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An approach to (u, v, w)
-single-valued neutrosophic
submodules

Muhammad Shazib Hameed?, Zaheer Ahmad?, Shahbaz Ali2, Muhammad Kamran®>™ &
Alphonse-Roger Lula Babole**

Dealing with erroneous, unexpected, susceptible, flawed, vulnerable, and intricate information is
simplified with the use of a single-valued neutrosophic set (svns). This is because of the fact that these
types of information are more sensitive to error. This is due to the fact that these particular kinds of
information are more prone to error. The ideas of fuzzy sets and intuitionistic fuzzy sets have both
undergone further development as a direct result of the development of this new theory. In svns,
indeterminacy is quantified in a way that is both obvious and unambiguous, and truth membership,
indeterminacy membership, and falsity membership are all completely independent of one another. In
algebraic analysis, certain binary operations can be thought of as interacting with algebraic modules.
These modules are intricate and ubiquitous structures. There are many different applications for
modules to be used in. Modules find use in an extremely wide variety of different kinds of businesses
and market segments. We investigate the idea of (1, v, ®)-svns and relate it to (i, v, w)-single-valued
neutrosophic module and (i, v, w)-single-valued neutrosophic submodule, respectively. The goals

of this research are to comprehend the algebraic structures of a (1, v, )-single-valued neutrosophic
submodule of a classical module and enhance the legitimacy of this technique by discussing
numerous essential aspects. Both of these goals will be accomplished through the course of this
study. The strategies that we have developed in this manuscript are more generalizable than those
that have been utilized in the past. These strategies include fuzzy sets, intuitionistic fuzzy sets, and
neutrosophic sets.

We are expressing certain symbols in the Table 1, which will be used throughout this manuscript.

The limitations of previously established fuzzy algebra structures are eradicated by the implementation of
a recently proposed fuzzy algebraic structure. The use of regular mathematics is not always possible in many
aspects of day-to-day life because of the prevalence of ambiguity and uncertainty in those settings. The applica-
tion of a number of fuzzy algebraic structures, such as fuzzy subgroups, fuzzy rings, fuzzy sub-fields, and fuzzy
sub-modules, can be very helpful in resolving issues of this nature. The ideas of the fuzzy set and the intuitionistic
fuzzy set are expanded upon by use of svns, which is a powerful and comprehensive formal framework.

In the year 1980, Smarandache established the subfield of philosophy that is today known as neutrosophy. It
is the cornerstone upon which such fields as neutrosophic logic, probability, set theory, and statistical analysis
are built. As a consequence of this, he came up with the theory of neutrosophic logic and set, which provides an
approximation of every statement of neutrosophic logic with the benefits of truth in the subcategory T, indeter-
minacy value in a subcategory I, and falsehood in the subcategory F. In light of the fact that the fuzzy set theory
can only be used to depict situations in which there is uncertainty, the neutrosophic theory is the only viable
option for describing scenarios in which there is indeterminacy. In', Smarandache provided an explanation of
the neutrosophic idea, and in*?, Wang provided additional information on single-valued neutrosophic sets.

Researchers have already done extensive research on fuzzy and intuitionistic fuzzy sets*”’, fuzzy logics®'°,
paraconsistent sets''%, fuzzy groups'*-'¢, complex fuzzy sets'’ ", fuzzy subrings and ideals?*-%, single-valued
neutrosophic graphs and lattices?”~*, single-valued neutrosophic algebras*®*! and many more interesting fields.
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Symbol Description Symbol Description
svns Single-valued neutrosophic set svnss Single-valued neutrosophic sets
(i, v, w)-svns (14, v, w)-single-valued neutrosophic set (1, v, w)-svnss | (i, v, w)-single-valued neutrosophic sets

(1, v, w)-svnm | (i, v, w)-single-valued neutrosophic module | (, v, w)-svnsm | (i, v, w)-single-valued neutrosophic submodule

M Classical module R Commutative ring with unity

Table 1. Symbols and description of this manuscript.

The neutrosophic theory ultimately led to the development of the algebraic neutrosophic structural principle.
Kandasamy and Smarandache described shifts in the paradigm of algebraic structure theory in their paper which
may be found in"% The term “svns” is used to characterize them in addition to the terms “algebraic structures”
and “topological structures”*2-*, This concept was utilized by Cetkin, Aygiin, and Cetkin in the context of neu-
trosophic subgroups®, neutrosophic subrings*, and neutrosophic submodules®”*® of a certain classical group,
ring, and module. Several recent research on the process of group decision making with a variety of different
characteristics are described in**~*!.

In actuality, modules are one of the most fundamental and diverse algebraic structures studied in terms of
a number of binary operations. In this study, we investigate the concept of (i, v, w)-single-valued neutrosophic
submodules, as well as the suggested concepts basic properties and characterizations. We also demonstrate that
svns may not be an svnsm of module M, but (u, v, w)-svns must be an svnsm of module M. The essay is organ-
ised as follows: in “Preliminaries” section, we explain several basic ideas for svns. The “(u, v, w)-single-valued
neutrosophic submodules” section explains the concept of (i, v, w)-svnsm and some idealistic findings.

Preliminaries
This section covers basic definitions related to svns. In this section, we also present fundamental properties and
relationships between svnss.
Definition 2.1 ' On the universe set X a svns P is defined as:
P = {{m, Tp(m), Ip(m), Fp(m)), m € X},
where T,I,F : X — [0,1],and 0 < Tp(m) + Ip(m) + Fp(m) < 3,V m € X, Tp(m), Ip(m), Fp(m) € [0,1].

Tp, Ip, Fp represents the functions of truth, indeterminacy, and falsity-membership, respectively.
Definition 2.2 2 Suppose P and Q be two svnss on X and Y. The cartesian product of P and Q is then a svns on
X x Y, denoted by P x Qand it is defined as:

(P x Q(m,n) =P(m) x Qn),
where
P(m) x Q(n) = (Tp x Q(m, n), Ip x o(m, n), Fp x q(m,n)),
That is,
Tp x o(m,n) = Tp(m) A Tq(n),
Ip x (m,n) = Ip(m) A Iq(n), and
Fp x q(m,n) = Fp(m) Vv Fq(n).
Definition 2.3 *° Let Pbe a svns on X and « € [0, 1]. The a-level sets on P can be determined:
(Tp)g = {m € X | Tp(m) = a},
(Ip)a = {m € X | Ip(m) = a}, and
(Fp)* = {m € X | Fp(m) < a}.

Proposition 2.4 2 Let the svnss on the common universe X be P, Q and S. Then the following conditions must

hold.

1. PUQ=QUP, PNQ=QNP.

2. PUQUS) =((PUQUS PNQNS =EPNQNS.

3. PUQNS) =PUQNPUS), PN(QUS) =PNQ UPNS).

4. PA\(QNS) = (P\Q) U (P\S), PA(QUS) = (P\Q) N (P\S).

5. ¢(PUQ) =c(P)Nc(Q), c(PNQ) = c(P)Uc(Q). Note: c(P) represent complement of P.

Definition 2.5 * Let P & Q be two single-valued neutrosophic sets (svnss) on X. Then

1. P C Q,ifandonlyif P(m) < Q(m).
That is,
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Tp(m) < Tq(m), Ip(m) < Io(m), and Fp(m) > Fo(m).

Also P = Qifandonlyif P € QandQ C P.

P U Q = {{max{Tp(m), Tq(m)}, max{Ip(m), Io(m)}, min{Fp(m), Fo(m)}),V m € X}.
PN Q= {{min{Tp(m), Tq(m)}, min{Ip(m), Iqg(m)}, max{Fp(m), Fo(m)}),¥Y m € X}.
(P\Q) = {{min{Tp(m), Tq(m)}, min{Ip(m), [o(m)}, max{Fp(m), Fq(m)),V m € X}.
c(P) = {{Fp(m),1 — Ip(m), Tp(m),¥Y m € X)}. Here c(c(P)) = P.

Al

Definition 2.6 ** Let define a function g : X; —> X, and P, Q be the svnss of X; and Xj, respectively. Then the
image of a svns P is also a svns of X, and as described below:

g(P)(n) = (Tgpy(n), Ig(p)(n), Fg(p)(n)
= (g(Tp)(n),g(Ip)(n),g(Fp)(n)), ¥V n € X,.

Where

\ Tp(m), ifmeg='(n),
0, otherwise.

g(Tp)(n) = {

0, otherwise.

gUp)(n) = { VIp(m), ifmeg=i(m),

NEp(m), ifme g~ (n),
1, otherwise.

g(Fp)(n) = {

The preimage of a svns Q is a svns of X; and defined as:

g HQ(m) = (Tg=1(q) (M), Iy—1(q) (M), Fg-1(q) (m)

= (Tq(g(m)), Io(g(m)), Fo(g(m)))
= B(g(m)), Ym € X;.

(m, v, w)-single-valued neutrosophic submodules

We define and investigate the basic properties and characterizations of a (i1, v, w)-svnm and (@, v, w)-svnsm of
a given classical module over a ring in this section. We typically start with some introductory (u, v, ®)-svns,
the cartesian product of (i, v, w)-svnss, the a-level set on (i, v, w)-svns, operations and properties of (i, v, ®)
-svns, and then study crucial results, propositions, theorems and several examples related to (i, v, w)-svnm and
(4, v, w)-svnsm of a given classical module over a ring R. In addition, we presented various homomorphism
theorems for validity of (i, v, w)-svnsm.

Definition 3.1 If P be a single-valued neutrosophic subset of X then (i, v, w)-single-valued neutrosophic subset
P of X is categorize as:

plve) — {(m, TE (m), I (m), FS (m)) | m € X},

where
Th (m) = V{Tp(m), u},
Ip(m) = v{Ip(m), v},
Fp(m) = A{Fp(m), w)},
such that

0 < Tp (m) + Ip(m) + Fy (m) < 3.

Where u,v,w € [0,1],also T, I, F : X — [0, 1], such that Tg, Ip, Fp represents the functions of truth, indeter-
minacy, and falsity-membership, respectively.

Definition 3.2 Let X be a space of objects, with m denoting a generic entity belong to X. A (i, v, w)-svns P on
X is symbolized by truth T4, indeterminacy T4 and falsity-membership function F%, respectively. For every m
in X, TS‘ (m), Ip(m), Fg (m) € [0,1], a(u, v, w)-svns P write accordingly as:

n

PO, =N (T (my), 1 (my), B (my)) /miy m; € X.

i
Definition 3.3 Let P and Q be two (i, v, w)-svnss on X and Y, respectively. Then the Cartesian product of pyw)
and Q¥ which is denoted by Pvo) 5 QUbY-©) js a (14, v, w)-svns on X x Y and it is defined as:
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(p(u,v,w) % Q(u,v,w))(m, n) = P(V”U’w)(m) % Q(M,v,w) (n).
where
P (m) x QU (n) = (T, o (m, n), Iy, o(m,n), Ff, o(m,n)).

That is,

Tp,q(m,n) = Ty (m) A T (n),

Ipyo(m,n) = Ip(m) A (),

Fpyq(m,n) = Fg(m) Vv F(n).
Definition 3.4 Let Pbe a (i, v, w)-svns on X and a € [0, 1]. The a-level sets on P can be determined as:

(TY)a ={m e X | T (m) > a},
U)o ={m e X | I(m) = o},
(F)* ={m e X | F§(m) < ).

Definition 3.5 Let P and Q be two (u, v, w)-svnss on X. Then

1. Pvo) ¢ Qve) o pUvo) (y) < QUV®) (),

That is,
TS (m) <Tf(m),
I (m) <I8(m),
F (m) =F8(m),
and

plv®) Q(H>V>w) & plwvo) < Q(M»V,w) and Q(M,WU) c plwvo)
2. 'The union of PV® and Q@) is denoted by
§Eve) — plve) (| QUure)
and defined as
Slv0) (m) = P(M,Vyw)(m) v Q(IL,Vyw)(m))

where
PUYO) () v QUV) (m) = ((Th (m) v Ty (m), Ip(m) v Iy(m), Ff (m) A F§(m)), ¥ m € X}.

That is,

T4 (m) = max{T} (m), TS(m)},
I5(m) = max{Ip(m), I5(m)},
Fg'(m) = min{Fg (m), Fj(m)}.

3. 'The intersection of P4"*) and Q*-V®) is denoted by
Sv0) — ply,w) A Q(u,v,w)’
and defined as
SV () = pUV@) () A QULV®) (1),
where
PO () A QU (1) = {(Tg(m) A Tg(m), Ip(m) A Ié(m), Fg(m) v Fg(m», Vme X}.
That is,

Tg (m) = min{T}, (m), Tgy(m)},
I§(m) = min{Ip(m), I (m)},
F§(m) = max{F}‘S’(m),Fg(m)}.

4 (PN QUEY®)y = ((min{T} (m), Té (m)}, min{Iy (m), It (m)}, max(Fg (m), F§(m)),¥ m € X}.
5. c(PWYO)y = [((F2(m), 1 — I} (m), Th (m)),),¥ m € X}. Here, c(c(PU-V@)) = pluyie),
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Proposition 3.6 Let the (i, v, w)-svnss on the common universe X be P, Q and S. Then the following conditions
must satisfy.

plvo) Q(u,v,w) = Q(M,V»CU) U pv@) | plv,) n Q(u,v,a)) = Q(u,v,w) N piv:w).

2. pwvo) (Q(M,v,w) U Swve)y = (plv.o) 4 Q(M,v,w)) U Svs@) plv,o) A (Q(u,v,w) N SHv)y = (p(u,v,w)m
Q(#Mw)) N S§vo).

3. Py (Qve) N gy = (pwyw) y QUevw)y n (pyw) |y Sivw)y  plur.e) N (Qy.w) |y §kvw)y
= (PWr:o) 0 QUvw)y y (Py-w) ) lvw)y,

4. P\ (QUr®) M §Iuvw)y — (pUbv.o)\ QUby:@)y |y (PULV®)\ §ULv)y  plivo)\ (QULYv@) |y §iyw)y —
PV Qv:@)y M (PULV®)\ GULY,@)),

5. (P Qv @)y — (pWV@)y N o(QULV®)) (WY@ N QUV®)y = (P @)y Y c(QUHV ).

Definition 3.7 Suppose a function g : X; —> X and P, Q be the two (i, v, w)-svnss of X and X, respectively.
Then the image of a (i, v, w)-svns Pv:®) jq 4 (u, v, w)-svns of X, and it is defined as follows:

gPHY) (1) = (Typ) (1), Iy py (), Fgipy ()
= (g(Tp)(n),g(Ip)(n), g(F)(m)),¥ n € X>.
Where

i _ |V Th(m), ifmeg'(n),
g(Tp)(m) = { 0, otherwise.

s = { Y- gt

0, otherwise.

© _ [ N\F&@m), ifmeg (n),
8(Fp)(n) = { 1, 3 otherwise.

The preimage of a (i, v, w)-svns Q is a (i, v, w)-svns of X and defined as follows:
g7HQIM N m) = (Tyy ) (M), - ) (m), i1 ) ()
= (Th(g(m)), I (g(m), F4(g(m))
= QW) (g(m)), ¥ m € Xi.

Note: We define and explore the notion of a (i, v, w)-svnsm of a given classical module M over a ring R. R is
used throughout this article to represent a commutative ring with unity 1.

Definition 3.8 Let M is a module over a ring R. A (4, v, w)-svns P on M is called a (i, v, w)-svnsm of M if the
following conditions are satisfied:

M1: PW@) (0) = X. That is
TH(0) = 1, Ip(0) = 1, F$(0) = 0.

M2:
PUY) (4 1) > PU) () A PUY) (1), Y m,n € M.

That is,

Th (m + n) =T} (m) A Th (n),

I3 (m + n) =1 (m) A I (),

Fp(m + n) <Fp(m) Vv F§ (n).
M3:

PWr) (rpy) > PU") (), ¥ m € M, r € R.

That is,

T4 (rm) >Th (m),
Ip(rm) >Ip(m),
Fp (rm) <Fp (m).

(1, v, w)-svnsm(M) denotes the set of all (u, v, w)-single-valued neutrosophic submodules of M.

Example 3.9 Take, for example, classical ring R = Z4 = {0, 1, 2, 3}. Since each ring is a module on itself, we
consider M = Z4 as a classical module. Define svns P as follows:
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P = {{(1,1,0) /0 + (0.3,0.2,0.8) /1 + (0.8,0.5,0.4) /2 + (0.2,0.1,0.7) /3}.

It is clear that the svns P is a not a svnsm of the module M.
Let u = 0.6,v = 0.3and w = 0.6, So (i, v, w)-svns become

P ={({1,1,0) /0 + (0.6,0.3,0.6) /1 + (0.8,0.5,0.4) /2 + (0.6,0.3,0.6) /3}.

It is clear that the (u, v, w)-svns P is a (i, v, w)-svnsm of the module M = Z,.

Definition 3.10 Let Pbe a (u, v, w)-svns on M, then —P%¥®) s a (u, v, w)-svns on M, defined as follows:
T p(m) = Tp (—m),
I'p(m) = Ip(—m),
F®p(m) = Fp(—m), Ym € M.

Proposition 3.11 If P is a (i, v, w)-svnsm of an R-module M, then (— 1) Pwrw) — _ pp.v.o)

Proof Letm € M be arbitrary element

Tpptm = \/ 5

m=(—1)n

\/ Th(m) = Th(—m)

n=—m

T p(m).

I pm = \/ Iim

m=(—1)n

= \/ Im) =Ii(-m)
=1"p(m)

FEpm) = N\ Fo(n)

m=(—1)n

/\ Fg(m)=Fg(—m)

n=—m

= F®p(m).

This shows that T;" | ,(m) = T2 p(m), I}, p(m) = IZp(m)and F® ), (m) = Fp(m).
Thus, this holds true for eachm € M,

(=DpUene) = (T I—1yps Fayp) = (TEp, I p, F2p) = —plre),
O
Definition 3.12 Let P be a (i, v, w)-svns on an R-module M with r € R. Set rP as a neutrosophic set to M,
define as:

T!o(m) = V{Th(n) | n € M, m = rn},
I;‘)P(m) = V{I;(n) |lneM, m= rn}’
F&(m) = A{FE(n) |n € M, m = rn}.

Definition 3.13 Let P, Q be (i, v, w)-svnss on M. Then their sum
plvo) 4 QUvo) jg o (u, v, w)-svns on M, defined as follows:

Tpyo(m) = V{Tp (n) A Tg(0) | m =n+o, noe M}
Ipyq(m) = V{Ip(n) Alj(0) |m=n+o, n,o€ M},
Fp, q(m) = AMFp(n) v F3(0) |m = n+o0, n,0 € M}.

Proposition 3.14 If P and Q are (i, v, w)-svnss on M with plvw) ¢ Q) thep ypUre) C rQ(“’”"”),for each

reR.
Proof By definition, it is obvious. O
Scientific Reports | (2023) 13:751 | https://doi.org/10.1038/s41598-022-18500-5 nature portfolio



www.nature.com/scientificreports/

Proposition 3.15 If P is (i1, v, ®)-svns on M, then T'p(rm) > Th (m), I'p(rm) > I} (m) and F%(rm) < F% (m).

Proof By definition, it is obvious.
Proposition 3.16 If P is a (i, v, w)-svus on M, then r(sPWY0)y = (r5)PV9) Y s € R.

Proof Considerr,s € Rbe arbitrary whereasm € M.

Thepy(m) = \/ Thn)

m=rn

VV Vro=\/ 1o

m=rn n=st m=r(st)

= T(’js),,(m).

I:(sp)(m): \/ p (1)

m=rn

V Vo=V B
m=rn n=st m=r(st)
= IFVS)P(m)'

FY p) (m) = /\ F%(n)

m=rn
=N ANrmo= A\ F®
m=rn n=st m=r(st)

= Ff‘;s)P(m).

So we have the following equalities
iz I

Ty (p) (M) = Ty p(m),

Lspy (m) = Iy p(m),

Ff’(sp)(m) = F(";S)P(m).
Therefore,

W)y (M

r(sP" ) = (Tyspy Trispy Frispy)s

= r(PU) = (T Ly Fizgp) = (9PU".

Proposition 3.17 If P and Q are (i, v, )-svuss on M, then

L. Tg (rm) > Th (m), for eachm € M, if and only if Ty < Tg.
2. Ié) rm) > Ip(m), for eachm € M, if and only if I;, < I,
3. F§(rm) < Fg(m), for eachm € M, if and only if F, > F(.

Proof (1) Suppose Tg (rm) > Tﬁ(m), for eachm € M, then

Thm) = \/ Tym.

m=rn,neM
So,
" "
Tlp < Tf.

Conversely, suppose Tf < Tg. Then Tﬁ,(m) = Tg (m), for eachm € M.
Hence,

Tg(rm) > Tﬁ}(rm) > TP“(m), Vm e M (from Proposition 3.15).
(2) Suppose Ié(rm) > Ip(m), for eachm € M, then
wm =\ .

m=rn,neM

d
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So,
w = 1o

Conversely, suppose I}, < Ié. Then I}p(m) = I("Q(m), for eachm € M.
Hence,

Ig(rm) > Lp(rm) > Ip(m), ¥ m € M (from Proposition 3.15).
(3) Suppose F§(rm) < Iy'(m), for eachm € M, then

Epmy =\ Fpn).

m=rn,neM
So,
1) w
» > Fg.

Conversely, suppose F{p > F8 Then Fj(m) = F‘é’ (m), for eachm € M.
Hence,

F8(rm) < Fp(rm) < Fg'(m), Y m € M (using Proposition 3.15).

|
Proposition 3.18 If P and Q are (i, v, w)-svnss on M, then r(PHV0) 4 QUv:0)y = ppv®) 4 pQV:0) ¢ ¢ R,

Proof Let Pand Q are (i, v, w)-svnsson M,m € M andr € R.

Tipsqm =\ Tl

m=rn

\V V@) A Thn)

m=rn n=t;+t

\  (Th ) A Th()

m=rt;+rty
=V \V atea \/ 150)
m=my+my my=rt my=rty
=\  (@him) A Tlym)
m=mi—+my
= Thpyrq(m).
Liprgym = \/ Iippo)m)
m=rn

=V V Ge) A

m=rn n=t,+t,

= \/ @) An)

m=rt|+rty

=V V Geoa \V 1))
m=my+my my=rt; my=rty

=\  @pim) ALgmy)
m=m+m;

=Ipyq(m).

Fiprqm) =\ Fiiq®

m=rn

(Fp (t1) Vv F3(t2))
A A

m=rn n=t;+t,

= A Fpw) VvESt)

m=rty+rty
= A (A Ewv A\ F5@)
m=mjy+my my=rt; my=rty

N Epm) v Fp(m)

m=mj—+my

= ;11)3+rQ(m)'

So we have the equalities

Scientific Reports | (2023) 13:751 | https://doi.org/10.1038/s41598-022-18500-5 nature portfolio



www.nature.com/scientificreports/

In n
Tr(P+Q)(m) = Trp+yQ(m)s
Lpq(m) = Lpy g (m),

Eip1q (M) = Ejpyq(m).

Hence,

P(PU) 4 QU) = (Tyipy o Iy Frive)

= (Tpyrq Lib4rgr Eip i)
— ppBv,0) + rQ(M,V:w)_

|
Proposition 3.19 If P and Q are (i, v, )-svnss on M, then
L Thpy(rm+sn) = Tp (m) A TG (n),
I;’P+SQ(rm + sn) > Ip(m) A Ié(n),
3. Fpiq(rm+sn) < Fg(m) Vv F§(n), for eachm,n € M,r,s € R.
Proof 1t is easy to prove with the help of Definitions 3.13, 3.12 and Proposition 3.15. O

Example 3.20 Take an example for above Proposition 3.19, classical ring R = Z, = {0, 1}. Since each ring is a
module on itself, we consider M = Z, as a classical module. Define svnss P and Q as follows:

P = {(1,1,0) /0 + (0.6,0.3,0.6) /1 and Q = {(1,1,0) /0 + (0.8,0.1,0.4) /1}.
Let u = 0.6,v = 0.3and w = 0.6, So (i, v, w)-svnss P and Q becomes
P =1{(1,1,0) /0 + (0.6,0.3,0.6) /1 and Q = {(1,1,0) /0 + (0.8,0.3,0.4) /1}.

We can examine that for truth-membership
Tp(0) = 1, Tp (1) = 0.6, T (0) = 1, T (1) = 0.8 and
Tp(0) A TH(0) = L, T (0) A T (1) = 0.8, Ty (1) A Tg(0) = 0.6, and T, (1) A Tg(1) = 0.6.
Also we can see that
T}p(0) = L, T}p(1) = 0.6, Ti(0) = 1, Tiy(1) = 0.8and Tjp, (o(0) = 1, T)p, (1) = 0.8.

Casel: Letm =0, n=0andr,s € R = Z,, clearlyTﬁ,_HQ(rO +s0)=1> T#(O) A TS(O) =1

Case2:Letm =0, n=1landr,s € R = Z,, clearlyTﬁ,JrSQ(rO +s1)=10r0.8 > Tf.f(O) A Tg(l) =0.8.
Case3:Letm =1, n=0andr,s € R =27, clearlyTﬁ,_,rSQ(rl +5s0) =10r0.8 > Tg(l) A TS(O) = 0.6.
Case4:Letm =1, n=1landr,s € R = Z,, clearlyTﬁDﬂQ(rl +s1)=10r0.8 > Tf.f(l) A TS(O) = 0.6.

= (i, v, w)-svnss P and Q satisfy the condition
(1) Tlp o (rm + sn) = Ty, (m) A Ty (),
Similarly we can show that for indeterminacy membership
(2) Dp g (rm + sn) > Ip(m) A I (n),
Now, we prove for the falsity membership
Fp(0) =0, Fp (1) = 0.6, F5(0) = 0, Fi (1) = 0.4 and
Fp(0) V Fi(0) = 0, Fp (0) V Fi(1) = 0.4, Fp (1) V F5(0) = 0.6, and Fy (1) v Fiy (1) = 0.6.
Also we can see that
FJp(0) = 0, Fjp(1) = 0.6, Fi(0) = 0, Fi5(1) = 0.4and F}p, ,(0) = 0, Flp (1) = 0.

Casel:Letm =0, n=0andr,s € R = Z,, clearlyFZJHQ(rO +s0)=0< FI’;L(O) \% FS(O) =0.

Case2:Letm =0, n = landr,s € R = Z, clearly F/p, (,(r0 + s1) = 0 < Fp (0) V F5(1) = 0.4.
Case3:Letm =1, n=0andr,s € R = Z,, clearlyFﬁ)HQ(rl +50)=0< Fff(l) Y FS(O) = 0.6.
Case4:Letm =1, n=1landr,s € R = 2Z,, clearlyFﬁ,_HQ(rl +s1)=0< Ff.f(l) Vv FS(O) = 0.6.

= (i, v, w)-svnss P and Q satisfy the condition
(3) Fipysq(rm + sn) < Fg(m) v F§(n), for eachm,n € M,r,s € R.

Proposition 3.21 If P, Q, S are (i, v, w)-svuss on M, Then, for eachr,s € R, the followings are satisfied;
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L. T (rm+sn) > Tp (m) A Tgy(n), for allm,n € M if and only if T}p, (o < Tg.
2. IS(rm+sn) = Ip(m) A Ié(n) forallm,n € Mifand only if Ip, o < I.
3. F¢(rm+sn) < Fg(m) v Fg(n),for allm,n € M if and only ifFfl’;,HQ > FY.

Proof 1t is easy to prove with the help of Proposition 3.19. O

Example 3.22 Take an example for above Proposition 3.21, Let us take the classical ring R = Z, = {0, 1}. Since
each ring is a module on itself, we consider M = Z; as a classical module. Define svnss P, Q and S as follows:

P ={(1,1,0) /0 + (0.3,0.2,0.8) /I, Q = {(1,1,0) /0 + (0.4,0.5,0.4) /1} and S = {{1,1,0) /0 + (0.2,0.1,0.7) /1}.
Let u = 0.6,v = 0.3and w = 0.6, So (i1, v, w)-svnss P, Q and S becomes

P ={{1,1,0) /0 + (0.6,0.3,0.6) /1,Q = {(1,1,0) /0 + (0.6,0.5,0.4) /1} and S = {(1,1,0) /0 + (0.6,0.3,0.6) /1}.
We can see that for truth-membership

Tp(0) = 1, Tp (1) = 0.6, T5(0) = 1, T (1) = 0.8,T¢ (0) = 1, T¢ (1) = 0.6 and

Tp (0) A T(0) = 1, Tp (0) A Tg(1) = 0.6, T, (1) A Ty (0) = 0.6, and Tp (1) A Ty (1) = 0.6.

Also we can see that
T}p(0) = L, T}p(1) = 0.6, Ti(0) = 1, Ti(1) = 0.6 and Typ, ;(0) = 1, T}p, (o (1) = 0.6.

Casel:Letm =0, n=0andr,s € R = Z,, clearlyTg(VO +s50)=1> T;f(O) A TS(O) =1

Case2:Letm =0, n=1andr,s € R = Z,, clearlyTéL(rO +s1)=10r0.6 > Tllf(O) A Tg(l) = 0.6.
Case3:Letm =1, n=0andr,s € R = Z,, clearlyTg(rl +50) =10r0.6 > Tff(l) A TS(O) = 0.6.
Case4:Letm =1, n=1andr,s € R = Z,, clearlyTé‘(rl +s1)=10r0.6 > Tllf(l) A Tg(O) = 0.6.

In all cases we can see that Tgt (rm 4+ sn) > T}’f (m) A TS (n), VmmneM
S Tip0) =1 =< TG(0) =1, and Tjp, (1) = 0.6 < T§' (1) = 0.6.
= (1, v, w)-svnss P, Q and S satlsfy the condition
(1) Tg(rm + sn) > T (m) A TQ(n) for allm,n € M if and only 1pr+SQ < Ts
Similarly we can show for the other clauses i.e indeterminacy membership as well as falsity membership.

Theorem 3.23 Let P be a (u, v, w)-svns on M andr,s € R. Then the following conditions must holds;

1 Th < Th & Th(rm) = T4 (m),
Lp < Ip< Ip(rm) > Ip(m) and
F& > F & FY(rm) < Fy(m), for eachm € M.
2. T,P+SP < TP < TP (rm + sn) > TP (m) A TP (n),
Ipip < Ip & Ip(rm +sn) > Ip(m) A Ip(n),
Fp, p 2 Fp & Fg(rm +sn) < Fg(m) Vv Fg(n).

Proof 1t is easy to prove with the help of Proposition 3.17 and 3.21. O
Theorem 3.24 Let P be a (i, v, w)-svns on M. Then P is a svnsm of M < P is a single-valued neutrosophic sub-
group of the additive group M, in the notion of*°, and meets the requirements T, < Tk, I', < I} and F% > F%,

for everyr € R.

Proof From the description of a single-valued neutrosophic subgroup in* also using Theorem 3.23, it is easy to
proof. O

Theorem 3.25 Assume that P is a (i, v, w)-svns on M. Then P € synsm(M) < the characteristic below are hold:
1. pwr@ () =X
2. PO (py 4 sp) > PUVO) () A PULV©) (n), for everym,n € M,r,s € R.

Proof Assume that Pisa (1, v, w)-svnsm of Mande, f € M. It is clearly shows that P4“"®)(0) = X by using the
condition (M1) of Definition 3.8. The foregoing statements are also correct based on (M2) and (M3).
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Th (rm + sn) >Th (rm) A Th (sn) > Th (m) A Th (n),

Ip(rm + sn) >Ip(rm) A Ip(sn) > Ip(m) A Ip(n),

FP(rm + sn) <Th (rm) v F%(sn) < F(m) v Fg(n), YVm,n € M,r,s € R.

Hence,
P9 (rm 4 sn) = (Th (rm 4 sn), Iy (rm + sn), FS (rm + sn))
>(Tp (m) A Tp (), Ip(m) A Ly (n), Fg (m) V Fp(n))

= (Tp (m), Ip(m), Fg(m)) A (T} (n), Ip(n), F§ (n))
= PU") (m) A PUY) (),

= PWYO) (4 sn) > PUVO) (1) A PIV-O) (1),
Conversely, assume Pv©) meets the conditions (i) and (ii). Therefore the assumption is evident that
pPH@) (0) = X.

Tg(m +n) = Tg(l.m + 1.n) > Tg(m) A Tg(n),
Ip(m +n) = Ip(1.m + 1.n) > Ip(m) A Ip(n),
Fp(m+ n) = F§(1.m + 1.m) < Fy(m) v Fg(n).

So, P9 (4 ) > PHYO) () A ULV (),
Furthermore, the requirement (M2) of Definition 3.8 is fulfilled. Let us now demonstrate the condition’s
legitimacy (M3). According to the hypothesis,

Th (rm) = Th (rm + r0) > Th (m) A Th (0) = Th (m),
Ip(rm) = Ip(rm 4 r0) > Ip(m) A Ip(0) = Ip(m),
Fp(rm) = Fp(rm + r0) < Fg(m) vV F§(0) = Fg(m), Ym,n € M,r € R.

As a result, (M3) of Definition 3.8 is achieved. O

Theorem 3.26 Assume P and Q are (u, v, )-svnsm of a classical module M, then P N Q is also a (u, v, w)-svnsm
of M.
Proof Since P, Q € (i, v, w)-svism(M), we have Pr®) 9y = X, and QW) (0) = X.

Tpnq(0) = Tp (0) A TH(0) =1,

I o(0) = I3(0) AIY(0) = 1,

Fpn q(0) = Fp(0) v F(0) = 0.

Hence (P N QUv))(0) = X and we find that the condition (M1) of Definition 3.8 is met. Let
m,n € M,r,s € R. According to Theorem 3.25, it is sufficient to demonstrate that

(P(u,v,a)) n Q(“’”"”))(rm+sn) > (P(M;V,w) n Q(H—;U;w))(m) A (P(u,v,w) n Q(M,V,a)))(n)_
That is,
T q(rm +sn) =Ty o(m) A Tp o),

IEDQ(rm-}—SH) EIEQQ(M) A Ing(n),
Fpnqrm +sn) <Fp o(m) Vv Fpo(n).

Now consider the truth, indeterminacy and falsity membership degree of the intersection,
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Tpr o(rm + sn) = Tp (rm + sn) A T (rm + sn)
=(Tp (m) A Ty (m) A (T (m) A Tg(n))
= (Tp (m) A To(m)) A (Tp () A T (n))
=Thn oM A Tp o).
= Thnolrm+4sn) =Th o o(m) A Th o o(n)
I} o o(rm + sn) = Ij (rm + sn) A Tg(rm + sn)
>(Ip(m) A Ip(n)) A (Tg(m) A Igy(n)
= (Ip (m) A T (m)) A (Ip () A I (n))
=1Ipn(m) AT n o).
= Ippqlrm+sn) 2Ip o g(m) Alp (1)
Fp o qUrm +sn) = Fp/(rm 4 sn) v I§ (rm + sn)
<(Fp(m) v Fg(n)) v (F4(m) V F(n))
= (Fp(m) v F4(m)) v (Fp (n) Vv F3(n))
=Fpnqm) vV Fpn o).
= Fgn q(rm +sn) <Fg o(m) v FS o).

Hence, P N Q € (i, v, w)-svnsm(M). O
Note: Let N be a nonempty subset of M is a submodule of M<rm +sn € N, Vm, ne€ M, r, s € R.

Proposition 3.27 Suppose M is a module over R. P € (u, v, w)-svnsm(M) < Y o e[0,1], a-level sets of
pluvw) (Tg)a, (Ip)a and (F3)* are classical submodules of M where pvo) () = X.

Proof LetP € (u,v,w)-svnsm(M), @ € [0,1],m,n € (T}‘)a andr,s € R can represent a certain element. Then
T;f (m) > a, Tg(n) >« and Tll.f“(m) A Tg(n) > a.
By using Theorem 3.25, we have
Th (rm + sn) > Th (m) A Th (n) > a.
Hence,
rm+ sn € (T,’.f)o,.

As a result, with each @ € [0, 1], (Tﬁ)a is a classical submodule of M. Similarly, for m,n € (Ip)a, (F§)* we
obtain rm + sn € (Ip)q, (Fp)* for each « € [0, 1]. Consequently, (Ip)y, (F§)* with each « € [0, 1] are classical
submodules of M.

Conversely, let (T;f )o With each @ € [0, 1] be a classical submodules of M.

Letm,n € M,a = Th (m) A Th (n). Then Th (m) = @ and Th (n) = . Thus, m, n € (Th ).
Since (Tﬁ)a is a classical submodule of M, so we have rm + sn € (Tllf)a forallr,s € R.

= (Tp)(rm+sn) > a = Ty (m) A Tp (n).

Similarly, (Ip), with each « € [0, 1] be a classical submodules of M.
Letm,n € M, a = Ip(m) A Ip(n). Then Ip(m) = aand Ip(n) = . Thus, m,n € (Ip)e
Since (Ip)q is a classical submodule of M, so we have rm + sn € (Ip), forallr,s € R.
= (Ip)(rm+sn) > a = Ip(m) A Ip(n).

Now we consider (Fp)%. Letm,n € M, @ = Fg(m) Vv Fg(n). Then Fp' (m) = o, Fp (n) = a.
Thus m, n € (Fp)“. Since (F3)® is a submodule of M, we have rm + sn € (Fp)*forallr,s € R.
Thus (Fp)(rm + sn) < a = Fg'(m) Vv Fg (n). It is also obvious that Pvo) () = X,
As a result, the conditions of Theorem 3.25 are fulfilled. O

Proposition 3.28 Assume that P and Q are two (i, v, )-svnss on X and Y, respectively. Then, for the a- levels, the
following equalities are hold.

(Tpela = (Tp)a X (Tg)as
Ipx@la = Ip)a x IQa>
(Fpeo)® = (Fp)" x (FQ)®.

Proof Let(m,n) € (Tp, o)a be arbitrary.
So,
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Tng(m n>aoa s T;f(m) A Tg(n) > o,
& Tp(m) = a, Tp(n) = a & (m,n) € (Tp)g X (T)a-

Now Let (m,n) € (Ip, Q) be arbitrary.
So,

Ipeq(m,n) = a & Ip(m) Alj(n) = a,
& Ip(m) > a, Ip(n) > a, & (m,n) € (Ip)a X (TQ)a-

Similarly (m, n) € (Fp, Q) be arbitrary.
So,

Fpyo(mn) <a & Fp(m) v Fg(n) < a,
& Fp(m) <o, Fg(n) <a & (m,n) € (Fp)* x (FS)“.
O
Proposition 3.29 Let P and Q be two (i, v, w)-svnss on X and Y, respectively and g : X — Y be a mapping. There-
fore the preceding must be applicable:
1. g((T;)L))a - (T (p))oz;
g(Up)e) € (I (p))ou
gUED™) 2 (Fp)™.

2. g ((TQa) = (Ty ) a>
& UQw) = I-1 g)as
gHEDY) = (Fi )™
Proof (1) Letn € g((Tl’D‘)a) Then3m € (Tg)a such that g(m) = n. Hence TP (m) > a.
So, V TP (m) > a. Thatis, T (p)(n) >aandn € (T (P))a Hence g((Tp o) C (TH (p))a

meg=1(n)

Slmllarly,n e g((Ip)e)- ThenIm € (Ip)q such that g(m) = n. Thus Ip(m) > «.
So, \/ Ip(m) > a. Thatis, I) (P)(n) >woandn € (g(P))a So g((Up)a) S (g(P))a

meg—
Also,n € g((Ff,")"‘) Then3Im € (FP)“ such that g(m) = n. This implies F§ (m) < c.
So, A Fp(m) < . Thatis, F% P)(n) <awaandn € (F (P))"‘ Hence g((Fp)%) 2 (F (P))a

meg=1(n)
(Tyi g = {m € X : Ty o (m) = e}
={meX: Tg(g(m)) > o)
={me X :g(m) e (TH)a}
={meX:meg '(THa))
=g ' (T)o).
Similarly,

(I {meX: I;,l(Q)(m) > a}

1) =
={meX:Iygim) > a}
= (m e X :g(m) € (IHa)
={meX:meg (U)a))
=g ' (UQw)-

Also,
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(F“’,I(Q))“ ={meX: F;’,I(Q)(m) <a}
={me X :Fj(g(m)) < a}
={meX:g(m)e (Fg)“}
={meX:meg ((F)™)
=g "(FY).

Theorem 3.30 Let P, Q € (i, v, w)-svnsm(M). Then the product P x Qs also a (i, v, w)-svnsm(M) of M.

Proof We know that direct product of two submodule is a module. By using Proposition 3.27, suppose M is
a module over R. P € (i, v, w)-svnsm(M) < V « € [0, 1], a-level sets of P(+V®), (T)q, (I3)q and (F$)* are

classical submodules of M where P#+") (0) = X. Also by using Proposition 3.28, assume that P and Q are two
(4, v, w)-svnss on X and Y, respectively. Then, for the a- levels, the following equalities are hold.

(T}IJLXQ)a = (Tg)a x (Tg)ax
Upyla = Up)a X Q)a>
(FPXQ)a = (Fp)* x (FQ)a

So, by combining these two result we get that P x Qis a (i, v, w)-svism(M) of M. O

Theorem 3.31 Assume g : M — N be a homomorphism of modules whereas M, N be the classical modules. If P
is a (W, v, w)-svnsm of M, then the image g(P) is a (1, v, w)-svnsm of N.

Proof 1t is sufficient to prove by Proposition 3.27,
(P))Ot: ( (P))Ol)( (P))

are (4, v, w)-svnsm of N,V « € [O 1].
Letny,ny, € (T (P))ot Then Tg(P)(nl) > aand T“(P)(nz) > «. There exist m1, my € M such that

TP (m)=>T (P)(nl) > o and TP (my) >T (P)(”2) > .
So,
Th (my1) > &, Th (my) > a and Th (m1) A Th (m2) > a.
Since Pis a (i, v, w)-svnsm of M, for anyr,s € R, we have
TH (rmy + smz) = Th(my) A Th (m) = a.
Hence,
rmy + smp € (TP”)Q.
= glrmy +smy) € g((Tp)a) S (Tg(p))a

= rg(m) + sg(mz) € (Tgp))e
= rmy +sny e (T (P))a

Therefore, (T e isa submodule of N.
Similarly, \7’ o € [0,1], consider nj,ny € (I (P))ot Then I (P)(m) > and I (P>(n2) > «. There exist
my, my € M such that

Ip(m1) = Iyp)(n1) = e and Ip(my) = Iyp)(n2) > c.
So
Ip(my) > «, Ip(my) > o and Ip(my) A Ip(mz) > a.
Since Pis a (i, v, w)-svnsm of M, for anyr, s € R, we have
Ip(rmy 4 smy) > Ip(my) A Ip(m) > a.

Hence,
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rmy + smy € (Ip)g).
= glrmy +smy) € g((Ip)a) S Ugp))a
= rg(m) + sg(mz) € (Iyp))a
= rny+sm € (I;(P))a.
Therefore, (I “<P))a is a submodule of N.

Similarly, for all « € [0, 1], consider ny,n; € (ng)(P))“. Then ng’(P)(nl) < a and n?(p)(flz) < «a. There exist
m1, my € M such that

Fftl))(ml) = Fg)(p)(nl) <o
and
F;%)(mz) = F;(p)(f’lZ) <a.

So Fp(m) < «, F§(my) < aand Fp(m1) v Fg(my) < a. Since Pisa(u, v, w)-svasm of M, for anyr,s € R, we
have Fp (rmy 4 smy) < Fp(my) Vv Fp(my) < a.

Hence,
rmy + smy € (Fp)q).
= glrmy +smy) € g((Fp)*) 2 (Fgp)"”
= rg(my) +sg(mz) € (Fgp))”
= rnj+smp € (F;(P))“.
Therefore, (F “’( P))“ is a submodule of N. So, for every « € [0, 1], (T;( P))a { ;(P))o,, (F;’( P))“ are classical submodules
of N. Thus g(’qP) is a (i, v, w)-svnsm of N via the use of Proposition 3.27. O

Theorem 3.32 Assume g : M — N be a homomorphism of modules whereas M, N be the classical modules. If Q
is a (i, v, w)-svism of N, then the preimage g =1 (Q) is a (i, v, )-svnsm of M.

Proof Using Proposition 3.29 (2), we have
—1 oy N _ i
g ((TQ)ot) - (Tg—l(Q))ou
g7 UQ) = T}-1 )
-1 _
g EY™) = (F1 )"
Since preimage of a (i, v, w)-svnsm is a (4, v, w)-svnsm, by Proposition 3.27 we arrive at a conclusion. O

Corollary 3.33 Ifg : M — N is a surjective module homomorphism and{P; : i € I} is a family of (u, v, w)-svnsm
of M, then g(NP;) is a (i, v, w)-svnsm of N.

Corollary 3.34 If g : M — N is a homomorphism of modules and{Q; : j € I} is a family of (i, v, w)-svnsm of N,
then g_l( N Q))is a(u, v, w)-svasm of M.

Conclusions

A (1, v, w)-svns is a type of svns that can be used to tackle real-world challenges in research, engineering, denois-
ing, clustering, segmentation, and a range of medical image-processing applications. Therefore, the study of
(1, v, w)-svnss and their characteristics has a significant influence, both in terms of gaining an understanding of
the fundamentals of vulnerability and the applications that can benefit from this knowledge. As a continuation
of the research that was carried out in**-**, we intend to propose and investigate the idea of a (i, v, w)-svnsm. In
this article, we defined (i, v, w)-svnm and (i, v, w)-svnsm and offered a number of fundamental results that are
connected to these ideas. As a consequence of this, the purpose of this study is to make use of a variety of dif-
ferent concepts in order to acquire some pertinent outcomes about (i1, v, )-svnsm that are of significant worth
in the field of research. In the realm of algebraic structure theory, it possesses a fantastic novel idea that has the
potential to be utilized in the future for the solution of a variety of algebraic issues.

e This approach is frequently extended to the generators of arbitrary nonempty families of neutrosophic sub-
modules as well as structure maintaining features such as isomorphism of neutrosophic submodules. Neu-
trosophic submodules give a solid mathematical framework for clarifying related scientific issues in image
processing, control theory, and economics.

e This notion can be expanded to soft neutrosophic modules, weak soft neutrosophic modules, strong soft
neutrosophic modules, soft neutrosophic module homomorphism, and soft neutrosophic module isomor-
phism. Furthermore, scholars might explore the homological properties of these modules.
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This study can be broadened to include the cyclic fuzzy neutrosophic normal soft group, neutrosophic rings,
and ideals.
In the future, researchers may extend this concept to topological spaces, fields, and vector spaces.

Data availability
The data used in the article are hypothetical, and can be used anyone by just citing this article and requests for
materials should be addressed to Muhammad Shazib Hameed (shazib.hameed@kfueit.edu.pk).
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