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Abstract
In this article, an enhanced X-bar control chart using generalized multiple dependent state (GMDS) sampling under 
neutrosophic statistics is presented. The joint advantages of GMDS sampling and the neutrosophic statistics have been 
recycled for the efficient monitoring of the average quality characteristic of any production process. The efficiency of the 
proposed chart has been evaluated using the average run length values under different ranges of the parameters under study. 
The comparison of the proposed chart with the existing control chart has been discussed. The comparison shows that the 
proposed chart is better than the existing chart. Results reveal the superiority of the proposed neutrosophic-based GMDS 
sampling chart. In addition, an example has also been included for the practical implementation of the proposed methodology.

Keywords  X-bar control charts · Generalized MDS sampling · Process monitoring · Neutrosophic statistics · ARL · 
Simulation

Abbreviations
ARL	� Average run length
ARL0	� Average run length of in-control process
ARL1	� Average run length of out-of-control process
GMDS	� Generalized multiple dependent state
GMDSRS	� GMDS sampling repetitive sampling
MDS	� Multiple deferred/dependent state
a	� Constant
�	� Type-I error
�	� Type-II error
c	� Shift level
IN	� Neutrosophic interval
nN	� Sample size of neutrosophic data
nL	� Lower sample size

nU	� Upper sample size
XN	� Mean of neutrosophic data
LCL1N	� Outer lower control limits
UCL1N	� Outer upper control limits
LCL2N	� Inner lower control limits
UCL2N	� Inner upper control limits
K	� Neutrosophic control limits coefficient

1  Introduction

The application of a control chart is a mandatory tool for 
any production process or any goods and services provider 
agency for maintaining its repute in the market as well as 
the profit maximization. The idea of a control chart was 
floated by American Physicist Walter A. Shewhart during 
1920s. According to the Shewhart notion of control chart, 
any interested quality characteristic can be observed, judged, 
evaluated, examined and classified to fall in the zones of 
in-control for usual changes and out-of-control for unusual 
changes [1]. The X-bar chart is the most powerful tool for the 
quality control department to determine the unusual fluctua-
tions during the production process. Usually, the X-bar con-
trol chart operates using three control limits namely lower 
control limit, upper control limit and central control limit. 
A statistic is plotted on the control chart and the process is 
declared out-of-control if the plotting statistic lies outside 
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the control limits. The quick detection of the out-of-control 
process is the crucial need of any production process not 
only to avoid losses of scrape and burden of rework but also 
for improving the quality of the product. Normally situation 
of out-of-control arises when the quality of raw material is 
compromised, irresponsible attitude of attendants, fluctua-
tions in environmental and weather conditions, etc. A bulk 
of literature on monitoring techniques is available since the 
inception of the notion of the control chart technique but 
only the most recent methodologies are reviewed here. Bakir 
[2] presented the control chart for monitoring the common 
and special causes of variation for workers in the manage-
ment department. Calzada and Scariano [3] presented the 
monitoring scheme for the joint monitoring of the mean and 
the variance of the interested quality characteristics. Mac-
Naughton and Coomans [4] proposed the composite control 
chart for the overall monitoring using the software with the 
complete algorithm. Nazir, Schoonhoven [5] presented a 
robust dispersion chart for the efficient monitoring of the 
variations. Goedhart, da Silva [6] developed adjusted control 
charts for the classical Shewhart chart using the analytical 
method under normality.

A multiple deferred/dependent state (MDS) sampling 
scheme was initially developed by [7] for the attribute 
acceptance sampling plans in which the fate of the 
submitted lot has three categories; accept the lot, reject the 
lot or conditionally accept or reject the lot depending on 
the fate of previously submitted lots. During the last two 
decades, MDS sampling has attracted the attention of several 
researchers of variable control chart for its quick detection 
ability. [8] studied the attribute control chart using the 
MDS sampling. Due to the efficient working of the MDS 
sampling, several modifications have been introduced 
by the quality control researchers. A control chart using 
modified MDS sampling for the exponentially distributed 
characteristic has been presented by [9]. The generalized 
multiple dependent state (GMDS) sampling scheme is used 
by adding an additional parameter for the decision of any 
sample based upon the fixed number of the selected samples 
and the number of samples falling within control limits, see 
Bhattacharya and Aslam [10] presented an efficient sampling 
plan using GMDS sampling for the measurement errors. 
A variable sampling plan using the GMDS sampling has 
been developed for the one-sided process capability index 
by [11]. The GMDS sampling plan has been developed for 
the exponential new Pareto distributed mean life assurance 
by [12].

Average run length (ARL), is a very commonly used 
technique to evaluate the performance of the proposed chart, 
which is defined as the average number of samples before the 
process indicates an out-of-control situation [1]. The notion 

of ARL calculation for evaluating the performance of the 
control chart was introduced by [13]. Numerical integration 
for calculating the ARL in the control charts has been 
presented by [14]. Usually, two types of ARLs are calculated 
i.e., in-control ARL denoted by ARL0 is calculated using 
the formula  1∕� where � is the probability of type-I error, a 
pre-defined value of 200, 300 or 370 and out-of-control ARL 
denoted by ARL1 is calculated using the formula 1∕(1 − �) 
where � is the probability of type-II error. As a rule of thumb 
ARL0  must be higher for the in-control process whereas the 
ARL1 must be the least value for any efficient monitoring 
scheme [1]. Also, the ARL value for zero shift is known as 
in-control ARL. More detail on ARL can be found in [15, 
16].

Several classical control charts have been developed for 
the normal, crispy, clear, complete and determined data 
of the interested quality characteristics. There are many 
situations in which the data are imprecise, soggy, vague, 
incomplete, inadequate or uncertain for which the traditional 
control charts may lead to erroneous conclusions. The 
neutrosophic logic introduced by [17] is based upon the 
percentage of indeterminacy which is the extension of the 
fuzzy logic. For more information on fuzzy, the readers are 
referred to Abu Arqub, Singh [18] and Abu Arqub, Singh 
[19]. Further [20] introduced the neutrosophic statistics 
using the neutrosophic logic treating the imprecise, soggy, 
vague, incomplete, inadequate or uncertain observations. 
There are many situations when the available data are 
consisted of ranges instead of exact values then the collected 
data cannot be analyzed using classical statistics. Classical 
statistics is unable to analyze and interpret the data having 
neutrosophic numbers or data having observations in 
intervals. Neutrosophic statistics is used as an alternative to 
deal with the data in indeterminacy intervals or expressed 
in neutrosophic numbers, see [21]. Albassam, Khan [22] 
developed the technique to test the normality of the data for 
the indeterminate intervals. Abu Arqub, Abo-Hammour [23] 
studied a continuous genetic algorithm for solving singular 
two-point boundary value problems. Arqub and Abo-
Hammour [24] suggested a continuous genetic algorithm for 
the numerical solution of systems of second-order boundary 
values.

Aslam [25] presented an efficient monitoring scheme 
for variance using the neutrosophic interval method. 
Aslam, Bantan [26] introduced an attribute control chart 
for neutrosophic statistics. During the last few years, the 
neutrosophic statistics have attracted the attention of several 
researchers including [20, 27] and [28]. Aslam and Khan 
[29] proposed the X-bar control chart using the single 
sampling scheme using neutrosophic statistics. Aslam et al. 
[30] proposed the X-bar control chart using MDS under 



International Journal of Computational Intelligence Systems           (2022) 15:73 	

1 3

Page 3 of 10     73 

neutrosophic statistics. Aslam [31] worked on the X-bar 
control chart using the repetitive sampling scheme. Khan 
and Aslam [32] presented the X-bar control chart using 
the multiple dependent state repetitive sampling scheme. 
By exploring the literature and according to the best of the 
authors’ knowledge, there is no work on the control chart 
GMDS using neutrosophic statistics. As the prime objective, 
as mentioned earlier, the approach of a control chart is utilized 
for the efficient monitoring of the production process to avoid 
the burden of scrap and rework of the wanton production 
line. The quick the message is conveyed to the production 
and technical staff the fewer the defective items will be 
produced. In this article, the situation of quick monitoring for 
the neutrosophic data/ observation has been stated and a new 
technique is introduced to serve this purpose Therefore, we 
developed a variable control chart using neutrosophic statistics 
under the GMDS sampling technique.

2 � Methodology of the Proposed 
Neutrosophic Statistics Chart

In this section, the methodology of the GMDS sampling 
control chart under the neutrosophic statistics has been 
elaborated. Suppose the interested quality characteristic 
(x) with mean � and standard deviation � of the normal 
distribution are given then the procedure of the GMDS 
sampling repetitive sampling (GMDSRS) scheme under 
neutrosophic statistics is stated as follows

Step 1: Choose randomly a sample of size

and find

where nN is a sample size of neutrosophic data, nL lower 
sample size and nU upper sample size, XN is the mean of 
neutrosophic data.

S tep  2 :  Dec la re  t he  p roces s  i n -con t ro l 
LCL2N ≤ XN ≤ UCL2N and out-of-control if XN ≥ UCL1N 
or XN ≤ UCL1N.

where LCL2N ≤ XN ≤ UCL2N are the inner upper and 
lower control limits and  XN ≥ UCL1N and XN ≤ LCL1N are 
the outer upper and lower control limits.

Step 3: The process is supposed to be in-control if 
at least k out of m preceding sample’s mean fall inside 
LCL2N ≤ XN ≤ UCL2N , where m and k are any positive inte-
gers such that m ≥ k Otherwise, the process is stated to be 
out-of-control.

Following [30], the four neutrosophic control limits are 
constructed as

(1)nN = nL + nUInN ; InN ∈
[

InL, InU
]

(2)XN = XL + XUIXN ; I
XN

∈
[

I
XL
, I

XU

]

where k1N�
[

k1L, k1U
]

 and k2N�
[

k2L, k2U
]

 are neutrosophic con-
trol limits coefficients.

Assume that the quality control personnel are unclear 
about earlier subgroups iN = iL + iUIiN ;IiN�

[

IiL, IiU
]

 and 
sample size nN = nL + nUInN ;InN�

[

InL, InU
]

 . The function-
ing state of the process is based upon the above-mentioned 
four control limits (Eqs.  3–6). The suggested chart is 
the generalization of the chart using the MDS sampling 
scheme under neutrosophic statistics. Further, suppose that 
�N�

[

�L,�U

]

= m
N
�
[

mL,mU

]

 be the targeted neutrosophic 
average. Then the probability that the process is in-control 
under GMDS is defined as

where P
s,N = P

(

LCL1N < X
N
< LCL2N

)

+ P

(

UCL2N < X
N

< UCL1N

)

= 2
{

Φ
N

(

k1
N

)

− Φ
N

(

k2
N

)}

Therefore, the formula for in-control ARL is defined as

Let the process has shift to a new neutrosophic mean 
�1N = mN + c�N , where c is a shift constant. Then for the 
shifted process, the formula for the out-of-control process 
under GMDS is defined as

(3)

LCL1N = m
N
− k1N

�
N

√

n
N

;�
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�

(4)
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N
+ k1N
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(7)

P0

in,N
= Pa,N + Ps,N

[

mN
∑

J=kN

mN!

j!
(

mN − j
)

!
PJ
a,N

(

1 − P0

in,N

)mN−J
]

(8)Pa,N =
(

2ΦN

(

k2N
)

− 1
)

(9)ARL0,N =
1

1 − P
0

in,N

(10)
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and

; iN ∈
[

iL, iU
]

, nN ∈
[

nL, nU
]

Then the expression for ARL for the shifted process using 
GMDS under neutrosophic statistic is defined as

3 � Results and Discussion

Using the above-mentioned methodology, the control chart 
coefficients, ARL of the in-control and out-of-control pro-
cesses have been computed and given in this section. The 
ARL which is the mean of the run-length distribution is 
defined as the average number of samples before the process 
shows an out-of-control situation based upon type-I errors 
( � ) [1, 33]. When the process is running under an in-control 
situation the values of ARL are denoted by ARLo and usu-
ally considered to be the larger values as the shift is set to 
zero [34, 35]. The performance of any proposed chart is 
evaluated by calculating the ARL values of the shifted pro-
cess and is denoted by  ARL1 based upon the type-II error 

(11)Pa1,N = P
�

ΦN

�

k2N − c
√

nN
�

+ Φ
�

k2N + c
√

nN
�

− 1
�

(12)Ps1,N = ΦN

�

k1N + c
√

nN
�

− ΦN

�

k2N + c
√

nN
�

+ ΦN

�

k1N − c
√

nN
�

− ΦN

�

k2N − c
√

nN
�

(13)ARL1,N =
1

1 − P1

in,N

( � ). The smaller values of ARL1 are considered as the better 
chart for any industrial process, so that the corrective action 
may be taken quickly to avoid the non-conforming items 

[36]. Let r0N be the specified value of ARL for the in-control 
process. The influencing parameters are k1N and k2N which 
are non-negative integers, mN is the neutrosophic number 
with the condition that m ≥ k and IN is the group number 
representing the contribution of multiple dependent scheme. 
The control chart coefficients and the values are ARLs are 
found using the following simulation procedure.

Step 1: Specify the value of r0N and determine the values 
of k1N�

[

k1L, k1U
]

 and k2N�
[

k2L, k2U
]

 such that ARL0,N ≥ r0N.
Step 2: Specify the values of c and determine the values 

of ARL1,N

Tables 1, 2, 3, 4, have been generated for nL = 5, 10, 20 
and  30 with ARL0,N = 200. Note here that we assumed the 
indeterminacy in sample selection. In Tables 1, 2, 3, 4, the 
determinate value of sample size nL is mentioned. We deter-
mined the values of K1N , K2N and ARL using various values 
of IN and a wide range of shift levels c = 0, 0.01, 0.02, 0.05, 
0.08, 0.10, 0.20, 0.30, 0.40, 0.50, 0.60, 0.70, 0.80, 0.90, 
0.95 and 1.00. It should be noted here that when the pro-
cess is in-control that is when c = 0 the value of ARL0,N is 
approximately equal to 200, which can be observed from 
Tables 1, 2, 3, 4. For instance in Table 1, when IN = 0.2 

Table 1   The average run length 
ARL1 values under neutrosophic 
statistics for n

L
= 5

I
N

0.2 0.4 0.6 0.8 1.0

K1N [3.1618,3.4704] [2.89,3.2572] [3.232,3.8073] [3.2294,3.6911] [2.9418,3.7863]
K2N [2.8071,2.8154] [2.8071,2.8179] [2.8071,2.8161] [2.8072,2.8182] [2.8074,2.816]
Shift ARL

N

0 [200.03,205.26] [200.04,206.88] [200.01,205.74] [200.07,207.04] [200.2,205.64]
0.01 [199.6,204.72] [199.61,206.24] [199.58,205.02] [199.64,206.22] [199.77,204.75]
0.02 [198.31,203.12] [198.32,204.36] [198.28,202.89] [198.34,203.81] [198.47,202.1]
0.05 [189.65,192.53] [189.66,192.02] [189.63,189.03] [189.69,188.28] [189.81,185.15]
0.08 [175.28,175.31] [175.29,172.37] [175.26,167.38] [175.31,164.48] [175.42,159.68]
0.10 [163.66,161.71] [163.66,157.2] [163.64,151.04] [163.69,146.88] [163.79,141.22]
0.20 [103,95.26] [103,87.3] [102.99,79.55] [103.02,73.6] [103.08,67.66]
0.30 [60.31,52.83] [60.31,46.24] [60.3,40.52] [60.32,36.17] [60.35,32.24]
0.40 [35.71,30.05] [35.71,25.45] [35.71,21.71] [35.72,18.92] [35.73,16.54]
0.50 [21.91,17.90] [21.91,14.82] [21.91,12.43] [21.91,10.67] [21.92,9.22]
0.60 [14.00,11.21] [14.00,9.15] [14.00,7.6] [14.00,6.48] [14.01,5.58]
0.70 [9.33,7.38] [9.33,5.99] [9.33,4.96] [9.33,4.23] [9.34,3.66]
0.80 [6.48,5.1] [6.48,4.14] [6.48,3.45] [6.48,2.96] [6.48,2.58]
0.90 [4.69,3.69] [4.69,3.02] [4.69,2.54] [4.69,2.21] [4.69,1.95]
0.95 [4.04,3.2] [4.04,2.63] [4.04,2.23] [4.04,1.95] [4.04,1.74]
1.00 [3.52,2.8] [3.52,2.32] [3.52,1.98] [3.52,1.75] [3.52,1.57]
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the ARL1,N�[200.03,205.26], IN = 0.4 the ARL1,N�

[200.04,206.88], IN = 0.6 the ARL1,N�[200.01,205.74], 
IN = 0.8 the ARL1,N�[200.07,207.04] and when IN = 1.0 
the ARL1,N�[200.2,205.64]. The values of ARL of the 
shifted process ARL1,N  rapidly decrease as the c , the shift 

levels going to increase from 0.01 to 1.00. For instance, 
from Table 2, when  IN = 0.5 and c = 0.01  then ARL1,N = 
[199.13,199.84], c = 0.02  then ARL1,N� [196.57,196], c = 
0.40  then ARL1,N� [16.25,9.62] and for c = 1.0  ARL1,N = 
[1.57,1.17]. These results show the validity of the developed 

Table 2   The average run length 
ARL1 values under neutrosophic 
statistics for n

L
= 10

I
N

0.1 0.2 0.3 0.4 0.5

K1N [3.0656,3.0913] [3.2107,3.2812] [3.072,3.4186] [3.1742,3.6019] [2.8226,2.8903]
K2N [2.8075,2.8133] [2.8071,2.8076] [2.8072,2.8183] [2.807,2.8201] [2.807,2.8089]
Shift ARL

N

0 [200.27,203.9] [200.05,200.36] [200.12,207.1] [200,208.32] [200,201.14]
0.01 [199.4,202.92] [199.18,199.32] [199.26,205.93] [199.14,207.05] [199.13,199.84]
0.02 [196.84,200.04] [196.62,196.25] [196.69,202.47] [196.57,203.31] [196.57,196]
0.05 [180.42,181.79] [180.22,176.94] [180.28,180.94] [180.18,180.2] [180.18,172.5]
0.08 [155.71,154.84] [155.55,148.95] [155.6,150.33] [155.51,147.92] [155.51,140.16]
0.10 [137.78,135.67] [137.64,129.39] [137.69,129.35] [137.61,126.2] [137.61,118.72]
0.20 [66.2,62.37] [66.14,57.29] [66.16,54.97] [66.13,51.76] [66.13,47.32]
0.30 [31.63,28.92] [31.61,25.94] [31.61,24.23] [31.6,22.31] [31.6,20.07]
0.40 [16.26,14.58] [16.25,12.9] [16.25,11.85] [16.25,10.77] [16.25,9.62]
0.50 [9.09,8.06] [9.08,7.09] [9.08,6.45] [9.08,5.84] [9.08,5.22]
0.60 [5.51,4.87] [5.51,4.29] [5.51,3.9] [5.51,3.54] [5.51,3.19]
0.70 [3.62,3.21] [3.62,2.85] [3.62,2.6] [3.62,2.38] [3.62,2.17]
0.80 [2.56,2.29] [2.56,2.06] [2.56,1.9] [2.56,1.76] [2.56,1.63]
0.90 [1.94,1.76] [1.94,1.61] [1.94,1.5] [1.94,1.41] [1.94,1.33]
0.95 [1.73,1.58] [1.73,1.46] [1.73,1.37] [1.73,1.3] [1.73,1.24]
1.00 [1.57,1.44] [1.57,1.34] [1.57,1.27] [1.57,1.22] [1.57,1.17]

Table 3   The average run length 
ARL1 values under neutrosophic 
statistics for n

L
= 20

I
N

0.1 0.2 0.3 0.4 0.5

K1N [2.9704,3.376] [2.8543,3.3874] [2.8497,3.0948] [2.9197,3.6712] [3.0387,3.6416]
K2N [2.807,2.8204] [2.8072,2.8203] [2.8073,2.817] [2.8074,2.8081] [2.807,2.8158]
Shift ARL

N

0 [200.01,208.47] [200.08,208.45] [200.17,206.3] [200.22,200.69] [200.01,205.52]
0.01 [198.28,206.47] [198.35,206.27] [198.43,203.98] [198.49,198.26] [198.28,202.85]
0.02 [193.25,200.68] [193.32,199.98] [193.4,197.27] [193.46,191.3] [193.25,195.21]
0.05 [163.64,167.15] [163.69,164.1] [163.76,159.6] [163.8,152.74] [163.63,153.52]
0.08 [126.05,125.98] [126.09,121.34] [126.15,115.93] [126.18,109.18] [126.05,107.74]
0.10 [102.99,101.47] [103.02,96.55] [103.06,91.21] [103.08,85.06] [102.99,83.01]
0.20 [35.71,33.35] [35.72,30.38] [35.73,27.61] [35.74,24.92] [35.71,23.4]
0.30 [14,12.69] [14,11.31] [14.01,10.1] [14.01,9] [14,8.3]
0.40 [6.48,5.8] [6.48,5.14] [6.48,4.58] [6.48,4.09] [6.48,3.76]
0.50 [3.52,3.15] [3.52,2.81] [3.52,2.53] [3.52,2.3] [3.52,2.13]
0.60 [2.22,2.01] [2.22,1.83] [2.22,1.68] [2.22,1.55] [2.22,1.47]
0.70 [1.6,1.47] [1.6,1.37] [1.6,1.29] [1.6,1.23] [1.6,1.18]
0.80 [1.28,1.21] [1.28,1.16] [1.28,1.12] [1.28,1.08] [1.28,1.06]
0.90 [1.13,1.09] [1.13,1.06] [1.13,1.04] [1.13,1.03] [1.13,1.02]
0.95 [1.08,1.05] [1.08,1.03] [1.08,1.02] [1.08,1.01] [1.08,1.01]
1.00 [1.05,1.03] [1.05,1.02] [1.05,1.01] [1.05,1.01] [1.05,1]
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technique. According to the definition of ARL of the shifted 
process, its smaller values convey quickly the process dete-
rioration. Thus, if a shift of 0.02 amount creeps into the 
production process it is signaled after 196 samples, a shift 
of 0.40 amount is signaled after only 16 samples and a shift 
of amount 1.00 is detected as early as after only 1.57 sam-
ples. This shows that the developed methodology is very 
much effective in lessening the burden of defective items 
and ultimately leads to maximizing the profits and good 
repute to the firm. It can also be observed that as the value 
of nL increases from 5 to 30 then the ARL1,N significantly 
decreases. For instance, in Table 1, when  IN = 0.4 and  c = 
0.10 then ARL1,N � [163.66, 157.2], in Table 2 for the same 
parameters ARL1,N � [137.61, 126.2], in Table 3 for the same 
parameters ARL1 � [103.08, 85.06] and in Table 4 this range 
is [81.12, 63.9] which clearly indicate that larger values of IN 
are beneficial for early detection of out-of-control process.

Aslam and Khan [29] proposed the X-bar control chart 
using the single sampling scheme using neutrosophic 
statistics. Aslam et al. [30] proposed the X-bar control chart 
using MDS under neutrosophic statistics.

4 � Monitoring Using Simulated Data

In this section, the advantages of the proposed control chart 
have been described on the basis of simulated data gener-
ated under the proposed methodology. We will compare the 
efficiency of the proposed study with those [29] and [30]. 

Simulation is used to describe the model of a real world 
situation/ process to be executed in the computer for moni-
toring key parameters of the selected system or process. The 
purpose is to gain insight into the working of the system 
under the random variation. To examine the competence of 
the proposed chart under the GMDS sampling, the data is 
simulated using specified control chart parameters.

Through simulation, the first 20 observations are gener-
ated from an in-control process considering ARL0,N = 200 
with nL = 5 and IN = 0.40 from the normal distribution with 

Table 4   The average run length 
ARL1 values under neutrosophic 
statistics for n

L
= 30

I
N

0.1 0.2 0.3 0.4 0.5

K1N [3.6766,3.7973] [2.9778,3.538] [3.5294,3.8723] [2.914,3.7808] [3.3049,3.5429]
K2N [2.8071,2.8219] [2.8074,2.8142] [2.8074,2.8223] [2.8071,2.8083] [2.8071,2.8144]
Shift ARL

N

0 [200.02,209.49] [200.21,204.47] [200.21,209.71] [200.02,200.8] [200.04,204.64]
0.01 [197.44,206.49] [197.62,201.3] [197.63,206.16] [197.44,197.18] [197.45,200.68]
0.02 [190.04,197.93] [190.22,192.28] [190.22,196.15] [190.04,187.01] [190.05,189.59]
0.05 [149.64,152.32] [149.77,145.17] [149.77,144.99] [149.63,135.91] [149.64,135.06]
0.08 [105.18,104.22] [105.27,97.21] [105.27,94.83] [105.18,87.31] [105.19,84.94]
0.10 [81.12,79.08] [81.18,72.84] [81.18,70.09] [81.12,63.9] [81.12,61.43]
0.20 [22.97,21.19] [22.99,18.77] [22.99,17.29] [22.97,15.32] [22.97,14.2]
0.30 [8.18,7.35] [8.19,6.44] [8.19,5.84] [8.18,5.16] [8.18,4.73]
0.40 [3.72,3.33] [3.72,2.95] [3.72,2.68] [3.72,2.41] [3.72,2.23]
0.50 [2.12,1.92] [2.12,1.74] [2.12,1.62] [2.12,1.5] [2.12,1.42]
0.60 [1.46,1.36] [1.46,1.28] [1.46,1.22] [1.46,1.16] [1.46,1.13]
0.70 [1.18,1.13] [1.18,1.09] [1.18,1.06] [1.18,1.04] [1.18,1.03]
0.80 [1.06,1.04] [1.06,1.02] [1.06,1.02] [1.06,1.01] [1.06,1.01]
0.90 [1.02,1.01] [1.02,1] [1.02,1] [1.02,1] [1.02,1]
0.95 [1.01,1] [1.01,1] [1.01,1] [1.01,1] [1.01,1]
1.00 [1, 1] [1, 1] [1, 1] [1, 1] [1, 1]

Fig. 1   The proposed control chart for simulated data
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mean zero and unit variance. The next 20 observations are 
generated from the shifted process with a shift of 0.50 in 
mean, then the ARL1,N is [21.91, 14.82] when IN is 0.4 from 
Table 1. The proposed control is shown in Fig. 1. The con-
trol chart proposed by [30] is shown in Fig. 2 and the control 
chart proposed by [29] is shown in Fig. 3. Figure 1 shows 
that a shift of 0.50 is detected after the 33rd observation 
from the generated sample data having an interval [0.3175, 
1.4171]. This shows the detecting ability of the proposed 

chart when the process mean is hit by a shift of 0.50. Fig-
ures 2 and 3 do not detect the shift in the process (Table 5).

5 � Fertilizer Monitoring Using Real Data

For the practical application of the proposed chart, an 
example from the fertilizer industry has been included 
in the paper. To achieve this objective data on fertilizer 
production has been included in this article. The fertilizer 
production data collected after every 10 min of a gap in 
an agriculture form in Malaysia [[37]] have been used to 
construct the control chart. Table 6 has been generated 
for 20 observations at six different time intervals with 
mean values. The four control limits are for the fertilizer 
production data calculated as:

LCL1 = [15.59, 15.61],
LCL2 = [15.65, 15.70],
UCL2 = [16.58, 16.47],
UCL1 = [16.64, 16.58].
The statistics computed from fertilizer production data 

have been plotted on the control limits. The proposed con-
trol is shown in Fig. 4. The control chart proposed by [30] 
is shown in Fig. 5 and the control chart proposed by [29] 
is shown in Fig. 6. Figures 4, 5, 6 shows that some points 
are out of control for the fertilizer data. Figure 4 provided 
a narrow indeterminacy interval in control limits than the 
control limits in Figs. 5 and 6.

Fig. 2   The control chart proposed by [30] for the simulated data

Fig. 3   The control chart proposed by [29] for simulated data

Fig. 4   The proposed control for the real data
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6 � Concluding Remarks

In this article, an efficient control chart using the general-
ized MDS sampling for neutrosophic statistics has been 
presented. The control chart coefficients have been com-
puted for different sample sizes. The ARL values of the 
shifted process have been calculated which shows that the 
proposed chart is an efficient monitoring chart for quickly 

detecting different process shifts. The simulation study of 
the proposed chart has also been made for evaluating its 
quick detecting ability. A real-world example of fertilizer 
data has been included to evaluate the efficient detecting 
ability of the proposed chart. The proposed chart will 
explicitly reduce the amount of scrap and rework items 
in any manufacturing unit. It has been observed that 
the proposed chart is a valuable addition to the toolkit 

Table 5   Simulation data under 
ARL0 = 200 with n

L
= 5 and 

I
N
= 0.40

1 2 3 4 5
[0.1176,− 0.2036] [0.5526,− 0.0745] [− 0.6255,− 0.183] [0.6839,− 1.0037] [− 0.0391,0.6303]
6 7 8 9 10
[− 0.3129,0.4285] [− 0.376,0.3117] [− 0.1161,0.0614] [1.0098,− 0.4574] [0.1798,− 0.1542]
11 12 13 14 15
[0.258,0.0334] [− 0.4708,− 0.478] [− 0.5538,0.1005] [− 0.0751,− 0.138] [− 0.1228,− 0.225]
16 17 18 19 20
[− 0.4445,− 0.279] [0.6386,− 0.0926] [0.5147,0.226] [0.0044,− 0.0874] [− 0.1607,− 0.591]
21 22 23 24 25
[0.0017,0.6387] [0.4646,0.1902] [0.3703,0.6733] [0.0662,0.3654] [0.3445,0.8605]
26 27 28 29 30
[0.5632,0.1083] [0.5058,1.1555] [0.5743,0.4357] [0.564,0.1213] [0.1673,0.3044]
31 32 33 34 35
[− 0.0608,0.697] [0.8267,1.0918] [0.3175,1.4171] [0.4125,0.4055] [0.8066,0.5308]
36 37 38 39 40
[0.7046,0.5305] [0.8052,0.0796] [1.1821,0.4341] [0.3882,1.2807] [1.1739,0.3082]

Table 6   Real data of 20 samples 
of fertilizer production, taken 
from [37]

Sr # 10 min 20 min 30 min 40 min 50 min 60 min X
N

1 15.8 16.3 16.2 16.1 16.6 16.4 [16.20,16.23]
2 16.3 15.9 15.9 16.2 16.4 16.2 [16.14,16.15]
3 16.1 16.2 16.5 16.4 16.3 16.1 [16.30,16.27]
4 16.3 16.2 15.9 16.4 16.2 16.0 [16.20,16.17]
5 16.1 16.3 16.4 16.3 16.0 15.8 [16.22,16.15]
6 16.1 15.8 16.7 16.6 16.4 16.2 [16.32,16.30]
7 16.1 16.3 16.5 16.1 16.5 16.3 [16.30,16.30]
8 16.2 16.1 16.2 16.1 16.3 16.1 [16.18,16.17]
9 16.3 16.4 16.4 16.1 16.5 16.3 [16.34,16.33]
10 15.3 15.4 15.5 15.3 15.2 15.3 [15.34,15.33]
11 16.2 16.6 15.9 16.1 16.4 16.2 [16.24,16.23]
12 14.9 15.1 15.2 15.1 15.4 15.5 [15.14,15.2]
13 16.4 16.3 16.6 16.2 16.2 16.0 [16.34,16.28]
14 16.5 16.5 16.2 16.1 16.4 16.2 [16.34,16.32]
15 15.2 15.5 15.5 15.7 15.8 15.9 [15.54,15.60]
16 16.0 16.4 16.3 16.1 16.2 16.0 [16.20,16.17]
17 16.4 16.0 16.4 16.1 16.2 16.0 [16.22,16.18]
18 16.0 16.2 16.4 16.5 16.1 15.9 [16.24,16.18]
19 16.4 16.2 16.3 16.2 16.4 16.2 [16.3,16.28]
20 16.4 16.4 16.5 16.0 15.8 15.6 [16.22,16.12]
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of the quality control experts. The proposed study using 
multivariate/complex analysis can be extended as future 
research.
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