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Abstract

Fuzzy soft set theory presented by Maji et al. (J Fuzzy Math 9(3):589-602, 2001) and soft set theory presented by Molodtsov
(Comput Math Appl 37(3):19-31, 1999) are important ideas in decision-making problems. They can be used to model
uncertainty and make decisions under uncertainty. A single-valued neutrosophic soft set (svnf-set) is a hybrid model of a
single-valued neutrosophic set and fuzzy soft set that is shown in this paper. The novel concept of single-valued neutrosophic
soft topology (svnft) is defined to discuss topological structure of (svnf-set). Some fundamental properties of svnft and
their related results are studied. It is good to use the proposed models of svnf-sets and svnft to figure out how to deal with
uncertainty in real life. Thus, svnft is a generalization of fuzzy soft topology and fuzzy intuitionistic soft topology. Moreover,
after giving the definition of a single-valued neutrosophic soft base svnf-base, we also added the concept of svnft. Finally, we
set up the concept of single-valued neutrosophic soft closure spaces and show that the initial single-valued neutrosophic soft
closure structures are real, which is what we did. From this fact, the category SVNSC is considered as a topological category
over SET.

Keywords Single-valued neutrosophic soft set - Single-valued neutrosophic soft topology - Single-valued neutrosophic soft
base - Initial single-valued neutrosophic soft topology - Product single-valued neutrosophic soft topology.

1 Introduction and engineering, among other fields, do not necessarily entail

precise data. The source of these challenges may be the gen-

The majority of extant mathematical tools for formal model-
ing, computing, and reasoning are deterministic, exact, and
crisp in nature. In reality, however, challenges in economics,
biology, social science, environment science, engineering,
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eral insufficiency of the conventional parameterization tool.
As a result, Molodtsov (1999) pioneered the idea of soft set
theory as a new mathematical technique for dealing with
ambiguity and uncertainty that is free of the aforementioned
issues. Molodtsov (2001) effectively adapted soft set the-
ory to a variety of fields, including function smoothness,
measurement theory, Perron integration, Riemann integra-
tion and game theory. Maji et al. (2002) demonstrated how
soft sets can be used in real-world decision-making issues.
Furthermore, Riaz et al. (2019) introduced multi-criteria
group decision-making techniques by means of N-soft set
and N-soft topology. The main idea of soft multi-rough set
is presented as a hybrid model of rough set, multi-set and
soft set, which was defined by Riaz et al. (2021). They have
familiarized as well the idea of the fuzzy soft set, a more
widespread notion that is a mixture of fuzzy set and soft set,
and they secured quite a lot of its attributes. The main idea
of fuzzy soft mappings was defined by Ahmed and Kharal
(2009). Furthermore, Shabir and Naz (2011) introduced soft
topological spaces and initiated some ideas contingent on
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soft sets. Tanay and Kandemir (2011) originally presented
the idea of fuzzy soft topological space (FSTS) by means of
fuzzy soft sets and premeditated the basic concepts by next
Chang’s fuzzy topology idea Chang (1968). The main idea
of fuzzy soft topology in sense of Lowen was defined by
Varol and Aygiin (2012)) and fuzzy soft topology (FST) in
Sostak’s sense presented by Aygiinoglu et al. (2014)). Senel
G. (2016, 2017) made a wide research on soft sets and its
applications in Senel (2016, 2017). Numerous applications
can be found in works of Abbas et al. (2018), Tripathy and
Acharjee (2017), Riaz et al. (2019), Riaz et al. (2019), Maji
et al. (2001), Zhang et al. (2021), Nawar et al. (2021), Atef
et al. 2021, Atef and Nada (2021) and Feng et al. (2010,
2011).

Smarandache (2007) presented the idea of a neutrusophic
set as an intuitionistic fuzzy set generalization. Salama
and Alblowi (2012) defined the neutrosophic set theory
and neutrosophic crisp set. Correspondingly, Salama and
Smarandache (2015) introduced neutrosophic topology as
they claimed a number of its characteristics. Others as Wang
et al. (2010) defined the single-valued neutrosophic set con-
cept. Alsharari et al. (2021), Saber and Abdel-Sattar (2014),
Saber and Alsharari (2018), Saber and Alsharari (2020),
Saber et al. (2020), Saber et al. (2020) and Saber et al.
(2022) introduced and studied the concepts of single-valued
neutrosophic ideal, single-valued neutrosophic ideal open
local function, connectedness in single-valued neutrosophic
topological spaces, and compactness in single-valued neu-
trosophic ideal topological spaces.

Thus, the single-valued neutrosophic soft set is a power
general formal framework, which generalizes the notion of
the classic soft set, fuzzy soft set, interval-valued fuzzy soft
set, intuitionistic fuzzy soft set, and interval intuitionistic
fuzzy soft set from a philosophical point of view. The appli-
cation aspects of these types of sets can be further noted.
Moreover, it can also be applied to control engineering in
average consensus in multi-agent systems with uncertain
topologies, multiple time-varying delays, and emergence in
random noisy environments (see Shang 2014).

In this work, a general introduction together with a com-
plete survey about the topic is given in the first section. The
authors initiate the topological construction of single-valued
neutrosophic soft set theory in the second section. In the
third section, we present the concept of single-valued neutro-
sophic so/fgopology (T?, TS, T%), whichisa mapping from
£ into £ € that satisfies the three specified conditions. With
respect to this concept, the single-valued neutrosophic soft
topology (T%, T¢, T9) is a single-valued neutrosophic soft
set (svnf) on a family of single-valued neutrosophic soft sets

(ETE/{). Also, since the value of single-valued neutrosophic
soft set f, under the maps 'T'g 'T'g , 'T'g gives the degree of

openness, the degree of indeterminacy, and the degree of non-
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openness, respectively, of the single-valued neutrosophic soft
set with respect to the parameter ¢ € €&, ('T'g, 'T'g 'T'g),
which could be thought of as a single-valued neutrosophic
soft topology in the sense of Sostak. In this way, we present
the single-valued neutrosophic soft cotopology and offer the
significant relations between single-valued neutrosophic soft
topology (T, T<, T%) and single-valued neutrosophic soft

cotopology "R, fia). We also define the single-valued
neutrosophic soft base (L& ES £.9). Furthermore, we con-
clude the notion of single-valued neutrosophic soft topology
by using the single-valued neutrosophic soft base on the same
set. In addition, we demonstrate the notions of single-valued
neutrosophic soft closure spaces (svnf-closure space) in the
forth section. We show the existence of initial single-valued
neutrosophic soft closure structures. Basing on this premise,
the category SVNSC is a topological category over SET. In
particular, an initial structure of single-valued neutrosophic
soft topological spaces (£, "T'&, "T'g, "T'fg) could be obtained
by the initial structure of svnf-closure space.

Throughout this work, £ denotes an initial universe, & £is
the collection of all single-valued neutrosophic sets (simply,
svns) on £ (where & = [0, 1],&y = (0, 1] and &; = [0, 1))
and & is the set of each parameter on £.

Definition 1 ((Smarandache 2007)) Let £ be a universe set.
A neutrosophic set (simply, ns) 7 of £ was defined as

= {(x, Gx (x), & (x), 85 (x) | x € £, 57 (x),
En(x), 8, (x) €]70, 17 [},

where 6 (x), ¢ (x) and 8 (x) are the truth, the indetermi-
nacy, and the falsity membership functions, respectively.

Definition 2 [(Wang et al. 2010)] Let £ be a non-null set.
The single-valued neutrosophic set (simply, svn-set) 7 of £
is defined as

= {{x, G (x), Gr (1), 67(x) | x € £)

where 6 (x), ¢z (x) and 5z (x) € [0, 1] for every x € £ and
0 < 67 (x) + Sn(0) + 87 () <3

Definition 3 The ideas of intersection, union and inclusion
have been defined on svn-sets as follows.

Consider 71, 72 to be a svn-sets in £:

(1) Intersection (Yang et al. 2016) of two sets denoted by 73
is written as:

w3 =m Ny

Oy (X) = min{Gy, (x), Oz, (x)},
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Sy (X) = min{Sx, (X), Sry (X)},
83 (x) = min{8z, (x), 8, (x)}

(2) Union (Yang et al. 2016) of two sets denoted by 3 is
defined as:

w3 =m Ump
Oy (X) = max{ox, (x), oz, (X)},
Sy (X) = max{Sr, (x), Sr, (X))},
8 (¥) = max {8, (x), 8, ()}

(3) Inclusion (Ye 2014) of two sets (771 € mp) is defined as:

Gy (X) < Gy (X), Sy (%) = Sy (%), 8, (X) > 8y (%)

(4) The complemented (Wang et al. 2010) of the set =«
denoted by ¢ is defined as:

e (x) = 87 (x),
§n"(x) =1- §7r(x),

S (X) = G (%).

Definition 4 (Atef and Nada 2021) Let £ be the universal set
and £ be a set of attributes. We consider the non-null set
A C &. Assume that P(£) is referred to the set of all fuzzy
neutrosophic sets (simply, fn-sets) of £. Then, the aggregation
(f4) is termed to be the fuzzy neutrosophic soft set (simply,
fnf-set) on £ where (fy) : A — ﬁf)

2 Single-valued neutrosophic soft sets

In this part, fundamental concepts and notions are introduced.
f¢ 1s a single-valued neutrosophic soft set (simply, svnfs)
on £ where f: £ — &F, i.e.,f; = f(¢) is a svns on £, for all
ectandfle) =(0,1,1),ife ¢ L.
The svns f(e) is termed as an element of the svnfs f,. Thus,
a svnfs fe on £ can be defined as:

(&) = @@y 1eeefo et
= {@ @@, @ . 5@ e €. f0) e 6,

where 67 : € — & (67 is termed as a membership function),
Sr: & — & (gris termed as indeterminacy function), and
871 € — & (8ris termed as a non-membership function) of

svnf set. (/£_\_5/) refers to the collection of all svnfss on £ and
is termed svnfs-universe.

A svnfs fe on £ is termed as a null svnfs (simply, @), if
67(€) =0, E(é) = 1 and 4(¢) = 1, forany & € £.

A svnf setfc on £is termed as an absolute svnf set (simply,
E),if 67(8) = 1, E(8) = 0 and §4(¢) = 0, forany ¢ € £.

A svnfs fc on £ is termed as an t-absolute svnf set (simply,
&N, if of(e) =t, ¢r(e) = 0 and Sf(é) =0, forany ¢ € £ and
teé.

Definition 5 Let f;, g, be svnf sets over £. Then, the union
of svnf sets f,, g, is a svnf set hy, where d = £ U j and for
any ¢ € 0 and 6, : £ — & (6, called truth-membership)
& 1 € — £ (& called indeterminacy), 8, : € — £ (8, called
falsity membership) of /5 are as next:

ope) (@), if eet—,

one) (@) = {0, (@), ifeey—¢,
01e) (@) UGy (), if eelUy.

Sy (@), if eet—y,

S (@) = | Seo) (@), iféej—¢,
o) (@) Ny (@), if eetny.
31e) (@), if eet—,
@) (@) = 846) (@), ifee;—¢,

8oy (@) N g (@), if e€tny.

Definition 6 The intersection of svnf sets f;, g 9 is a svnf set
hy, where d = £N j and forany e € 9, h; = f;Ng;. We write
as next:

1) (@), if eet—j,
o) (@) = | 6,406 (@), ifeej—¢,
01 (@) NGy (), if eelny.
Spe) (@), if eet—,
Sn@) (@) = | So(e) (@), iféej—¢,
o) (@) U Sy (k), if €Ny,
816 (@), if eet—y,
(@) (@) = { 8g(e) (@), ifeej—¢,
81 (@) Uy (@), if Eéctny.

Definition 7 Consider f; and g, to be a svn-sets in £:
(1) Inclusion of two sets (simply, f, §g ;) defined as:
51(8) < 57(8), @) = lé), (@) = (@)

(2) The complemented of the set f, denoted by (simply, f7)
is defined as:

fi= {(5’, (5(2), G (@), Gf(E))> |ée 5} )
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Theorem 1 Letfl,gj,ha € (Eg) and (fp); = (e,

(gn)j = (g € (:ﬁ_,\g) [i € A, where A is termed to be
the index set]. Then,

(1) fNg, = ful\g, and f,0f, = £,Ug,. o

(2) fiV(g,Uhy) = (fflUg)Nhs and  fN(g,Nha)
= (fiNg)Nhy.

(3) 9 ieals) 1) = NieaeTs))-

4) i (U;ealg, 1) = Uica (filg).

o) =1

(6) Iff,g,, then f;Cg".

(7) o = fy and fUfy = 1.

(8) ® <f,C&

(9) Uiealle]D = Niealfelf

Proof 1t is clear. O

Definition8 A map 9, : (jﬁ_,\éf) — (ﬁ) is termed as a
single-valued neutrosophic soft mapping (simply, svnf —
map), where ¥ : £ — G and ¢ : £ — ) are mappings,
with £, ) are parameter sets for £, G, respectively.

Definition 9 Assume that f;, and g , are two svnf sets on £
and G and ¥, : (Eg) — (ﬁ) is an svnf — map. Then,

(1) The image of f, under the svnf — map ¥, referred by
Yy (fy), is the svnf set on G defined by ¥, (f;) = ¥ (N (),

where
ﬂ(f)n(w)
V ( V fg(v)), if 97 1(w)
ved~l(w) \ecp~l(m)AL
£o. o M AL#£S,
0, otherwise,

forallm € Yand w € G.
(2) The pre-image of g, under the svnf — map ¥, referred
-1 : -1 —
by U, (g, is the svnf set on £ defined by v, (g, =
ﬂ_l(f)(p_l(]), where

97 (g)e (V)
gy (@), if o7l(e) €

= J V €& and v eL,
0, otherwise ,

Example 1 Assume that, £ = {x1, x2, x3}, 95 {ylf,z;, 3},
E = {k1.k2,k3}, Y = {«k]. k5, «5} and (£, &), (G, ) are
svnf classes. Define ¢ : £ — Y and ¢ : £ — § as next:

7(x3) = y2,
@(k3) = KJ.

B(x1) = y1, ?(x2) = y3,
P(k1) = K5, @(K2) = k7,

@ Springer

Letf, and g ; be two svnf sets in (:‘l?g) and (é_,\;)/?), such that

£, = {k1. {(x10.4,0.3,0.6), (x2,0.3,0.6,0.4), (x3,0.3,0.5,0.5)},
k3, {(x1,0.3,0.3,0.2), (x2,0.5,0.4,0.4), (x3,0.6,0.4,0.3)},
k2, {(x1,0.5,0.6,0.3), (x2,0.5,0.3, 0.6), (x3, 0.6,0.4,0.7)}}.
(y1,0.3,0.2,0.1), (v1.0.5,0.6,0.4), (y1,0.3,0.5,0.1)}.
)
)

(

g, = (x|
K}, {(y2.0.5,0.7,0.4), (y2,0.5,0.2,0.3), (y2,0.6,0.5,0.1)},
K5, {(y3,0.3,0.2,0.4), (y3,0.1,0.7,0.5), (y3,0.1,0.4,0.2)}}.

Then, the svnf image of f;, under ¥, : (f,?) — (ﬁ) is
gotten as:

ﬁ(f)lci ()71)

\/ \/ £

xed~L(y) \eep~l (k)AL

=VI|V ro

xe{xi} \eefr),il}
=(0.5,0.6,0.3) v (0.3,0.3,0.2)
= (0.5,0.45,0.2),

AVARA®S

eep~ (kAL

\/ £

e€(i).k3})
= (0.6,0.4,0.7) v (0.6, 0.4, 0.3)
= (0.6,0.4,0.3),

\/ AVARACS

xed~1(y3) 8€g0*1(/(i)/\2

=V |V o

xe{x2} \eeln).l}
— (0.5.0.3,0.6) v (0.5, 0.4, 0.4)
— (0.5.0.35.0.4).

SN2 = \/

xe9 "1 (x2)

=V

xe{x3}

ﬁ(f)l(i (Y3)

By similar calculations, consequently, we get

Do (fy) = {r1, {(y1,0.5,0.45,0.2),

(y2,0.6,0.4,0.3), (y3,0.5,0.35,0.4)},

w5, {(y1,0.4,0.3,0.6), (y2,0.3,0.5,0.5), (y3,0.3,0.6,0.4)},
1%, {(31,0.3,0.3,0.2), (y2, 0.6,0.4,0.3), (y3,0.5,0.4, 0.4)}}.

By similar calculations, we have

Do (fy) = {r1, {(y1,0.5,0.45,0.2),

(y2,0.6,0.4,0.3), (y3,0.5,0.35,0.4)},

x5, {(y1,0.4,0.3,0.6), (y2,0.3,0.5,0.5), (y3,0.3,0.6,0.4)},
i3, {(y1,0.3,0.3,0.2), (y2,0.6,0.4,0.3), (y3,0.5,0.4,0.4)}}.
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Definition 10 Let &, : (£,€) — (G,)) be a map, f, €
£,8) andfl € (G,)Y). Then, V7 € )V, w € G, the svnf
union and intersection of svnf — images 9, (fy) and 9y (g,)

in (a\_)/i) are defined as:

(¥ (1), (@) = ¥ (Px (@) NP (g)x (),
(9(f09))., (@) = ¥ (N (@) U D (g)x ()

Definition 11 Let 9, : (f,\g) — (ﬁ) be a map, f;, €
£,8) andfj € (G,)Y). ThenV e € £, v € £, the svnf
union and intersection of svnf — inverse images 19(;1 (fo)

—1 ST INre) .
and Uy, (g,)in (£, &) are defined as:

(7' F9) @ =07 (ew) N9~ @) (w),
(7'0T0) @) =27 D) U7 () (v)

Theorem 2 Consider 9, : (£,€) — (G.Y), ¥ : £ > G and
@ : & — Y to be amapping. For svnfsetsfy, g, € (£, &), we
have

(1) 9p(®) = .

(2) 9,6 =& N

(3) Dp(feUg,) = 0o (f)UDy(g,).
(4) 94(fNg ) <00 (f)NDy(g,).
(5) Iffy=g,, then 94 (f) <0y (8.

Proof We only prove (3)—(5).
(3) We will prove that

(®(09),, (@) = ?(Px (@) U D (g)x (@)

forevery w € Y and w € G. Thus for left-hand side, consider

(¥(f09)), (@) = (#(1)); (w). Then,

@)y (@)
V ( V hg(v)> A ()
vedHw) \écp~l(7)Ad
£¢. 9 (M)AD £,
0, otherwise,

ey

where f; U g; = h; and 0 = £ U j and for any ¢ € 0.
Seeing only the non-trivial case, we get,

@MW)y (@ = \/ ( \/ (nggg)w)).

ved—Hw) éap*l(n)A(EU/)

on the other hand, by using Definition 6, we get then,

(®(#09),, (@) = ¥ (Dx (@) UD (g)x (@)

=( v ( v <f§><u>))

ved~l(w) \eepl(m)AL

G
ved~lw) \eep~l(m)ny

\/ ( \/ (f; Vgs) (U))

ved—l(w) \eecpl(m)A(LU))

\/ ( \/ (ha)(v))~
ved~l(w) \ep~l(m)Ad

Hence,

FNr(@ U (@n(@) = \/ ( \ (h;)(v))
e~ l(m)np

ved 1 (w)

@)

From Egs. (1) and (2), we have (3).
(4) For every m € ) and w € G, and using definition 6,
we have ,

(® (M), (@) = @), (@)

=V V

(he) (v))
ved ! (@) \eep™! ()A(p)

= \/ \/ (f; N g) (U))

ved~l(w) \eéep~l(m)AWNy)

=V V

ved—l(w) \écpl(m)A(Ny)

N(gz(v)))

c ( \/ ( \/ (f2) (U)))
ved~l(w) \ep~l(m)AL
ved—l(w) \écpl(m)Ay

=¥ (f; (@) N gz (@) = (FPONP ()., ().

(fz(v)

This proves (4).
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(5) Seeing only the non-trivial case, V& € ), w € G and
letf,<g ;» We obtain

@D @) = \/

ved~l(w)

\/ ) | »
ecp— ()AL

=V V GHo

ved(w) éep~l(m)AL

=V V (2)®=0@);w.
ved 1l (w) éep1 (m)AL
This proves (5). O

Theorem3 Let 9, : (£.£) — (G.)), 0 : £ > G and

@ : € — Y be mappings. For svnf sets fy, g, € (ﬁ), we
have

(1) 0,1(®) =
(2) ﬂ &) =
(3) % l(zwg,) = ﬂ;lm)Oﬂgl(g,).
4) 9,1 (f,Ng,) = v, (fN0, (g
(5) Iff,=2g,, then 01 (f) <0, ' (g,).

Proof The proof is straightforward. O

3 Single-valued neutrosophic soft
topological structure

To communicate our program and overall notions further
exactly, we should recall first the notion of fuzzy topolog-
ical space presented by Sostak (1985), that is a pair (£, T)
such that X is a non-empty set and T : £ — £ is a function
(satisfying some axioms) that gives to each fuzzy subset of £
areal number, which then indicates [to what degree] this setis
open. Rendering to this notion a fuzzy topology T is a fuzzy
set over ££. This methodology has principled us to define
the single-valued neutrosophic soft topology (simply, svnft)
which is compatible to the single-valued neutrosophic soft
theory. By our characterization, an svnft is a svnfs on the set
of all single-valued neutrosophic soft sets (f,?) which refers
[to what degree] this set is open according to the parameter
set.

Definition 12 Let ('T"}, 'T'f, Tig) be a collection of svnfs over
£ [ where 79, T¢, T : &€ - £, then is termed to be
svnft on £, if it meets the following criteria, for every e € £ :

@ Springer

(T T8@) = T2E) =
To®) =TE =0,
(To) T¢ (fzﬂg,) > T NTI(g)),
TElUTEG),

o)) < T2 U TG,
(T3) T2 Usealfel) = Mica TEAALD.
< Uiea T3 (Wfed0)s

T Uiealfel) < Uiea TAEID.  VSiof, € € 6.
The svnft is termed to be stratified if it satisfies the following

conditions: L L
(THTIEN =1, T; (") =0and TL(E) =0.

1l and T5(@) = T5©) =
—T_’g(feﬁgj) =<

Vf(:g!ve @,
T Uienalfil)

The quadruple (£, "T"}, "T'g, "T'i) is termed as the single-
valued neutrosophic soft topological spaces (simply, svnfts),
representing the degree of openness (T (fy)), the degree

of indeterminacy (—T—g (f)), and the degree of non-openness

("T'g(fg)); of a svnfs f, with respect to the parameter ¢ € &,
respectively.

Here, we will write Tag 3 for (T", Tg T‘S) and it will
be no ambiguity. Let ng's and Tg’ga be svnfts £. We say
that "I'Ug(S is finer than ngs (ngs is coarser than 'I'gg(S ),
denoted by Tgog‘nggg‘s, if Tga(fe) < Tg(fg), ng(f[) >
TE@) and TH(¢) = T Ve € & f, € (&, &).

¢, 7%) be a smooth neutrosophic topol-

(EE > &,

Example 2 Let (z°,
ogy on £ presented by Feng et al. (2011), i.e., 0
€ & > fand &5 > & Take £ = & and
define 77 : £ — &%, 7S : €—>§£~5 E — &fas
F98 — (20 (u) > e, T8(u) < 1 —e, rs(/L) < 1— ¢}, which
is fuzzy neutrosophic topology of (7%, ¢, 1'5) in presented
by Salama and Alblowi (2012), for each e € &. However, it
is well known that each fuzzy topology can be considered as
smooth neutrosophic topology by using fuzzifying method.
Thus, réfs(e) satisfies (T1), (T2) and (T3). According to
this concept and by using the decomposition theorem of neu-
trosophic sets introduced by Smarandache (2007), if we know
the resulting single-valued neutrosophic soft topology, then
we can find the first fuzzy neutrosophic topology. Hence, we
can say that a fuzzy neutrosophic topology can be uniquely
represented as a single-valued neutrosophic soft topology.

Definition 13 Let (£, T°<°) and (G, T*°<°) be svnfts. A
svof — mapping v, &, — (G,)) is termed a
single-valued neutrosophic soft continuous mapping (sim-
ply, svnfc — map) if

T2, = This )

T, e < T, T2, ')
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—Tg(g(é)(gj) vog, €@G.)), éck&

Theorem 4 Let {‘T’iés } o be a group of single-valued neu-
JE€
trosophic soft topologies on £. Then,

=N =T

jer jer

_UT.

jer
is also an svnft on £, where

T2 = () TDe)
jer’
TS0 = T,
jer’
T =JTet) v fie® o), éce
jer

Proof Direct. O

Example3 Let £ = {xj,x2} be a universal set, £ =
{e1, ez, €3, e4} be a set of parameters for £, £ = j = {ey, e2}.
Let svnf-sets f;, g ;€ (£, £) as follows

£, = {(e1, {{x1.,0.3,0.3,0.3), (x2,0.3,0.3, 0.3)}),
(e2, {{x1,0.5,0.5,0.5), (x2,0.5,0.5, 0.5)})},

g, = {(e1, {(x1,0.4,0.4,0.4),
(x2,0.4,0.4,0.41), (e2, {{x1,0.5,0.5,0.5),
(x2,0.5,0.5,0.5)})},

Let us consider the next single-valued neutrosophic soft
topologies:

~ 1, if Q=o, 1, if Q=a,
TO@ =11, if Q=¢, T =11, if Q=¢,
it Q=f, 3. 0f Q=f or g,
~ 0, if Q=a, 0, if Q=0,
TSQ) =10, if Q=¢, @ =140, if Q=¢,
Lif Q= ;. if Q=f or g,
i 0, if Q=a, 0, if Q=a,
T@ =10, if Q=¢, T =10, if @=¢
1 if Q=1 1. if Q=f or g,.
The mapping 9, : (£, T*gg‘s) — (£, 'T'gg‘s) where 9 : £ —

fand g : & — & are 1dent1ty mappings. It’s easy to see that
¥y is svnfc — map.

Definition 14 A mapping 7, 72", 7€ = £®D isconsid-
ered as single-valued neutrosophic soft cotopology on £, if
it meets the following criteria, for every e € £

() 73 (@) =
HGE)

(o) g (fEUg,) >
hi (fz)Uh (&), N
o :(i0g)) <R ()R ).
() B (Vealfel) = Mica B W10,

Uiea e([fZ])
hdﬂkﬁmh»sumAEQQn Vf, € €8

The quadruple (£, f‘lg, hg o0 5) is termed the single-valued
neutrosophic soft cotopological space.

V8, € &0,
Az (Miealfild) <

G

Let 7969 be a svnft on £, then the mapping n,
& — £ defined by

R =T, R =TS,
o) =T3¢, v ek

e«n 2} Qx

is a single-valued neutrosophic soft cotopology on £, the
mapping A fz(S & — %9 defined by

lQl

TGy =R (), TEd) =hs (),
fg(fe)=hé(f§), V ¢e&,
is an svnft on £.

Definition 15 A mapping £9 .15 £5:6 — &8 s called a
single-valued neutrosophic soft base (simply, svnf-base) on
£, if it meets the following conditions, V e € &:

I and LS (®)

) K2 (@) =) = =L (E)=L (D)

=)&) =0,

E) EJROY) = ESENEZ().  ESGT)
<EZ (F)UEZ (1) K30, 1)) <ESGOURL(). Voo f, €
&, 8).

Theorem 5 Let (L" ES L‘S) be an svnf base on £. Define a
mapping TL, TL, T‘S £— & €8 as follows:

(TDato = ﬂhg(fz)jlfe=U(fe)j=, vV ée€,

jeJ jeJ

UL, 1 = U(mj], Véee,

jeJ jeJ

ULg:(fi)j Ife = U(fz)j}, vV éek.

jeJ jeJ

TDet =

(—T—i)é(fl) =N
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Then, (T, -T'f, -T'g) is svnft on £ for which < -
. < U (@) |n <U 2 ((g,)K))
-~ - "= jelJ kel
(TDef) = L2 (), (Ta(fy)
<L (). (TD:() <ti(f) vV fie®8)., éc&. < (U k2 ((feh)) U <U £S (<g,>x))
jeJ kel

[ =5 =5
Proof (T1) From the definition of £7, LS, Bl we_obtain, = (Tpe(f) U (TE)e(g,))-

EI(®) = £I(E) = 1 and LS (@) = LE(E) = Ei() =

% (g) —0. (T3) Lete € £ and Y; be a family index sets €2; such that
e —_—~ ~
~ i, € €O 1 (i = U (i, { Withfy = U ()i =
(T2) Suppose that {(fm 1fi=U (fa,-} and { - RS T
el A~
/e U U ()i, forevery i € T and %t € Ejer, with R(i) =
ielfwe;

g)ilg, = ~( ) }, for every e € £ are families, then
{ 810018 KLEJF 810 Y Q2;, we obtain
there exists {(fg)jﬂ(gj),(] such that

(TDa = ()| N &2 ((miew)) :

feﬁg, = (U(fz)j) ﬁ (U(g,)x) oo ) |

jeJ el (TDef0 < U | U E((icw)
= U (@fE)). il \wed
jeJ,kel - ~
(T < UL‘S((&),-EO,)).
It implies that il \wet

o o g = 585 p .
TDele) = () £ (0,0, Putei. M = Mg, ™ ((Dicw)). Then,

jed,kell
= () (£ () NEZ (80 et = U (ﬂ“hmt)

) WeE,‘ErT’. iel’
jed.,kell

szQWQOﬁyg@mﬂ :Qﬁgf”)
o - :ﬂ(U(ﬁ@mw)

> (T N (TP3(g,) = TDn.
-~ ~ ~ ~ iel’ \mieY; \uen; iel’
(TDe(rNg) = | ES (()iN()))
jetwel i i TDaf) < ﬂ (Uai»mi) = U ﬂ o, Th’)
< U (Lég ((f/z)j) n Lég((gj)’()) Rejery, \iel iel \mieY;
jeJ.,kel N -
=U(ﬂ<U@mm)=Uw&mm
< (U il (m,-)) n (U il (<g,>K>)
Jel wet T)a() < ﬂ (Uﬂli,mi) = U ﬂ o, i
meEkai iel’ iel’ \nieY;

< (U Ef (<fe>./)) U (U LS (<g]>x))

jeJ kel

IA

(TD:(f) U (T1)atg)
U B ((0iNe)x)

jeJ, kel

U (Li () ﬂLf;((gj)K))

jed,kell

A

(TDehilg) <

IA

@ Springer

iel’ \nieY; \nen; iel’

Thus, ("T'&, "T'E, "T'i) is svnft on £.

Theorem 6 Let ("T"NT TS, 'T'S) be asvnfton£ and (L& JES, LS)
be a svnf-base on G. Then, the single-valued neutrosophic soft

=U(ﬂ<U@wm»:Uﬁ&mm

m}
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mapping ¥, : (Eg) — (ﬁ) is svnfc — map if and only if

TZ0, (e 2 TE0, (8 =158,

T, (g, <

Lg(g) (gj)’

5
Lw(é')(gj)v
for each g € (ﬁ) ande € £.

Proof (=) Letd, : (£, "T'(’fg) — (G, "T’gfg) be a svnfc-map
and g ;€ (ﬁ). Then,

Ta(ﬁ‘ 1(gj)) = (T )o@(8,) = Lw(e)(gj)

T, () = (T (8) <k (8.

T30, (6)) < (T (8) <E2 ().

(<) Let T2, '(g)) =
Lé(é\)(g,) and T30, '(g,) <
(G,)) and let hy €
{(ha)je(ﬁ)lha U(ha)]

we obtain
] el

I, (ha)) = T2 (ﬂ;l (U(ha)j)) =T¢ (Ul’ Y(h9) ) )
jer Jer

= (T2 (9 @a)p) = () ()

jer jer

Teo ey =T (o [ ()
jer
T2 ()9, @) ))
jer

SURHCARCNE U ES e (o))
jel

(D)
= ( (ﬂ(ha>j)): g(ﬂﬁ ((ha)/))
Jer jer
_’l"_

= U T (0 @p) = Ut @

jer

L) T; (0;(g)) <
(p(e)(gj) for each g, €
(ﬁ) for any family of

A

Thus,
T2@, (1) = (T (ha).
TEW, ) < (TP g (o),
T2, () < (T (o).
O

Theorem 7 Let (£, (T:")e,. (Ti%)e,. (Ti)e)) be a family
of svnfts, £ be a parameter set, £ be a non-null set and for

everyi €', 9; : £ > £ and(p, E — & be a mapping.

Define 1.7 LS, SR & ) on £ as follows:

Lé’(fw:U{ﬂ(T Dvuy @ (o)) 1 fo = ﬂ(19<p)w_,l((fz)w,~)}
j=1

n

L) =) {U(Tg Yoo, @ () | fy =

j=1

@)} (o))
j=1

L= [U(Tip% @ (o) 1o = ()] ((fz)w,)} :

j=1 j=1

where Q = {w1, wy, ..., w, € T'. Then,

(1) (L7, LS, L‘S) is a svnf-base on £.

(2) The svnft (T¢, Ti, Tg) generated by (L7, L5, L‘S) is the
svnft on £ for which every (¥y);, i € I' are svnfc-maps.

(3) Amap 9, : (G, (FD)p) — (& (T7)¢) is a snfe-
map iff for any i € T, (¥y); o ¥y : (G, ) —

(£, (—T—?§ 5)&) is a svnfc-map.

Proof (1) (L) Since f, = (ﬂw) (fz) for every f, = {®, 5}
LS (@) = Lg(f:) = 1 and Lj(cb) = Lj(g) = Lg(cb) =
L@ =0véet.

(t.p)Foreach J = {j1, ji, ..., , Wn )

NG G and g,

@}andQ = {wi, wo, ...

of y such that f, =

= (l7<p);1 ((g,)j;), we have
i=1

ffmgj - {(

5’ m .
ﬂ(%)l),l((fe)w,)(d N @0 (2@

§ Ué
ﬂq,)w, ()@

IID:

,rf]l<0¢)_,;1(<gg>.,~,.><é>’

O
II D:

Usm )
|05 ()@ @) (2@

Furthermore, we have foreachw € QN J

) () N (9)5 (8 ))e) = B)5 (o N (€))w)-
Put £iNg, = {0 A wpnltom' ® U 0o o)’
m; €QUJ m;eQuJ
5 U om! )y} Where
m; eQUJ
&f(mi)(r)’ lf m; € L - /s
&(hi))(mi)(r) = &g(mi)(r), if mje j—4¢,
&f(mﬁ(r) N &g(mi>(r), if mjelny.
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S:f(ml.)(”)a if mj €etl—,
S:(hf*)(m;)(’") = fg(;ni)(r)’ if mj e j—¢,
5:.)"(,"[.)(”) U S:g(m”(r), if mjelny.
Sf(m_)(r), if mj etl—,
S(hﬁ)(m,-)(r) = (Sg(m , (), if mj € j—¢,
8f<m)(r)U8g( )() if mjelny.

So, we obtain

LI (1) > ﬂ (Ti)(w)(e)(ha)j

jeQuJ

z (ﬂﬁ—u&),')(ww,-)(é)((fz)w,«))

i=1

N (ﬂ(f%)(%)(é)((gﬂji»

i=1

n
If we take the sup over the families f, = [ (ﬁ(p);[_l((fg)w[)

~

m
andg, = (%);1 ((g,) ;). then we have
i=1

LI(0f) =L (F) NEI(F), vV é€k, 3)

and on the other hand,

LS (1) < U (—T—f)(w_,-)(é)(ha)j

jeQuJ

< (U(fi,.)(%)@((fe)wi))

i=1

U (U("T’i)(%.i)(é)((g,)j,‘)) .

i=1

n
If we take the sup over the families f, = |J (z?w)a_)il((f@)wi)
i=1

~

m
and g, = U(ﬂ¢);1((g,)j,), then we have
i=1

LS <ESGUESE), Y ceé )

Also,

6 = U Thene ),

jeQuJ

< (U(—T—ii)(%i)(é)((fz)w,-))

i=1

@ Springer

U (U(ﬁ,)(w,-,.)(é>((8j)j,-)>

i=1

n
If we take the sup over the families f, = |J (ﬁw);il((fe)w;)
i=1

~

m
andg, = |J (%);1 ((g,) ;). then we have
i=1

B30 <ESf)UEN(), vV éeé. (5)

From Egs. (3), (4) and (5), we have L"(fgﬂfj) > L”(fe) N
LI(f). Lg(feﬂf,) < LI () ULS(F). K3 (A1) < E3(f) U
LI Vg, € ®6).

(2) For any (fy); € (£;, S)i, one collection {z?w)i_l((fe),-)}
andi € I', for each ¢ € £, we obtain

(fi)gm)“((fe i) = L2 0) 7 (1)) = (T i@ ((F)),
(T (i) <L 07 (D)D) = (T 0@ ()0
(T () B2 (D) < (T @ (i)

: eI @)+ &7 —
(£, ("T'?ga)gi) is a svnfc-map. Let (9,); : (£, (75%)¢) —

(£, (—T—ffa)&.) be a svnfc-map and (fy); € (£T-,?,-), Viel
we have,

Therefore, for each i

2 (W) ((F))) = (T n@ (i)
()7 (D)) = (THen@ (D))
(W) (D)) = (T on@ (i),

For each Q = {wp,w, ...,

ﬂ (¥9)a; ((f)w;) we obtain

i=1

wy} of y such that f, =

() = ()T @) () = ﬂ(T Do) @ (D),
i=1 i=1

# () < U7 005" (o) = | T5) 0@ (o)
i=1 i=1
2 < 7005 (o) < T @ (e

i=1

It implies for any e € £

B =L, () <E (), () <E@).

By Theorem 5, T?ga ) "I'ag(s
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(3) <= suppose that 9, : (G, (F75%) ) — > (& (Taga)g)ls
an svnfc-map. Foreach i € I' and (f}); € (£;, Sl), we obtain

T2((pi 0 9)y 1y ((F)))
=20, ()] () = (TD)pm) (@) (i)
> (T giop (D),

T2 (0 0 @)y Ly ((F)0))
= 250, ()7 (D)) < (TE)pm ()7 (D)
< (M) gropm ()

T((gi 0 0y Ly (D))
= 2200, () () < (TDpm (@) ()
< (T gropm (D),

Thus, (¢i © @)s,en : (G, (F7)F) — (&, (T7)g) is an

svnfc-map.
(=) For all finite @ = {w, w2, ...,
n o~
fe= n (99) o (F)ey) since (¢; 0 Q)00 = (G, (T7°°) F) —
1=

(£0r. (Tor

wp} of T such that

)g ) is an svnfc-map, for every p € F

20, ()5 (D)) = (T0) @iop) () (F)wi)-
50, (99) 0 (F)e)) = (TE) @iop) () (F)wi)-
B0, ()0 (o)) = (T2 00 (m (F)oi)-

Hence, we obtain

~

2 (() @y (@) (D))

i=1

T, (f) =

> ()5 (@, (D)0 (F)w)))

i=1

n
> (T2 0,00 () Fen)-
i=1

@0, (fe))=~§ (ﬂ (@) (FDo))))

:ﬁDZ

< () E5 (@, ()0 ((F)w)))
i=1

D:

(T 0,00 () ()
i=1

(0, () ()

i=1

B, () =

< 2@, (@), (Fw))
i=1

n
= m(—ri,»)(ww,- op)(p) ) wy)-

i=1

Therefore,

20, () = £, (fo). 20, ) <k, (o).
D) <t () ¥ peF and f, € &.E).

By Theorem 6, 9, : (G, (75 7) — (€. (Ti)e)isa

svnfc-map.

Let {(£;, ('T'féa)g>)},-er be a collection of svnfts, £ be a
parameter set and Vi € I', ¢ : £ — £ and ¢; : € — &
be a mapping. The initial single-valued neutrosophic soft
topology TUg 3 on £ is the coarsest svnfts on £ for which all
(D), i € F are svnfc-maps. O

4 Initial single-valued neutrosophic soft
closure spaces

In this segment, we launch the ideas of single-valued neu-
trosophic soft closure spaces (simply, svnf-closure space).
In particular, we prove the existence of initial single-valued
neutrosophic soft closure structures. From this fact, the cat-
egory SVNSC is a topological category over SET.

Definition16 A map C : £ x (f,_é’\) x & — E?) is
considered single-valued neutrosophic soft closure opera-
tor on £, if it meets the following conditions for all ¢ € &,

fe-8, € & &),r,s €kr:

(Cy) C(e, 0, r)A: )

(Cy) Cee, S e,

(Cz) 1ffeIZgL then C(e, f, r)EC(e g r),
(C4) C(e f(ug]’r) C(e fﬁvr)uc(e g]$ )’
(Cs) C(e, fg,r)EC(e g],s) ifr <s.

The pair (£, C) is termed svnf-closure space.

An svnfc-closure space (£, C) is addressed as single-
valued neutrosophic topological, provided that C(e, C(e,
fo.r),r) =Cle, fp,r).

Let (£, (Cy)g) and (G, (C2) r) be svnf-closure spaces. A
mapping ¥, : (£, (C1)g) — (G, (C2)F) is called single-
valued neutrosophic soft C-map (simply, svof C-map), if for
eachf, € (£,8),r €&, €€,

Ca(¢z, V4 (fp)s NEDH(C1(@, fy. 7).
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Suppose that (r"g‘s)]: and (T"g‘s)g are svnfts on £. We
say that (r“g‘s)f is finer than (T”g‘s)g [T”g‘s)g is coarser
than (795%) 7], denoted by (T7¢%)cE(77¢8) £, if

(T < (F):(f), (T = E9):(f),
(M) = @)alf) ¥V €& fie®E), reék.
Theorem 8 Let (£, 7’553) be svnfts. Forallf, € S@—g\), eeg,

r e 50, we define an operator C= EX (K, E) x & —>
(£, £, & ) as next:

T& gb'

Cis:5@.fr) =Nlg, € (£.8) :
fi€g, TIE) =r, TE@) <1—r, TASH <1-r}

Then, (£, (C—'F&S:g)g) is a svnf-closure space.

Proof Cy, C,, C3 and Cs follows dlrectly from CTU;S
Cy: Since f,£f,0f, and g, £f,0f,, we obtain that,

Cf&gs (e, fe, V)Ocﬁgs(é’ 8> r)écfags(é»fzgg/, r).
Now we will prove that Cs;z5 (€, fps r)UCTl,gs (e, g;:7)
DC~5§8(6 .f@ugja
Let (£, (T"g‘s)g) be svnfts. From (C,4), we obtain that
FEC 555 @ fp. 1), TI(C5 . f. IO
>r, TE([Cﬁ @.fe.nN)<1-r,
and THUIC5@.fp.NI) <17,
28,EC=55@ 8,7, TI(C54 . g, IO
L TEC @ g, ) <1,

and TUIC5;@. 8,11 <1 -,

>r

It implies thathOg] @C.T_;,fg (e, fys r)OC.T_ﬁgg (e,8,.1),

T? ([Css @, fy 1) UC+5 (@, g, ) = TZ(UC+5 @, fy, I
NIC+s (€. g,. M)

> T2([C55 @, fy. NI

NTZ(C3: @ g, . M) =7,

([C+¢@.fyn 1)

UC=: (2. g,. NI = TS ([C2: @ fy. I
N[C+¢ (2. g;, M)

< TE(C: @.fr. 1)

UTS((C2: (@ g, 1) <1 -,
([C+35@.fy. 1)U Cx5(E. g,. 1)

= TE(UC @ fp NI N[C5(C, g, )

—
Dy

—
DN o
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< T2C5 @ fy. NI
UT(IC:5. 8, 1) < 1— 1.

Hence, C-T—&fg (é3f(9 r)OC‘T'&fg (é’ g] i r)’éc:rfrfg (év.fﬁog‘]3 r)
Thus,

C‘T’&§S (ésf[1 r)OC:r(?jg(év gjs r) = C-}&;S(afgoé’]s r)'
O

Theorem 9 Lel £, (C)g) be a svnf-closure space. Define a

mapping T (€ — & €8 on £ by: For every e € &,

(TR = Jir e&:CC (). r) = ()Y,
(T = (1 —r €& :C@. (). r) = ()},
Ty = (1 —r €£:CC. (. 1) = ()F).

Then, ('T'g, "T'g., "T'%) is a svnfts on £,

Proof (T1). Let (£, (C)g) be an svnf-closure space. Since
Cle,®,r)=dand C(e,E,r) =&, foreach,e € £ ,r € &
we have (T).

(To).Let (£, (C)g) be an/slnf—closure space. Assume that

there exists [f;11, [f;]2 € §(£’5) such that

(TOfIN1) < (Tl N (TYEf 1),
(TC) U1 > (TR:flD U (TOafil).
TN > (TO:fID U (TL:(fi12)

There exists r € &y such that

(TE)E([fe]lﬂ[fg]z) <r< (Tc)e([fgh) n (Tc)e([fl]Z)
TN > 1—r > (TEefil) U (TR,
(Tc)e([fz]lm[f(h) >1—r> (T )e([fel) U (T Ve ([fel2)-

For each j € {1, 2}, there exist r; € & with C(e, [f;]{, ri) =
[f¢]¢, such that

(Tosfd) <1—r <1—r,

1—r.

r<ri < (TOf0,
(Tc)é([fe D <1-r<

On the other hand, since C(e, [f;]7, r) = [f;]{ from C; and
Cs in Definition 12, for all i € {1, 2}, we have

CE@, [,1501£,15. r) = [f1501£,15.

It follows that (T )e([fe]lﬁ[fe 2) >r, (T )e([fe] m[fe]g) <
1 —r,and (T )z ([fg]lﬁ[fe]z)) < 1 —r. It is a contradic-

tion. Hence, forall f;, g, € g €8 we have (T )é (f(ﬁgj) >
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TP N Tole). TONg) = (T U
(Toe(g). Tl < TR U (Tes)

(T3). Assume that there exists f, = (J;cp(fo)i € §(£,€)
such that

(TO:(f) < (TO(i)
iel’

(Tt > JTOa(f.
iel’
Tt > | JTDs()-

iel

There exists rg € &y such that

(TEe() <ro < [T,

iel’
(T > 1—ro > [T,
iel
T > 1—ro > [ JTOH(0)-
iel’

Vi eT andr; € & there exists C(e, [fy]7, ri) = [felf, s.t

ro <ri < (f%)g((fg)i),
> (TR,
1—ri>1—=rg > (T&HF))-

1l—rog>1—r;

Moreover, since C(e, [f;17,r0) < C(e, [fe]{,ri) = [fe]{ by
C; in Definition 12, we get that C(e, [f;I5,r) = [fiI;. It
implies, for alli € I,

C(év [f[]cs FO) S C(gv [f[]?v ri) = [ff]c~

It follows that C(e, [f,1°,r0) < (;erlfel; = [f,1°. Hence,
C@, [f,1°, ro) = [, 1%, that is, (TE)z(f,) = ro, (Te)a(fy) <

1 —rp and (—T—%)’é(fe) < 1 — rp. It is a contradiction. Thus,
("T"é, 'T'é 'T"SC) is a svnfts on £. O

Theorem 10 Allowing {(£, (Ci)¢g;)}ier to be an aggregation
of svnf-closure spaces, let ¥ : £ — £;, ¢; : £ — & be
mappings for alli € T and £ be a set. Define a map C

E x (f,?) X & — (f,?) over £ as next:

Faes -

—

C@.fp,r) = ﬁ{U@er(m;l(Ci (i (@),

i=1

(D) (Fe)i)s r)))}~

Foralle € &, fy. 8, € (f,?), r € & where the first 0 is

n

taken on all finite aggregations {(f))i :  f, = U ()i} -
i=1

Then

(1) C is the coarsest single-valued neutrosophic soft closure
operator on £, for which all (9,); are synfC-maps,

(2) if {(£,(Cig)lier) is a aggregation of svaf-closure
spaces, then (£, (C)g) is a svnfts,

(3) amap ¥, : (G, Cy) — (£, Cg) is a svnfC-map iff for all
iel, (Vy)io?,: (G, C*]_-) — (£, (Cy)g,) is a svnfC-
map.

Proof (1) Firstly, we will prove that C is a single-valued
neutrosophic soft closure operator on £.

Ci, C,, C3 and Cs follows directly from definition C
G4t From (C3), we get that C(@,f,, rnUCE, g,.r)
CCle, f,Ug,,r). R R R

Now we show that C(e, f;, r)UC(e, 8 r)QC(é,fZUg], r).

For all finite families {(f,); : f, = U (fy)i} and {(g))i :
i=1

~

n
g = U(g])i}, there exists a finite family {(f;);, (gp); :
i=1
- m o
feVg, = (U <fe)i)U(U (g,)i)}, such that
i=l1 i=1

C(, f,Ug, nE [U(ﬁierww);l(ci (@i (@), )i (i) r)))}O
i=1

[U(ﬁier(%)i—l(ci(% (@), (D9)i ((g,)i): r)))]~

i=1

e~

n

Puthy = | Qier 9); ' (Ci(9i (&), (9)i ((g,)i), r))). Then,

i=1

—

Ce@, f,Ug.n C ﬁ[Uﬁier(m;l(Ci(wi(a,
i=1

@i ((F)i), r))) g ha]

—

[ﬁ(U(ﬁier(ﬂw);l(ci (¢i (@),
i=1

@) ((f)), 7)) O ha}

= C@,f,r) U hy,

@ Springer



Y. Saber et al.

\ivllere U is taken on all finite families {(Fo)i

.(_njl(}})i}. Also,

‘fZ:

C. f,Ugy, NE N (CE. [ r) U hy)

—

= (C@.fy, r)O[ﬁ[U(ﬁier(%)il (Ci(¢i (@),

i=1
x(09)i ((g,)i), r)))):|:|

= C(.f,.rUCE. g,, 1),

where U is taken on all finite families {(g)i :

n
U )il
i=1
Next, from the definition of (;V we have the subsequent

n
regarding the group {f, :  f, = U (fp)i},
i=1

fe =

Aier (90);7 (Ci (9 (@), (9)i (F)i)s 7))
(90)7 (Ci (@1 (8), (9)i (F)1) 1)),

Ce, fy, 1)

I 1

It implies that

9,(C@,fy, 1)) T
£

Ci(gi(@), Wp)i((f)i). 1),

Thus for eachi € T', (¥y); : (£,Ce) — (&, (Ci)g) isa
svnf C-map.

If 0y)i : (£, Cx) — (£, (C)g) is a svnfC-map, for
everyi € I and e € F, then we have

()i (C*@. £y, MNECi(9i (&), (3)i (F)i), 7).
It implies that

Do (C*(@. fp, 1)) (l%)}l ()i (C*(€, fy, 1))

)7 (Ci (@i (@), D) (i), 1))

I

So we have

9(C* @, f;, 1) E N 3) 7 (Ci(gi (@), 3y)i (F)0), 7).
We have the ensuing in respect of every clusters {(fy); :
fe= '!1(&”}

—

C@.fy.1) = ﬁ[Uﬁierw@);l(Ci(w(a,

i=1

@ Springer

(D) j (9); (Ci (@i (), ()i (F)i): 7))

(D) (Fp)i)s r)))}

—

= ﬁ[UC*(E, (fm,r)]

i=1
—

:ﬁ[c*(é, U(fe)j,r)} -

i=1

C*(é9f€’ r)-

Thus, C is the coarsest single-valued neutrosophic soft clo-
sure operator on £.

(2) We will show that C(e, C(e, f;,r),r) = C(e, f, 1),
foralle € &, f,, e@,r € &;.

m
For all finite families {(f;); : f, = U (fy)i}, we have
i=1

C@.f.r) = ﬁ@ﬁierm);‘(ciwa,

i=1
(ﬁq))i((fz)i),r)))}

= ﬁ@ﬁierm@i‘(ci(wi(é),
iz1
Ci (i (8). ()i (F))- 1), r)))}

3 ﬁ[/@ﬁier(m)ﬂ(&(wi@),
iz1
)i (Ci @, (f)i» ), r»)}

3 C@, CE@.f,.r),r).

From (C,), we have C(¢, f;, r) = C(¢, C(&, f,, 1), 7).
(3) Direct. O

The category of svnf-closure spaces and svnfC-maps is
denoted by SVNSC.

Definition 17 (Alsharari et al. 2021) A category C is termed
to be a topological category on SET with respect to the usual
forgetful functor from C to SET if it meets the following
criteria:

(C1) Existence of initial structures: For every £, any class
I', and any aggregation (£; , J;);er of C-object and
every aggregation (f; : £ — 3J;);er of mappings, there
exists a unique C-structure I on £ which is initial with
respect to the source (f; : £ — (£; , Jj)ier, i.e., for a
C-object (G, N),amapping L : (G, N) — (£,J)isaC-
morphismiff foranyi € ', fioL : (G, N) — (£;, 3;)
is a C-morphism.
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(C») Fibre smallness: For every set £, the C-fibre of £, i.e.,
the class of all C-structure over £, which we denote
C(£), is a set

Theorem 11 The forgetful functor X} : SVNSC — SET
defined by R(£,C) = £ and R(Vy) = P is single-valued
neutrosophic topological.

Proof The proof is straightforward from Theorem 10, and
every R-structured source [(¥y); : £ — R(£;, C;)jer] has a
unique R-initial left [(¥y); : (£, C) — R(£;, C;)ier], where
C is defined as in Theorem 10. |

Using Theorems 10 and 11, we obtain the following defi-
nition.

Definition 18 Let {(£;, (Ci)g,)}ier be a family of svnf-
closure spaces, foralli € I', £ = [[;.p & and € = [ [, &i.
Assume that P; : £ — £; and ¢; : £ — &; are projection
maps for all i € I'. The initial single-valued neutrosophic
soft closure operator C as given in Theorem 10, with respect
to the parameter set &£, is the coarsest single-valued neutro-
sophic soft closure operator on £ for which all (P;);,i € I’
are svnf C-maps.

5 Conclusions

We have considered the topological structure of single-
valued neutrosophic soft set theory. We also have introduced
the concept of single-valued neutrosophic soft topology
("T—/‘;L"T—f, "T"S) which is a mapping "T"}, "T'f, T?
& £.8) [where £ is a parameter set] that meet the three
specified conditions. Since the value of a single-valued neu-

E —

trosophic soft set (svnfs) f, under the mapping 'T'g, 'T'g , 'T'g
gives us the degree of openness, the degree of indetermi-
nacy, and the degree of non-openness, respectively, of the
svnfs with respect to the parameter ¢ € &, ("T'g, "T'eg, "T'g),
which can be thought of as a single-valued neutrosophic soft
topology in the sense of Sostak. In this sense, we have pre-
sented single-valued neutrosophic soft cotopology and given
the relations among single-valued neutrosophic soft topol-
ogy and single-valued neutrosophic soft cotopology. Then,
we have demarcated single-valued neutrosophic soft base
(La,Lé E%), and by using a single-valued neutrosophic soft
base, we have obtained a single-valued neutrosophic soft
topology on the same set. Also, the dual idea of final single-
valued neutrosophic soft closure spaces (svnf-closure space)
is a typical study and methodically ensured next the same
results proved in this paper, and we think that no necessity
to improve special study for the final single-valued neutro-
sophic soft closure structures. Finally, we have showed that
the category of single-valued neutrosophic soft topological

spaces SVNTOP is a topological category on SET with
respect to the forgetful functor.
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