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Abstract

This paper is dedicated to study the concept of symbolic neutrosophic metric spaces and refined neutrosophic
metric spaces (X(I),d) which are generated by classical metrics, where many elementary properties will be
discussed in terms of theorems and examples. Also, we study the topological properties of neutrosophic open
balls, closed balls, and their topological metric complements, with many related examples that clarify the
validity of our work.

Keywords: neutrosophic metric space; refined neutrosophic metric space; open ball; closed ball.

1. Introduction
Neutrosophy is a new kind of logic that generalizes the classical fuzzy approach into a new insight.
Neutrosophic structures were built over the idea of extending classical structures by adding a logical element |
with the following property 12 = I. This idea was used by many authors to define some generalizations of
classical mathematical structures such as neutrosophic rings [3,6,8,12,13], neutrosophic spaces and modules
[1,2,4,7], and neutrosophic functions [5,11].
In [14], the real inner product neutrosophic spaces were defined and studied with many related analytical
concepts such as norms and distances. In [9-10], authors have presented many deep results in the theory of
normed neutrosophic spaces generated by classical norms.
This has motivated us to study neutrosophic and refined neutrosophic metric spaces generated by classical
metrics, where we give strict definitions for neutrosophic metrics generated by classical metrics, and we will
provide many elementary properties of the novel class of metric spaces with many related examples that explain
the analytical and topological properties of it.

2. Main Discussion
Definition:
Let X #+ @ be a non empty set, X(I) = X + XI = {a + bI; a, b € X} be the corresponding neutrosophic set.
Letd,;,d,: X X X - R be the two metric, we define the corresponding metric on X (I) as follows:
d;: X(I) x X(I) - R such that:
d;(a+ bl,c+dIl) =d,(a,c)+I[d,(a+ b,c+d)—d;(a,c)]
(X(I), d;) is called neutrosophic metric space.
Theorem
Letd;: X(I) x X(I) — R be a neutrosophic metric, then:
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1).d;(a + bl,c+dl) = 0.

2).d;(a+bl,c+d)=0<=a+bl =c+dl.

3).d;(a+bl,c+dl) =d;(c+dl,a+ bl).

4).d;(a+bl,c+dl) <d(a+bl,m+nl)+d(m+nl,c+dl) form+nl € X().

Proof.

1). Since d,, d, are classical metrics, then:

d,(a,c) 20,d,(a+b,c+d)=0,thusd;(a+bl,c+dl)=0.

2). di(a+bl,c+dl) =0 d,(a,c)=dy,(a+bc+d)=0=a=c,a+b=c+d,b=d, hence a+
bl =c+dl.

3). It is easy and clear.

4).d;(a+bl,m+nl)+d,m+nl,c+dl) =d,(mn)+d,(mn)+I[d,(a+bm+n)+d,(m+n,c+
d) —d,(a,m) —d,(m,n)] = d,(a,c) +1[d,(a + b,c +d)—dy(a,c)] =d;(a+bl,c+dl)

That is because:

dy(a,c) <d,(a,m)+d;(m,n)

dy(a+bm+n)+d,(m+nc+d)=d,(a+b,c+d)

Where d,, d, are two classical metrics.

Definition.

d;:X(I) x X(I) - R is called a neutrosophic metric if and only if the conditions (1),(2),(3),(4) from the previous
theorem are true.

(X(I),d;) is called a neutrosophic metric space.

Remark.

A neutrosophic metric d; is equivalent to two classical metrics d;, d,: X X X — R.

Example.

Define dV: R(I) x R(I) = R(I) by:

d,m(a+b1,c+dl) =la—-c|+I[la+b—c—d|—|a—c|]

Define d: R2(I) x R%(I) = R(I) by:

dl(z)((at0 + bol,a;y + biI), (co + dol, ¢y + di1)) =/ (ap — ¢0)? + (a; — ¢1)* +

1[\/(“0 + by —co—dp)?+(a; +by —c; —dy)? — \/(ao —cp)?+(a; - C1)2]-

We will prove that d,(l) is a neutrosophic metric on R(I).

Assume that d (a + bI, ¢ + dI) = 0, then:
la—c|=0 a=c a=c _

{|a+b—c—d|=0${a+b=C+d=>{b=d:a+b1_c+d1

Also, la—c|=0,[la+b—c—d|—|a—c|l+la—c|=la+b—c—d| =0, hence d(a + bl,c +dI) >

0.

dl(l)(a+b1,c+d1)=|a—c|+1[|a+b—c—d|—|a—c|]=|c—a|+1[|c+d—a—b|—|c—a|]
=dP(c +dl,a+ bl

dl(l)(a+b1,m+n1)+d1(1)(m+n1,c+d1)
=la—m|+|m—c|+I[la+b—-—m—-n|+m+n—c—d|—|la—m|—|m—c|]

On the other hand, we have:

la—c|<|la—m|+|m—c|

[a+b—m-—-n|+m+n—c—-d|=|la+b—c—d]

Hence:

la—cl+I[la+b—c—d|—|a—c]]
<la—-m|+m—-c|+I[la+b—m—-n|+|m+n—c—d|—|a—m|—|m—c|]

Thus:
dl(l)(a +bl,c+dl) < d,(l)(a + bl,m+nl) + d,(l)(m +nl,c+dl)
And (R(I),d™) is a neutrosophic metric space.
For d®, we can see:
d® ((ap + bol, ay + by1), (co + dol, ¢; + dy1)) = 0, hence:

(@ —co)? +(a; —¢)?=0
{(ag+b0—c0—d0)2+(a1+b1—cl—d1)2 =0
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Thus
ao = Co, al = Cl
{bo = do, bl = dl

And (aq + byl,a; + byI) = (cy + dol, c; + dqI)
d® ((ag + bol, ay + by1), (co + dyl, ¢, + dy1)) = 0, that is because:
{ V@ag—c)?+ (@ —¢)> =0
V(@ +by—co—dg)2+(a; +by—c;, —d)2=0
It is clear that d®((aq + bol,a; + byI), (co + dol, c; + diD)) = dP((co + dol, ¢ + dy1), (ag + byl a; +
biD))
Also, we have:
dI(Z)((a0 + byl,a, + by 1), (my + ngl,m; + nll))
= \/(ao —my)? + (a; —my)?
+1 [\/(ao + by — mg —ng)? + (ar + by —my —n,)? —/(ag —mo)? + (a; — m1)2]
d® ((mg + nol,my +n,1), (co + dol, c; + di1))
= \/(mo —¢o)? + (my —¢1)?
+1 [\/(mo +ny —co — do)? + (my +ny — ¢ —dy)? —[(mg — o) + (my — Cl)Z]

Hence:

d,m((ao + bol, a; + byl), (my + nol, my + ny 1)) + dl(z)((mo + nol,my +nyD), (co + dol, ¢ + di1))
= \/(ao —-my)? + (a; —my)? + \/(mo —cp)? +(my —¢y)?
+1 [\/(ao + by —mg —ng)? + (ag + by —my —ny)? — \/(ao —-my)? + (a; — m1)2]

+1 [\/(mo +ng— o —do)? + (g + 1y — ¢ —dy)? — /(Mg — co)? + (my — 01)2]
2 \/(ao —co)? +(a; —c1)?

+1 [\/(ao + by — co— do)? + (ar + by — ¢; —dy)? —/(ag — ¢o)% + (a; — C1)2]

= d® ((ap + bol, ay + by 1), (co + dol, ¢, + dy1))

Definition.

Let (X(I), d;) be a neutrosophic metric space, and letr = r, + r,I; r; > 0,717, + 1, > 0, we define:

1). Forc+dI € X(I):

The set {a + bl € X(I); d,(a + bl,c + dI) < r; + 1,1} is called a neutrosophic open ball with center at ¢ + dI
and radius r = r; + 1,1.

We denote it by B(c + dI, r; + r,1).

2). Theset B(c +dl, 7, + 1) ={a + bl € X(I); d;(a + bl,c +dI) <1, + 1,1} is called a neutrosophic closed
ball.

3). Theset S(c + dI,r, + 1) = {a+ bl € X(I); d;(a + bl,c + dI) = r, + r,1} is called a neutrosophic ball.
Definition.

Let B;(c + dl,r, + r,1),B,(c + dI,r; + r,I) be two neutrosophic open balls, we define:

Bs(c +dI,s; + s,1), B (c + dl, k, + k,I) such that:

s; = min(ry, ty), s, = min(ry + 15, t;, + t;) — min(ry, t;)

ki = max(ry, ty), ky, = max(ry + 1y, t; + t,) —max(ry, t;)

We denote that by B; = min(B;, B,) the minimum of B,, B,.

And B, = max(B;, B,) is called the minimum of B,, B,.

B is called the minimal open ball of B,, B,, and By, is maximal open ball of B;, B,.

Definition.

Let B;(c + dI, 7y + 1,1),B,(c + dI, t; + t,I) be two neutrosophic closed balls, we define:

Bs(c + dl,s; + s,1), B (c + dI, ky + k,I) by a similar way of the previous definition.

B, is called the minimal closed ball of B;, B,, and B,, is maximal closed ball of B, B,.

Theorem.

Let (X(I), d;) be a neutrosophic metric pace, then:

1). min(B,, B;) € B; N B, € max(B;, By).

2). min(By, B,) € B; N B, < max(By, B,)

Proof.

1). Let a + bl € min(By, B,), then:
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d;(a+ bl,c+dI) < s; +s,1, hene:

dy(a,c) +1[d,(a+ b,c+d)—d.(a,c)] <s;+s,1,s0that:

d,(a,c) < s, =min(ry, t;) <71y, t4.

[dy(a+b,c+d)—di(a,c)] +d,(a,c) =d,(a+b,c+d) <s;+s, =min(r, +1p,t; +t,) <1, +15,t +
t,, thus:

d;(a+bl,c+dI) € B; N B,.

On other hand, let a + bl € B; N B,, then:

di(a+bl,c+dl) <r +rlt +t,l.

Also, r; + 1,1 < max(ry, ty) + [[max(ry, + 1y, t; +t5) —max(ry, t)] = ky + kI

And t; + t,] < ki + k,l,thus d;(a + bl,c + dI) < k, + k,I and a + bl € min(B,, B,), which implies:
min(By, B,) € B; N B, € max(By, B,).

2). It can be proved by a similar argument.

Definition.

Let B(,c + dI, r, + r,1) be a neutrosophic open ball, we define:

~B={a+bleX(); di(a+bl,c+dl) =1 +1,1}

Also, ~B ={a+bl € X(I); d;(a+ bl,c+dI) > 1 + 1,1}

It is clear that:

BNnN~B=9
BNn~B=S(c+dlr +mnl)
BNn~B=9

Theorem.

Let B;(c + dl,r, + r,1),B,(c + dI, t; + t,I) be two neutrosophic open balls, then:
1). ~max(B,;,B,) € ~B; N ~B, S ~min(By, B,)
2). ~max(B;,B,) € ~B; N ~B, € ~min(By, B,)
Proof.
1). Let a + bl € ~max(B,, B,), then:
d;(a+bl,c+dl) =max(ry, t;) + [[max(ry + 1y, t + t5) — max(ry, t))] =1 + 1,1, t, + t,1, thus
a+ bl € ~B; N ~B,.
Now, let a + bl €€ ~B; N ~B,, hence:
di(a+bl,c+dl) =1 +1lt; +t,] =min(ry, t)) + I[min(r, + 1, t; + t,) — min(ry, ty)], thus
a+ bl € ~min(By, By)
So that, ~max(B;,B,) € ~B; N ~B, € ~min(B;, B,)
2). It can be proved by the same.
Refined neutrosophic metric space.
Definition.
Letd, (I, 1,): X(I;, 1) X X(I;,1,) =» R(I, I,) is called a refined neutrosophic metric if and only if:
1. d,(ag + boly + coly, ay + byl + ¢11;) = 0.
2). d,(ag + boly + coly,aq + byl + ;1) =0 ag + boly + ¢yl = a; + b 1) + ¢,
3). d,(ag + boly + coly,aq + byl + ¢, 1) = d,.(a; + by + ¢y, a0 + boly + col3)
4). d,(ay + boly + coly,aq + byl + ¢, 1) +d,.(a; + byl; + c115,a; + b1y + ¢;15) = d.(ag + byl +
Colz, ay + b1y + c3l5)
(X(1,1,),d,) is called refined neutrosophic metric space.
Theorem.
Letd,,d,, ds;: X X X - R be three metric on X, then there exists a refined neutrosophic metric
d.(I,1,):X(1;, 1) x X(1;,1,) » R(I;, 1), such that:
d.(a+ bl +cl,,d + el + ki)
=d,(a,d)+L[d,(a+b+c,d+e+k)—ds(a+c,d+ k)]
+ L[ds(a +c,d+k)—di(a,d)]
Proof.
d,(a,d) =0, dy(a+b+c,d+e+k)—ds(a+c,d+k)+d(ad) +ds(a+c,d+k)—di(ad)=
dy(a+b+c,d+e+k)=0
d;(a+c,d+k)—d,(a,d)+d,(a,d)=ds(a+cd+k)=0,henced,.(a+ bl +cl,,d +el; +kl,) =0.

di(a,d) =0 a=d
d.(a+ bl +cl,,d+el, +kl,) =0={d,(a+b+c,d+e+k)=0={c=k = a+bl +cl,
d;(a+c,d+k)=0 b=e

=d+el, + kI,
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Itis clear that d,.(ag + boly + coly, ay + byl + ¢11) = d.(ay + b1y + c11,, a0 + boly + coly).
Also, d,.(a + bl + cl,,d + el; + kI,) =d,(a,d) + I,[d,(a+b+c,d+e+k)—ds(a+c,d+k)]+
Llds;(a+c,d+ k) —d,(a,d)], we have:
dy(a,d) <d;(a,x) +d(x,d);x €X
dy(a+b+cd+e+k)<d,(a+b+cx+y+x)+d,(x+y+zd+e+k)
di;(a+c,d+k)<ds;(a+c,x+2z)+d;(x+2zd+k)
So that:
d.(a + bl +cl,,d + el + kI,)
=d,(a,d)+ L[dy(a+b+c,d+e+k)—d;(a+cd+ k)]
+ Llds;(a+c¢,d+k)—d(a d)]
<d;(a,x)+d,(x,d)
+L[dy(a+b+c,x+y+x)+d(x+y+zd+e+k)—di(ax)—d(x,d)]
+Llds(a+c,x+2z)+ds(x+2z,d+k)—di(a,x)—d(x,d)]
=d.(a+bly +cl,,x +yl, +zL) +d.(x +yl, + zI,,a + bl, +cl,)
Example.
Define d,.(I;,1,): R(I;,I,) X R(I}, I,) = R(I, I,), such that:
d.(a+ bl +cl,,d + el +kl)
=la—-d|+L[la+b+c—d—e—kl—|la+c—d—k|]|+L[la+c—d—k|—|a—d]]
d, is a refined neutrosophic metric, that is because:
1.d.(a+ bl +cl,,d + el; + kI,) = 0, that is because:
la—d| =0
{|a+b+c—d—e—k| >0
la+c—d—k|=0
l[a-—d|=0=a=d
2).d.(a+ bl +cl,,d+el, +kl,)=0=ila+b+c—d—e—k|l=0=a+b+c=d+e+k
la+c—d—-kl=0=a+c=d+k
Hence

a=d
{b =e,thusa+ bl +cl, =d +el; + ki,
c=k
3). Itis clear that, d,.(a + bl; + cl,,d + el; + kI,) = d,.(d + el, + kl,,a + bl; + cl)
4). We have:
la —d| <|a—x|+|x—d|
la+b+c—d—e—kl<|la+b+c—x—y—z|+|x+y+z—d—e—k|
la+c—d—-k|<|lat+c—x—z|+|x+z—d—k|
Thus:
la—d|+L[la+b+c—d—e—k|l—|la+c—d—k|]+L[la+c—d—k|—|a—d|]
<la—x|+|x—d]|
+L[la+b+c—x—y—z|+|x+y+z—d—e—k|l—|la+c—x—z|
—|lx+z—-d-kl]++L[la+tc—x—z|+|x+z—-d—k|—|a—x|—|x—d]]
Hence,
d.(a+ bl +cl,,d+el; + kI,) <d.(a+bly +cl,,x +yl, + zI,) + d,.(x + yI, + zl,,d + el;, + kl,)
Definition.
1). B.(a + bl + cly, 1y + 111y + 151,) = {d + el, + kI, € X(I,, 1,)}
d.(a+ bl +cly,d+el; +kl,) <ry+nl +nrl, € R(, 1)
Is called refined neutrosophic open ball with radius ry + ry1; + r,1, and center at a + bl; + cl,.
2).B.(a+ bl + cl, 1y + i1y + 1p1,) = {d + el; + kI, € X(I;,1,)}
d.(a+ bl +cly,d+el; +kI,) <ry+nl + 11, € R, 1)
Is called refined neutrosophic closed ball.
3). For BY(a + bl, + cly, 1y + 111y + 151,), B (a + b, + cly, ko + ky I + k,1,), we define:
min(B",BP) = {e + dI, + U, € X(I, I,); dy.(a + bly + cly, e + dI, + L,) < 5o + 5111 + 5,15}, where
sog = min(ry, ko), s; = min(ryg + 1, + 1y, ko + kg + ky) —min(ry + 1y, ko + k3), 5,
=min(ry + 15, ko + ky) — min(ry, ko)
4). max(B, B®) = {e + dl, + U, € X(I, I,); dy(a + bl, + cly, e + dl, + 1I,) < to + t11, + t,1,}, where
to = max(ry, ko), ty =max(rg + 1y + 15, kg + kg + ky) —max(ry + 1y, ko + ky), t,
=max(ry + 15, ko + ky) — max(ry, ko)
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By a similar argument, we define:

min (F F) ,max (W W)

r 2Fr r 2Fr
Theorem.
Let B (a + bl + cly, 1o + 11y + 131,), B? (a + bl + cly, ko + kyIy + k,1,) be two refined neutrosophic
open balls, then:
min(B, B?) € B n B € max(BY, B?).
Proof.
Lete + dI, + LI, € min(B{”, B®), then:
d.(a+ bl +cl,,d +el; + kI,) <sg+ 511, + 5,0, <1y + 1l + 1350,
d.(a+ bl +cl,,d +el; + kl,) < sg+ 5.1 + 5,1, < ko + kily + kyl,
Hence, e + dI, + I, € B n B,
Lete + dI, + I, € B n B, then:
d.(a+ bl +cly,d +el, + kI) <ry+nl +n,1,
{dr(a + bl +cly,d + el + kIy) < kg + kily + ky1,
Thus, d,.(a + bly + cly, d + el + kl,) < to + t,], + t,1,, hence +dI, + U, € max(B”, B), which implies
that min(B”, B®) € B n B® < max(B™, B®).
Remark.
min (B, B?) < B® n B® < max (B, B)
Definition.
Let B.(a + bl, + cl,, 1y + 111, + 1,1,) be a refined neutrosophic open ball, we define:
1).~B, ={e+dl; +1, € X(,,I,);d.(a+ bl +cly,e +dl, + 1) =1y +nr ]} + 1}
2).~B,={e+dl, + 1, € X(I,,);d.(a+ bl; + clh,e +dl; + 1) =1, + 11, + 1,15}
Remark.
~B.N B, =0,~B.NB, = 0.
Theorem.
Let BM (a + bl + cl,, 1y + 111y + 1,1,) be a refined neutrosophic open ball, B* (a + bl + cl,, ko + kyI; +
k,I,) is another refined neutrosophic open ball, then:
~max(By,B;) € ~B, N ~B, € ~min(B,, B,)
Proof.
Letd + el, + kI, € ~max(B;, By), then:
d.(a+ bl +cl,,d + el; + kI,) >ty + t,1; + t,1,, where:
to = max(ry, ko), t; = max(ry + 1y + 1y, kg + ky + ky) —max(ry + 1y, kg + ky), t, = max(ry + 1y, ko +
k,) — max(ry, ko).
3. Conclusion
In this work, we have defined for the first time the concept of neutrosophic metric space and refined
neutrosophic metric space. Also, we have studied the elementary properties of these new classes, where open and
closed balls are defined and handled by many theorems. The relationships between these spaces and the
corresponding classical metric spaces are obtained.
In the future, we aim to study symbolic n-plithogenic metric spaces, and n-refined neutrosophic metric spaces
and their connection with classical well known metrics.
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