Taylor & Francis
Taylor & Francis Group

Statistics

Statistics
A Journal of Theoretical and Applied Statistics

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/gsta20

Acceptance reliability sampling plan for discrete
lifetime models

Ji Hwan Cha & Maxim Finkelstein

To cite this article: Ji Hwan Cha & Maxim Finkelstein (2021): Acceptance reliability sampling plan
for discrete lifetime models, Statistics, DOI: 10.1080/02331888.2021.2013845

To link to this article: https://doi.org/10.1080/02331888.2021.2013845

@ Published online: 28 Dec 2021.

\]
CJ/ Submit your article to this journal &

||I| Article views: 18

A
& View related articles '

® View Crossmark data (&'

CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=gsta20


https://www.tandfonline.com/action/journalInformation?journalCode=gsta20
https://www.tandfonline.com/loi/gsta20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/02331888.2021.2013845
https://doi.org/10.1080/02331888.2021.2013845
https://www.tandfonline.com/action/authorSubmission?journalCode=gsta20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=gsta20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/02331888.2021.2013845
https://www.tandfonline.com/doi/mlt/10.1080/02331888.2021.2013845
http://crossmark.crossref.org/dialog/?doi=10.1080/02331888.2021.2013845&domain=pdf&date_stamp=2021-12-28
http://crossmark.crossref.org/dialog/?doi=10.1080/02331888.2021.2013845&domain=pdf&date_stamp=2021-12-28

STATISTICS Ia|y|?r & Francis
https://doi.org/10.1080/02331888.2021.2013845 aylor & Frandis Group

[ W) Check for updates‘

Acceptance reliability sampling plan for discrete lifetime
models

Ji Hwan Cha? and Maxim Finkelstein®:<

aDepartment of Statistics, Ewha Womans University, Seoul, Republic of Korea; PDepartment of Mathematical
Statistics, University of the Free State, Bloemfontein, South Africa; “Department of Management Science,
University of Strathclyde, Glasgow, UK

ABSTRACT ARTICLE HISTORY
Various types of acceptance reliability sampling plans have been Received 20 June 2021
reported in the literature. Most of the existing studies deal with the ~ Accepted 28 November 2021
lifetimes of items described by continuous distributions. However, KEYWORDS

discrete lifetimes are also frequently encountered in practice. For Variables sampling plan;

example, field failures are often collected and reported daily, weekly, discrete lifetime; discrete
and so forth. Items often operate in cycles and the experimenter failure rate; stochastic order;
observes the number of cycles successfully completed prior to failure. comparison of populations

In this study, we develop a variables acceptance reliability sampling
plan for items having discrete lifetimes. Furthermore, the reliability
improvement in the population reliability characteristics after the
testing procedure, as compared to those before the test, is discussed
in detail. The reliability sampling acceptance test is applied for het-
erogeneous populations using the alternative discrete hazard rate
for the corresponding proportional hazards model. Some numerical
examples illustrate our findings.

1. Introduction

Based on a random sample drawn from a lot provided by a supplier, a consumer can decide
on whether to accept or to reject this lot of products. This is often done by means of the
corresponding acceptance sampling plan. Thus, from products grouped into lots, a sample
is picked at random and, on the basis of the information obtained from this sample, the
entire lot is accepted or rejected. As lots of poor quality can be screened by sampling tests,
the acceptance sampling plan has become an essential tool in statistical quality control. A
general introduction to the theory and practice of acceptance sampling plans can be found
in Stephens [1] and Montgomery [2]. Specifically, when the lifetime of a product is the main
characteristic of its quality, the corresponding sampling plans are called life test reliability
sampling plans.

Various types of acceptance reliability sampling plans have been suggested and studied
in the literature. For instance, in life testing, a fixed number of items are often tested for
some fixed period of time (Type I censoring) or until some fixed number of items on test
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fail (Type II censoring). In the initial stage of development, the reliability sampling plans
for items described by the exponential lifetime distribution were mainly investigated. See
Epstein [3], Epstein and Sobel [4,5], Blugren and Hewette [6], Fairbanks [7] for different
acceptance reliability sampling plans in this case. Ferting and Mann [8] and Schneider [9]
considered the Weibull distribution for the development of acceptance reliability sampling
plans. Later on, more sophisticated reliability sampling plans have been developed. See, for
instance, Seidel [10], Edgeman and Salzberg [11], Sohn and Jang [12], Pérez-Gonzélez and
Fernandez [13], Kim and Yum [14], Lam and Choy [15], Tsai and Wu [16], Balakrishnan
etal. [17], Aslam and Jun [18] and Aslam et al. [19-22]. Recently, Cha [23] has studied the
effect of reliability sampling plan on the population of products. Aslam et al. [24] and Bhat-
tacharya and Aslam [25] have studied the modified multiple dependent state sampling plan
and the generalized multiple dependent state sampling plan, respectively. Multiple depen-
dent state (MDS) sampling plan is applied for the reduction of inspection cost and makes a
decision by utilizing the current sample and/or previous sample information. Aslam et al.
[24] considered the designing of a modified version of the MDS sampling plan to achieve
more reduction in the sample size with the desired protection. Bhattacharya and Aslam
[25] considered a modified version of MDS which is found to be efficient in minimizing
sample size as compared to the MDS plan. The sampling plan proposed in this paper is
different from MDS sampling plan in the sense that it utilizes only the current sample
information.

As far as we know, the acceptance reliability sampling plans reported in the literature
have been developed only for the continuous lifetime distributions of the manufactured
items. However, items with lifetimes described by the discrete distributions can be fre-
quently encountered in practice as well. For example, field failures are often collected and
reported daily, weekly, and so forth. Items often operate in cycles and the experimenter
observes the number of cycles successfully completed prior to failure.

Therefore, the goal and contribution of this paper are in developing a new variables
acceptance reliability sampling plan for items with lifetimes described by discrete distribu-
tions. Moreover, the paper can be considered as a starting point for further studies of the
acceptance reliability sampling plans for discrete lifetime distributions.

It is also important from practical and theoretical points of view to discuss in detail the
changes in reliability characteristics of a population before and after the testing procedure.
For instance, the following question should be answered: will the population lifetime after
the successful test be larger (and in what stochastic sense) than that before the test? It is
worth noting that the obtained results on the developed acceptance reliability sampling
plan are general in the sense that they are valid for any discrete distribution.

This paper is organized as follows. In Section 2, as preliminaries for our discussion,
some basic concepts for stochastic order are introduced and related properties are briefly
discussed. A general reliability sampling plan for discrete lifetime distributions is devel-
oped in Section 3, where a testing procedure is formulated and the rule for acceptance
and rejection of the lots is defined. In this section, to represent the variability (heterogene-
ity) in the population reliability characteristics, the discrete proportional hazard model
is employed. The parameters of the proposed sampling plan are determined taking into
account two types of risks (i.e., the producer’s risk and the consumer’s risk). To find the
parameters more conveniently, a searching procedure is developed. In Section 4, we show
the utility of the proposed sampling plan by comparing the lifetime distributions of the
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populations before and after the testing procedure. It is shown that the lifetime of the pop-
ulation which has passed the life testing procedure is stochastically larger than that of the
original population. In Section 5, to describe variability in population reliability character-
istics, the discrete additive hazard model is considered and discussed. Finally, in Section 5,
some concluding remarks are given.

2. Preliminaries

In this section, we present the necessary definitions and distribution properties for discrete
lifetimes. Let T be the discrete lifetime, with supportin {1, 2, .. .}. The discrete-time failure
rate is defined as

o = T=h
Ak) =Pr(T =Kk|T > k 1)_P1~(T>k—1)
fl  _Sk-D-S® ., )

TSk—1)  Sk-1)
where S(k) = Pr(T > k), F(k) = Pr(T < k) and f (k) = Pr(T = k) are the corresponding
survival function, cumulative distribution function (cdf) and the probability mass function
(pmf), respectively. Then the relationships among these measures are given by

k
Stk =T —n@).Ftky =1~k )
i=1
and
k—1
fly =) [T —2ra6)
i=1
respectively.

Note that the discrete failure rate (1) is always bounded, i.e., A(k) < 1, as it is defined
as a conditional probability, which is the crucial distinction from the case of continuous
distributions, where A(#) as such is not a probability. Also, we have a product form for the
survival function in (2) instead of the famous exponential representation in the continuous
case.

For our further discussion on modelling variability in the population reliability charac-
teristics and for relevant stochastic comparisons, we need to introduce some basic concepts
for stochastic orders. For more details, the readers could refer to Shaked and Shanthikumar
[26] and Cha and Finkelstein [27].

Definition 2.1: Let Z; and Z, be two nonnegative continuous or discrete random variables
with respective failure rate functions A (t) and 1, (¢), such that

A (t) = Ap(t), forallt > 0

Then Z; is said to be smaller than Z; in the sense of failure rate order, which is denoted by
Z ffrZZ-
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Definition 2.2: Let Z; and Z, be two nonnegative continuous or discrete random variables
with respective survival functions S; () and S, (#), such that

S1(t) < Sy(¢), forallt >0

Then Z; is said to be smaller than Z, in the sense of usual stochastic order, which is denoted
bY VARSY/R

Definition 2.3: Let Z; and Z, be two nonnegative continuous (discrete) random variables
with respective probability density functions (probability mass functions) f(f) and f>(¢),
such that

A®

—— is decreasing for allt > 0

130 8
Then Z; is said to be smaller than Z, in the sense of likelihood ratio order, which is denoted
bY VARS Y43

Due to Shaked and Shanthikumar [26], it holds that
Z1<wly = D1 <fply = L1 <sZ) (3)

Furthermore, for stochastic comparison of populations to be discussed in the next
section, we need the following lemma. The proof can also be found in Shaked and
Shanthikumar [26].

Lemma 2.1:

(i) Let Z; and Z, be two nonnegative random variables satisfying Z1 <4Z,. Then E[Z;] <
E[Z,].
(i) IfZ1<aZ and g(-) is any increasing [decreasing] function, then g(Z1) <q[>1g(Z2).

Now we are ready to describe the population distribution. Note that the quality level
of the produced items is variable due to many different reasons such as the quality of
resources and components used in the production process, human errors, uncontrollable
significant quality factors, and so forth. Thus, when the lifetime of a product is its main
quality characteristic, defective resources and components may result in shorter lifetime
of the corresponding population of the produced item, and vice versa. Thus, the described
heterogeneity in manufactured items is the intrinsic property of real-life populations of
products.

For a continuous lifetime with the failure rate A(#), such variability is often modelled
by the following well-known proportional hazard model (Leemis [28], Ebeling [29], Badia
et al. [30], Kumar and Klefsj6 [31]) or the relative risk model (Kalbfleisch and Prentice
(32])

A = Org(b), £ > 0 (4)

where 0 > 0 and A((t) is the baseline failure rate function.
However, for a discrete random variable, the discrete failure rate is always bounded by 1
and the proportional hazard model in a continuous setting cannot be directly applied to this
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case. This, along with other deficiencies, can be regarded as a critical restriction, especially
from a modelling point of view. Due to this reason, the alternative discrete failure rate
function has been suggested in the literature (e.g., Roy and Gupta, [33]) in the following
way

_ Sky . _
r(k) = —In Sk~ 1),k =1,2,...
As
r(k) = —In(1 — A(k)) or A(k) = 1 — exp(—r(k)) (5)

the alternative failure rate function can be considered as a suitable transformation of A (k).
Taking into account (5), define the baseline alternative failure rate as

ro(k) = —1In[1 — Xo(k)]

where Ao(k) is the baseline discrete failure rate function of the produced items. Since the
discrete failure rate r(k) can take values in (0, 00), similar to the continuous setting in (4),
we can now employ the proportional hazard model for the discrete lifetime as follows:

r(k) = 0ro(k) (6)
Then, from (5) and (6),

A(k) =1 — exp[—r(k)] = 1 — exp[—Oro(k)] = 1 — (exp[—ro(K)])’ =1 — (1 — Xo(k))"
(7)

and throughout this paper, we assume the model (7) for describing variability of reliability
characteristics of the manufactured items. Throughout this paper, it is also assumed that
the items in the same lot are manufactured under a sufficiently stable manufacturing envi-
ronment so that they share common failure time distribution following (7), which is the
usual assumption employed in variables sampling plans (see, e.g., Fertig and Mann [8]).

Denote by Tj the lifetime of an item which corresponds to the failure rate function in
(7). Then 6, < 6, implies that Ty, >4 Ty, and, accordingly, due to (3), Ty, > Ty,. Thus,
larger 6 corresponds to a shorter lifetime, and vice versa.

3. Sampling plan for discrete lifetimes

In this paper, the quality of a lot will be defined in terms of the mean time to failure of the
item drawn from the lot. Observe that the mean of Ty can be written as

oo k
E[T] =) [0 - 206)”
k=0 i=1

0
where [] (-) = 1, and, then, under the model (7), 6; < 6, implies
i=1

oo k oo k
E[Ty] =Y [T = 26" =Y T - 200G = ElTs,]

k=0 i=1 k=0 i=1

Thus, as 0 increases, the mean time to failure of an item monotonically decreases.
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We will now develop a reliability sampling plan which assures that the mean time to fail-
ure of the item should be greater than a certain level. As in the reliability sampling plans for
continuous lifetime, we assume that the consumer requires that the lot acceptance prob-
ability should be smaller than the specified consumer’s risk 8 at a lower quality level m,,
whereas the producer requires that the lot rejection probability should be smaller than the
specified producer’s risk « at a higher quality level m, m; > m,, where m; and m; rep-
resent the mean time to failure of the item at the two quality levels. However, as E[Ty] is
monotonic in 6, we can find 6; and 6, (6; < 6,) which satisfy E[Ty,] = m;, i = 1,2, respec-
tively. Then, in terms of the value of 8, the lower quality level is defined by 6 = 6, and the
higher level is defined by 6 = 6. Therefore, throughout this paper, for convenience, the
quality levels will be represented by using the value of €, instead of the value of the mean
time to failure.

We will formally define now the proposed sampling plan for discrete lifetime models.
From the lot to be tested, # items are drawn at random and they are put into the life test
for the time interval (0, ko], where ko > 1 is a specified discrete testing time (a positive
integer). Define N as the number of items which have failed in (0, ko] and ¢ (integer) as
the fixed threshold number. If N > ¢, then the lot is rejected; otherwise the lot is accepted.
Thus (n,c) are two parameters of the proposed sampling plan. As usual, the lot size is
assumed to be large enough, allowing the use of a binomial distribution in obtaining the
lot acceptance probability (see, e.g., Stephens [1]). Therefore, under the model in (7), the
acceptance probability of the lot as the function of 6 is given by

c

LE) =" (’j) p(6) 1—p(®)"™
i=0
where p(0) is defined by
ko

p©O) =1-[Ta—nr(’

j=1

The parameters (1, ¢) will be determined so that the consumer’s risk and the producer’s
risk are balanced as follows:

L(6;) = BandL(0) =1—« (8)

Note that both # and ¢ are integers and there cannot be exact values of n and c satisfying
the two equations in (8). In this case, we will find the integers n and ¢ which achieve the
nearest acceptance probabilities L(6,) =~ g and L(0;) ~ 1 — «.

In determining two parameters # and ¢, an efficient searching procedure will be
provided. For this, we need to state the following proposition.

Proposition 3.1: The acceptance probability

c

LO) =" (’f) p(6) (1=p(®)"™

i=0

is decreasing in n for any fixed 0 > 0 and c.
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The proof of Proposition 3.1 is rather straightforward. By taking the ratio of the prob-
ability mass functions, it can be easily shown that X, ,6) <-Xn+1,(6)> where X, is the
binomial random variable with the number of trials # and the success probability p. Then,
due to (3), we have X, »9)<st:Xn+1,p©). As L(8) corresponds to the cdf of a binomial
random variable, we arrive at the formulated result.

Using Proposition 3.1, parameters (n, ¢) satisfying both equations in (8) can be deter-
mined. For a fixed n > 1, define c(n) as the nonnegative integer of ¢ satisfying

L6y =Y (:’) pO)' A —p61)" " =1—a

i=0

Then, by the definition of ¢(n), we have

c(n) " ‘
> (i)pwl)’(l —pO))" ' =1-a
i=0
c(n) n . ,
Due to Proposition 3.1, for this ‘fixed c(n)’, > <1> P01 (1 — p(61))" " is decreasing
i=0

in n and

c(n) nt 1 ‘ L c(n) " . ‘
Z ( ; )P(Ql)l(l —p))" T < Z(; (i)P(Ql)I(l —pO))"'=1—-«

i=0
which implies that, for the integer c¢(n + 1) such that c(n + 1) > c(n),

c(n+1)

> (” B 1) pO)' A —p@)"™ ' =1—a

i=0

Therefore, c(n) < c(n+ 1), n = 1,2,..., which provides a lower bound in the following
sequential procedure for searching parameters (#, c).

Proposition 3.2 (Sequential Procedure): The parameters (n, c) satisfying both equations
in (8) can be obtained by the following procedure:

(Step 1)

Fix n = 1 and find the integer c¢(1), 0 < c¢(1) < 1, such that

c(1)
> (’f) PO (1 —pE)" "~ 1—a

i=0

c(1) ) )

Iy (’:) p(02)'(1 — p(62))" " = B, then choose (1,c(1)) as the desired parameters; other-
n=0

wise go to Step 2.
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(Step 2)

Fix n = 2 and find the integer c(2), where ¢(1) < ¢(2) < 2, such that
@ n . .
> (:) PO = pO)" M1 — @
n=0

c(2) ) ‘

Ify (?) Pp(62) (1 — p(62))" " ~PB, then choose (2,c(2)) as the desired parameters; other-
n=0

wise go to Step 3.
(Step 3)
Fix n = 3 and find the integer c(3), where c(2) < ¢(3) < 3, such that

C(3) n . .
> <1> pOD' (1 = pE1)" N1~

n=0

c(3) i .
Iy (”) p(62)' (1 — p(82))" ™! =B, then choose (3,c(3)) as the desired parameters; other-
n=0

i
wise go to the next Step 4 withn = 4, ... , and so on.

Table 1 illustrates the proposed sequential procedure for obtaining parameters (#, ¢) for
different values of 6; and 6,. In this table, the baseline discrete failure rate function is set
as Ag(i) = 0.1,i = 1,2,.... The two risks are « = 0.05, 8 = 0.01, and the testing time is
ko = 5.

As the exact values for n and ¢ matching the requirement for o (producer’s risk) and g
(consumer’s risk) cannot be obtained, in applying the sequential procedure in Proposition
3.2, we have to determine the precision thresholds in advance. That is, for pre-determined
precision thresholdse; > Oand e, > 0,if|L(6) — (1 — @)| < g1 and |L(6;) — B| < &, for
some 7 and ¢, then it is set that these n and c achieve the nearest acceptance probabilities
L(6,) = Band L(#;) = 1 — «. For example, in Table 1, when 8; = 2 and 8, = 4, the preci-
sion thresholds &; = 0.003 and &, = 0.001 were applied. For the combination (n = 48,¢c =
36), L(01) = 0.947 and L(6,) = 0.0107. Thus, this combination (n = 48, ¢ = 36) achieves
the nearest acceptance probabilities L(6,) ~ f and L(6;) ~ 1 — «.

As can be seen from Table 1, if there exists a substantial difference between 6; and 6,,
then the number of testing items # and the threshold number for failures ¢ are small, and
vice versa. This result can be explained intuitively as follows. If the difference in the quality
levels is larger, then it would be possible to identify lots of good and bad quality levels with
a smaller number of tested items.

Table 1. The set of parameters (n, ¢) fora = 0.05, 8 = 0.01.

0 &) (n, 0 O 0, (n, 0

1 2 (n =59,¢c=30) 2 4 (n = 48,c = 36)
2.5 (n=35c=19 45 (n=41,c=32)
3 (n=23,c=13) 5 (n = 28,c = 22)
35 (n=17,c = 10) 55 (n = 25,c = 20)

4 (n=12,c=7) 6 (n=21,c=17)
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4. Reliability improvement after testing

In this section, the reliability improvement in the population after the testing procedure
is discussed in detail. First, the population distribution before the reliability testing proce-
dure is described. As discussed earlier, reliability indices of the population are randomly
variable due to many different reasons. This variability was described by the variable 6 and
it is natural to assume that it is random (to be denoted for convenience as ®). Let 7 (6)
be its probability density function (pdf). Denote by T the lifetime of an item randomly
selected from the population before the testing procedure. Its survival function, the prob-
ability mass function and the failure rate function are denoted by S, (k), f;n (k) and A, (k),
respectively, where ‘m’ stands for ‘mixture’, as these quantities will be defined as the corre-
sponding mixtures. Furthermore, in the following, the conditional pdf of ® given T > k,
(®|T > k), is denoted by 7 (0|k). Thus, the initial pdf 7 () is updated by information that
an item had survived in [0, k).
Then, under the model in (7), the mixture survival function of T is given by

1 k
Sm(k) = f [H(l—xoane}nw)de (9)
0 i=1

and the mixture probability mass function is given by

°° k—1
fn(k) = / (1= (1= (k)" [1"[ (a- )»o(i))e]ﬂ(e)dQ (10)
0

i=1

whereas the corresponding failure rate function is

00 k—1
11— = ro(k)?} [n (1— )»o(i))e:| 7(0)do
Sk —1) — Sw(k) 0 i=1

b (R) = S(k—1) o [

J

0 i=1

k—
1‘[1 (1— Ao(i))9:| 7(0)do

k—1

where [] [-] =1 when k = 1. Note that, the mixture failure rate can be represented as
i=1

the following conditional expectation

o] k—1
[ = (1= 20’ [[[ (1— Xo(i))9:| 7(6)do
hom (k) = -

0 i=1

oo | k—1
/ [_n (l—lo(i))pi|ﬂ(,0)d,0

= Eor=k-1)[{1 — (1 — 10(k))®}] (11)
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where E(z7-k—1)[ -] represents the expectation with respect to the conditional pdf of
(ZIT > k— 1):

k—1
(1 — xo(i)? | 7(8)
1

1=

7@k —1) =

00 | k—1
/ [Hl (1- )\o(i))"} m(p)dp
0 |i=

For more general discussions on the mixture distributions for discrete lifetimes, see Cha
and Finkelstein [34].

The lifetime distribution of items in the population which has passed the reliability test-
ing procedure is different from that before the testing. We will now derive it. Denote by T
the lifetime of the item randomly selected from this population. Its survival function, the
probability mass function and the failure rate function are denoted by S,5(k), fins(k) and
Ams(k), respectively. Denote 6

Furthermore, in the following, the pdf of ®; = (®|N < ¢) in the population which
has passed the testing procedure and, obviously, differs from initial (), is denoted by
7s(0)and the conditional pdf of O given T; > k, (O;|Ts > k), is denoted by 7;(0|k).

Theorem 4.1: The survival function, the probability density function and the failure rate
function of Ts are given by

Or k
Sms(k) = / |:1_[(1—)~0(k))9:|7fs(9)d9
0 i=1
o0 k—1
Sns(k) = / (1= (1= 2o(k)") [l_[ (1~ Ao<k>)9]ns<9)de
0 i=1
st = [ (1= (1= 2001k~ 1o (12)
0
respectively, where
> (’f) PO (1 = p(©)" 7 ()
75(6) = 50—
/X (’f) P(p) (1 = p(p))" "7 (p)dp
0 1=
and
k—1
[T (=20 | 74(0)
m@lk—1) = —=—

1

k
[. (1- )\o(i))"}m(p)dp

1
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Proof: In the original population (i.e., the population before the testing procedure), the
‘reliability level’ ® of the population is described by  (8). However, after the reliability test-
ing, for the items in the population which has passed the reliability testing procedure, we
have additional information that, for n items randomly selected from the lot, N < ¢. Thus,
for accepted lots, the distribution of ® should be updated to the conditional distribution
of (®|N < ¢). As the conditional distribution of (N < ¢|® = 0) is given by

Cc
— —_ n i1 n—i
P(N <c|®=6) = 2;: (1.)p<9> (1= p(©))
=
the conditional distribution of (®|N < c) is obtained as

5 (”) PO (1 — p(©)" i ()

i=0 1

7(0) = 5 ‘ ‘
D> (l-)P(p)’(l —p(p)"'m(p)dp

0 i=0

Then by replacing 7 () in (9), (10) and (11) with 74(8), respectively, we have the desired

result. [ |

We will now analyze the reliability improvement in the population after the testing pro-
cedure by comparing the population distributions before and after the reliability test. The
following theorem states this improvement in the form of the corresponding failure rate
ordering.

Theorem 4.2: If the proposed reliability sampling plan is applied, then

(i) ©>,(B|N < ¢), for any given 7(0);
(i) Am(k) > )\ms(k))for allk > 1,

for any given 70 (0), that is, T<g Ts, for any 7 (0).

Proof: Consider the following ratio of the corresponding pdfs

C

> (’f) pO) (1= ()"

ms(0) _ i=0

g) <
e f 2%)( )P(P) (1 —p(p)"™ i(p)dp
0 i=

where Z ( ) () (1 — p(6))" " is the cdf of a binomial random variable X, p(6)- Observe

that
ko

p©O) =1-[Ta—nr@’

j=1
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and, for p; < ps,

n ; .
. 1 — n—i '
(’.'> p(02)'(1 = p(pa))"~" —p(p2) ) \p(p2) 1 —p(p1)

1

is decreasing in i as p(01) < p(p2). This means that X, p(p;) <1-Xnp(p,)> also implying that

Xnp(o1) ZstXnp(p2)

and thus

c

Z( )p(pl) (1= plp)" " = Z( )P(pz) (1= (o))"

i=0

Then, for p; < py,

> ( )P(m)i(l —plp)"™!
775(,01) _ i=0
e fé(?)p(”)i(l—P(P))”_in(p)dp
0 i=
i (’:) p(p2)' (1 = p(p2))™*™
> =0 _ 7s(p2)
/ 2()(7>P<P> (1 —p(e)n(pdp T
0 i=

which implies that 7,(0)/7(6) is decreasing in 6. Therefore, ®>}.(®|N < ¢), which
competes for the proof of (i).
We will now prove (ii). Observe that

Am(k) = / {1— Q1 = x(k)?}ms(01k — 1)d6 = E@r-i_1)[{1 — (1 — Ao(k)®}]

and X.,5(k) in (12) can be expressed as
Ams(K) = Eq@1,5k—1[{1 — (1 — 20 (k)®*}]

where E@,1,>k—1)[ -] denotes the expectation with respect to the conditional pdf of
(O4|Ts > k — 1), m(8|k — 1). Consider the following ratio of the corresponding pdfs:

7@k — 1)
7@k — 1)
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0

oo | k—1
/ [l—[ (1— )\o(k))”} n(p)dp
i=1

i=1 i=0

- (Z (’f) P@®)'(1 —p<9)>"—f)
i=0

which is decreasing in 6. This implies that

/ [l:[ (1— ko(k))"} > (7) p(P)' (1 —p(p)" ' (p)dp
0 i

(O4|Ts > k— 1D)<,(O|T > k—1), forallk > 1
and, due to Lemma 2.1, we have

Am(k) = E@m=k—n[{1 — (1 — 20(k)®}] > E@, 1.1y [{1 — (1 — Ao(k)®:}]
= Ams(k), forallk > 1

This completes the proof of the theorem. |
We now present an example which illustrates the theoretical findings of Theorem 4.2.

Example4.1: Suppose that the baseline failure rateis given by Ao (i) = 0.1,i = 1,2, .. .. Let
01 =1, 0, = 3. The two risks are « = 0.05, 8 = 0.01, and the testing time is kp = 5. Fur-
thermore, to see how the shape of the distribution of ® changes after the acceptance test,
we employ the uniform distribution for ®: w(6) = 0.2, 0.5 < 0 < 5.5; w(0) = 0, other-
wise. Then, referring to Table 1 in Section 2, the desired sampling plan is characterized by
two parameters (n = 23, ¢ = 13). Under the above setting, the failure rate functions X, (k)
and A5 (k) are given in Figure 1.

We see that the population failure rate after the test is clearly smaller than that before it,
which describes the corresponding reliability improvement.

Define IT1(0) = f 7 (p)dp and I15(0) = f 7s(p)dp as the corresponding cdf’s. The cdf’s

and the pdf’s of ® and (®|N < ¢) are glven in Figures 2 and 3.

Using numerical examples, we will now discuss the impact of the testing time ko on
the corresponding reliability sampling plan. For this, under the setting of Example 4.1,
five different testing times are chosen: kg = 3,4, 5, 6, 7. For each case, the parameters (n, ¢)
satisfying both equations in (8) are as follows:

(ko =3;n=31,c=12), (ko = 4;n = 25,c = 12), (kg = 5;n = 23,¢c = 13)

(ko =6;n=22,c=14), (kg =7;n =19,c = 13)

Our numerical experiments showed that the corresponding failure rate functions A ;s (k)
for different values of testing time ko are practically undistinguishable. Moreover, the
acceptance probability functions L(0) for different values of testing time kg are very close
(Figure 4).
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Figure 1. Failure Rate Functions An, (k) and Apms (k).
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Figure 2. The Cdf's TT(#) and IT5(6).

Therefore, we find that the testing time does not have a noticeable impact on the reli-
ability characteristics of the accepted lots. However, as the testing time ko decreases, the
required sample size # and, therefore, related costs increase rapidly. Hence, when consid-
ering this cost aspect, a balance between the sample size n and the testing time k¢ should be
taken into account. The corresponding optimal problem can constitute a topic for future
research.
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Figure 3. The pdf's 7 (6) and 75(6).
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Figure 4. The acceptance probability L(9) for different values of testing time ko.

5. Additive hazard model for discrete lifetime

Until now, in describing the variability in the population reliability, the proportional hazard
model in (6) and (7) has been assumed. In addition to the proportional hazard model, in
modelling continuous distribution, the additive hazard model is also frequently employed.
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In the continuous case, the failure rate function in the additive hazard model is defined as
M) = ro(t) + 6 (13)

where Ao (#) is the baseline failure rate. Similar to the case of the proportional hazard model,
the additive hazard model in a continuous setting cannot be directly applied as the model
in (13) is not bounded. Using the alternative failure rate r(k), similar to the continuous
setting in (6), we can now formulate the additive hazard model for the discrete lifetime as
follows:

r(k) =ro(k) +0 (14)

where ro(k) = —In[1 — A¢(k)] and Ag(k) is the baseline discrete failure rate function.
Under the model in (14),

2(k) =1 — exp{—r(k)} = 1 — exp{—ro(k) — 6} = 1 — exp{—6}(1 — Ao (k)

Thus,
o0 k
Sp(k) = / |:exp{—k9} ]_[ - Ao(i))]n(e)de
0 i=1
and the corresponding mixture probability mass function is given by
® k-1
Jm(k) = / (1 — exp{—6}(1 — Ao(k))] [eXP{—(k —ney[Ja- )»o(i)):|7f(9)d9
0 i=1

The corresponding failure rate function is

Sm(k —1) — S (k)

P ==

k-1
[1 — exp{—0}(1 — Ao(K))] [exp{—(k - DO} [ (1 — ?»o(i))}dG
i=1

00 k—1
[ exp{—(k— 1)} l_[1 (1 — A0(i))7(0)do
0 i=

Furthermore, the survival function, the probability density function and the failure rate
function of T are

o0 k
Sms(k) = f [exp{—ke}]_[(l —Ko(i))i|ﬂs(9)d9
0 i=1

k—1

Jms(k) = / [1 — exp{—6}(1 — Ao(K))] |:eXP{—(k -nor[Ja- )»o(i))}ﬂs(Q)dQ
0

i=1
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s (K) = / [1 — exp{=6}(1 — o (K)]:(61k — 1)d8
0

respectively, where

C

> (’f) PO (1 = p(®)" 7 ()
75(0) = 5o

C

(’f) P(p)' (1 = p(o))" ' (p)dp

i=0

and

k—1
exp{—(k — 1O} [T (1 — Ao()7s(6)
(Olk— 1) = — =
Jexp{=(k = Dp} [T (1 = o())7s(p)dp
) .

i=1

ko
with p(0) = 1 — | exp{—kO} [] (1 — A0(j)) |. Then, following similar procedures as those
j=1
described in Section 4, we can obtain the same results on the ordering of lifetimes before
and after the sampling test.

6. Concluding remarks

Until now, various types of acceptance reliability sampling plans have been developed
and studied only for continuous lifetime models. However, in practice, discrete lifetimes
are frequently encountered and the main objective of this paper is to develop a variables
acceptance reliability sampling plan for items having discrete lifetimes.

A general reliability sampling plan for discrete lifetime distributions has been developed
and its impact on reliability characteristics of items has been discussed by comparing the
lifetime distributions of the populations before and after the testing procedure. It has been
shown that the lifetime of the population which has passed the life testing procedure is
stochastically larger than that of the original population in the sense of the failure rate
ordering.

The limitation of the study is that the exact values for n and ¢ matching the requirement
for o (producer risk) and B (consumer risk) cannot be obtained and thus the producer’s
and consumer’s risks are not exactly achieved. However, this is inevitable problem that
cannot be improved in this field.

As mentioned earlier, in practice, field failures are often collected and reported daily,
weekly, and so forth. Items often operate in cycles and the experimenter observes the num-
ber of cycles successfully completed prior to failure. In this case, lifetimes of the items are
the discrete type and the conventional reliability acceptance testing plans for continuous
lifetime distributions cannot be applied. The proposed study can be applied to such cases.

Our results are general, as they do not assume any particular distribution, and there-
fore, can be applied to any discrete distribution. We have considered two popular models
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(proportional and additive hazards models) for describing populations’ variability (hetero-
geneity). Similar results can be obtained for the corresponding accelerated life model.

To the best of our knowledge, this is the first work to discuss a variables acceptance
reliability sampling plan for discrete lifetime model. In the future, similar to the continuous
model studied in Lam and Choy [15], Tsai and Wu [16], Balakrishnan et al. [17], Aslam
and Jun [18] and Aslam et al. [19-22], more advanced types of sampling plans could be
developed.

Neutrosophic statistics, introduced by Smarandache [35], is the extension of classi-
cal statistics and is applied when the data is coming from a complex process or from an
uncertain environment. Recently, neutrosophic statistics theory has been applied to the
inspection, inference, and process control (see, e.g., Aslam [36-38], Chen et al. [39]). The
current study can be extended using neutrosophic statistics in the future research.
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