the proofs of the statements are entirely different.
We start with the definition of a basis for a smooth neutrosophic topology.
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Definition 7. Let B : X — { be a function that satisfies:

Bl Ifx € Xande, 6 > 0, then there exists M € §X such that
M(x) 3 1x(x) —(4,0,0) and B(M) 3 (1,0,0) — (€,0,0).
B2 Ifxe X,MN¢€ X and €,6 > 0, then there exists L € X such that L C MTTN,

L(x) 3 (M(x) IN(x)) — (6,0,0) and B(L) 2 (B() N B(W)) — (€,0,0).

Then *B is called a basis for a smooth neutrosophic topology on X.

Any function & : {X — { satisfying B1 is called a subbasis of a smooth neutrosophic topology
on X. A collection {M, },c of neutrosophic sets is said to be an inner cover for a neutrosophic set M
if M= LM,.

Definition 8. Let *B be a basis for a smooth neutrosophic topology on X. Then the smooth neutrosophic topology
T : (X — { generated by B is defined as follows:

(1,0,0) ifM =0,
T = 0 (B0} i £0,

U
AGF{M €Ly
where { LA } pcr is the collection of all inner covers Lo = {Mp }rea Of M.

It is clear to see that T(M) J B(M); the strict inequality may hold; in fact, it may happen that
B(M) = (0,1,1) and T(M) = (1,0,0); however, this is not unnatural as even in the crisp theory a subset
that is not an element of a basis may be an element of the topology generated by it. However, we have
a question: “If B(M) 1 (0,1,1), can T(M) T B(M)?” Of course this may happen, as seen in the
following example.

Example 1. Let X = [0,1]. For any subset A C [0,1], let ¢ 4 denote the neutrosophic set in X defined by

[(1,00) ifxea
Salx) = {(0,1,1) otherwise.

Define B : {X — { by

1,0,0)  ifM=1y

1,0,0) if M= G((4,1)y, where q is rational
3,0,0)  ifM=¢py

—,0,0) z:fM:cj{n»Til},wherenEN

n
0,1,1) otherwise.

Then B is a basis for a smooth neutrosophic topology T on X. We note that B(&y(,1)y) = (0,1,1), whereas
T(&(a1)) = (1,0,0) Va € [0,1] N Q° and B (g{l}) (,0,0), whereas T(&(1y) = (1,0,0) 7 B (g{l}).

Theorem 1. Let B be a basis and X be as defined in Definition 8; then T is a smooth neutrosophic topology
on X.
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Proof. From the definition of ¥ it directly follows that T(0,) = (1,0,0). Next we wish to show
that T(1x) = (1,0,0). Indeed, let x € X and J,e > 0; then by the definition of a basis for a
smooth neutrosophic topology, there exists M, 5. € {X such that M, ;.(x) 3 1x(x) — (4,0,0) and
BMy5.) I (1,0,0) — (¢,0,0), which in turn implies that TMx,d,e(x) > 19, IMX,M(x) < 0 and
Ry, ;. (x) < 0. Thus it follows that

UM = VT e, NIm e, N\ Fu,
x5 x,6,€ <X,§ My 5,€ ) My 5,6 x5 FMA,AI€>
= (1,0,0)
- 1y

If we let Lc = {Mysc}ys, then it is easy to see that L. is an inner cover for 1x. However,
since B(My5¢) 3 (1,0,0) — (€,0,0), we have

T% (Mx,o'/e) 2 1 - I%(Mx/d,e) S 0 and F% (Mx,o'/e) < O

Therefore

/\5 TSB (Mx,d,s) 4 JX§ LB (MX,J,S) 4 ;,/5 FSB (Mx,d,e) >

(s} =
3 (1-¢€0,0).

I
x€X,0>0

Thus for every € > 0, there exists an inner cover L¢ = {M; 5 ¢ }+ 5 of 1x such that

M M 3(1—¢€,0,0).
xeX,5>0{%( x,&,e)} = ( € )

Therefore

T(1x) 3 Ll{xe)gbo{%(M"'&'e)}} 3(1,0,0)

and hence T(1x) = (1,0,0).

Next we claim that T(MMN) 2 T(M) A T(N) for any two neutrosophic sets M, N in {X. Suppose
MTIN = 0,; then there is nothing to prove. Let MTN # 0, and let € > 0. Then there exist inner covers
{Mr}aea, and {Ny }ca,, such that AEFIAl{%(MA)} =%(M) - (5,0,0) and

0, {B0)} 2300 - (5,0,0)

LetLy, = My NN, for A € Ay and v € Ay and let A denote the set of all pairs (A,7y) for which
Ly, # 0. Now since MTN # 0, there exists an x € X such that M(x) MN(x) # (0,1,1), which implies
M(x) # (0,1,1) and N(x) # (0,1,1); then by the definition of an inner cover there exist M), and N, in
the corresponding inner covers, such that M, (x) MN,, (x) # (0,1,1) and hence (Ag, 79) € A. Thus we
have A # @. Now forany (A,7) € A,x € Xand d > 0,1etDy s € 7X be such that

D/\,'y,x,é(x) = M/\(X) M N“r(x) - (5' 0, 0)

= Ly, (x) - (6,0,0),

Dy, xs E Ly and
€
sB(D/\,’y,x,é) | (SB(M/\) M sB(NW)) - (5/0/0)'

Then the collection {D} 1} is an inner cover for L, , and hence the collection {D , x5} 1,, s is an
inner cover for MM N.
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Additionally, we have,

o B} P 3 0 {0 nBen) - (5,000}

(Ay)eA
= B0 B )} (5,00
> { B00))0 1 {B00)} | - (5,00
5 {g B0} 1) (300}~ (5,00
0 (T ) - <2oo> (5:0,0)

(

(T
(T(m) ME(W)) = (€,0,0).

Since this is true for every € > 0 and

-
TUnm 3 A {BOry0)}

(Ay)en
we have T(MMN) I (T(M) M T(N)) for any M, N in X,
Finally we prove that ‘I()\I_JA My) 3 AI_IA‘I(M/\) for any collection {M, }1cn C ¢X. For each e > 0
€ €
and for each M, let {M/W}wem be an inner cover for My such that 7e|_|1“A {BMy,)} 2 TM) — (€,0,0).
Since {M)L,’y}
follows that

e, is an inner cover for My, we have {M, , } Aer, is an inner cover for /\lgA M,. Thus it

T( UM 1
(AeA /\) AEA,¥ET)

- 0,3, e
3 AI;IA{T(MA)—(G/O/O)}
= 0 {Em)) -~ (60,0)

1L

{%(M)\ﬁr)}

which implies ‘I(AI_IA My) 3 /\I“IA % (M) for any collection {My}1cp C ¢X as desired. O
€ €

Definition 9. Let (X, T) be smooth neutrosophic topological space. For all x,,, € pt({X) and N € 7%,

the mapping Q¥ S X s C is defined as follows:

r,5,t

U E(M); ifx,[g)N
QF (M) = {slacy
e (0,1,1) otherwise.

The set Q% = {Q7F X € pt(ZX)} is called a neutrosophic quasi-coincident neighborhood system. Further,

a neutrosophic quasi-coincident neighborhood system Q* is said to be symmetric if for any Xy 1, Yy mn € pt(CX),
Q%/s,t (M) 3 (0/ 1/ 1)/ QyT]’m/n (N) - (O’ l’ l)/ xr/s,t [q]N Zmplles yl,m/n [q]M

Theorem 2. Let (X, T) be neutrosophic topological space. Then for all M,N € {¥%,

(i) Q%/S,[(OX) = (0/ 1/1);
(ii) wa(lx) = (1,0,0);
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(iii) erst (M) 3 (0,1,1) implies x, _,[q]¥;
@ QF (M= U N _QF ()

rist X, [NEMy, g Y

7 of 20

Proof. As (i), (ii) and (iii) follow directly from the definition of Q5 s we skip their proof. To prove

(iv), first we observe that

Qx‘zr,s,t (M M N)

11

U (L)
X, o [g]LEMNN

Similarly, it follows that QF t (MMNN) C QF t (N), which implies

QF MMM EQF (mnQf m).

To prove the reverse inequality, consider

Qr MNQY () =

r,5,t xr,s,t [Q}AEM

r,s,t

L T A) M L (E(B)
X, o [q)BCN

L (T(a)NE(B))

xr,s,t [q} (AHB) [ (MHN)

Im

T (T(AMB))

%, 1) (AFTB) S (M)

Im

L T(L))

%, lILE ()

To prove (v), for any N € {X with x, , [g]N C M, we have Qf (W) 2 (W), and therefore,

wa (MMIN).

T EM, @l MCQE MEQE ().

Hence, we have

7,5t 7,5t

T
M) = L T(N
Qx () . e (W)
Cu Qy (M)
xr,s,t [q]NEM yl/m,n [q]N yl,m,n
E QxTr,s,t (M)

as desired. [

Theorem 3. Let B : {X — { be a mapping. Then B is a basis of a smooth neutrosophic topology T if and only

if % C Tand forallm e X, x,,, € pt(c¥), QT (w)

C U BN

X, ¢ [qINEM
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Proof. Let B be a basis for given smooth neutrosophic topology; then clearly % C . LetM € {X

and x,,, € pt(¢X); then QF (M) = H T(N). Let N = {N: x,_,[g]N C M}; then for every N € N,
ot 1,8, xr,s,t q]NCM ~r
we have
TN)= U M B(Ny).

L N/\:N/\GA
AEA
Let € > 0; then there exists {N, : A € A} with AI_IA N, = N such that
€
N B(N,) I ZT(N) — (€,0,0).
AEA

Thus there exists an N), such that x, _,[q]N), and B(N,,) 2 T(N) — (¢,0,0). Hence for every N € N,
there exists an N, such that B(N),) 2 T(N) — (,0,0), which in turn implies that

L N Ju N) — .
NE/\/%( )\0) NENS( ) (E, 0, 0)
Thus it follows that,

-
U B 3 U B0,

X, o+ [qINEM
= NeuNT(N) — (&,0,0)
- xr,s,t{_l‘ﬂNEM T(N) — (€,0,0).
This implies that
x,,s,t[yﬂNgMiB(N) = - w0 = Qf
as desired.

Conversely, let x € X and €, > 0; then clearly x50 € pt(¢¥X). However, since

Q1) E U BN

x5,0,0[qINC1x

and (1,0,0) = Q%/O/O (1), it is possible to find an N € {X such that N(x) 2 1x(x) — (4,0,0), such that

B(N) 3 (1,0,0) — (¢,0,0). Thus, B1 of Definition 8 follows.
Letx € X,M,N € (¥ and €,6 > 0. First we claim that, QF, - (MMN) 3 [B (M) 11B(N)]; consider

Qoo (MNN) = [QF (1) MQF ()]

= L T(L) M ] T(L
x5,0,0(7]LCM (t x5,0,0[q|LEN L)

[T(M) T (W)]

3
J [BM)nB(N)].

If x5,0,0[q]M 1N, then for every L € (X with L C MM Nand x,,,[q]L, we have

4,0,0
L(x) O1x(x)—(4,0,0) 3 (MMN)(x) — (6,0,0).
Let € > 0; then there exists L such that

B(L _ L B(L) — (€,0,0
( ) T x500[qILE(MIN) ( ) ( )

3 Qfmo (MMN) — (€,0,0)
J [BMNBN)] —(e0,0).
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Suppose x50,0[q]MMN. Let
Ly={Lec X :L(x) T MNN)(x)—(50,0)}.

Then there exists L. € £, such that

BL) I U BL) - (e0,0)
3 Q%/O,O(MFIN)f(e,O,O)
J [BMNB(N)]—(0,0)

Thus, B2 of Definition 8 follows in both cases. [

Here we note that, "If (X, ¥) is a smooth neutrosophic topological space, then ¥ is a basis for a
smooth fuzzy topology on X and the smooth fuzzy topology generated by ¥ is itself." In the following,
we give certain theorems which can be proved in a similar fashion to Theorems 3.8, 3.9 and 3.10 in [10].

Theorem 4. Let T be a smooth neutrosophic topology on X. Let B : {X — { be a function satisfying

i T(M) IBM)forallM e %;
i. IfMe X, x€X,8>0ande >0, then there exists N € {X such that N(x) J M(x) — (5,0,0), N C M
and B(N) J T(M) — (¢,0,0).

Then *B is a basis for the smooth neutrosophic topology ¥ on X.

Theorem 5. If B is a basis for the smooth fuzzy topological space (X, <), then

i T(M) IBM) forallM e X
ii. IfxeX Me 7%, 8 > 0and € > 0, then there exists N € X such that N(x) I M(x)—(6,0,0),NC M
and B(N) J (M) — (€,0,0).

Theorem 6. Let B and B’ be bases for the smooth neutrosophic topologies T and ', respectively, on X.
Then the following conditions are equivalent.

i.  %'isfiner than <.
ii. IfMe X, x € X, 6 > 0and e > 0, there exists N € {X such that N(x) 3 M(x) — (6,0,0), N C Mand
B'(N) JB(M) — (€,0,0).

To end this section, we present a theorem which gives a way to get a basis from a subbasis,
from which a smooth neutrosophic topology can be generated.

Theorem 7. Let G : {X — { be a subbasis for a smooth neutrosophic topology on X. Define B : {X — { as

B = U {0 {80},

where D is the family of all finite collections D = {M;};c|,, of members of {X such that M = I‘II M;. Then the ‘B
1elp
is a basis for a smooth neutrosophic topology on X.

Proof. Since D # @, every M € (%, and by the definition of &, B is well defined. As 9B clearly satisfies
B1 of Definition 7, it is enough to prove B2. Let x € X, M, N in gX and J,e > 0. Then by the definition
of B there exist collections {M;};—1,..,» and {N;} =1, such that

M= 1, T{B)} 3B - (¢,0,0)
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and .
N= ]'D1 N;, Mi{B(;)} 2 B(N) — (€,0,0).

Now let us define a collection of neutrosophic sets Ly C 1x, fork =1,2,...,n+m, as

My ifk<n
Ly =
Ny_, ifk>n.

n+m
IfweletL = kTI Ly, then L = MM N and therefore
=1

L(x) 3 MMN)(x) — (4,0,0).
Now by definition of B, we have

B = U {0 {8},

where D is the family of all finite collections D = {L;};cy, of members of { X such thatL = L;.

i€lp
Thus it follows that

BL) = U {0 (S}

= QRN

= (s nnsn)

3 (B00) — (,0,0)) 1 (B(B) — (€,0,0))
= (BO)NBA) — (€,0,0)

as desired. O

4. Product of Neutrosophic Topologies

In this section, we first define the concept of a finite product of smooth neutrosophic topologies,
using the notion of basis defined in the previous section. We present a way to obtain the product
topology from the given bases; in the following we present a subbasis for a product topology.
Later, we generalize the discussed contents in the context of an arbitrary product of smooth
neutrosophic topologies.

Definition 10. Let (X, %) and (Y, T,) be smooth neutrosophic topological spaces. Let B : {X*Y — { be
defined as follows:

Let A € JY. IfA # MxNforanyM € (X and N € Y, then define B(A) = (0,1,1).
Otherwise, define
BA) = U {T100) NT2(0)},

where {My X N }ren is the collection of all possible ways of writing A as A = My X N,, where M) €
gX, Ny € é’Y'

Then B is a basis for the smooth neutrosophic topology called the smooth neutrosophic product topology on X x Y.
Example 2. Let X1 = Xo = R and let My and Ny be defined by

My (x) = (;, %, ;) forall x € Xq
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and 11
Ny(x) = <2,2,2) forall x € Xp.

Let %1 : {% — Cand T, : X2 — T be the functions defined by

(L,0,0) ifM=1, orM=0,
33) U=

1,1)  otherwise

and
(1,0,0) ifN=1, orN=0,

TN =1(3,3,3) fN=N
0,1,1) otherwise.

Then clearly 1 and T, are smooth neutrosophic topologies on Xy and Xp. From the above definition, we get
B %1% %2 7 given by

=
=

o
N

ifE=1y ., 0rE=0

( X1xXp
(%/%'%) IfE=M X1X2
BE) =1 (3,2.3) FE=1, xN
(323) fE=M xN
(0,1,1)  otherwise

which is a basis for a smooth neutrosophic topology ¥ on X1 x X, and the smooth neutrosophic topology (product
topology) generated by B is given by

(1,0,0) ifE:lxlsz orE =0y ,x,
111y
(3:22) FE=M X1
(I<E) = (%I %I %) le - 1X1 X Nl
(3,33) fE=M xN
(0,1,1)  otherwise.

Theorem 8. Let B : {X*Y — ( be the function defined in Definition 10. Then B is a basis for a smooth
neutrosophic topology on X x Y.

Proof. If we let M = 1y, then clearly B1 of Definition 7 follows.
Let (x,y) € X XY, M, Nin 7X*Y and 5,e > 0. We wish to show that there exists L € {X*Y such
thatL C MMN,
L(x,y) 2 (M(x,y) N(x,)) — (6,0,0)

and
B(L) I (BM)NB(N)) — (€,0,0).

Suppose any one of M and N, say M cannot be written as M; x M, for any M; € {X and M, € {¥; then by
letting L = MT1N, we have L(x,y) 2 (M(x,y) MN(x,y)) — (6,0,0). However, by the definition of B,
it follows that B(M) = (0,1,1) and therefore B (L) J (B(M) M B(N)) — (¢,0,0) as desired. If both M
and N can be written as A x A’ and B x B/ for some 4,B € X and #/,B’ € 7Y, then by the definition of B3,
there exist Mj, Ny € {X and My, No € ¥ such thatM = M; x Mp, N = Ny x Ny,

gl(Ml) |_|T2(M2) _ %(M) — (6,0,0)



Symmetry 2020, 12, 1557 12 of 20

and
T1(Np) M Zp(Np) T B(N) — (€,0,0).

Now if weletL = MTMN, then L(x,y) = (M(x,y) MN(x,y)) — (6,0,0) and

MON)(x,y) = (M xM) 11 (N X N2))(x,y)
(M (x) MM (y)) 11 (Nq (x
(M (x) NNy (x)) M (M2 (y
(M (x) MNq (x)) x (M2(y)
( x

(M1 TTNq) X (M2 MIN2)) (x, y).
Now consider,

B(L) = B(MMN)

= B((M M) x (M MN))
T1(M NNy ) MT(Mp MN)
(T1 (M) M T (M) M (T2(M2) M T2(N2))
{T1() N T (M)} M {T1 (W) M T(N2) }
(BM) — (¢,0,0)) M (B(N) — (€,0,0))
(BM) NB(N)) — (,0,0)

[

i

and hence B2 of Definition 7 follows in this case also. [

Theorem 9. Let B, B, be bases for the smooth neutrosophic topologies Ty, %, respectively. Define B : {X*Y — ¢
as follows:

If A € XY cannot be written as M x N for any M € {X and N € Y, then define B(A) = (0,1,1).
Otherwise define
Ba)= U {B100) 1 B1(N,)}

where {M) X N) } e is the collection of all possible ways of writing A as A = My x N, where M) €
g5, myeg.

Then B is a basis for the product topology on X x Y.

Proof. First we claim that B is a basis for a smooth neutrosophic topology on X x Y. Let (x,y) € X X Y,
6 > 0and € > 0. Now since B and B; are bases for the smooth neutrosophic topologies T; and %5,
there exist M € X and N € ¥ such that

M(x) 3 1x(x) — (5,0,0), B1(M) 3 (1,0,0) — (¢,0,0)
and
N(]/) - 1Y(]/) - (5/ 0, 0)/ %Z(N) - (1/ 0, 0) - (6, 0, 0)

Let A = M x N; then we have

Alv,y) = (MxN)(x,y)

M(x) TTN(y)

(1x(x) = (6,0,0)) M (1y(y) — (4,0,0))
(1x(x) N1y (y)) — (4,0,0)

1xxy(x,v) —(5,0,0)

I

I
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and
B(4) JB1(M)NB1(N) 3 (1,0,0) — (€,0,0).

Thus B1 of Definition 7 follows.

To prove B2, let (x,y) € X X Y, M,N € XY and 5,e > 0. If any one of M and N, say M, cannot be
written as M; x M for any M; € @X and M, € §Y, then by letting L = MT1N, as in the above theorem,
B2 of Definition 7 follows. On the other hand, suppose both M and N can be written as A x A" and B x B
for some A,B € (X and A,B’ € CY; then by definition of 9B, there exist My, N1 € 7%, and My, N, € gY such
thatM = M; x My, N = Ny x Ny,

B (M) 1By (M) I B(M) — (g,o,O)

and
B (Ny) 1By (M) I B(N) — (%,0,0).

Here it is easy to see that there exists L; € X such that Ly T My NNy, Ly (x) 2 (M; M Ny)(x) — (6,0,0)
and B1(L1) I (B1 (M) N B1(N1)) — (5,0,0),as x € X and My, N are in {X.
Analogously, since y € Y and M, N are in ZY there exists L in CY such that L, T M M Np,

La(y) 2 (M2 MN2)(y) — (6,0,0) and B5(L2) I (B2 (M) M B2(N2)) — (5,0,0).
LetL = L; X Lp; then we have

Lix,y) = (L1 xL)(xy)
= Ly(x)MLa(y)

2 {00 () M (0)) 7 () M2()) } — (6,0,0)
= {01 (x) x Ma(y)) 1 (01 (x) X Ma(y))} = (5,0,0)
= (M(x,y) MN(x,y)) - (6,0,0)
and
B(L) = B(L; xLy)
J By(Lg) NMBy(L2)
2 {(Bi0n) N1 m)) - (5,0,0)}
”{(‘BZ(MZ)”‘Bz(Nz))—(;0/0)}

= {(B1 (M) 1By (1)) N (B2(%) N By(2)) } — (5,0,0)

= {(Bin >mzmz)m(%l(m)mzmz))}—<§,o,o>

. (‘BM 00)) (%(N)—(g,o,o))—(g,o,o)

B NBW) — (5,0,0)  (5,0,0)

(
(B(M)NB(N)) — (¢,0,0).
Thus B2 of Definition 7 follows in this case also. Hence ‘B is a basis for a smooth neutrosophic topology
on X x Y. Thus, proving that the smooth neutrosophic topology generated by this basis coincides with
the smooth neutrosophic product topology remains.

Let T be the smooth fuzzy topology generated by 8. Let T, be the product topology on X x Y and
B, be the basis for T, as described in Definition 10. Now we prove that T, = T. Let A € {**Y¥; then

IP(A):A%F{ N {By(ar }}

M el
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where { L }acr is the collection of all inner covers L5 = {A) } e of A. Now we divide the collection
{LA}Aer, say L, into two subcollections £’ and £ where £’ is the collection all possible inner covers
{Ax}ren of Aso that forall A € A, A, is of the form M, x N, for at least one M) € {X and one N, € 7,
and £ is the complement of £ in L.

If an inner cover L5 = {A) } en Of Aisin £, then for at least one A € A, A), is not of the form
M x Nforany M € (X and N € {¥; hence B,(A,,) = (0,1,1) and therefore

o Bp(A0} = (011)

and
N {BA =(0,1,1).
0 (B0 = (01,1
If L/ = @, then T,(A) = T(A) = (0,1,1) and hence it is enough to consider the case L' # @.
Now consider

S0 = 0l 0 {Be0h

= Wl 0 (B0

SR TR C TR LA 133

D U T4, ) (P10 B0 )

RGN

M eLp
= i, 0, {B00)
= T(a).

This implies that, Ty T

To prove the reverse inequality, let A € XY, e >0and L, L', L" be as above. Let L, = {A }ren
be an inner cover for A. As above it is enough to consider the case £ # @. Now let £, € L£'. Then for
all A € A, we have Ay = M x N for at least one M € {X and one N € {¥. Fixa A € A. Let B, denote
the set of all pairs (M,N) such that Ay = M x N. Let (M,N) € B,. Since B1, B, are bases for T1, %>,
by Theorem 5, for any x € X,y € Y and & > 0 there exist M, s € {X and Nys €0 ¥ such that

Mx,é(x) - M(X) - (5/0/0)1 Mx,é LM

and
Nys(y) 2N(y) —(6,0,0), Nys EN
with
B1(Mys) + (€,0,0) 2 Ty (M)
and

B (Ny,5) + (€,0,0) I Ty(N).

Clearly the collection {M,;}ycx,6>0 is an inner cover for M and the collection {N,;}, € Y,6>0is
an inner cover for N. Therefore, the collection {M, ;5 x Ny’(s} xeX,yeY,s>0 is an inner cover for M X N
which is equal to A). Thus for any pair (M,N) € B, with M x N = A,, we have an inner cover
{My5 X Ny 5 xex,y ev,s>0 of Ay such that

B1(My5) + (6,0,0) I Ty (M) 1)
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and
Bo(Ny,5) + (€,0,0) 2 Tr(N) 2

forallx € X,y € Xand é > 0.
Now since

DW= 9, 0, (B0}

‘Zl MEL
= Uy Tl U M) M %, (N
,C/{A)\EﬁA{(M,N)esB/\{S’l( ) 12( )}}}/

using (1) and (2), we have
S0 Tyl 0 S0+ (E00)
= U, 0 {50} + (€00

= Z(A)+ (¢0,0).
Since this is true for every € > 0, it follows that T, (A) C %(A) and hence we get T, C T as desired. []

Theorem 10. Let (X, %1) and (Y, %) be smooth neutrosophic topological spaces. Let
Ap={M/A=Mx1y,Me X}

and
AZ = {N/ A=1x XN, N € gY}

Let A = A; U Ay. Define & : IX*Y — Cas

S(a) = {%{Tl(M)f(IZ(N)} ifA+Q

; 0,1,1) otherwise.
Then & is a subbasis for the smooth neutrosophic product topology on X x Y.

Proof. Since S(1xxy) = (1,0,0), by letting M = 1xy, it clearly follows that & is a subbasis for a
smooth neutrosophic topology on X x Y. Thus all that remains is to show the smooth neutrosophic
topology induced by this subbasis is the same as the product topology on X x Y. We do this by proving
that the basis induced by this subbasis is the same as the basis defined in Definition 10.

Let 8’ be the basis generated by &. Then for any A in {X*Y, we have

'W)y= U <1 A;
B ( ) DeD {ieID{G( Z)}}’
where D is the family of all finite collections D = {A;}cy, of neutrosophic sets in { XXY for some

finite indexing set Ip such that A = I_II A;, where each A; € {X*Y. Let B be the basis for the smooth
1€lp

neutrosophic product topology on X x Y as in Definition 10. Let A € {X*Y; then we claim that
B(A) = B'(A). Suppose A is not of form M x N for any M C 1x and N C 1y. Then by Definition 10 we
have, B(A) = (0,1,1). Now let us compute B’(A). Let A = A; M Ay 1+ - - M A, be any representation
of A as a finite intersection of neutrosophic sets of X x Y. First we claim that 4; is neither of the form
(M; X 1y) nor of the form (1x x N;) for at least one i. If A; = (M; X 1y) or 4; = (1x X N;) for all i.
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Without loss of generality, let us assume that A; = (M; x 1y) fori =1,2,...,mand A; = (1x x N;) for
i=m+1,m+2,...,n, then we have

A = ATIAM---TA,
{(M x 1y) M-+ (M % 1y) }
M{(1x X Nypg1) M-+ 11 (1x X Ny ) }
{(M MM M- M My,) X 1y}
M{1x X (Npyy1 O Npygp M- TIN,) }.

Now if we let M = My MMy M --- MMy and N = Nyoq M Nyyp M-+ - TNy, then it follows that
A= (Mx1y)M(1x x N) = M x N, which is a contradiction to our assumption that 4 is not of the form
M x N. This proves the claim and hence M{&(4;)} = (0,1,1). Since this is true for any representation of
A as a finite intersection, by the definition of 8’ we have B’(A) = (0,1,1). Thus B = 9B’ in this case.

If A is of the form M x N for some M C 1x, N C 1y. First we claim that B(4) J 9B'(4). For, let A =
Ay Ay M-+ T1A, be a representation of A as a finite intersection of neutrosophic sets in {X*¥. If A;
is neither of the form (M; x 1y) nor of the form (1x x N;), for at least one j, then it follows that
M{&(4;)} = (0,1,1) and hence B(4) I M{&(4;)}. Suppose all A;’s are either of the form (M; x 1y) or
of the form (1x x N;) for some M; € {X and N; € {; then we have G(4;) 3 (0,1,1) for all i. Let e > 0;
then there exist M; € ZX and N; € ¢¥ such that

A= (M x 1y), T1(M;) I &(4;) — (€,0,0)

fori=1,2,...,mand
A = (Ix x N;), T1(N;) 3 &(4;) — (,0,0).

fori=m+1,m+2,...,n. Then,
A = AMAM---TIA,

= {(Mm MMM NMy) x 1y}
M{1x X (Npsq MNpygp M- TN, )}

LetM =M M-+ MMy and N =N, 1 M-+ -MN,. Thenwehave A = (M x 1y) M (1x x N') =M x V.
Now consider

B(A) I M{TM), )}
g I_l{]'fllgl(Mj)']‘:iLlSZ(Nj)}
= T M), ., T1 M), T2 (Npg1), - -, T2(Nn) }
0 1{S(A) — (€,0,0),...,6(A) — (€,0,0)}

M{S&(4;)} — (¢,0,0).

Since this is true for any representation of A as a finite intersection of neutrosophic sets in {X*Y,
we have
B(A) I B'(4).

To prove the reverse inequality, let € > 0; then by Definition 10, there exist M € {X and N € ¢¥
such that A =M x N and
r571(1"[) M rljz(N) | %(A) — (6,0,0).
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However, M x N = (M x 1y) M (1x X N); thus, we have,

B (4) B’ (M x N)
M{SMx1y),&S(1x xN)}
M{T1 (M), T(N) }

B(A) — (¢,0,0)

oy

which implies B'(A) 3 B(4) as desired. O

Definition 11. Let {(X;, %;) }ics be a collection of smooth neutrosophic topological spaces, for some indexing

11 X;
set J. Now define a function *8 : ’¢)  — ( as follows:

I1 X;
Let A € J) . IfA # T1 A; where A; € {%i and A; = 1x, except for finitely many i € |, then define
ic]
B(A) = (0,1,1). Otherwise define

B®) = {0 {T(0)}),

where A, is the collection of all {11 A;} such that A = T1 A;, A; € % and &; = 1x, except for
i€] i€]
finitely many i € |.

Then *B is a basis for a smooth neutrosophic topology called the smooth product topology on T1 X;.
i€]

Theorem 11. Let {(X;, ;) }icy be a collection of smooth neutrosophic topological spaces, for some indexing set
J. Let *B be as defined in Definition 11; then B is a basis for a smooth neutrosophic topology on T1 X;.
i€

Proof. Since B (1 x,) = (1,0,0), B1 of Definition 7 follows trivially.
ie]
11 X;
To prove B2, letM,N € ¢/ ,x € II X; and €,6 > 0. Let Ay be the collection of all {IT M;} such
i€] i€]

thatM = TIM;, M; € {Xiand M; = 1 x; except for finitely many i € | and let Ay be the collection of all
ie]
{I1N;} such that N = T1N;, N; € {%i and N; = 1y, except for finitely many i € J.
i€] i€]

Suppose any one of the collections Ay and Ay, say Ay, is empty. Then by the definition of B,
we get that B(M) = (0,1,1). Thus B2 of Definition 7 follows in this case. If both collections Ay and Ay
are nonempty, then there exist Ay = I'M; in Ay and Ay = TIN; in Ay such that

M{Ti(M)} I BM) — (¢,0,0)

and
M{Z;(N;)} T B(N) — (€,0,0).

Let L = MT1N; then clearly

L(x) 2 (M(x) NN(x)) — (6,0,0), ¥ x € IIX;



Symmetry 2020, 12, 1557 18 of 20

and

B(L) = B(MMN)
= B(IY; NTIN;)
B(IT(M; MN;))
M{Z;(M; 1IN;) }
M{T; () M Ti(w;) }
ﬂ{i‘z(Mz)}ﬂﬂ{T( i)}
(BM) — (€,0,0)) M (B(N) — (¢,0,0))
(BM) MBN)) — (€,0,0).

Thus, B2 of Definition 7 follows in this case also, and hence B is a basis for a smooth neutrosophic
topology on I1X;. O

| [ T R

IT X;
Theorem 12. Let {(X;,%;) }icj be a collection of smooth neutrosophic topological spaces. For any A € [

let Ay be the collection of all {ITA;} such that A = T1A;, A; € (i and A; = 1, except for finitely many i € J.
I1 X;
Let G : ') — ( be defined as follows:

(1,0,0) if A=1x,
S(a) = EA{A H, {Ti(a)}} if A#Inx, A #O
(0,1,1) if Ap=0

Then & is a subbasis for a smooth neutrosophic product topology on I1X;.

Proof. Since S(111x,) = (1,0,0), B1 of Definition 7 follows. Thus & is a subbasis for a smooth
neutrosophic topology on ITX;. Thus, proving that the smooth neutrosophic topology generated from
G is the smooth neutrosophic product topology on IT X; needs proving.

Now let B’ be the basis generated by G and let B be the basis for the smooth neutrosophic
product topology defined in Definition 11. To prove the topologies generated by B8 and B’ are same,
we prove the stronger result that B = B’

As B(1n1x,) = B'(1nx;) = (1,0,0) follows trivially, we prove the other cases. Let A € {Xi and
let Ay be the collection of all {ITA;} such that A = ITA;, A; € {%i and A; = 1x, except for finitely many
i € J. If Ay = @, then by the definition of B, we have B(A) = (0,1,1). Now to compute B’(A),
let A=A Ay - - - TTA,; we claim that there must exist at least one A; which is not of the form TT A;
where Ay, € % and 4 = 1x, except for finitely many i € J. Suppose not; instead, let A; = I1A;
where Aj; € ¢%i and Aj; = 1x, except for finitely many i € ], forall j = 1,2,...,n. Then using these
finitely many A;;’s, A can be written in the form I1A; where 4; € { Xiand 4; = 1 x; except for finitely
many i € ], which is a contradiction to our assumption that Ay = @. Thus there exists at least one A
which is not of the form ITAy; where A; € {%i and A; = 1 x; except for finitely many i € | and hence
S(4) = (0,1,1). Thus we have

M{&(4)/j=1,2,...,n} = (0,1,1).

Since this is true for any possible finite representation A MM Ay M- - - M A, of A, we have B/(4) = (0,1,1)
and hence B’(A) = B(A) in this case.

If Ay # @, then there must exist a representation A M Ay M- - - A, of A such that Ay ; # @ for
allj =1,2,...,n, where Ay; is the collection of all {T1A;;} such that A; = TTAj;, Aj; € ¢%i and Aj = 1x,
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except for finitely many i € J. Let € > 0. Then for each A; we can find a collection {4 };cj such that
Aj = I1Aj; where A;; = 1x, except for finitely many i € ]and Ti(Aji) 2 6(A)) — (€,0,0). Now since

A = ATIATT---TTA,
= TIAq; MTTAy; M-+ - TTIA,;
= TI(Ay; Ay T+ T Ay)

we have
BA) = B(AMAT---TTAy)
= B(I1Ay; M ITAy M-+ - TTIA,)
= B(II(Ay; MM Ay M-+ MTAy))
- { l(A MAy; M ’ﬂAni)}
3 T{Ti(Ay) M Ti(Ag) M- - M T (Ayi) }
J {&(A) — (eOO)I‘IG(Az) (€,0,0)

M---N&(4,) — (6,0,0)}
M{&(a)NS(A)MN---MNS(4,)} — (€,0,0)
M{&(4)} — (€,0,0).

Since this is true for any representation of A as a finite intersection of neutrosophic sets in {!'Xi, we have
B(A) I B'(4).

To prove the reverse inequality, let € > 0. Since Ay # @, we can find a collection {4; }c; such that
I1A; € Ay and
M{Ti(a)} 2 B(4) - (€,0,0).

Thus it follows that
B'(4) = B'(114;) I N{T;(4;))} 2 B(4) — (¢,0,0)

and hence B’(4) J B(A). Thus B’(A) = B(A) in this case also and hence in all the cases. [

5. Conclusions

In this paper, we have defined the notion of a basis and subbasis for a neutrosophic topology
as a neutrosophic set from a suitable collection of neutrosophic sets of X to [0, 1]%. Using this idea of
considering a basis as a neutrosophic set, we developed a theory of smooth neutrosophic topological
spaces that fits exactly with the theory of classical and fuzzy topological spaces. Next, we introduced
and investigated the concept of quasi-coincident neighborhood systems in this context. Finally,
we defined and discussed the notion of both finite and infinite products of smooth neutrosophic
topologies.

6. A Discussion for Future Works

The theory can extended in the following natural ways. One may

e  Study the properties of neutrosophic metric topological spaces using the concept of basis defined
in this paper;

e Investigate the products of Hausdorff, regular, compact and connected spaces in the context of
neutrosophic topological spaces.
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