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Abstract: The power Bonferroni mean (PBM) operator is a hybrid structure and can take the
advantage of a power average (PA) operator, which can reduce the impact of inappropriate data
given by the prejudiced decision makers (DMs) and Bonferroni mean (BM) operator, which can take
into account the correlation between two attributes. In recent years, many researchers have
extended the PBM operator to handle fuzzy information. The Dombi operations of T-conorm (TCN)
and T-norm (TN), proposed by Dombi, have the supremacy of outstanding flexibility with general
parameters. However, in the existing literature, PBM and the Dombi operations have not been
combined for the above advantages for interval-neutrosophic sets (INSs). In this article, we first
define some operational laws for interval neutrosophic numbers (INNs) based on Dombi TN and
TCN and discuss several desirable properties of these operational rules. Secondly, we extend the
PBM operator based on Dombi operations to develop an interval-neutrosophic Dombi PBM
(INDPBM) operator, an interval-neutrosophic weighted Dombi PBM (INWDPBM) operator, an
interval-neutrosophic Dombi power geometric Bonferroni mean (INDPGBM) operator and an
interval-neutrosophic weighted Dombi power geometric Bonferroni mean (INWDPGBM) operator,
and discuss several properties of these aggregation operators. Then we develop a multi-attribute
decision-making (MADM) method, based on these proposed aggregation operators, to deal with
interval neutrosophic (IN) information. Lastly, an illustrative example is provided to show the
usefulness and realism of the proposed MADM method. The developed aggregation operators are
very practical for solving MADM problems, as it considers the interaction among two input
arguments and removes the influence of awkward data in the decision-making process at the same
time. The other advantage of the proposed aggregation operators is that they are flexible due to
general parameter.

Keywords: interval neutrosophic sets; Bonferroni mean; power operator; multi-attribute decision
making (MADM)

1. Introduction

While dealing with any real world problems, a decision maker (DM) often feels discomfort when
expressing his\her evaluation information by utilizing a single real number in multi-attribute
decision making (MADM) or multi-attribute group decision making (MAGDM) problems due to the
intellectual fuzziness of DMs. For this cause, Zadeh [1] developed fuzzy sets (FSs), which are assigned
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by a truth-membership degree (TMD) in [0,1] and are a better tool to present fuzzy information for

handling MADM or MAGDM problems. After the introduction of ESs, different fuzzy modelling
approaches were developed to deal with uncertainty in various fields [2-4]. However, in some
situations, it is difficult to express truth-membership degree with an exact number. In order to
overcome this defect and to express TMD in a more appropriate way, Turksen [5] developed interval
valued FSs (IVESs), in which TMD is represented by interval numbers instead of exact numbers. Since
only TMD was considered in FSs or IVESs and the falsity-membership degree (FMD) came
automatically by subtracting TMD from one, it is hard to explain some complicated fuzzy
information, for example, for the selection of Dean of a faculty, if the results received from five
professors are in favor, two are against and three are neither in favor nor against. Then, this type of
information cannot be expressed by FSs. So, in order to handle such types of information, Atanassov
[6] developed intuitionistic fuzzy sets (IFSs), which were assigned by TMD and FMD. Atanassov et
al. [7] further enlarged IFSs and developed the interval valued IFS (IVIFSs). However, the
shortcoming of FSs, IVESs, IFSs and IVIFSs are that they cannot deal with unreliable or indefinite
information. To solve such problems, Smarandache [8,9] developed neutrosophic sets (NSs). In
neutrosophic set, every member of the domain set has TMD, an indeterminacy-membership degree
(IMD) and FMD, which capture values in ]0-, 1*[. Due to the containment of subsets of ]0-, 1*[ in NS,
it is hard to utilize NS in real world and engineering problems. To make NSs helpful in these cases,
some authors developed subclasses of NSs, such as single valued neutrosophic sets (SVNSs) [10],
interval neutrosophic sets (INSs) [11,12], simplified neutrosophic sets (SNSs) [13,14] and so forth. In
recent years, INSs have gained much attention from the researchers and a great number of
achievement have been made, such as distance measures [15-17], entropies of INS [18-20], correlation
coefficient [21-23]. The theory of NSs has been extensively utilized to handle MADM and MAGDM
problems.

For the last many years, information aggregation operators [24-27] have stimulated much
awareness of authors and have become very dominant research topic of MADM and MAGDM
problems. The conventional aggregation operators (AGOs) proposed by Xu, Xu and Yager [28,29] can
only aggregate a group of real numbers into a single real number. Now these conventional AGOs
were further extended by many authors, for example, Sun et al. [30] proposed the interval
neutrosophic number Choquet integral operator for MADM and Liu et al. [31] developed prioritized
ordered weighted AGOs for INSs and applied them to MADM. In addition, some decision-making
methods were also developed for MADM problems, for example, Mukhametzyanov et al. [32]
developed a statistically based model for sensitivity analysis in MADM problems. Petrovic et al. [33]
developed a model for the selection of aircrafts based on decision making trial and evaluation
laboratory and analytic hierarchy process (DEMATEL-AHP). Roy et al. [34] proposed a rough
relational DEMATEL model to analyze the key success factor of hospital quality. Sarkar et al. [35]
developed an optimization technique for national income determination model with stability analysis
of differential equation in discrete and continuous process under uncertain environment. These
methods can only give a ranking result, however, AGOs can not only give the ranking result, but also
give the comprehensive value of each alternative by aggregating its attribute values.

It is obvious that, different aggregation operators have distinct functions, a few of them can
reduce the impact of some awkward data produced by predispose DMs, such as power average (PA)
operator proposed by Yager [36]. The PA operator can aggregate the input data by designating the
weight vector based on the support degree among the input arguments, and can attain this function.
Now the PA operator was further extended by many researchers into different environments. Liu et
al. [37] proposed some generalized PA operator for INNs, and applied them to MADM. Consequently,
some aggregation operators can include the interrelationship between the aggregating parameters,
such as the Bonferroni mean (BM) operators developed by Bonferroni [38], the Heronian mean (HM)
operator introduced by Sykora [39], Muirhead Mean (MM) operator [40], Maclaurin symmetric mean
[41] operators. In addition, these aggregation operators have also been extended by many authors to
deal with fuzzy information [42-46].
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For aggregating INNs, some AGOs are developed by utilizing different T-norms (TN) and T-
conorms (TCN), such as algebraic, Einstein and Hamacher. Usually, the Archimedean TN and TCN
are the generalizations of various TNs and TCNs such as algebraic, Einstein, Hamacher, Frank, and
Dombi [47] TNs and TCNs. Dombi TN and TCN have the characteristics of general TN and TCN by
a general parameter, and this can make the aggregation process more flexible. Recently, several
authors defined some operational laws for IFSs [48], SVNSs [49], hesitant fuzzy sets (HFSs) [50,51]
based on Dombi TN and TCN. In practical decision making, we generally need to consider
interrelationship among attributes and eliminated the influence of awkward data. For this purpose,
some researchers combined BM and PA operators to propose some PBM operators and extended
them to various fields [52-55]. The PBM operators have two characteristics. Firstly, it can consider
the interaction among two input arguments by BM operator, and secondly, it can remove the effect
of awkward data by PA operator. The Dombi TN and TCN have a general parameter, which makes
the decision-making process more flexible. From the existing literatures, we know that PBM
operators are combined with algebraic operations to aggregate IFNs, or IVIFNs, and there is no
research on combining PBM operator with Dombi operations to aggregate INNs.

In a word, by considering the following advantages. (1) Since INSs are the more précised class
by which one can handle the vague information in a more accurate way when compared with FSs
and all other extensions like IVFSs, IESs, IVIFSs and so forth, they are more suitable to describe the
attributes of MADM problems, so in this study, we will select the INSs as information expression; (2)
Dombi TN and TCN are more flexible in the decision making process due to general parameter which
is regarded as decision makers’ risk attitude; (3) The PBM operators have the properties of
considering interaction between two input arguments and vanishes the effect of awkward data at the
same time. Hence, the purpose and motivation are that we try to combine these three concepts to take
the above defined advantages and proposed some new powerful tools to aggregate INNs. (1) we
define some Dombi operational laws for INNs; (2) we propose some new PBM aggregation operators
based on these new operational laws; (3) we develop a novel MADM based on these developed
aggregation operators.

The following sections of this article are shown as follows. In Section 2, we review some basic
concepts of INSs, PA operators, BM operators, and GBM operators. In Section 3, we review basic
concept of Dombi TN and TCN. After that, we propose some Dombi operations for INNs, and discuss
some properties. In Section 4, we define INDPBM operator, INWDPBM operator, INDPGBM
operator and INWDPGBM operator and discuss their properties. In Section 5, we propose a MADM
method based on the proposed aggregation operators with INNs. In Section 6, we use an illustrative
example to show the effectiveness of the proposed MADM method. The conclusion is discussed in
Section 7.

2. Preliminaries

In this part, some basic definitions, properties about INSs, BM operators and PA operators are
discussed.

2.1. The INSs and Their Operational Laws

Definition 1. Let Q be the domain set [8,9], with a non-specific member in € expressed by \_/ ANS N_S

in Q is expressed by
E:{<\=/,tﬁ (C),iE (\7) - (\7)>|\7€Q}, (1)
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where, t— (\_/), i (\_I) and f_ (\_/) respectively express the TMD, IMD and FMD of the element veU tothe
NS NS NS

set E For  each  point \=/ eU ,  we have tﬁ (\=/) iﬁ (\7) fE (\=/) IS ]O’ ,1*[ and
0 <t— (\=/) +i— (\=/) +f— (\=/) <3
S NS NS

The NS was predominantly developed from philosophical perspective, and it is hard to be
applied to engineering problems due to the containment of subsets of ]O’,l*[ . So, in order to use it

more easily in real life or engineering problem, Wang et al. [8] presented a subclass of NS by changing
}0’,1*[ to [0,1] and was named SVNS, and is defined as follow:

Definition 2. Let QO be the domain set [10], with a non-specific member in € expressed by V. ASVNS SV

in Q is expressed by
S=V:{<E,t§ (C),iW (\7) - (\7)>|\7€Q}, 2)

where t— (\_/), iE (\_/) and fﬁ (\_/) express the TMD, IMD and FMD of the element VeQ to the set SV

respectively.  For  each  point \=/eQ ,  we have, tﬁ(\j),iﬁ(\j),fﬁ(\j) , E[O,l] and

o<ty (i) (7)+ 15 (1) <2

In order to define more complex information, Wang et al. [9] further developed INS which is
define as follows:

Definition 3. Let Q be the domain set and Ve Q [11]. Then an INS IN in Q is expressed by
m={<\=/,ﬁm (;),Em (C),ﬁm (\=/)>|\7€Q}, 3)

where, TRin (\=/) IDin (=) and FLi (\=/) respectively, express the TMD, IMD and FMD of the element veQ

to the set IN. For each point veU , we have, ﬁm (;),Em (\=/) ; ?_m (\=/)g[0,1] and

0<max IDn (\=/)+maxID|N( )+maxFL|N( )<3

For computational simplicity, we can use ﬁ=<[ﬁL,T:RUMEL,EUMF:LL,ﬁUD to express an

element in in an INS, and the element in is called an interval neutrosophic number (INN). Where

=L ==U =L =—=U =L ==U =U =U =U
[TR TR }Q[O,l], PD ,ID }g[o,l], [FL JFL }Q[O,l] and 0<TR +ID +FL <3.

Definition 4. Let in, = <[T:R1L,T:le } ,[ﬁf,ﬁf }[F:Lfﬁf }> and in; = <[ﬁ§,T:RLzJ Mﬁ;,ﬁg Hﬁ;ﬁg D be any two
INNs [12], and & > 0. Then the operational laws of INNs can be defined as follows:

= = L =L =—Ll=—L =—U —Ll=L =—U=— —l=L =—U=—U
(1) in1@in; =<|:TR1 +TR2 =TR1TR2, TR +TR2 *TRJ_ TRz :|,|:|D1 ID2, ID: ID2 :|,|:FL1 FL2, FL: FL2 :|> (4)

(2) i ®in; = <[TR1TR2 TRlTR2M|D1+|D2 1D: D2, 1D: +1D; - 1Dy IDzMFLﬁFLz FLﬁEﬁhﬁ?—ﬁfﬁ?D; (5)
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3 inf_<{(TR:)‘,(mrﬂ,[l_(l_m:)il_(l_.Dfﬂ,[l_(l_H:)f,l_(l_pg)”’p; ©)
4) §m1:<{1—(1—mfj:,1—(1—mfj } [ Ef ) |Dl H |:|_1 FL1 D @)
D

Definition 5. Let in= <[T:RL,T:R HID ID FL FL [42], be an INN. Then the score function S( ) and

accuracy function A(E) can be defined as follows:

==U =L =U =L ==U
(i) S(f) TR +7R 4 D +ID ., FL+FL (8)
2 2 2
. =L =U =L =U =L ==U
(if) A(m)zTR +TR_ 1D +ID FL +FL 9)
2 2 2

In order to compare two INNs, the comparison rules were defined by Liu et al. [36], which can

be stated as follows.

Definition 6. Let in; = <[T:R1L,T:Rk1J } ,[ﬁ;,ﬁ? }[ﬁfﬁ? }> and in; = <[T:R2L,T:RL2J },[ﬁ;,ﬁg ][ﬁ;ﬁg D be any two
INNs [42]. Then we have:

(DIf S (ﬁ) >S (ﬁz), then ﬁl is better than ﬁz , and denoted by i >ing;

(2)If S (El) =S (ﬁz), and A(El) > A(;z), then iy is better than Ez, and denoted by i > inz;

3)If S (ﬁ) =S (inz), and A(i_nl) = A(mz), then iy is equal to in2 , and denoted by i =ins.

Definition 7. Let in, = <[ﬁ;ﬁf }[ﬁfﬁf ][ﬁiF:Lf D and in, = <[‘I':R;'I':RlzJ }[ﬁ;ﬁg }[F:L;ﬁg D be any two
INNs [15]. Then the normalized Hamming distance between 0Ny and N, is described as follows.

= = l —L =L —U =U N =L —U =U —L =L —U =U
D(|n1,|n2)=g(TRl —TR2|+(TRi =TRz |+|ID: = ID;|+|ID: —1Ds |+|FLs — FLs|+|FL: - FLs

) (10)

2.2. The PA Operator

The PA operator was first presented by Yager [36] and it is described as follows.

Definition 8. For positive real numbers §,(N=12,...,1) [36], the PA operator is described as

|
D (1+T ()
PA(gol,goz,....,gol)—hzll—, (11)
> (1+T(gy))
h=1

|
where, T(@,)= Y, Sup(gah,py), and Sup(goh,goy) is the degree to which @, supports . The

y=Lh=y

support degree (SPD) satisfies the following properties.
(1) sup(py.0,) = sup(e,.,);

2) sup(p,.0,)<[0.1];

(3) sup(p. 0, ) 2 SUP (90,94 ), if |90 —9,| <0 — 24 -
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2.3. The BM Operator

The BM operator was initially presented by Bonferroni [38], and it was explained as follows:

Definition 9. For non-negative real numbers ,(N=12,..,1), and x,y>0 [38], the BM operator is

described as

'V'X’y(sol,pz,....,so.){,zl_lZ > soﬁso!]xw. (12)

The BM operator ignores the importance degree of each input argument, which can be given by
decision makers according to their interest. To overcome this shortcoming of BM operator, He et al.
[52] defined the weighted Bonferroni mean (WBM) operators which can be explained as follows:

Definition 10. For positive real numbers g, (N=12,...1) and x,y>0 [52], then the weighted BM operator
(WBM) is described as

1

| | X+
WBM™ (91,62, [1|ZZ = o Jy, (13)

ht s-Lnss L— Kh

where K = (Kl, K2,y K )T is the importance degree of every ,(N=12,....,1).
The WBM operator has the following characteristics:

T
Theorem 1. (Reducibility) If the weight vector is k = G,:I—L,,I}j , then

1

>3 vier || "

h=1 s=1,z#s

WBM™ (0,05, 1) (

=BM™ (91,2, 2, ).
Theorem 2. (Idempotency) Let @, =,(N=12,...,1). Then BM™¥ (@1, ,,....09) = .

Theorem 3. (Permutation) Let (501,502,...,50,) be any permutation of (er,ZZ',...,Z,'). Then

!

WMB™ (2/,2,0Z) | =WBM (012,11, ). (15)

Theorem 4. (Monotonicity) Let o, > K, (h=12,..,1). Then

WBM ™ (0, 93100 0,) 2 WBM ™ K/ K/, K/ ). (16)

Theorem 5. (Boundedness) The WBM>¥ lies in the min and max operators, that is,

Min (@, 2,1, ) SWBM™ (01, 9., 9, ) S MaX (21, 05,01 62, )- (17)

Similar to BM operator, the geometric BM operator also considers the correlation among the
input arguments. It can be explained as follows:
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Definition 11. For positive real numbers §,(h=12,..,1) and x,y>0 [53], the geometric BM operator
(GBM) is described as

1

1 | I
H H XPhJFyA’Os '2 (18)

GBM™ (,,§,,.. ,go
( ' 2 l X+y h=1 s=1,h=s

The GBM operator ignores the importance degree of each input argument, which can be given
by decision makers according to their interest. In a similar way to WBM, the weighted geometric BM
(WGBM) operator was also presented. The extension process is same as that of WBM, so it is omitted
here.

The definition of power Bonferroni mean (PBM) and power geometric Bonferroni mean (PGBM)
operators are given in Appendix A.

3. Some Operations of INSs Based on Dombi TN and TCN

Dombi TN and TCN

Dombi operations consist of the Dombi sum and Dombi product.

Definition 12. Let 3 and N be any two real numbers [47]. Then the Dombi TN and TCN among I and
N are explained as follows:

: (19)

: (20)

where, X =1, and (S,N) c [O,l]x[O,l].

According to the Dombi TN and TCN, we develop a few operational rules for INNs.
Definition  13.  Let  n-([®R.® |[i5.i5 |[FL"F ) (TR |[B0 [FL AL ]) and
ﬁz:<[T:R§,T:R§Mﬁiﬁfﬂﬁﬁ,ﬁﬁb be any three INNs and @ >0. Then, based on Dombi TN and TCN, the

following operational laws are developed for INNS.

in@in=( [1- ! S1- ! ol !

T
=L \ —L YY) =U 4 =U 7\ =L\ —LV )

1 T W R Y o R [ B
1-TR: 1-TR2 1-TR: 1-TR: 1D ID1
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ﬁ1®ﬁ2: ! T ! T [ 1= ! i)
=LY —L\ )7 =uY —u VY ) —L =L YV}
1-TR 1-TR, 1-TR: 1-TR, ID; 1D,
1+ — +| —¢ 1+ — +| —35 1+ — | + —
(2) TR: TR. TR TR. 1-1D: 1-1D2
(22)
1— L | 1- ! T ! 1
—u VY —u V) —L \ — 2 —u Y —u V)
D1 D2 FL1 FL: FL. FL.
1+ — — 1+ — | + — 1 — | + —
1-1D 1-1D: 1-FL 1-FL. 1-FL 1-FL.
(Dﬁ: 1- E . 1- £ 1 E 1 E 1
—L ) — 7\ =L\ )7 —u\ 7
(3) 14| @ TR T ) L 1+ o 121D 14| @ 1210
1-TR 1-TR 1D ID
(23)
1 1
1 1
—L\ ) —u V)7
1+ 0| 125 14| o 12EE
FL FL
= 1 i 1 1 1 1 1 i
—LV ) —u Y —L V) —u 77
(4) 1+| @ 1’Tf{ 1+| @ l’:TE{ 1+| @ 'D:L 1+| @ 'D:U
TR TR 1-1D 1-1D
f (24)
1-— 1 3’1_ 1 T
8 7 \r =u 7\
1+| @ FL:L 1+| @ FL:U
1-FL 1-FL

Now, based on these new operational laws for INNs, we develop some aggregation operators to
aggregate IN information in the preceding sections.

4. The INPBM Operator Based on Dombi TN and Dombi TCN

In this part, based on the Dombi operational laws for INNs, we combine PA operator and BM to
introduce interval neutrosophic Dombi power Bonferroni mean (INDPBM), interval neutrosophic
weighted Dombi power Bonferroni mean, interval neutrosophic Dombi power geometric Bonferroni
mean (INDPGBM) and interval neutrosophic weighted Dombi power Bonferroni mean
(INWDPGBM) operators and discuss some related properties.

4.1. The INDPBM Operator and INWDPBM Operator

Definition 14. Let in; :<[T:R.L'I':R:J}[E.Lﬁ:J [F:L.Lﬁfb(l =12,..,1), be a group of INNs, and X,y >0. If

. |(1+T(Ei)) E_X@) I(1+T(Ej));_y 5 25)
=1 e uelgl(lﬂ(ﬁu)) | u@:1(1+T(ﬁu)) | |

|NDPBM”(RR,...E.): !
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then INDPBM™
= |
T (inz)z ©® Sup

1,s#2
following ~ axioms: (1)  Sup (Ez Jins ) e[0,1];

is said to be IN Dombi power Bonferroni mean (INDPBM) operator, where

(Ez,ﬁs). Sup(ﬁz,ﬁs) is the support degree for Ez from Es, which satisfies the

2) Sup(ﬁz,ﬁs)=5up(ﬁs,ﬁ); 3)
Sup(ﬁz,ﬁs)ZSup(ﬁa,ﬁb) , if D(Ez,ﬁs)< D(Ea,;b) , in which D(Ea,ﬁb) is the distance measure
between INNs Ea and Eb defined in Definition 7.

In order to simplify Equation (25), we can give

N (1+T(ﬁz))
3]

®
T . . !
and call A= (Al,Az,...,A,) is the power weight vector (PWYV), such that A, >0, @1 A, =1. It turns

(26)

z=1

Equation (25) into the following form

1

X+y

|NDPBM”(R,R,....,ﬁ.){ 1

|
i

27)

G_)_

i o.fonn) |

i
Theorem 6. Let in; =<[ﬁrﬁ?}[ﬁfﬁ?}[ﬁfﬁ.ﬂ>(l =12,..,1) be a group of INNs. Then the value obtained
by utilizing Equation (25) is expressed as

INDPBM”(R.ﬁz

= 1+ szlx X + y 1+ I27|>< i X + y
X+y o =ty =Y X+y =t ’ =u Y
T e 7 ]
1-TRi 1-TR; 1-TRi 1-TR;
17 -1 . X y 1=l . X y
1- 1+ X > —+ — 1- 1+ X > — —
// L m.[“ﬁ'} Im[lf] L IA.[:'E"J IAJ[”E‘]
IDi ID; IDi ID;
r 1 1
2_ \ 2 \
1- L Y vy 1- ! Y L |
e -r - e = O
" =] =" " W =] N =
FL\ FLJ FL\ FL]

Proof. Proof of Theorem 6 is given in Appendix B. o

In order to determine the PWV A, we firstly need to determine the support degree among
INNS. In general, the similarity measure among INNs can replace the support degree among INNS.
That is,

(28)
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SUp(Ei,ﬁm)ﬂ—D(ﬁ,ﬁm)(i,m=1,2,....,|). (29)

Example 1. Let  in=([0.3,07],[02,0.4],[0.3,05]),in: = ([0.4,06],[0.,03],[02,04])  and

713 = <[O.l,0.3],[0.4,0.6],[0.2,0.4]> be any three INNs, x=1,y =1,y =3. Then by Theorem 6 in Equation
(28), we can aggregate these three INNs and  generate the comprehensive value
ﬁ:<[ﬁL,T:RU},[EL,EU}[ﬁL,ﬁU D which is calculated as follows:

Step 1. Determine the supports Sup(ﬁi,ﬁj),i,jzl,Z,S by wusing Equation (29), and then we get

Sup(ﬁ,ﬁz) = Sup(ﬁz,a) =0.9, Sup(ﬁl,ﬁs) - Sup(ﬁa,a) =0.933, Sup(ﬁz,ﬁa) = Sup(mg,ﬁz) =1.
Step 2. Determine the PWV

3
Because T(inz): Z Sup(inz,ins), and

s=1,s#2

T (ﬁl) = Sup(ﬁl,ﬁz)+ Sup(ﬁl,ﬁa =1.833, T (ﬁz) = Sup(ﬁz,ﬁ1)+ Sup(ﬁz,ﬁs) =19T (Fs) = Sup(ﬁa,ﬁ1)+ Sup(ﬁa,ﬁz) =1.933,

then

+1+L(T(ins)+1j_

have
2 X y 1 2 1 2 1
21 =L ch — | =L Ch =L 3 [t = Ehd =L 3 |t =L \}
i
! 3A TR:L ] TR:‘L 3A1 TRiL 3AZ TR:2L 3A1 TR:1L A3 TR3 L 3AZ TR2 3A1
1-TR 1-TR;j 1-TR: 1-TR2 1-TR: 1-TRs 1-TR:
1 2 1 2 1 2
+ — — + — — + — T+ — =0.1281
R N . | | A | | A, o
1-TR. 1-TRs 1-TRs 1-TR: 1-TRs 1-TR.
1
3
2 3
- 1 1
1+ 3 3>< 2 + =0.2590
1+1 5 ﬁL v ﬁL v
i ; ;
i 3A, T 3 —
1-TRi 1-TR;j

Similarly, we can get n = ([0.2590,0.5525],[0.2221,0.4373],[0.2334,0.4365]) .

Theorem 7. (Idempotency) Let in; %[ﬁf,ﬁ?},[ﬁ:,ﬁ?}[ﬁf,ﬁfb,(i=l2,...,|) , be a group of INNs, if all

ini(i=12,...,1) areequal, that is in :ﬁ:<[T:RL,ﬁU},[ﬁL,EU][ﬁL,ﬁUD,(i:L2,...,I), . Then
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INDPBM”(R,R,...,M):in. (30)

Proof. Proof of Theorem 7 is given in Appendix C. o

Theorem 8. (Commutativity) Assume that in'y is any permutation of inu (u=12,...1), then

INDPBM " (in’s,ins, ., in" | = INDPBM ™ (ins ins, .., in . 61)

Proof. From Definition 14, we have
1

S o i) |

i,j=
i#]

INDPBM”( LN, ,7) {

I8

and
b
X+y

= = = | = \Y
INDPBM * (in. ins, .., in: | zilz(mm.) @ (1,in;
o7
Because,
| = \X = \VY | = \X = \VY
> (1avin | @, (1agin', ) = > (1ain ) @, (14, in,)
i1 i

iz i

hence, INDPBM”(ﬁ’l,ﬁ’z,...,ﬁ’.): INDPBM X'V(i=n1,i=nz,...,i=n|). 0

Theorem 9. (Boundedness) Let in; =<[T:R|Lﬁlﬁ:|[ﬁ:_ﬁ|u:|[ﬁ:_ﬁ:_:|>(l =12,..,1) be a group of INNs, and

i =(mex| TR |,min| 101,15 |, min| P/ LY )8 —(min| TR0 TR |:mex( 157, |:max| P/ FL ). Then

i=l

=+

in < INDPBM (ﬁl,ﬁz,...,ﬁ.)sin . (32)

Proof. Proof of Theorem 9 is given in Appendix D. o

Now, we shall study a few special cases of the INDPBM™’ with respectto X and Y.

(1) When y—0,y>0, then we can get

INDPBM *° (ﬁl,ﬁz ...... in.)
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IT<H/{“[ XX/ z/ lAL%R]m M/‘“( _ X/Z/ IAi[l%R- ] ﬂ H
(2) When x=1y—0,y>0, then we can get
INDPBM * (ins, ..., im |
im 1171 J'zl TlR ni 1+ (17 -1 :21 l:R.U L
o]+ bl
1 Lo (171 ,il 1_13? . 14171 ,il 1—1|Di” . , (34)
fraell /el

1//+2
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13 of 31
1
= 1+ = i X ZIZ X + J
= 2 P ﬁL -FRL 7 & ﬁu 7 ﬁu 7
i, ;L ‘ . N ——| =
1 TR| l TR 1-TRi 1-TR;

|
) et (35)
(=
V)

<

I~

—+ —
RN ==
FLi FL;

In the INDPBM operator, we can only take the correlation among the input arguments and
cannot consider the importance degree of input arguments. In what follows, the INWPDBM operator
shall be proposed to overcome the shortcoming of the INDPBM operator.

[ 1
14
2_ | 2_
1- l+|2|>< Y R | 1+|2|><
Lj=l - !
AN ||L3. N ID,
ID D,

operator is defined as

X y X+y

INWDPBMX'V(i=n1,ﬁz,...,m|) L ¢ llwi(T(mi)H) i | ®, llw(T(l—_l)H)E, . (36)

- L ZW (T(lnZ +1)) ZWZ (T(inZ +1))

— |
where, T (ini ) = Z Sup(ini,inj ),x, y > O,W:(Wl,WZ,....,WI )T is the importance degree of the INNs, such

j=li#]

that 0<w, <1(z=12,...1) and iwk =1

k=1
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(

1+(Iz;lx ‘ — ; ' S x
(x+y i |W‘(T(iﬂ\)+1) (
\

- |3 - -
= ] w, (T |n)+1) f w J Xty T IW.(T(im)+1] [(i\ lw‘(mn‘)“) ( =7
iw,(r(ﬁlu))\u ) iw( T(in. +1))(1 ™ ‘ZWI(T(RA))LPE:JJ J

iwz (T(R +1))L1—TdR,

_ el ‘ (N : X y

! 1 X+y % Iw, T(ln +1 1 E Y w (T(m +1 b L]’ ' 1+(X+y % M(T(ﬁ‘)*l) h,ﬁY |w,(1(ﬁ)+1) flfﬁ} ' (37)
Zw Tn: +1) | & J i T +p) T iwz(T(ﬁml))L ol iwltr(ﬁzu))( D,

1/ ‘ / :

-1 ! X -1
14 —x
X+y

x y
i I, (T(ﬁ)ﬂ) [1_ﬁ|“ Vo w(Tin)+) [1-ﬁf}

1 FL,

i Iw T(|n +1 ] W, T(m +1

Zw T(in. +1) T(m +1) FLA

iwz (T(ﬁ +1)) L

Proof. Proof of Theorem 10 is similar to Theorem 6. o

Similar to the INDPBM operator, the INWDPBM operator has the properties of boundedness,
idempotency and commutativity.

4.2. The INDPGBM Operator and INWDPGBM Operator
In this subpart, we develop INDPGBM and INWDPGBM operators.

Definition 16. Let in; =<[ﬁ.LT:R:J}[E.Lﬁ.U }[ﬁrﬁrb (i=12,..,1) bea group of INNs. Then the INDPGBM
operator is defined as

1

(T (ini )+1) (T (ini )+1) ()
= = = I =Z|: T(ing)+1 =>(T(in)+1
INDPGBM”(inl,inz,...,im):L H in; 1( )+y|n“( ) ) (38)
X+Y| 4
iZ]

Then, INDPGBM ™Y is said to be an interval neutrosophic Dombi power geometric Bonferroni mean

|
(INDPGBM) operator. Where T(inz)z > Sup(inz,ins

), Sup(ﬁz,ﬁs) is the support degree for N, from
s=1,s#2
N, which satisfies the following axioms: (1) Sup(ﬁz,;s)e[o,l]; (2) Sup(ﬁz,ins) Sup(ms mz) (3)

SUF’(RES)Z SUP(R'E), if D(ﬁz,ﬁs)< D(ﬁa.ﬁn), in which D(n,.n,)is the distance measure between INNs ina

and iny defined in Definition 7.

In order to simplify Equation (38), we can describe

- I(1+T (R )) | ”
;(1+T (in ))

|
and call A=(A,A,,..A,) is the power weight vector (PWV), such that A, >0, A, =1. Then

z=1
Equation (38) can be written as follows:
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121

= = = ! =IA; =IA;
INDPGBMX'y(inl,inz,...,im):L H(xini +yin; j . (40)

Then the result

obtained from Equation (38) is expressed as

INDPGBM ”(ﬁ,ﬁz ...... ﬁ.)

2_ | 2 1
= |]1- 1+ =L D X y 14+ =L y X y
X+y i1 =Y =LY X+y i1 =Y =vy
i“ 1-TR: 1-TR; i 1-TRi 1-TR;
IA =L I 1 =L |A =U I 1 =U
TR TR; TRi TR
1
-1 . X y 121 . X y
1+ )(er>< Z‘l =L 7+ =L Y 1+[X+yx Uz:l =u V+ =u Y ' (41)
i IA ID: I ID; ] IA IDi | ID;
U = ] =L =Uu ] =U
1-1D 1-1D; 1-1Di 1-1D;
1
'4
2 _ ! 2 _ |
Ll > X + y Ll > X + y
X+y ! =L =L X+Y = —u Y —u v
i FLi FL; i FL, FL;
IA — IA — 1A, — | -
1-FL 1-FL; 1-FL 1-FL;

Theorem 12. (Idempotency) Let in; =

Ei(i =1,2,...,1) areequal, that is ﬁi:ﬁ:<[ﬁL,T:RU},[EL,ﬁU][ﬁL,ﬁUD,(i:LZ,...,I), then

INDPGBM *V(R,R,...,ﬁ.):ﬁ_ 2)

Theorem 13. (Commutativity) Assume that in'y is any permutation of in (U=12,..,1), then

INDPGBM X’y(i=n’1,ﬁ'2,...,i=n'| ) — INDPGBM* (R,Ez,...,ﬁ.), (43)

Theorem 14. (Boundedness) Let ini=
=+ I =L ==U 1 =L =—=U I =L =—U = I =L ==U 1 =L =—=U 1 =L =—U
in =<n?3x[TRi ,TRi },nililn[lDi , ID;i :|,rTi'I:iln|:FLi , FLi :|>,in =<n:1:i1n[TRi ,TRi :l, i31X|:|Di , IDi ], i31X|:|:Li ,FLi j|>, then

in < INDPGBM (R,R,...,i ) <in . (44)

Definition 17. Let ﬁ.=<[ﬁf,TZR:J},[Ef,ﬁu},[ﬁ:,ﬁfb,(i=J,2,...,|) be a group of INNs, then the

INWDPGBM operator is defined as
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twg (T (i) 1) (T imyea) ) )
= = = | =Z|:sz(ﬁz)+1 =Z|:wlT(ﬁz)+1
INWDPGBMX.V(inllinzl_”inl):L 11| xin" ( )+yin;:1 i) || us)
X+Y| i3
i#]

Theorem 15. Let in =<[T:R.Lﬁ.u}[ﬁfﬁ.u}[ﬁfﬁr]>(l =12,..,1) be a group of INNs. Then the agqregated

result from Equation (45) is expressed as

( n( ( (

\ (
e S x N y
' 1+[x+y % | w(uﬁ‘)u) fﬁ\l |wj(T(ﬁ)+1) (EW
L‘ZWI(T(RM]L w iwz(r(i)u]t w
=1 21 y)

1
—
I
=
b
=
-

:\‘ZWI'T(E‘)“)L R ) Il W

)
| X N y

x+y #l w(r(ﬁ.)u) (L7 i Tn)+1] hﬁj]

{ \

y X y

( ( \ 1)
1+ lzjx ZI: = ! Pat = ; 1+[7x ZI: - ot in ’ ‘
x+y = [T+ (& } T +1 (B J , Xty i 1) +1] (o J Iw,(T(im)+1)( o } |

‘zwz(r(im)h—ﬁ iwz(T(R)ﬂ)lgl*E z‘;wz(r(i:nlm]b—ﬁ iwl(r(im)‘\ﬁ}'

‘Zw,(r(ﬁm]h—ﬁ %wl(uﬁ,m)h’ﬁ iwl(T(ﬁ)A)‘\l—ﬁ\u, ‘Zw,(r(ﬁ,m]tﬁ

( 1
( \ (
(8 ‘ X y S ‘ X N |
1+ X+y [ m(T(ﬁ.)A) ( T J le(T(ﬁ)ﬂ) (EJ { 1 [Hy ”Zl M':T(EM) ‘, = \l IwJ(T(ﬁJ)A) ( = J
\

5. MADM Approach Based on the Developed Aggregation Operator

In this section, based upon the developed INWDPBM and INWDPGBM operators, we will
propose a novel MADM method, which is defined as follows.

Assume that in a MADM problem, we need to evaluate U alternatives M ={M1, Mo,..., Mu}

with respect to Vv attributes C :{CI,CZ,...,Cv} , and the importance degree of the attributes is
represented by w=(wl,wz,...,wv)T , satisfying the condition @, €[0,1],> @, =1. The decision
h=1

matrix for this decision problem is denoted by D= [d gh:l , where
mxn
den =<[T:R;h,T:RH,[ﬁ;,ﬁ;“ﬁgnﬁ;b is an INN for the alternative M ¢ with respect to the attribute

Chn, (g =12,..uh=1 2,...,V). Then the main purpose is to rank the alternative and select the best
alternative.

In the following, we will use the proposed INWDPBM and INWDPGBM operators to solve this
MADM problem, and the detailed decision steps are shown as follows:

Step 1. Standardize the attribute values. Normally, in real problems, the attributes are of two types,
(1) cost type, (2) benefit type. To get right result, it is necessary to change cost type of attribute
values to benefit type using the following formula:

(46)
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dgh = <|:ﬁ;h,ﬁl;h:|,|il—ﬁl;h ,1—E;h:|,|iﬁlg_h,-r:RZh :|> (47)
Step 2. Calculate the supports

Supp(dgh,dg|)=1— D(dgh,dgl), (9=12,..,u;h,1=12,...,v), (48)

where, D (d o, da ) is the distance measure defined in Equation (10).

Step 3. Calculate T (d gh)

T(dgh):isupp(dgh,dgl),(g =12,..,u;h,1=1,2,...,v). (49)

I#h

Step 4. Aggregate all the attribute values dg (h=12,..,,v) to the comprehensive value R, by using
INWDPBM or INWDPGBM operators shown as follows.

R, = INWDPBM (dgl,dgz,....,dgv); (50)
or
R, = INWDPGBM (dg:,dgz, ..., di ). 1)

Step 5. Determine the score values, accuracy values of R (g =12,...,u), using Definition 5.

Step 6. Rank all the alternatives according to their score and accuracy values, and select the best
alternative using Definition 6.
Step 7. End.

This decision steps are also described in Figure 1.

Start

Read the decision matrix D_

If the attributes are cost type, then If all attributes are same type, then,

Step 4 Step 5

Step 6 Step 7

Figure 1. Flow chart for developed approach.
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6. Illustrative Example

In this part, an example adapted from [42] is used to illustrate the application and effectiveness
of the developed method in MADM problem.
An investment company wants to invest a sum of money in the best option. The company must

invest a sum of money in the following four possible companies (alternatives): (1) car company Mz;
(2) food company M :; (3) Computer company Ms; (4) An arm company M4, and the attributes
under consideration are (1) risk analysis Ci; (2) growth analysis C:; (3) environmental impact

analysis Cs. The importance degree of the attributes is @ =(0.35,0.4, 0.25)T . The four possible
alternatives Mg(g=12,3,4) are evaluated with respect to the above attributes Cn (h =12, 3) by the

form of INN, and the IN decision matrix D islisted in Table 1. The purpose of this decision-making
problem is to rank the alternatives.

Table 1. The IN decision matrix B .

Alternatives/Attributes G Cx Cs
M. ([0.4,0.5],[0.2,0.3],[0.3,0.4]) ([0.4,0.6],[0.1,0.3],[0.2,0.4])  ([0.7,0.9],[0.7,0.8],[0.4,0.5])
M, ([0.6,0.8],[0.1,0.2],[0.1,0.2])  ([0.6,0.7],[0.15,0.25],[0.2,0.3])  ([0.3,0.6],[0.2,0.3],[0.8,0.9])
Ms ([0.3,0.6],[0.2,0.3],[0.3,0.4]) ([0.5,0.6],[0.2,0.3],[0.3,0.4])  ([0.4,0.5],[0.2,0.4],[0.7,0.9])
M. ([0.7,0.8],[0.01,0.1],[0.2,0.3])  ([0.6,0.7],[0.1,0.2],[0.3,0.4]) ([0.4,0.6],[0.5,0.6],[0.8,0.9])

6.1. The Decision-Making Steps

Step 1. Since C1,C: are of benefit type, and Cs is of cost type. So, Cs will be changed into benefit

type using Equation (47). So, the normalize decision matrix D is given in Table 2.

Table 2. The Normalize IN decision matrix E .

Alternatives/Attributes G C; Cs
M ([0.4,0.5],[0.2,0.3],[0.3,0.4]) ([0.4,0.6],[0.1,0.3],[0.2,0.4])  ([0.4,0.5],[0.2,0.3],[0.7,0.9])
M, ([0.6,0.8],[0.1,0.2],[0.1,0.2])  ([0.6,0.7],[0.15,0.25],[0.2,0.3])  {[0.8,0.9],[0.6,0.7],[0.3,0.6])
Ms ([0.3,0.6],[0.2,0.3],[0.3,0.4]) ([0.5,0.6],[0.2,0.3],[0.3,0.4]) ([0.7,0.9],[0.6,0.8],[0.4,0.5])
M. ([0.7,0.8],[0.01,0.1],[0.2,0.3])  ([0.6,0.7],[0.1,0.2],[0.3,0.4]) ([0.8,0.9],[0.4,0.5],[0.4,0.6])

Step 2. Determine the supports Supp(d gh,dgl), (0=12,34;h,1=1,2,3) by Equation (48) (for

simplicity we denote Supp(dgh,dgl) with SZ ), we have

gh,gl
S111,12 = S112,11 =0.950; 8112.13 = 8113,12 =0.800; S111,13 = 5113,11 =0.85; 8121,12 = S122,11 =0.933, S122‘13 = S123,12 =0.717 S121,13 = 5123,11 =0.683,
S131,12 = S132,11 =0.967; S132‘13 = S133,12 =0.733; S131,13 = S133,11 =0.700; S141,12 = S142‘11 =0.902; S142,13 = S143,12 =0.783; S141,13 = SlAs,n =0.752;
Step 3. Determine T (d gh ) 1(0=12,3,4,h=12,3) by Equation (49), and we get
Tlll = :|_800,'|'112 = :|.75(),'|'113 = 1650,T1i = 1617,T1§ = 1650,T1§ =1400,
T2 =1667,T2 =1.700,T. =1433 T} =1653,T, =1685,T,% =1535.

Step 4. (a) Determine the comprehensive value of every alternative using the INWDPBM operator,
that is, Equation (50) (Assume thatx=y=Ly= 3) , we have

R, =([0.3974,0.5195],[0.1823,0.3023],[0.3353,0.4796 );
R, =([0.6457,0.7954],[0.1700,0.2885],[0.2044,0.3265);
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R, = ([0.4846,0.6503],[0.2556,0.3711],[0.3376,0.4394]);
R, =([0.6938,0.7953],[0.1062,0.2154],[0.3069,0.4278] .

(b) Determine the comprehensive value of every alternative using the INWDPGBM operator,
that is Equation (51), (Assumethatx =y =1, =3), we have

R, =([0.4026,0.5381],[0.1570,0.2977],[0.2998,0.4520]);

R, ={[0.6654,0.8193],[0.1558,0.2686],[0.1836,0.3035);

R, = ([0.5159,0.6732],[0.2366,0.3473],[0.3265,0.4279]);
[

R, = <[0.5159,0.8193],[0.0938,0.1952], 0.2862,0.4037]).
Step 5. (a) Determine the score values of R (g=12,3,4) by Definition 5, we have
S(R,)=18087,S(R,) =2.2259,S(R;) =18656,S(R,) = 2.2164;
(b) Determine the score values of R (g=12,34) by Definition 5, we have
S(R)) =18671,S(R,) = 2.2866,S(R,) =19254,S(R,) = 2.1781,;

Step 6. (a) According to their score and accuracy values, by using Definition 6, the ranking order is
M2 > M4 > Ms > Mi. So the best alternative is M 2, while the worst alternative is M.
(b) According to their score and accuracy values, by using Definition 6, the ranking order is

M2 >Ms > M3z >Mi. So the best alternative is M 2, while the worst alternative is Ma.

So, by using INWDPBM or INWDPGBM operators, the best alternative is M 2, while the worst

alternative is M.

6.2. Effect of Parameters y, X and y on Ranking Result of this Example

In order to show the effect of the parameters X and Y on the ranking result of this example,
we set different parameter values for X and Y, and y =3 is fixed, to show the ranking results of

this example. The ranking results are given in Table 3.
As we know from Tables 3 and 4, the score values and ranking order are different for different
values of the parameters X and Y, when we use INWDPBM operator and INWDPGBM operator.

We can see from Tables 3 and 4, when the parameter values x =1 or 0 and y = 0 or 1, the best choice
is M4 and the worst one is M1. In simple words, when the interrelationship among attributes are

not considered, the best choice is M 4 and the worst one is Mi. On the other hand, when different
values for the parameters X and Y are utilized, for INWPBM and INWDPGBM operators, the

ranking result is changed. That is, from Table 4, we can see that when the parameter values
X =1y =1, the ranking results are changed as the one obtained for x =1 or 0 and y = 0 or 1. In this

case the best alternative is M 2 while the worst alternative remains the same.
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Table 3. Ranking orders of decision result using different values for X and Y for INWDPBM.

Parameter Values INWDPBM Operator Ranking Orders
S(R,) =19319,S(R,) =2.4172,

X = :0, :3
Ly=07y S(R,) =20936,S(R,) = 24222; M¢>Mz>Ms>M.
S(R,) =18338,5(R,) = 2.2684,
X = :5, :3
Ly=57y S(R,) =19049,S(R,) = 2.2666; Mz >Me>Ma>Mu.
S(R,) =18169,5(R,) = 2.2398,
x=3y=7,y=3
y=tr S(R,) =18777,5(R,) = 2.2327; M2>Ma>Ms>Mu.
S(R,) =18143,S(R,) = 2.2354,
X=5y=10,7 =3
y=tr S(R,) =18738S(R,) =2.2275; M¢>Mz>Ms>M..
S(R,) = 18501, S(R,) = 2.2966,
x=1y=10,y =3
Ly=107y S(R,) =193555(R,) =23012; M¢>Mz>Ms>M..
S(R,) =18182,S(R,) = 2.2419,
x=10,y=4,y=3
y=4v S(R,) =18796,5(R,) =2.2352; M¢>Mz>Ms>M..
S(R,) =18285,S(R,) = 2.2592,
X:3!y212’7:3 M2>Ms>Ms>Mi.

S(R,) =18958,S(R,) = 2.2557;

From Tables 3 and 4, we can observe that when the values of the parameter increase, the score
values obtained using INWDPBM decrease. While using the INWDPGBM operator, the score values
increase but the best choiceis M, for x=y=>1.

Table 4. Ranking orders of decision result using different values for X and Y for INWDPGBM.

Parameter Values INWDPGBM Operator Ranking Orders
X=1y=0y=3 S(R,) =15032,S(R,) =17934, MM
’ S(R,) =15136,S(R,) =18037; 4>M2>Ms>M..
X=1y=5y=3 S(R,) =18220,S(R,) = 2.2256, " " " "
' S(R,) =18717,S(R,) = 2.1140; 2>Ms>Ms>M.
S(R,) =18539,S(R,) = 2.2686,
x=3y=ty=3 M >Ma>Ms > M.

S(R,) =19094,5(R,) = 2.1584;
S(R,) =18583,5(R,) = 2.2745,
S(R,) =19146,5(R,) = 2.1647;
S(R,) =17814,5(R,) = 2.1710,

x=5,y=10,7 =3 M2>Ms>Ms > M.

x=1y=107=3
:Ly Y S(R3)=1.8248,S(R4)=2.0632; M2>M4>Msz>Mi.
S(R,) =18087,S(R,) = 2.2259,
x=10,y=4,y=3
y=&y S(R,)=18656,S(R,) = 22164; Mz >Me>Ms>Ma.
S(R)=18671,S(R,) = 2.2866,
x=3y=12,y=3 ’ Mas>Mo>Ms> M.

S(R,) =19254,S(R,) =2.1781;

From Table 5, we can see that different ranking orders are obtained for different values of y .
When y=05and y =2, the best choiceis M, by the INWPBM operator; when we use the INWPGBM

operator, itis M, . Similarly, for other values of »>2, the best choiceis M, while the worstis M,.
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Table 5. Ranking orders of decision result using different values for y .

INWDPGBM Operator

Ranking Orders

Parameter
Values INWDPBM Operator
S(R,) =16662,S(R,) = 2.1025,
—ly-1,_05 S® (R,)
S(R,)=17606,S(R,) = 2.1972;
S(R,) =17783,S(R,) = 2.2015,
ely_1,_2 SR GH) .
S(R;) =18408,S(R,) = 2.2091;
S(R,)=18229,S(R,) = 2.2363,
ely_i,_a S®) (R,) _
S(R,) =18803,S(R,) = 2.2219;
S(R,) =18375,S(R,) = 2.2455,
ely_1,_7 SR (R,) '
S(R;) =19037,S(R,) = 2.2315;
S(R,) =18418,S(R,) = 2.2477,
ly-t1,-10 SR (R,)
S(R;) =19160,S(R,) = 2.2365;
S(R,) =18447,S(R,) = 2.2488,
ly-t1y_15 SR GH)
S(R;) =19270,S(R,) = 2.2409;
S(R,) =18460,S(R,) = 2.2492,
ly-t1y_20 S® (R)

S(R,) =19328,S(R,) = 2.2432;

S(R,) =17870,S(R,) = 2.2347,
S(R,) =19103,5(R,) = 2.1812;
S(R,) =18491,S(R,) = 2.2786,
S(R,) =19213,S(R,) = 2.1799;
S(R,) =18740,5S(R,) = 2.2856,
S(R,) =19275,S(R,) = 2.1751;
S(R,) =18747,S(R,) = 2.2763,
S(R,) =19331,S(R,) = 2.1669;
S(R,)=18701,5(R,) = 2.2698,
S(R,) =19373,S(R,) = 2.1622;
S(R,) =18642,S(R,) = 2.2637,
S(R,) =19414,S(R,) = 2.1582;
S(R,) =18608,S(R,) = 2.2604,
S(R,) =19435,S(R,) = 2.1562;

Ms>M2>Ms> M.
M2 >Ms>Msz>Ma.
Ms>M2>Ms> M.
M2 >Ms>Ms > M.,
M2>Ms>Ms>Ma.
M2 >Ms>Ms > Ma.
M2>Ms>Ms>Ma.
M2>Ms>Ms>Ma.
M2>Ms>Ms>Ma.
M2>Ms>Ms>Ma.
M2>Ms>Ms>Ma.
M2>Ms>Ms>Ma.
M2>Ms>Ms>Ma.
M2>Ms>Ms>Ma.

6.3. Comparing with the Other Methods

To illustrate the advantages and effectiveness of the developed method in this article, we solve
the above example by four existing MADM methods, including IN weighted averaging operator, IN
weighted geometric operator [12], the similarity measure defined by Ye [15], Muirhead mean
operators developed by Liu et al. [42], IN power aggregation operator developed by Liu et al. [37].

From Table 6, we can see that the ranking orders are the same as the ones produced by the
existing aggregation operators when the parameter values x=1y=0,7 =3, but the ranking orders are
different when the interrelationship among attributes are considered. That is why the developed
method based on the proposed aggregation operators is more flexible due the parameter and practical
as it can consider the interrelationship among input arguments.
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Table 6. Ranking order of the alternatives using different aggregation operators.

Aggregation

Parameter Score Values Ranking Order
Operator
S(R,) =18430,S(R,) = 2.2497,
INWA operator [12] No S(R,) =19151,5(R,) = 2.2788; Ms>M2>Msz > M.
INWGA operator S(R,) =17286,S(R,) = 2.0991,
[12] No S(R,) =L17751,S(R,) = 2.1608; Ma>M:>Ms > M.
Similarity measure Dl(R*, R)=0.7948, Dl(R*, R,) = 09581,
H ing dist N . . Ms>M2>Msz>Ma.
R ¢ D,(R",R,)=0.8805D, (R",R,) =0.9725; ¢~ 27 e~
Generalized Power Yes S(R,) =18460, 5(R,) = 2.2543,
Aggregation a=1 S(R,) =19163,5(R,) = 2.2799; Ms>Mz>M:>M..
operator [37]
INWMM operator Yes S(R,) =18054,S(R,) = 2.2321,
_ _ . Ms>M2>Msz>Mi.
[42] P11 S(R,) =19172,S(R,) = 2.2773;
INWDMM operator Yes S(R)) =16260,S(R,) =19202,
_ _ . Ms>M2>Msz>Mi.
[42] P11 S(R,) =17061,S(R,) = 2.0798;
Proposed INWDPBM v S(R)=19319,S(R,) = 24172, Mo > Moo M o M
x=1y=0,y=3 ° S(R,) = 2.0936,5(R,) = 2.4222; +>Mz2>Mas>Ma.
IN?\;’S;Z";M S(R)=15032,5(R,) =17934,
Y
X=Ly0y =3 es S(R,) =15136,5(R,) =L803T; Ms>M2>Ms>Ma.
INWDPBM operator Yes S(R,) =18087,S(R,) = 2.2259,
in this article X=y=1Ly=3 S(R,) =18656,S(R,) = 2.2164; M2 >Ms>Ms >Mu.
INWDPBM operator Yes S(R,) =18671,S(R,) = 2.2866,
in this article X=y=1Ly=3 S(R,) =19254,S(R,) = 2.1781; M2 >Ms>M;s > M.

From the above comparative analysis, we can know the proposed method has the following
advantages, that is, it can consider the interrelationship among the input arguments and can relieve
the effect of the awkward data by PWV at the same time, and it can permit more precise ranking
order than the existing methods. The proposed method can take the advantages of PA operator and
BM operator concurrently, these factors makes it a little complex in calculations.

The score values and ranking orders by these methods are shown in Table 6.

7. Conclusions

The PBM operator can take the advantage of PA operator, which can eliminate the impact of
awkward data given by the predisposed DMs, and BM operator, which can consider the correlation
between two attributes. The Dombi operations of TN and TCN proposed by Dombi have the edge of
good flexibility with general parameter. In this article, we combined PBM with Dombi operation and
proposed some aggregation operators to aggregate INNs. Firstly, we defined some operational laws
for INSs based on Dombi TN and TCN and discussed some properties of these operations. Secondly,
we extended PBM operator based on Dombi operations to introduce INDPBM operator, INWDPBM
operator, INDPGBM operator, INWDPGBM operator and discussed some properties of these
aggregation operators. The developed aggregation operators have the edge that they can take the
correlation among the attributes by BM operator, and can also remove the effect of awkward data by
PA operator at the same and due to general parameter, so they are more flexible in the aggregation
process. Further, we developed a novel MADM method based on developed aggregation operators
to deal with interval neutrosophic information. Finally, an illustrative example is used to show the
effectiveness and practicality of the proposed MADM method and comparison were made with the
existing methods. The proposed aggregation operators are very useful to solve MADM problems.
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In future research, we shall define some distinct aggregation operators for SVHFSs, INHFSs,
double valued neutrosophic sets and so on based on Dombi operations and apply them to MAGDM
and MADM.
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Appendix A. Basic Concept of PBM Operator

Definition A1l. For positive real numbers g, (h=12,.,1) and xy>0the aggregation mapping [54]

PBMX'Y(Wivpz rrrrr pl)= i ZI: (T(S/)I)Jrl) @i X I(T(@) ) i (Al)

B8R S (T (e)+1) | | X (00)+)

o=1 o=l

is said to be power Bonferroni mean (PBM) mean operator.
Definition A2. For positive real numbers g, (h=12,.,1) and xy>O0the aggregation mapping [54]

1
I(T(1)+1) I(T(es)4) ) )P
1 | i(T( ©0)+1) i{(T ($0)+1)

[1|xei + Y]

(A2)

PBM Y (801,502 vvvv @I):

is said to be power geometric Bonferroni mean (PGBM) mean operator.

In Definitions Al and A2, T(p,)= i supp(p;, ;). and  supp(e;, ;) is the SPD for g, from g, satisfying

j=L

the axioms as;

(1) sup(p;, ;) =1-D(g;,$;) , S0 sup(e;, ;) €[0,1];

(2) sup(g;, ;) =sup(;, ©,);

(3) sup(©,. ;)2 sup (9.4 ). if | —,| <] — 04 -

where D(p,, ;) is the distance measure among ¢, and p, .

Appendix B. Proof of Theorem 6

Proof. Since

and
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['AV 'Ayb’]]y ' o Izll:,lzj:l%[mxcf IAyc/JJ”
]]’ A |21_|L;21%[|A>i(h(+|/\fh;]]y

>

ij=1
i#]
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R —
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Now, put
R R 1-1D; , 1-1D; 1-FL . 1-FL R, TR,
a = :IL'bi: :Iu'ci: _:Ll'di: _:uI i _:Ll'hi: _:UI = :JL’bj: :J ,
1-TRi 1-TRi ID; ID; FLi FLi 1-TR; 1-TR;
=U
11— |DJ 1-1D; 11— FL, 1-FL;
iT dj===10;= T =0
IDJ IDJ FL, FL;
in Equation (A3), we can get
1
1 = \X = \Y w
ﬁZ(IAil i) ®D(IAj|n,)
iLj=1
i#j
1 1
'4
B 12-1 ! X y 121 ! X y
= o Zl = ~+ — . 1+ X+y>< .; = ~+ = p
: N —=| | —= ” A~ | A=
1-TR 1-TR; 1-TRi 1-TR;
[ 1
v 7
121 ! X y 121 ! X y
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2 | 2 |
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FLi FL; FLi FL,

This is the required proof of the Theorem 6. O

Appendix C. Proof of Theorem 7
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L 1
2 2_
X+y = X+y R
1-TR 1-TR.

= el / / [ﬂng ]
/el

(i e

Appendix D. Proof of Theorem 9
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Therefore according to the Definition 6Equation, we have

in < INDPBM (E,ﬁz,...,ﬁ.).

In a similar way, the other part can be proved. Thatis INDPBM (ml,mz , ---,mm ) <in . Hence

=- = = = =+

in <INDPBM (inl,inz,...,inm)sin .
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