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SOME RESULTS OF NEUTROSOPHIC NORMED SPACES VIA
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Recently, Fibonacct matriz was introduced and studied by Kara and Basarir
[Bl. In the present paper, we introduce Fibonacci statistical convergence in neutrosophic
normed space and examine some basic properties like Fibonacci statistical Cauchyness

and Fibonacci statistical completeness.
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1. Introduction

Zadeh [I7] introduced the notion of the fuzzy theory in 1965. Since then a large num-
ber of research papers have been published and fuzzification of many classical theories has
also been made. Atanassov [16] generalized the fuzzy sets theory and studied the concepts
of intuitionistic fuzzy sets (IFS). In 2004, Park [II] investigated the notion of intuitionistic
fuzzy metric space, further Saadati, and Park [25] analyzed this concept in the norm.

The notion of neutrosophic sets (N.S) was introduced by Smarandache [4].This set is
an extension of IF'S no matter if the sum of neutrosophic components is < 1, or > 1, or
= 1. For the case when the sum of components is 1 (as in IFS), after applying the neu-
trosophic aggregation operators, one gets a different result than applying the intuitionistic
fuzzy operators, since the intuitionistic fuzzy operators ignore the indeterminacy, while the
neutrosophic aggregation operators take into consideration the indeterminacy at the same
level as truth-membership and falsehood-nonmembership are taken. N.S is also more flexible
and effective because it handles, besides independent components, also partially indepen-
dent and partially dependent components, while I F'S cannot deal with these. Smarandache
[5] examined the differences between neutrosophic logic, intuitionistic fuzzy logic, and the
corresponding neutrosophic sets and intuitionistic fuzzy sets. Further, Smarandache [6] [7] 8]
investigated neutroalgebra which is generalization of partial algebra , neutroalgebraic struc-
tures and antialgebraic structures. Moreover, Bera and Mahapatra [27] introduced the
neutrosophic soft linear space. Bera and Mahapatra [28] studied convexity, metric, Cauchy
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sequence, and neutrosophic soft norm linear space (NSNLS).

The theory of statistical convergence of sequences of real numbers was introduced by
H. Fast [9] and H. Steinhaus [I0] independently. After that several researchers analyzed
these concepts in different areas (see, [12), 20, 13, 24]). Moreover, Karakus [26] studied
statistical convergence on probabilistic normed spaces , and then Mursaleen et. al [19]
further generalized statistical convergence of double sequence in intuitionistic fuzzy normed
spaces. Recently, Khan et al. [29] [30] investigated ideal convergence for single and double
sequences in intuitionistic fuzzy normed spaces. Further, Kirisci [21] studied neutrosophic
normed spaces and statistical convergence on it. Since the neutrosophic normed space is a
natural generalization of the intuitionistic fuzzy normed space and statistical convergence
using Fibonacci matrix has an important place in the theory of sequence spaces. In this
paper, we generalized and studied the concepts given by Kirigci into neutrosophic normed
spaces and we obtained some interesting results.

2. Preliminaries

In what follows, we collect relevant definitions needed in our subsequent discussions.

Definition 2.1. The Fibonacci numbers are the terms of the sequence of numbers (f,) for

n=1,2,... defined by the linear recurrence equation

fon = fac1+ fn—2 forn>2. (1)
The first two terms are fo =0 and f1 = 1.

Recently, Kara and Basarir [3] used the Fibonacci sequence in the theory of sequence
spaces. Later on the infinite matrix associated to the fibonacci numbers namely Fibonacci
difference matrix F was initiated by Kara in [2]. Suppose for every n € N, f,, be the n*"
Fibonacci number. Then, the infinite matrix F= (fnk),n,k=0,1,... corresponding to the
Fibonacci sequence (f,,) is defined by

e (p=n 1)

fn,k:O,l...: ffil (k=mn)

0, (0<k<n-—1lork>n)

which aids in the formation of sequence spaces corresponding to the matrix domain

of F. Moreover, various researchers produced high-quality papers on the Fibonacci matrix
[1, 18, 15, 22| 23].

Fibonacci numbers are strongly related to the golden ratio: Binet’s formula expresses
the nth Fibonacci number in terms of n and the golden ratio, and implies that the ratio of
two consecutive Fibonacci numbers tends to the golden ratio as n increases. That is,

. 1++/5
lim f’ﬂ+1 _ \[

n—oo  fp 2

= «a (golden ratio) (2)

ka:fn+2_17 (TZEN) (3)
k=0
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1
Z — converges, (4)
il

frnotfas1 — f2 = (=1)""(n > 1) (Cassini formula)

It provides f2_; + fufa—1 — f2 = (=1)"T1 if one substitutes for f,, 11 in Cassini’s formula.

Definition 2.2. [22] A sequence x = (x;) is said to be Fibonacci statistically convergent (or
ij - statistically convergent ) if there is a number £ € X such that for every e > 0 the set
K (F)=1{j <n:|Fzj— > ¢} has the natural density zero, i.c., (K.(F)) = 0 That is

1 .
lim —|{j<n:|Fz; —¥{ >e}|=0

n—o00 M

In this case, we write §(F) - lim x; = £ or x; — £(S5(F)).

Definition 2.3. [22] A sequence x = (x;) is called Fibonacci statistically Cauchy (or Fa,-
statistically Cauchy) if there exists a number N = N(e) such that for each e > 0
1 . .
lim —|{j <n:|Fz; — F(zn)| > €}| =0. (5)

n—oo N

Definition 2.4. [16] Suppose X be a universe of discourse Then the set Ajps C X by,
Arps = {< 2, Ta(z),Ha(z) >z € X}, is called intuitionistic fuzzy set. (6)

where Ta(z), Ha(z) : X — [0, 1] represent the degree of membership and degree of nonmem-
bership respectively, with Ta(x) + Ha(z) <1, and Ja(x) =1 — Ja(z) — Ha(x) represents
degree of hesitancy. The intuitionistic fuzzy components Tx(x), Ha(x) and Ja(z) are de-
pendent concerning each other.

Definition 2.5. [4] Suppose X be a universe of discourse Then the set Axg C X by,
Ans ={< z,Ta(x),Ha(x),da(x) > x € X}, is called neutrosophic set. (7)

where Tp(x), Ha(x),da(z) : X — [0,1] represent the degree of truth-membership, degree
of indeterminacy-membership, and degree of false-nonmembership respectively, with 0 <
Ta(x) +Ha(z) + Jalz) < 3. The neutrosophic components Ta(x), Ha(x) and Ja(z) are
independent concerning each other.

Triangular norms (¢-norms) were initiated by Menger [14]. Triangular conorms (¢-
conorms) are known as dual operations of #-norm. The t-norm and t-conorm are very
significant for fuzzy operations (intersections and unions) which are defined as follows:

Definition 2.6. [I4] A binary operation x : [0,1] x [0,1] — [0, 1] is said to be a continuous
t-norm if it satisfies the following conditions:

(a) x is associative and commutative,

(b) % is continuous,

(c) ax1=a for all a € [0,1],

(d) axb < c*d whenever a < ¢ and b < d for each a,b,c,d € [0,1].
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Definition 2.7. [I4] A binary operation ¢ : [0,1] x [0,1] — [0, 1] is said to be a continuous
t-conorm if it satisfies the following conditions:

(a) © is associative and commutative,

(b) © is continuous,

(¢c) ao0=a for all a € [0,1],

(d) aob < cod whenever a < c and b < d for each a,b,c,d € [0, 1].

From above definitions, we note that if we choose 0 < e1,es < 1 with e; > eq, then
there exist 0 < es, e4 < 1 such that ej xe3 > ea,e1 > eq40eq. Further, if we choose e5 € (0,1),
then there exist eg, e7 € (0, 1) such that eg * eg > e5 and e o e7 < es.

Definition 2.8. [2I] Take X as a vector space and M = {< z,T(z), H(z),d(z) >: =z € X}
be a normed space such that T(z),H(x),J(z) : X x Rt — [0,1]. Assume x and o be
the continuous t norm and continuous t-conorm respectively. The four-tuple (X, M, x, o)
is said to be Neutrosophic normed space (NNS) if the subsequent conditions holds; for all
z,y,2€ X and t,s >0
(1) 0<T(2,1) <L, 0<H(y,t) <1,0<9(2t) <1, t € RT,
(i) T, t) + H(a.t) + 3 1) < 3, fort € R,
(iii) T(z,t) =1 fort >0 iff x =0
(iv) T(az, ) = T(w, i),
(v) T(z,t) *T(y,s) < T(x +y,t+ 3),
(vi) T(z,*) is continuous non-decreasing function
(vii) tlgglo T(z,t) =1
(viii) H(y,t) =0 fort >0 iff x =0
(%) H(ay,t) = Iy, 1),
(x) H(y,t) o H(z,t) > H(y + 2z, t+ 3),
(xi) H(y,o) is continuous non-increasing function,
(xii) tllglo H(z,t) =0,

(xiil) J(z,t) =0 fort >0 iffc =0

(xiv) J(ax,t) = J(z, L),

* ol
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(xv) d(z,t) 0 d(x,s) > J(z+x,t+s),
(xvi) d(z,.) is continuous non-increasing function,
(xvii) tll)rgo J(z,t) =0,

(xviil) Ift <0, then T(x,t) =0, H(y,t) =1, J(2,t) = 1.
In such case, M = (T,H, J) is said to be neutrosophic normed (NN).

Example 2.1. [21] Suppose (X,]| . ||) be a NNS. Give the operations as x*y =x +y — xy

and x oy = min(z,y). Fort > ||y,
N y sl

T(y?t):77 = T
t+ [yl t+lyll t
for all z,y € M and t > 0. If we take t < ||y||, then

T(yvt) = ng{(y,t) =1 and 3(y>t) =1

Hence, (X, M, *,0) is Neutrosophic normed space such that M : X x RT — [0, 1].

Definition 2.9. [2I] Let (X, M, *,¢) be a Neutrosophic normed space. A sequence x = (z;)
is said to be convergent to £ with respect to M, if for every 0 < e <1 andt > 0, there exists
J € N such that T(x; — £,t) > 1 —€, H(z; —£,t) < e and J(x; — {,t) < € That is, for all
t > 0, we have

lim T(z; —£,t) =1, lim H(z; —£,t) =0 and lim J(z; — £, t) = 0. (9)

Jj—oo J—ro0 j—o0
The convergence in (X, M, *,0) is denoted by M — limz; = £.
Definition 2.10. [2I] Suppose (X,M,x, o) be a Neutrosophic normed space. A sequence
x = (z;) is said to be Cauchy sequence with respect to M, if for every 0 < e <1 andt >0,

there exists J € N such that T(x; —yk,t) > 1 —¢, H(x; —yi,t) < € and J(xj; — Y, t) < € for
alj ke

3. Main Results

Definition 3.1. Let (X, M, «,0) be a Neutrosophic normed space. A sequence x = (x;)
is said to be Fibonacci statistical (F'S)— convergent to £ € X with respect M if for every
et >0

S{jeN:T(Fx; —0,t) <1—¢, H(Fa; —£,t) > € and J(Fax; —,t) >€})=0. (10)
or equivalently
1 - . .
limﬁ|{j <n:J(Fz; —0,t) <1—¢H(Fx; —L,t) > € and J(Fx; —(,t) > e} =0. (11)

In this case we write 6(F)yy — lim x; = L. The set of all Fibonacci statistical convergent

sequences, denoted by FSC — NN will be denoted by M(F)nyn. In case £ =0, we will write
Mo(F)nnN
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Lemma 3.1. Let (X, M, *,0) be a Neutrosophic normed space. Then, for every e, t > 0.
the subsequent statements are equivalent:

(1) 6(F)ny —lima; = ¢

(2) 6({j eN:T(Fa; —0,t) <1—e=H(Fx; —(,t) > e=g(Fx; —1,t) > €}) =0

(3) 0({j eN:T(Fa; —(,t) >1— ¢, H(Fx; — {,t) < e and J(Fa; — 0,t) < €}) = 1.

(4) 6({j eN:T(Fz; —0,t) >1— e = S{H(Fa; — (,1) <e= 6({I(Fx; — £,1) <e}) =1

(5) M —limT(Fz; —£,t) =1, M — limH(Fz; — £,t) = 0 and
M —limJ(Fz; — £,t) = 0.

Theorem 3.1. Let (X, M, ,0) be a Neutrosophic normed space. If a sequence © = (z;)
is Fibonacci statistically convergent with respect to the norm M then the (S(FI)NN— limit is
unique.

Proof. Let 5(F)NN —limaz; = /44, 5(F)NN —limz; = ¢y and ¢; # {5. Given €,s > 0 such
that sos <eand (1 —s)x(1 —s)>1—e Then, for all ¢ > 0;

Koya(s,t) = {j €N: T(Fa; — 01, %) <1-s)
Koo(s,t) = {j € N: T(Fa; — o, %) <1-s)
Ksca(s,t) = {j € N: H(Fa — 1, %) > )
Ksca(s,t) = {j € N: H(F; — b, %) > s}
Kyi(s,6) = {j € N: g(Fj — 01, %) > )

Kya(st) = {j €N §(Fa; — o, ) 2 s)
Since 6(F)NN —limx; = ¢;. Then
§(Kg1(e,t)) = 6(Kgca(e,t)) = 6(Kg1(e,t)) = 0.
Also, using 6(F)NN —limxz; = ¢5, one get
(Kg2(e,t)) = 6(Kgc2(e,t)) = 6(Kyg2(e,t)) = 0.
Let us denote
Koy = [Kg1(s,t) UKgo(s,t)] N [Kgc1(s,t) U Kaga(s, 1) N [Kg1(s,t) U Ky a(s,t)].
It can be easily seen that §(K(n,¢)) = 0 which implies that §(N\Ky4) = 1

If j € N\K (3, then we have three possible cases:

(a) ({J € N\K7.1(e,t) UKy 2(e,1)})
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(b) ({7 € N\Kyc1(6, ) U Ky a(€, 1) })

(¢) ({7 € N\Kjg1(e,1) UKy a(e t)})
Now, consider (a), one has

{I(gl _ZQ,t) Z T(ﬁ‘x] —51,%)*7(}%.%]' —gg,%)
>(1—8)x(1—19)
>1—c€

Since € > 0 was arbitrary, we get T(¢; — f5,t) = 1 for all ¢ > 0, which yields ¢; = ¢5.

Consider (b), if j € N\Ky¢ 1(€,t) U Kg¢ 2(€,t). Then, one write

H(y o, 1) < IH(Fry — b, 5) 0 H(Fay — o, )
<s8¢s
<e
So, we have H(¢; — £o,t) = 0 for all ¢ > 0 , which implies ¢; = ¢5.

and consider (c) if j € N\Kj1(e,t) U Kj2(e, t). Then

. t A t
Iy — lo,t) < J(Fzj — Ly, 5) o J(Faj — Lo, 5)
<505 (12)

<€

It follows that J(¢; — €2,t) = 0 for all ¢ > 0, which implies ¢; = ¢5.
This completes the proof of the theorem. O

Theorem 3.2. Let (X, M,x,0) be a Neutrosophic normed space. If M — limz; = ¢ then

0(F)nn — limz; = ¢ but the converse need not be true.

Proof. Let M —limx; = £. Then for each € > 0 and ¢ > 0, there is a number J € N so that
T(Fxj—£,t) >1—eor H(Fa; —€,t) <e J(Faj —L,t) <eforall j>J.
Hence the set

{j EN:T(ﬁmj—é,t) <l-ecor U-C(Fa?j—ﬁ,t) 26,3(15333» —4,t) 26}

has at most a finite number of terms. Since every finite subset of N has natural density zero.
it follows that,

S{jeN:T(Fxj —0,t) <1 —cor H(Fxj—0,t) > e, d(Frj —l,t) > €}) = 0.

That is, §(F)yn — limz; = £.

For converse, we construct the following example: O

Example 3.1. Let (X,| . ||) be a normed space and let a*b = ab and aob = min{a + b, 1}
for all a,b € [0,1]. For all z € X and every t > 0, consider

(1) = L 3Gty = L2 (13)

Tz, t) = ——
@0 = T
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Then (X, M, *,¢) is a Neutrosophic normed space.

Now, we determine the Fa; = ( F) =(1,22,3%5%...). Since 7, — 00 as j = o0
and Fz = (1,0,0,...), therefore FrzeM. Foree (0,1) and for any t > 0, consider

Kn(e,t) = {j <n: T(Faj—0t)<1—corH(Fa; —{,t)>¢
or J(Faj —0,t) > e}.

When n becomes sufficiently large, the quantity ‘T(ij — ¢, t) becomes less than 1 — e,
H(Fx; — €,t) and J(Fxj — £,t) become greater than €. Therefore, for € > 0 and t > 0,
K.(F)=0.

Theorem 3.3. Let (X, M,*,) be a Neutrosophic normed space and §(F)yy — limz; = ¢
if and only if there exists a subset K = {k; < ka < ks < ...} C N such that 6(K) =1 and
M — limy, 00 Tk, = L.

Proof. Suppose that 5(F)NN —limz; =/¢. For a =1,2,... and for each t > 0,

Sy (e, t) = {j EN: T(Fazj—£0,t)>1— L and H(Fxj — (1) < L

H(FJJ] —f,t) < é}
Ry(a,t) = {j eN: T(Fa; —0,t)<1- Lor H(Fz; —€,t) > i

J(Fxj —0,t) > ;}

Therefore, §(Ra(s,t)) = 0. Since §(F)nxn — lima; = £. Additionally, for a =1,2...
and for all ¢ > 0,
Sy +1,t) C Sv(a,t) and therefore

(Snm(a,t)) = 1. (14)
Now, we have to prove that j € Sy(e,t), M —lima; = £. Suppose that M — lim x; # ¢ for
some j € Syi(a,t). Therefore there exists § > 0 and a positive integer J such that
‘.T(ij —4,t)<1—por J—C(ij —L4,t) > B, H(ij —{,t) > p, for all j > J. Let

T(Fxj—4,t) >1— 8, H(Fzj; —,t) < f and J(Fx; — £,t) < B, for all j < J. Then

5 ({ir(ﬁxj —0t) > 1— B, H(Fa; — 4,t) < B and J(Fx; — 0,1) < ﬁ}) =0
Since 3 > L, we have §(May (v, t)) = 0. which is a contradiction of equation . Therefore
M —=limz; = 2.

Conversely, suppose that there exists a subset K = {k; < ko < k3 < ...} C N such
that §(K) = 1 and M — lim,,—, y;, = £.Then for every §,¢ > 0, there exists J € N such
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that ‘J'(ij —4t)y>1-4, J'C(F'a:j —{,t) < and H(Fa:j —0,t) < B.

Now

Kn(B,t) = {j € N: T(Fx; — £,t) < 1— for H(Fx; — £,t) > B,d(Faj — 0,t) > B} C
N—{jx+1 <jrte <jr+3<...}. )

Therefore 6(Kn(58,t)) <1 —1=0. Hence §(F)yn — lima; = £. This completes the proof
of the theorem. ]

4. Fibonacci statistically complete NNS

Definition 4.1. Let (X, M, *,¢) be a Neutrosophic normed space. A sequence x = (x;) is
said to be Fibonacci statistically Cauchy with respect to norm M if for every e, t > 0, there
exists | = l(€) such that

6({]' EN:T(Fzj — Fy,t) <1—¢ or H(Fxj — Fy,t) > ¢,d(Fz; — Fy,t) 26}) =0.

Theorem 4.1. Every Fibonacci statistically convergent sequence in (X, M, x, o) is Fibonacci
Cauchy.

Proof. Assume that the sequence x = (z;) be Fibonacci statistically convergent to ¢ with
respect to the norm M, i.e., 5(F)NN —limz; = £. Given € > 0 select v > 0 in such way that
(I1—€)*x(1—€)>1—~and eoe <. Therefore, for all ¢ > 0, one obtain

5(Gle,t) = 6({j € N: T(Fa; — 1, %) <1-cor H(Ea, ¢, %) > e, d(Fa; — 4, %) >ad)=0
(15)

which implies

5(Ge,t)) =6({j EN: T(Faj—£,3) > 1—eand H(Fx;—0, %) < e, J(Fx;— 0, L) < e}) = 1.

Suppose that k € G¢(¢,t). Then

T(E(yp) —,t) > 1 — €, H(F(yp) — £,t) < e and J(F(y) — £, 1) < e.

Now, suppose that,

HO0) = {3 €Ne TFa; - .0 < 1= o0 H(Fa; — Fl).t) 2 7
3Fa; ~ )0 2.
We need to prove that H(v,t) C G(e,t). Assume j € H(v,t)\G(e,t). Then
T(Fzj — F(yg),t) <1—~and T(F(y) — £,t) > 1 —¢,
In particular T(F(yx) — ¢, L) >1—e. Then

1=y >T(Fa; — Fyp),t) > T(Fa; — 695 T(F(yp) —65) > (1—e)x (1 —€) > 1—7,

which is impossible. At the same time,

H(Faj — Fy),t) >y and H(Faj — £, 5) <e,

In particular H(Fxz; — ¢, L) < e. Then,
v < :H:(FIJ 7F(yk)at) SZH:(FJJJ 785%)*:}{(}?‘(2/1& 767%) <eéxe<7,
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which is impossible.

In a similar way,
H(ij — F(y),t) >~ and J(Fa; — ¢, ) <e
In particular H(Fa:j -/, %) < €. Then
Y < A(Fay — Flyo),t) < 3(Fa; — 0,5« d(F(y) — ,4) < exe <7,
which is impossible. Therefore H(v,t) C G(e,t). Hence, by equation (15)), §(H(v,t)) = 0.
Then « = (z;) is a Fibonacci statistically Cauchy sequence with respect to norm M.
|

Definition 4.2. A neutrosophic normed space (X, M, x, o) is known as Fibonacci Statisti-
cally complete, if every Cauchy sequence with respect to the norm M is Fibonacci Statistically
convergent with respect to the same norm.

Theorem 4.2. A neutrosophic normed space (X, M, x, o) is Fibonacci Statistically complete.

Proof. Suppose = (x;) be Fibonacci Statistically Cauchy sequence but not Fibonacci
Statistically convergent with respect to norm M. Given € > 0 and ¢ > 0, select s > 0 in
such a manner that ece < sand (1 —€)* (1 —¢€) >1—s. Now

T(Fry — F(m),1) > T(Fay — £ ) * T(Em) ~ £, 7)
>(1—e)x(1—¢€)*x(1—¢)
>1-s
and
Y (Fr; — F(ar),t) < H(Fay — 1, %) CH(F(z) — ¢, g)
< €exeE
<s
and
8P~ F(n),1) < 8(Fa; — € 2) x 3(E(m) — 6, 7)
<exe
<s
Since sequence « = (x;) is not Fibonacci statistically convergent. Then 6(Q°(e, t)) =
0, where
QUet) = (<15 H g oy (€) < s}, therefore 8(Q(e, 1)) = 1,
which contradicts our assumption. Therefore, z = (z;) must be Fibonacci statistically
convergent. O

5. Conclusions

In this study, we have studied the concept of statistical convergence using Fibonacci
matrix which has an important place in the literature. The statistical convergence is a
generalization of the usual convergence. We have defined the Fibonacci type statistical
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convergence and investigated basic properties. These are illustrated by suitable examples.

Their related properties and structural characteristics have been discussed.
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