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VAGUE DATA ANALYSIS USING SEQUENTIAL TEST 

 

 

Abstract 

Objective. The existing sequential test using Bernoulli distribution 

can only be applied when no uncertainty/indeterminacy is found in 

testing the hypothesis. This paper introduces neutrosophic Bernoulli 

distribution and sequential test using the distribution. 

Method. The operational procedure of the proposed test will be 

introduced and applied for testing the hypothesis in the presence of 

uncertainty. 
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Results. The advantages of the proposed test will be discussed using 

manufacturing data. From the comparison and simulation studies, it is 

found that the proposed test is efficient than the existing test under 

classical statistics. 

Conclusions. The proposed test may be more economic and time-

saving as the decision may make on the basis of the first sample. 

Therefore, the proposed test is efficient, economical and adequate than 

the existing test. 

1. Introduction 

Usually, the statistical tests give decisions about the acceptance or 

rejection of the null hypothesis using the information obtained from a single 

sample. In practice, the decision-makers sometimes are unable to reach the 

decision using single sample of information. In case, when decision-makers 

are in-decision on the basis of the first sample, a second sample is taken and 

the process is continued until a decision is reached. The sequential test using 

the Bernoulli distribution is also applied when no decision about the null 

hypothesis is made on the first sample. Causey [13] provided the exact 

calculation of the test. This test is applied for testing the parameter of the 

Bernoulli distribution. Kanji [26] discussed the sequential test for Bernoulli 

distribution. Bartroff and Song [10] studied the power of the sequential tests. 

Pereira et al. [31] proposed the sequential test using the Bayesian approach. 

Pramanik et al. [32] presented the modification of the sequential test. More 

details can be read in Gardonyi and Samu [19], and Pramanik et al. [32] 

presented the modified forms of SPRT. More applications of SPRT can be 

seen in Wijsman [44], Thomas [41], Bacanli and Icen [9], and Pan et al. [28]. 

The fuzzy-based statistical tests attract the decision-makers when 

uncertainty/indeterminacy is found in the observations or parameters. The 

fuzzy-based tests are found to be effective when testing of hypothesis is done 

in uncertainty. Kacprzyk et al. [24] and Taheri and Hesamian [39] pointed 

out the fields where imprecise observations can be recorded. Torabi and 

Behboodian [42], Torabi and Mirhosseini [43], Parchami [29], Talukdar and 

Baruah [40], İçen et al. [23], Kahraman et al. [25], Dubois and Prade [18], 
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Grzegorzewski [20], Denoeux et al. [17], Grzegorzewski [21], Taheri and 

Arefi [38], Taheri and Hesamian [37], Kacprzyk et al. [24], Taheri and 

Hesamian [39], Shafiq et al. [33], Grzegorzewski and Śpiewak [22] and, 

Chukhrova and Johannssen [16] applied statistical tests on imprecise data. 

Smarandache [35] introduced neutrosophic logic and showed the 

efficiency over the fuzzy-based logic and interval-based analysis. The 

neutrosophic logic gives information about the measure of indeterminacy in 

addition to the fuzzy logic. Broumi and Smarandache [12], Abdel-Basset et 

al. [1], Peng and Dai [30], Shahin et al. [34], Broumi et al. [11], Abdel-

Basset et al. [2, 3] and Nabeeh et al. [27] showed the efficiency of              

the neutrosophic logic over the existing logic. Smarandache [36] used 

neutrosophic logic to develop neutrosophic statistics to analyze imprecise 

data. Chen et al. [14, 15], and Aslam [4-7] showed that neutrosophic 

statistics is efficient than classical statistics. 

The sequential test using Bernoulli distribution can be applied only 

when the parameter of the distribution is certain, precise and exact. The 

existing sequential test using Bernoulli distribution under classical statistics 

cannot be applied when the observation/parameter is indeterminate. By 

exploring the literature, no work is found on sequential test using Bernoulli 

distribution under neutrosophic statistics. In this paper, we introduce 

neutrosophic Bernoulli distribution first. We present the design of a 

sequential test using Bernoulli distribution under neutrosophic statistics. The 

application of the proposed test will be given in the manufacturing industry. 

From the study, it is expected that the proposed will be adequate than the 

existing sequential test using the Bernoulli distribution. 

2. Method 

Suppose that nNNNN XXXX ...,,,, 321  is independently and identically 

neutrosophic random variable which follows the neutrosophic Bernoulli 

distribution with the neutrosophic probability density function (npdf), say 

Nx
Nf0  is given by 
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 [ ].,; 0000000 fUfLfNfN
xxx

N IIIIfff NNN ∈+=  (1) 

Note that Nx
f0  represents the Bernoulli distribution under classical 

statistics, 00 fN
x

If N  presents the indeterminate part and [ ]000 , fUfLfN III ∈  

is the measure of indeterminacy. The current neutrosophic form reduces            

to Bernoulli distribution (BD) under classical statistics when ,00 =fLI             

see Aslam [5]. Using the neutrosophic theory information, the npdf of 

neutrosophic Bernoulli distribution (NBD) is given by 

( ) ( ) ;11 0
11

0 fN
xx

N
x
N

xx
N

x
N

x
N If NNNNNNN −− θ−θ+θ−θ=  

[ ],, 000 fUfLfN III ∈  (2) 

where [ ] [ ].1,10,0 ≤θ≤ Nx
N  The proposed NBD reduces to BD when 

.00 =fLI  The proposed NBD can be expressed as follows: 

( ) ( ) [ ].,;11 0000
1

0 fUfLNffN
xx

N
x
N

x
N IIIIf NNNN ∈+θ−θ= −  (3) 

Suppose that the decision-makers are interested to apply the proposed 

test when uncertain about the specified value of the unknown parameter.       

Let 
N

INNN 0000 θθ+θ=θ  and [ ]
ULN

III
000

, θθθ ∈  be the neutrosophic 

form against the null hypothesis 0H  of the unknown parameter, where           

N0θ  is the exact value, 
N

IN 0θθ  is the indeterminate part and 

[ ]
ULN

III
000

, θθθ ∈  is an indeterminate interval. Let 
N

INNN 1111 θθ+θ=θ  

and ∈θ N
I

1
 [ ]

UL
II

11
, θθ  be the neutrosophic form against the alternative 

hypothesis 1H  of the unknown parameter, where N1θ  is the exact         

value, 
N

IN 01 θθ  is the indeterminate part and [ ]
ULN

III
111

, θθθ ∈  is an 

indeterminate interval. Let  == mN

i iNmN XS
1

 be the sum of neutrosophic 

random variables, Nα  be a type-I and Nβ  be a type-II error. The 
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neutrosophic lower limit, say [ ]mUmLmN aaa ,∈  of the proposed test is 

given by 
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 (4) 

The neutrosophic upper limit, say [ ]mUmLmN rrr ,∈  of the proposed test 

is given by 
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The proposed limits are the generalization of the limits under classical 

statistics. The proposed two limits under neutrosophic statistics reduce to 

limits under classical statistics when 0
0

=θ N
I  and .0

1
=θ N

I  

The testing process of the proposed test is stated as follows: 

Step 1. State ( );1:
0000 N

IH NN θ+θ=θ  [ ]
ULN

III
000

, θθθ ∈  vs. the 

alternative hypothesis ( );1
111 N

INN θ+θ=θ  [ ].,
111 ULN

III θθθ ∈  

Step 2. Specify Nα  and Nβ  and compute the values of ∈mNa  

[ ]mUmL aa ,  and [ ]., mUmLmN rrr ∈  
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Step 3. The decision-makers failed to reject 0H  if mNmN aS <  and 

reject 0H  if .mNmN rS ≥  The decision-makers should continue to take 

samples if .mNmNmN rSa <<  

3. Application 

The application of the proposed test will be given using the           

information obtained from the manufacturing industry. Suppose that Nθ  is 

the proportion of defective items during the manufacturing process, Nθ−1  

is the non-defective product and the manufacturer is uncertain about the 

defective and non-defective items with .
N

Iθ  Based on the information, the 

manufacturer may willing to adopt the new manufacturing process if ≤θN  

( );1
00 N

IN θ+θ  [ ]
ULN

III
000

, θθθ ∈  and reject ( );1
11 N

INN θ+θ≥θ  

[ ]
ULN

III
111

, θθθ ∈  and he may in-decision when ( );1
00 N

IN θ+θ  ∈θ N
I

0
 

[ ] ( );1,
100 1 NUL

III NN θθθ +θ<θ<  [ ].,
111 ULN

III θθθ ∈  Suppose that 

,05.00 =θ N  ,30.01 =θ N  ,05.0
0

=θ U
I  ,30.0

1
=θ N

I  05.0=αN  and 

.10.0=βN  For the given data, [ ]mUmLmN aaa ,∈  and [ ]mUmLmN rrr ,∈  

are calculated by 

,1800.09205.0 NmN ma +−=  

.1800.01818.1 NmN mr +=  

The testing process of the proposed test is stated as follows: 

Step 1. State 0525.0: 00 =θ NH  vs. the alternative hypothesis 

.39.01 =θ N  

Step 2. Specify 05.0=αN  and 10.0=βN  and compute the values of 

NmN ma 1800.09205.0 +−=  and .1800.01818.1 NmN mr +=  

Step 3. The decision-makers failed to reject 0H  if +−< 9205.0mNS  

Nm1800.0  and reject 0H  if .1800.01818.1 NmN mS +≥  The decision-
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makers should continue to take samples if mNN Sm <+− 1800.09205.0  

.1800.01818.1 Nm+<  

The operational process of the proposed test for the real example is 

shown in Figure 1. 

 

Figure 1. The operational process for the example. 

4. Simulation 

In this section, a simulation study is performed to check the effect of        

the measure of uncertainty/indeterminacy on the lower and upper limits        

of the proposed test. As mentioned earlier, two measures of uncertainty 

[ ]
ULN

III
000

, θθθ ∈  and [ ]
ULN

III
111

, θθθ ∈  are associated with null 

hypothesis and alternative hypothesis. In the simulation study, various values 

of 
N

I
0θ  and 

N
I

1θ  are considered. The values of mNa  and mNr  are reported 

in Table 1. From Table 1, it can be seen that the intercept of mNa  decreases 

as the values of 
N

I
0θ  and 

N
I

1θ  increase. On the other hand, the values of 

rate of change (slope) increase as the values of 
N

I
0θ  and 

N
I

1θ  increase. We 

also note the decreasing trends in intercept of mNr  as the values of 
N

I
0θ  

and 
N

I
1θ  increase. The increasing trend is also noted in the slope of mNr  as 
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the values of 
N

I
0θ  and 

N
I

1θ  increase. From the simulation study, it can be 

concluded that as 
N

I
0θ  and 

N
I

1θ  increase, the two limits become narrow 

and the change of continuing sampling is reduced. 

Table 1. Effect of measure of uncertainty on limits 

N
I

0θ  
N

I
1θ  mNa  mNr  

0 0 −1.0735 + 0.1456 Nm  1.3782 + 0.1456 Nm  

0.01 0.02 −1.0644 + 0.1482 Nm  1.3665 + 0.1482 Nm  

0.02 0.03 −1.0625 + 0.1497 Nm  1.3641 + 0.1497 Nm  

0.03 0.04 −1.0606 + 0.1512 Nm  1.3617 + 0.1512 Nm  

0.04 0.05 −1.0588 + 0.1528 Nm  1.3593 + 0.1528 Nm  

0.05 0.06 −1.0569 + 0.1543 Nm  1.3569 + 0.1543 Nm  

0.06 0.07 −1.0550 + 0.1559 Nm  1.3545 + 0.1559 Nm  

0.07 0.08 −1.0512 + 0.1590 Nm  1.3497 + 0.1590 Nm  

0.09 0.10 −1.0493 + 0.1605 Nm  1.3472 + 0.1605 Nm  

5. Comparative Study 

The proposed sequential test for the Bernoulli distribution is the 

extension of the existing test under classical statistics. The proposed test 

reduces to the classical test when 0
0

=θ N
I  and .0

1
=θ N

I  In this section, 

the comparison of the proposed test is given with the existing test in terms of 

a measure of uncertainty. The limits of the classical test when 0
0

=θ N
I  and 

0
1

=θ N
I  are shown in Table 1. The limits for various values of 

N
I

0θ  and 

N
I

1θ  are also shown in Table 1. From Table 1, it can be seen that the gap 

between two limits reduces as the values of 
N

I
0θ  and 

N
I

1θ  increase. On the 

other hand, a big gap can be noted in limits when 0
0

=θ N
I  and .0

1
=θ N

I  

From the study, it can be seen that as the gap between two limits decreases, 

it also decreases the chance of continued sampling. In addition, the 
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comparison shows that there is a high chance of resampling in the case of the 

existing test. In nutshell, the proposed test may be more economic and time-

saving as the decision may make on the basis of the first sample. Therefore, 

the proposed test is efficient, economical and adequate than the existing test. 

6. Concluding Remarks 

We introduced neutrosophic Bernoulli distribution and used it in 

designing the sequential test. The proposed test was found to be in more 

generalized form than the existing sequential test. The operational procedure 

of the proposed test was explained with the help of a diagram. The 

application of the proposed test was given using industrial data. From         

the comparison and simulation studies, the proposed test was found more 

efficient than the existing sequential test. The proposed test has the 

limitations that it can be applied only when the data is obtained from 

neutrosophic Bernoulli distribution. The proposed test using a cost model 

can be studied in future.  
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