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Abstract In this article, different types of Gaussian quadrature methods have been presented to find the numer-
ical integration of a neutrosophic valued function. A new definition of the distance between two neutrosophic
number has been defined and it has been proved that the distance and the set of all neutrosophic number form
a complete metric space. Also, the definition of neutrosophic continuity on a closed-bounded interval has
been defined in the sense of («, B, y)-cut. This is the first time, when the Gauss—Legendre integration, Gauss—
Chebyshev integration and Gauss—Laguerre integration rule have been discussed in neutrosophic environment.
In the first test example, the comparison between one-point, two-point and three-point Gauss—Legendre inte-
gration rules have been presented in terms of tables and figures. Also, in the second example, the comparison
between one-point, two-point Gauss—Chebyshev and Gauss—Laguerre integration rules have been discussed.

Mathematics Subject Classification (2000) 65D30 - 65D32 - 97150 - 65G50

1 Introduction

Zadeh [18,38] discovered the concept of fuzzy sets. After the invention of fuzzy sets, so many generalizations
have been done on fuzzy sets, like intuitionistic fuzzy sets [7], neutrosophic sets [26], etc. Then, there are
so many authors who have been working on the development of the application of neutrosophic set theory in
different fields of neutrosophic mathematics. Salama et al. [28] extended the concept of fuzzy topological space
[16] and intuitionistic topological space [19] into the concept of neutrosophic topological space. Agboola et al.
[6] presented the concept of neutrosophic groups and neutrosophic subgroups. Also, in the same article they
have shown that the neutrosophic groups which are generated by neutrosophic element I and any neutrosophic
group which is isomorphic to Klein’s 4-group all are Lagrange neutrosophic groups. After that, Agboola et al.
[5] presented neutrosophic rings and their properties. Also, they presented the structure of polynomial rings
in neutrosophic environment. Agboola et al. [4] studied neutrosophic vector spaces, neutrosophic quotient
spaces and homomorphism of neutrosophic vector spaces. Broumi et al. [15] proposed the idea of uniform
single valued neutrosophic graph and they also developed an algorithm for computing the complement of
single valued graph. After that, Broumi et al. [14] introduced some MATLAB computing procedures for
computing the operational matrices in neutrosophic environment. Then, Broumi et al. [13] introduced a new
score function for interval valued neutrosophic numbers and they solved the shortest path problem with the
help of interval valued neutrosophic numbers. In the same article, Broumi et al. [13], introduced an algorithm
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to study the neutrosophic shortest path. Also, Broumi et al. [11] considered bellman algorithm to solve the
shortest path problem in neutrosophic environment. Saranya et al. [27] introduced a computer application for
finding the complement, union, intersection and inclusion of any neutrosophic sets. Recently, many authors
are still working on the development of neutrosophic sets and its applications [17,20,21]. Haque et al. [20],
proposed an innovative logarithmic operational law and aggregation operators for trapezoidal neutrosophic
number and they also demonstrated a new type of multi-criteria group decision making (MCGDM) strategy
for determining the most harmful viruses. After that, Haque et al. [21] defined a new type of exponential
operational law for trapezoidal neutrosophic numbers and they introduced a new MCGDM method to measure
pollution attributes in different mega-cities. Also, neutrosophic calculus is one of the most important aspects
in neutrosophic mathematics and neutrosophic calculus is the generalization of fuzzy calculus. In the recent
time, many authors are working on the development of fuzzy calculus [8,9,12]. In the next subsection we will
discuss about the concept of neutrosophic calculus.

1.1 Neutrosophic calculus

In our literature survey, it has been seen that there are so many authors who have been working on the
development of neutrosophic calculus. Smarandache [25] studied the neutrosophic calculus, where he discussed
about neutrosophic limits, neutrosophic derivatives and neutrosophic integrals. Also in the same article [25]
Smarandache introduced the concept of neutrosophic mereo-limit, mereo-continuity, mereo-derivative and
mereo-integral. Son et al. [29] introduced some properties of granular calculus for single valued neutrosophic
functions. They also defined some concept of limit, derivative and integration for single-valued neutrosophic
functions. After that, Son et al. [30] introduced fractional derivative, Riemann—Liouville fractional derivatives
and Caputo fractional derivatives in neutrosophic environment. Also, in the same article they have been
investigated the numerical and exact solutions of some neutrosophic fractional differential equations and
neutrosophic partial differential equations. Biswas et al. [10] developed the concept of neutrosophic Riemann
integration. Also, they have defined some properties of neutrosophic set, neutrosophic number and neutrosophic
function. Recently, Alhasan [1] studied neutrosophic integrals and integration methods. Alhasan also defined
the concept of neutrosophic trigonometric identities. Neutrosophic differential equations plays a very important
role in the field of neutrosophic calculus. Sumathi et al. [31] introduced the concept of first order neutrosophic
ordinary differential equations. Also, Sumathi etal. [35] studied the solution of second-order linear neutrosophic
differential equation with trapezoidal neutrosophic numbers as boundary conditions. Recently, Moi et al. [24]
introduced second-order neutrosophic boundary-value problem with different types of first- and second-order
derivatives. They also presented some properties of neutrosophic derivative and neutrosophic numbers.

1.2 Motivation

We have studied all the works cited above and it has been seen that no work has been done on the numerical
integration of neutrosophic valued function. But lots of work have been done on the numerical integration
of fuzzy valued function [2,3] and real valued function [32,37]. So, there are huge scope to develop this
type of work in neutrosophic environment. Also, in future, we will try to work on the numerical solution
of neutrosophic integral equations and neutrosophic integro-differential equations. In our literature survey, it
has been observed that no work has been done on the numerical solution of neutrosophic integral equations
and neutrosophic integro-differential equations. We know that it is necessary to work on numerical integration
methods of neutrosophic valued functions for finding the numerical solution of neutrosophic integral equations
and neutrosophic integro-differential equations. But no work has been done on the numerical integration of
neutrosophic valued function. So, from there we are motivated to write this article and work on the numerical
integration of neutrosophic valued function.

1.3 Novelty

The purpose of this article is as follows:

e To define a new definition of distance between two neutrosophic numbers.
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e To proof that (N, D) is a complete metric space, where N is the set of all neutrosophic numbers and D is
distance between two neutrosophic numbers.

e To define neutrosophic continuity in the sense of (¢, 8, y)-cut.

e To introduce Gaussian-Quadrature integration rule for neutrosophic valued function.

e To prove that the convergences of J(fr; @), J(fr; o), J(f1; B), J(fn: B), J(frv), J(fr:y) to
I(fry; ), ICfrs o), I(fr; B), I(fL; B), I(fr;v), I(fF,; y) are uniform. The definition of these sym-
bols are given in Sect. 4.

e To compare the numerical solutions of Gauss—Legendre integration rule, Gauss—Chebyshev integration
rule and Gauss—Laguerre integration rule.

1.4 Structure of the article

The rest of the article is organized as follows. Some preliminaries for this article has been given in Sect. 2. Some
important properties of neutrosophic calculus has been given in Sect. 3. In Sect. 4, the Gaussian quadrature
rule for neutrosophic valued function has been presented. Section 5 contains some numerical examples which
shows the validation of the proposed method. At last a brief conclusion of this article has been given in
Sect. 6.

2 Preliminaries

Definition 2.1 [34] N = {{(x, Ty (x), In(x), Fy(x)) : x € U} is a single valued neutrosophic set over U if,
Ty :U — [0,1], Iy :U — [0,1], Fy:U — [0,1]suchthat0 < Ty(x) + Iy(x) + Fy(x) <3,Vx € U,
where Ty (x), Iy (x) and Fy (x) denote truth, indeterminacy and falsity membership function, respectively.

Definition 2.2 [35] The (a, B, y)-cut of a neutrosophic set N is Ny g,,) = {({(In(x), IN(x), FN (X)) : x €
U, Tn(x) > a, In(x) < B, Fy(x) <y}, where o, B8, y € [0, 1].

Proposition 2.3 [24] Let us consider a and b be the two neutrosophic numbers, then

1. (@ ©b)w.py) = d@.py) O bw.p.y) where © denotes any binary operation’+', —' and’x'.
2. (Aa)(,p,y) = Mi(a,p,y), here A is any non zero real number.

Definition 2.4 [23] f : I — N be a neutrosophic function on I. Let xg € I, then generalized neutrosophic
derivative of the function f(x) at x¢ is denoted by f”/(x¢) and defined by

L fro = [min { 77, Gos @), £, (0 e0 | max | £, (xos @), 7, oz e } |1 £ Groz e+ £, (v @) e,
2. S = [min { £, Gos B, £, oz )} max | £7 Gxoz B0, A7, ooz B -3 1 Gos B 7, v ) e

3. Sy = [min { 77, o ). fy s )} max {17, o ), S G0z ]| 77 Gos v A G ) e,

f'(x) is called type-1 derivative at xo if [f/(x0)l@.p.y) = ([f%l (xo;a),ffz(xo;a)],[fl/l (x0; B,
11, Goi B) ] L5, G ),
f}z(xo;y)]) and type-2 derivative at xo if [f'(x0)lwpy) = ([f}z(xo; a),f}l(xo;a)],[fl’z(xo;ﬂ),

1, Go; BN, Lf (k03 ¥),
Fr (03 D)

Theorem 2.5 [22] Let g : [a1,a2] — R be a real valued continuous function. Then for any ¢ > 0, 3 a
polynomial p on [ay, ar] such that |g — p| < €.

Definition 2.6 [36] Let f(x) be a closed and bounded fuzzy valued function on [a,b]. Suppose f](x; «) and
Jf>(x; o) are Riemann integrable on [a,b]. Let

b b
Aa=|:/ fl(x;Oé)dX,/ fz(X;Ot)dx]
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Then we say that f (x) is fuzzy Riemann integrable on [a,b]. The membership function of f ab f(x)dx is defined
by forr € Ag

%-f: f(x)dx(r) = Ssup O[lAa (r)

0<a<l

Definition 2.7 [33] Let f : [a,b] — N be a neutrosophic function which is continuous on [a, b]. Then
neutrosophic integral of f on [a, b] defined as

" redr = tim 3 picnt=C
1;f@)X—ng&Z;ﬂz)n :

where C; € [xj_1,x;],fori € {1,2,...,n}anda = x9 < x| < --- < x,—1 < X, are the partitions of the
interval [a, b].

This definition exactly same as Riemann integral but f(C;) may be a real set or may have some indeter-
minacy.

3 Some important properties of neutrosophic calculus

Definition 3.1 Let A, B € N\, where N is the set of all neutrosophic numbers and D : N’ x N' — RT U {0}
be a mapping defined by

1
D(A,B) = 3 S;lp {max{|A7, (@) — B, (@), [A7, (@) — Br, ()|} + max{|Af, (B)
a’ Vy

— B (B, 1AL (B) — B, (B} + max{|AFr, (y) — Br (V). [AR,(v) — Br(¥)[}}-

Then D is called the distance function and the distance between two neutrosophic numbers A and B is defined
by D(A, B).

Theorem 3.2 Let D is the distance between two neutrosophic numbers which is defined in Definition 3.1 and
N is the set of all neutrosophic numbers. Then,

1. D is metric on N.
2. (N, D) is a complete metric space.

Proof 1. The proof of the first three axioms are obvious. So, we just show the triangle inequality.
Let A, B, C € N. Then we have to show that D(A, C) < D(A, B) + D(B, C).
Since

|AT; () = Cry ()| < |A7y (@) — By ()| + [ By (@) — Cry ()]
< max{|A7 (@) — Bry ()|, [Ar, (@) — By, ()|} + max{| Br, (er)
— Cr(a)|, |Bry (o) — Cry ()]}

Similarly, we have

|A7, (@) — Cy ()| < max{|A7, (@) — By, ()], A7, () — By, ()|} + max{|Br, ()
— Cr (@), |Bry (@) — Cry ()]},

we know that, if a < c and b < ¢ then max(a, b) < c. Therefore,

max{|AT1 (Ol) - CT1 (Ol)|, |AT2(Ol) - CTz(a)l} = max{lAﬂ (O‘) - BT1 (Ol)|, |AT2(Ol) - BTz(a)|}

+ max{|Br, @) — Cr, @), |Br, (@) — Cry(@)). O
Similarly,
max{|Az, (B) = Cr, ()], 145 (B) — Cr (B} < max{|Ar, (B) — Br, (B)], 141 (B) — Br(B)]}
+ max{1B1, () — C1,(B)\. |B1y(B) — Cr(B)) @)

max{|Ar (y) — Cr (VI AR (V) — Cr (I} = max{|Ar (y) — Br (W], AR (v) — Br(¥)1}
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+max{|BF, (y) — Cr, (Y], |BR () — Cr (¥} 3)
Add Egs. (1)—(3). Taking supremum and multiplying both sides by 1/3, we have
D(A,C) < D(A,B)+ D(B,C), VYVA,B,CeN.

Therefore, D is metric on .
2. Let {a,} be any Cauchy sequence in V. So, for all ¢ > 0, there exists m € N such that for all n > m and
p=1

D(anyp, an) < €.

Then for any ki, k2, k3 > 0, there exists m € N such that for all n > m and p > 1, we have

max{larnip (@) — arn (@), larnsp(@) — anp ()|} < ki 4)
max{las nyp(B) — ann(Bl, lannsp(B) —ana (B} < k2 )
max{|aput+p(¥) — apn W, lapnsp (V) — apn(V)I} < k3. (6)

Then Eq. (4) implies that, for any k1 > 0, there exists m € N such that for all » > m and p > 1, we have

|aT1n+p(a) - aTm(a)l < ki and |aT2n+p(a) - aTgn(“H <k

This shows that {ar,,} and {ar,,} are the Cauchy sequences of real numbers. Similarly, we can show that
{ann}, {ann}, {ar s} and {af,,} are the Cauchy sequences of real numbers. Hence all the sequences are
convergent. Then,

lim ar, =ar, lim ap, =ar, @)
n— o0 n— o0
lim app = aj, lim apn = aj, (8)
n— oo n— 00
lim apn = ary, lim afp,n = 4r,. (9)
n—o00 n— 00

So, {a,} € N be any Cauchy sequence converges to a.
Therefore, (A, D) is a complete metric space.
O

Definition 3.3 A neutrosophic valued function f : R — A is said to be continuous, if for an arbitrary xo € R
and € > 0, there exists § > 0 such that |[x — xo| < § = D(f(x), f(x0)) < €.

Throughout this article, we consider the neutrosophic valued function on closed bounded interval [a, b]. Now,
we define the continuity of neutrosophic valued function in the sense of («, 8, y)-cut.

Definition 3.4 Let f : [a,b] — N be a neutrosophic valued function. Let [f @,y = Lfr (x; @),
S (s o)l Lfn (x5 B),

fnG B LfF (x5 v), fr,(x; ¥)]). Then f(x) is said to be continuous on [a, b], if fr, (x; @), fr,(x; @),
fr,(xc; By f1,(x; B), fr (x; y) and fr,(x; y) are all continuous on [a, b].

Definition 3.5 [10] Let f : [a,b] — N be a neutrosophic valued function. Let fr, (x; ), fr,(x; @),
G B), fr,(x; B), fr,(x; ¥) and fF,(x; y) are all integrable on [a, b]. Then f(x) is said to be integrable
on [a, b]. Furthermore,

b b b b b
U f(x)dx] =<[/ le(x:Ot)d%/ frz(X:a)dX],[/ fn(x;ﬂ)dx,/ fzz(x;ﬁ)dx},
a (a,B,y) a a a a
! b b
|:/ fF](X;)/)dX,/ sz(X;V)dx:|>

Theorem 3.6 If f : [a, b] — N is continuous on [a, b]. Then it is also integrable on [a, b].

Proof Proof of the theorem is obvious. O
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4 Gaussian quadrature rule

Let f be a neutrosophic valued function, then for n € N the Gaussian quadrature formula is
b n
/.ﬂwwumx=§:wfu0+EU%i=QLuqn (10)
a i=0

which gives the approximate value of the integral | ab f(x)w(x)dx.
Now, taking («, 8, y)—cut of Eq. (10) we have

b n
/ﬁwmmmM=Zwmmm+mmw) (1n
a i=0
b n
[ s o = 3w 1 )+ EG ) (12)
@ i=0
b n
f fry Gy w@ydxe = wi fry iz y) + E(fr y) (13)
a i=0

n

b
w; be the weights of real numbers, with the property that Z w; = / w(x)dx. This will hold when we take
i=1 a
fri( @) = f1,065 ) = fry(xp) = 1.
Let
n
T(fryie) =Y wifr(xi; ),

i=1

T(fr: B) =Y wifr;(xi: B,

i=1
T(fEv) =Y wifr;(xii y).
i=1

Then from Egs. (11)—(13), we have
b
[(fr;: ) =/ fr; (e )w(x)dx = J(fr;; @) + E(fr;: @)
b
1(f1;: B) =/ 1,5 pywx)dx = J(f1;5 B) + E(f1,: B)

b
I(fr;37) =/ Jr o p)w)dx = J(frsv) + E(fr; y)-

The approximate error is

2n)

. ((STJ';O{) b
E(fr;e) = T/(T)v/ w() p?(0)dx = AL (87,5 ), 87, € (a,b)
@n) (5.
N A 2 —AfCD s
EGyi B =" w()p()dx = Af" (1, B). b1, € (a. b)
(2n) .
NI G 2 A
E(fri 7) ot w0 p2(0dx = AFE" ($r5 v), 8, € (a,b),

: = @ Springer
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where j = 1, 2 denotes left and right branches, respectively, of truth, indeterminacy and falsity membership
n

1
function. Also, A = m ab w(x) pz(x)dx and p(x) = H(x — X;), x; are the roots of Legendre, Chebyshev
n)!
i=0

and Laguerre polynomials, wherei =0, 1, ..., n.

Theorem 4.1 If f (x) is continuous neutrosophic valued function. Then the convergence of J (fr,; ), J (fry; o),

J(f]l; ﬂ)v J(flzs /3)’ J(fFl’ y)v J(szv )/)tOI(le, Ol), I(sz;Ol), I(fll’ /3)1 I(f]zs :3): I(fFl’ )/), [(fF27 J/),

respectively, is uniform.

Proof Let e > 0 and p be a polynomial in \V. Then,

J(pryio) = J(frjie) = Y wipr;(xiie) = Y _wifry(xisa) = Y wilpr;(xii ) — fr,(xi; @)

i=1 i=1 i=1

T(pri B) = T(fr;: B) =Y _wipr;(xiz B) — Y wifr; (xiz B) = Y wi(py; (xiz B) — fi; (xiz B))

i=1 i=1 i=1

T(pry) = T(frsv) =Y wipr;(xisy) = Y wi fr,(xis y) = Y wi(pr; (i3 ¥) — fr; (x5 7)),

i=1 i=1 i=1

where j = 1, 2 denotes left and right branches, respectively, of truth, indeterminacy and falsity membership
function.

Also,

b b b
I(pr;;00) — I (fr;; @) :/ pT,-(x:a)w(x)dx—/ J; (x5 )w(x)dx :f (pr; (x5 o) — fr; (x; @) w(x)dx

b b b
I(p1j B) = 1(f15 B) = / p1, (s Bw(x)dx — / f1,(x: Byw(x)dx = / (p1, (x: B) — f1, (x: B w(x)dx

a

b b b
I(pr;;y) = I(fF;iv) =f ij(x;y)w(X)dx—f fF,-(x;V)w(x)dX=/ (pr; (x5 y) — fr; (x; y)w(x)dx,

where j = 1, 2 denotes left and right branches, respectively, of truth, indeterminacy and falsity membership
function.

Since J(p) = I(p), then we have

DI (). I(f)) = DU(f), J(p)) + DU (p), 1(f))

1
=3 sep {(max{|J (fry; @) = J(pry; ), I (frys @) = J(pry; )} + max{[J (f15 B) = J (pry; B,
@p.y

IJ(fns B) = J(prs B} + max{|J(fr: y) — J(pr VI (fRiv) — J (PR )1}

1
*t3 S;lp {max{|7(fr;: @) = I(pry; I, [ (fry; @) = I(prys )} + max{[1 (f1,; B) — I (prys B)I,
a.By

[ (fr; B) — 1(pn; B} +max{{I(fr;y) — I(pr;:; VI (R v) — I(pF; ¥)I}

b n
<e€ f w(x)dx + € Z w; (by Theorem 2.1)
4 i=0

b
:26/ w(x)dx.

This completes the proof. O
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4.1 Gauss—Legendre integration rule

In this integration rule, we have w(x) = 1 and [a, b] = [—1, 1]. Then,

1 n
/lij(x§a):Zwiij(X;a)+E(ij;a) (14)
- i=0
1 n
/1f1,<x;ﬂ> = wif1, (x5 B) + E(f1,: B) (15)
- i=0
1 n
/lfF_,-(x;V) =" wifr, (s 9) + ECfry ), (16)
- i=0
G £ @155 B)
where E(fr;; o) = T Jo pPdx, E(f1; B) = T f , P*(x)dx and
5" Gy y)
E(fp}.; y) = TI P 2(x)dx, d1,,01,,0F, € (—1,1). Here j = 1, 2 denotes left and right branch
respectively of truth, indeterminacy and falsity membership function. p(x) = H(x —xi),i =0,1,...,nare

n
the roots of the Legendre polynomial and Z w; = 2.
i=1

4.1.1 One-point Gauss—Legendre integration rule

I(fr;30) =2f1,(0; ) + E(f71;; @),
I(f1;; B) =211;0; B) + E(f1;: B).
I(fF;3v) =2fF, 05 y) + E(fF;5 7)),

1 ' 1 " 1 14
where E(frjie) = 2fp,@ri0), EXfi;: ) = 3£,,061;:B) and E(friy) = 3fp,(3r;:y). Here
87,.81;,8F; € (=1, 1) and j =1,2.

4.1.2 Two-point Gauss—Legendre integration rule

1 1
1(fr;; ) = (——3 ) (ﬁ
1 1
I(fl/’ ﬂ) <—7, ) <ﬁ’
1 1
I(fr3y) = JF <_%§ V) + fF; <%, V) + E(fF;37)

where E(fr;; a) = 35 (4)(8T,,ot) E(f1;: ) =
8Tj781]"8Fj € (_17 1) and.] - 172

I §Ol>+E(fT,«§Ot)
f1;

ﬂ) +E(f1;: B)

1
< /5, (1 7). Here

“) . .
161 B and E(friy) = 1

135

; = @ Springer
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4.1.3 Three-point Gauss—Legendre integration rule

5 3
[(fr;s0) = 5 f1; (—\/; >+ S0 ) + fT (f,a>+E(ij;a)
5 3
I(flj;ﬁ)=§f1, (—\/; >+ J1;00; B) + < fl <\/;ﬂ>+E(f1,;ﬁ)
5 3 8
I(fF;37) = §fF_,- (—\/;; J/) + §fF_,-(0; Y)+ §fF_,- ( 3 V) + E(fF;: 7).

I
where E(fr;; o) = 1G5 0, E(fi3 B) =

UIU)

LIJ

1
e £ Grs BYand E(fry3 v) = Gy 7).

15750 15750 15750
Here 8Tj,81j,8pj e(—1,1) and] =1,2.
4.2 Gauss—Chebyshev integration rule
In this integrati 1 h (x) ! d[a,b] =[-1,1]. Th
n this integration rule, we have w(x) = ——= and [a, b] = [—1, 1]. Then,
¢ V1 —x2
Jr(se) ¢
[ Ly = 3 i) + (i (7
S, (x5 B) i
/ L szfz (x: B) + E(f1): B) (18)
VIR xry) &
=) wifr;(x;¥)+ E(fF; V), (19)
Y ; Jri(xsy fry
(2n) (2n)
f ((STJ-;O‘) 1 pz(x) fl‘ ©1;; B) 2
. _ . _ J J 1 P (-x)
where E(fr;;e) = o) I mdx, E(fi;: ) = @) I mdx and
fF ")(Spj,y) 1 prx) -
E iy) = —2 dx. Here é7,,8;,, 6 —1,1)and j = 1,2. = —
(Friv) = =G0 /,lm x. Here 87,,8;,,8F, € (=1, 1) and j = 1,2. p(x) i]:!)(x
xi),i =0,1,...,n are the roots of the Chebyshev polynomials and Z w; = 7.
i=1
4.2.1 One-point Gauss—Chebyshev integration rule
I(fr;s0) =7 fr,(0;0) + E(f1;; @)
I(f1;: B) = 7f1,(0; B) + E(f1,5 B)
I(fr;iy) =nfr, 01 y) + E(fF,5 )
2 " 1 X2
where E(fT,;oo S ! | s B3 P) = L RORTOYA S and

E(fpj; y) = fF (8F y)f | Here j =1, 2and8T 81.,85,. e (—1,1).

i
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4.2.2 Two-point Gauss—Chebyshev integration rule

1 /4 1
[(frj; ) = fT ( WG 0‘>+5ij <—;ot)+E(fT,-;ot)

2’ 2
e _(L)z(L.)E.
(f1,: B) = = fi S B)+ 50 (5 8) + B p)
b4 1 b4 1
I(friv) = 5 fF, (——2; J/) + 3 7F (—2; V) + E(fF;iv)
) )
1 2 2
where E(fr;;) = 7 };‘) (87, )fl N E(f1;;8) = (4)(51],,3)f e and
<4> o - _)2
E(fr;;y) = (8, y)f | \/_ .Here j = 1,2 and 87, 81,, 8F; € (=1, 1).
4.3 Gauss—Laguerre integration rule
In this integration rule, we have w(x) = ¢~ and [a, b] = [0, 00). Then,
fo frya)e™ =S gw; fr, (@) + E(fr;: @) (20)
/0 fr,( Be™™ =3 _gwi f1,(x; B) + E(f1;5 B) 21
/o fr(esy)e™ =3 gwi fry (x5 v) + E(fF;3 v), (22)
h E . _ f(zn) oo 2 | E . _ fl(.fzn)(alj;ﬂ) oo 2 —xq d
where (fT_,-sOl) = T o P (x)e "dx, (flj,/g) = W o P (x)e"*dx an
f(2n)(8pj;)/) 0o o . n
E(fpj;)/) = W o P (x)e *dx. Here (STj,Slj,(Spj e (=1, )and j = 1,2. p(x) = H(x —

i=0
n

xi),i =0,1,...,n are the roots of the Laguerre polynomial and Z w; = 1.
i=1

4.3.1 One-point Gauss—Laguerre integration rule

I(fr;300) = fr;(1; ) + E(f1;; @)
1(f1;5 B) = f1,(1; B) + E(f1;; B)
I(frsv)=fr(Ly) + E(fF;i )

1 ” 00 _ 1 " o0 _
where E(frji) = 3 fr, (0 [y (x = D2e~*dx, E(f1;: ) = 371,638 o (x = 1)?e~*dx and

1 " .
E(fryiv) = 5fp, Gy ¥) Jo (x — D?e dx, here j = 1,2 and 87,,8;,, 8F, € (—1, 1).

; = @ Springer



Arab. J. Math. (2022) 11:189-211 199

4.3.2 Two-point Gauss—Laguerre integration rule

I(fr;; @) = 0.853553 fr, (xo; @) + 0.146447 f7, (x1; @) + E(f1;; @)
I(f1;; B) = 0.8535533 f}; (x0; B) + 0.146447 f1, (x1; B) + E(f1;: B),
I(fF;; ) = 0.853553 fF; (x0; ) + 0.146447 fr, (x15 y) + E(fF,-; 7)s

1
where E(fr;: ) = 7 “”(sr,,oo S e=x0)2(x—x1)2e~ dx, E(f1,; B) = (4’(61,,ﬂ>f0 (x—x0)?(x—
x1)2e~*dx and E(fpj;y)z <4>(5F ¥) Jo% (¢ — x0)(x — x1)%e~*dx. Here 87,, 6/, 8F, € (—1,1) and

j =1,2. Also, here xo = 0.585786 and x; = 3.414213.

4.4 Limitations of Gaussian quadrature rule

The Gaussian quadrature method has some limitations.

1. The main limitation of the Gaussian quadrature method is that it is very difficult to calculate the node points
and weights.

2. The nodes are the roots of a polynomial. The roots of the polynomial are computed by the traditional root
finding method and these methods are not always give accurate results. So, there always involved some
errors in the computed nodes.

5 Examples

In this section, some examples and their numerical results have been discussed. The numerical computations
have been done by Wolfram Mathematica 9.0 and the figures have been drawn by MATLAB R2018a.

Example 5.1 Let us consider the neutrosophic integral as follows:

1
/ f(x)dx, where f(x) = ax® + sin"'(x) + beos ' (x), a
-1
=((~1,1,3);0.6,0.4,0.2) and b = ((0, 1, 2); 0.6, 0.4, 0.2)

2 1 -6 1 1) — (2 1
The exact solution of this integral is< (20 + 597[)0[ 6, 8+ 1D 9( 0+ 57T)oej|’

[14 + 157 — 20+ 157)8 37 — 2+ (20 + 1571),3:|
9 ’ 9 ’

[12 + 157 — 20+ 157)y 4+ 97 + (20 + 157T)y]>
12 ’ 12

Now, we calculate the integral with the help of one-point Gauss—Legendre integration rule, two-point
Gauss—Legendre integration rule and three-point Gauss—Legendre integration rule.

One-point Gauss—Legendre integration rule

The errors for the One-Point Gauss—Legendre integration rules are

E(fr:a) = (erzou ) E(fr;a) = <(5°‘ 30, 18—20a)

(1—68%)32 (1— 53 )32
(58 —2)éy, (2-=5B)én
E(fn; B) = (W+14—20ﬁ> E(fn; B) = (W—onﬁ—z),
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(I —5y)r,

1 Gy —Dér
(4(1 - 87,)%/?

1
E(fFlv)’)Zg m+3—5y>,E(sza)/)=§< +5V+1)’

where 8Tj, 81 i ) F; € (=1, 1)and j = 1, 2 denotes left and right branches, respectively, of truth, indeterminacy
and falsity membership function.

Two-point Gauss—Legendre integration rule
The errors for the two-point Gauss—Legendre integration rules are

(3 — 5a)87, (23%l 4 3) (5a — 3)7, (25%2 + 3)

E(fr:a) = E(fr,: ) =
(fry; ) 135(1_5%1)7/2 » E(fry; @) 135(1_3%2)7/2 ,
(58 — 2)81, (25%1 + 3)
E(f1: B) =
(fll’ﬂ) 135(1—8%1)7/2 )
2 —5p)8, (25%2 + 3)
135 (1- 57
3(5y — Ddr, (267 +3 3(1 = 59)85, (262 +3)
E(fr:y) = i s ),Emvz;y): by

540(1 — 6%.)7/2
540 (143, (1= d5)

where (Srj , 01 i 1y ;€ (—1,1) and j = 1, 2 denotes left and right branch respectively of truth, indeterminacy
and falsity membership function.

Three-point Gauss—Legendre integration rule
The errors for the three-point Gauss—Legendre integration rules are

(3 = 50)br, (863, + 4003, +15) (Ser = 3)67, (857, + 4063, + 15)

E(fT];Ol)Z 1 5 E(sz;Ol): 5
/2 112
2 2
3150 (1 - 63 3150 (1 83,)
(5 — 203y, (85}, + 405}, + 1) (2 - 5p)81, (807, + 4083, + 15)
E(f[hﬂ): 5 11/2 ,E(f[z,ﬂ)z ) 11/2 ,
3150 (1 - 67 ) 3150 (1 - 63
(Sy — D)dr, (853, +4083, +15) (1= 57)3r, (854, + 4063, +15)
E(fr:y) = CE(friy) = ’

4200(1 — 5%1)11/2 4200(1 — 51%2)11/2
where STj, ) Ijs ) Fj € (—1,1)and j = 1, 2 denotes left and right branches, respectively, of truth, indeterminacy
and falsity membership function.

Comparison of the errors of different Gauss—Legendre integration rules for Example 5.1 has been inves-
tigated in Table 1. From Table 1, it has been seen that three-point Gauss—Legendre integration rule gives
less error than one-point and two-point Gauss—Legendre integration rules. The graphical presentations of the
approximate solutions for one-point, two-point and three-point Gauss—Legendre integration rules have been
seen in Figs.1, 2 and 3. Also, from Figs. 1, 2 and 3, it has been noted that three-point Gauss—Legendre integra-
tion rule gives better approximate solution than one-point and two-point Gauss—Legendre integration rules.
The graphical representation of the neutrosophic valued function f(x) for Example 5.1 has been presented
in Fig. 4 and this figure shows that the neutrosophic function f(x) is continuous in (— 1,1). The comparison
of the errors of one-point and two-point Gauss—Legendre integration rule for the different values of §¢; have
been shown in Table 2, where j = 1,2 and k = T, I, F. From Table 2, it has been seen that when the value
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Table 1 Comparison of the errors of different Gauss-Legendre integration rules for Example 5.1, wheredr; = 6;; = ér; = 0.2,
j=12

Methods o E(fria)  E(fre) B E(fn:B)  E(n:B) v E(friy)  E(fRiy)
One-Point 0 — 0.5958 1.9291 0.4  0.6667 0.6667 02 0.6667 0.6667
Gauss-Legendre 0.2 —0.1750 1.5083 0.6  0.2459 1.0874 04 03511 0.9823
integration 0.4  0.2459 1.0875 0.8 —0.1750 1.5083 0.6  0.0354 1.2979
0.6 0.6667 0.6667 1 — 0.5958 1.9291 1 —0.5958 1.9291
Two-Point 0 0.0158 —0.0158 0.4 0.0000 0.0000 0.2 0.0000 0.0000
Gauss—Legendre 0.2 0.0105 —0.0105 0.6 0.0053 — 0.0053 0.4  0.0039 —0.0039
integration 0.4  0.0053 — 0.0053 0.8  0.0153 — 0.0153 0.6  0.0079 — 0.0079
0.6 0.000 0.000 1 0.0158 —0.0158 1 0.0158 —0.0158
Three-Point 0 0.0040 — 0.0040 0.4 0.0000 0.0000 0.2 0.0000 0.0000
Gauss—Legendre 0.2 0.0026 — 0.0026 0.6 0.0013 —0.0013 04 0.0009 — 0.0009
integration 0.4  0.0013 —0.0013 0.8  0.0026 — 0.0026 0.6 0.0020 —0.0020
0.6 0.0000 0.0000 1 0.0040 — 0.0040 1 0.0040 — 0.0040

Table 2 Comparison of the errors of different Gauss—Legendre integration rules for Example 5.1, where « = 0.5, § = 0.7 and
y =08 Here j=12and K =T,1, F

Methods 3k, E(fr: o) E(fr,; ) E(fi; B) E(fn; B) E(fr;y) E(fR:v)
One-Point —-0.8 0.2387 1.0947 —0.6173 1.9506 — 1.2593 2.5926
Gauss—Legendre —-02 0.4326 0.9007 —0.0354 1.3688 —0.3865 1.7198
integration 0.0 0.4444 0.8889 0.0000 1.3333 —0.3333 1.6667
0.2 0.4563 0.8771 0.0354 1.2979 — 0.2802 1.6135
0.8 0.6502 0.6831 0.6173 0.7160 0.5926 0.7407
Three-Point —-0.8 — 1.5357 1.5357 — 4.6073 4.6073 —6.9109 6.9109
Gauss—Legendre —-02 — 0.0007 0.0007 — 0.0020 — 0.0020 —0.0030 0.0030
integration 0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.2 0.0007 — 0.0007 0.0020 — 0.0020 0.0030 — 0.0030
0.8 1.5357 — 1.5357 4.6073 — 4.6073 6.9109 —6.9109
0.6 I I
---One-point
051 -~ Two-point  H
03) -~ -Three-point
T 04r -~-Exact Solution {
>
2
S 03r 1
§
£ 02r N 1
9] %,
2 / \ s,
otr 7 \\ 1
// * \\
0 7 | | | | | | | L
-1 0 1 2 3 5 6 7 8 9

X

Fig. 1 Truth membership function for exact solution, one-point, two-point and three-point Gauss—Legendre integration rule of
Example 5.1

of 6k ; increases then the errors for left branch of truth, indeterminacy and falsity functions increases. Also,
when the value of §¢; decreases then the errors for left branch of truth, indeterminacy and falsity functions
decrease and the graphical representation of these results have been shown in Figs. 5 and 6 for one-point and
three-point rules, respectively. Also, from Figs. 7, 8 and 9, it has been seen that three-point Gauss—Legendre
integration rule gives less error than two-point Gauss—Legendre integration rule in between (— 0.6, 0.6).

Example 5.2 Let us consider the neutrosophic integral as follows:

d
bx

x)dx, where f(x) =ae* + —, a = ((0,1,2);0.6,0.4,0.2) and b = ((—1, 1, 3); 0.6, 0.4, 0.2).

/c S ) S ) N (( ) ) (( ) )
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09r

o

3

T 8 4

3 08

o

® 07r 1

é I---One-point

g 08| -~ Two-point I
051 -~ Three-point ||

-~ -Exact Solution

6 7 8 9

0.4

Fig. 2 Indeterminacy membership function for exact solution, one-point, two-point and three-point Gauss—Legendre integration
rule of Example 5.1

1 T
g 0.8 b
T
>
a
G 06F 1
9]
£
@ - -
> 04f One-point
' -~ Two-point
-~ Three-point
---Exact Solution
1 I T

0.2 ! !
- 6 7 8 9

Fig. 3 Falsity membership function for exact solution, one-point, two-point and three-point Gauss—Legendre integration rule of
Example 5.1

f(x; )

Y

0
) —Truth
2k — / — Indeterminacy |
—Falsity
_4 1 1 1 1 1 1 1 1 1

-1 08 06 -04 02 0 02 04 06 08 1
X

Fig. 4 Graphical representation of neutrosophic function f(x) of Example 5.1

Sa 6—5a:|(e e, [5(1 —B) 5,3+1}(e ~

The exact solution of this integral is a(e — e ), ie (|:— 3 S

37 3
e, |:5(1 4_ y)’ Sy:— 3} (e — e~ 1)) when [c,d] = [—1, 1].

Now, we solve the integral with the help of Gauss—Chebyshev integration rule and Gauss—Laguerre integration
rule, where we take [c, d] = [—1, 1] and [c, d] = [0, 00) respectively.

@ Springer
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o
(]
I
) —Truth
A7 — Indeterminacy ||
— Falsity
_2 Il Il Il Il Il Il T
-0.8 -0.6 -0.4 0.2 0 02 0.4 0.6 0.8

Different values of 6K

Fig. 5 Graphical representation of error for the one-point Gauss—Legendre integration rule of Example 5.1, where K =T, I, F

—Truth

—Indeterminacy
—Falsity
_1 0 1 1 1 1 1 1 T
0.8 -0.6 0.4 0.2 0 0.2 0.4 0.6 0.8

Different values of 6K

Fig. 6 Graphical representation of error for the three-point Gauss—Legendre integration rule of Example 5.1, where K = T, I, F

047

Errors

—Two-point

— Three-point

_0.4 “ 1 1 1 1 1 1 1
0.6 04 0.2 0 0.2 0.4 0.6

Choice of 5T

Fig. 7 Truth membership function for two-point and three-point Gauss—Legendre integration rule for different values of §7 of
Example 5.1, where o = 0.3

One-point Gauss—Chebyshev integration rule

The errors for the One-Point Gauss—Chebyshev integration rule are

Sra(l — 8%)%2e" + 37 (100 — 3)87,
12(1 — 5%1)5/2
(6 — 5a)m (1 — 6%,)3/2e’ + 37m(9 — 10)d7,
12(1 — 3%2)5/2

E(fr;a) =

’

E(fr: ) =

s
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0.15

4
Y
i
04 T; —Two-point
— Three-point
_01 5 1 1 1 1 1 I I
0.6 04 02 0 0.2 0.4 0.6

Choice of 5|

Fig. 8 Indeterminacy membership function for two-point and three-point Gauss—Legendre integration rule for different values of
87 of Example 5.1, where g = 0.5

0.61\

Errors

—Two-point

—Three-point

sl : :
06 04 02 0 02 04 06

Choice of d.
Fig. 9 Falsity membership function for two-point and three-point Gauss—Legendre integration rule for different values of 6 of

Example 5.1, where y = 0.8

St(1 = B)(1 = 87)5/%e" +37(7 - 1088,

E(f1; B) = T 3%1)5/2 ’

Ef: py= PP 5?2)5/%’22 +37(108 ~ D,
12(1 — 87 )3/2

E(fr:y) = St(l—y)(1 —68%,)°2e1 4 67(3 — 5¢)5, |
16(1 — 5%1)5/2

E(fr;y) = 7(Sy +3)(1 = 87,)¥2 + 6m(Sy + 1)5F2’

16(1 — 87,)%/?

where 8TJ. , 01 i 1y ;€ (=1, 1)and j = 1, 2 denotes left and right branches, respectively, of truth, indeterminacy
and falsity membership function.

Two-point Gauss—Chebyshev integration rule

The errors for the two-point Gauss—Chebyshev integration rule are

Sma(l —62)%2en + 607 (100 — 3)83. + 457 (10 — 3)87,
. 1 1
E(fT]s Ol) = 29/2
576(1 — 6%,)%/

’

(6 — 5a)m(1 — 67)%2e’ + 60m (9 — 102)83, + 457 (9 — 102)37,
576(1 — 83,)°/

s

E(fr;0) =
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St(1—B)(1 57 )26 4 607 (7 — 108)8; + 457 (7 — 10B)31,
E(fn: B) = 576(1—8%1)9/2 ,
Efs ) = (5B + (1 — 87 )%2e’2 + 607 (108 — 1)87 + 457 (108 — 1)éy,
’ 576(1 — 87)°/ '
57(1 —y)(1 — 3%1)9/%56 + 1207 (3 — 5y)8}, 4+ 907 (3 — 5¥)8F,
E(fr;y) = 768(1—8%1)9/2 ,
75y +3)(1 — 312,2)9/%% + 1207 (5y + 1)513,2 + 907 (5y + 1)ép,
E(fr;y) =

768(1 — 512,2)9/2 '

where 7 L 81 i SF ;€ (=1, 1)and j = 1, 2 denotes left and right branches, respectively, of truth, indeterminacy
and falsity membership function.

One-point Gauss—Laguerre integration rule

The errors for the One-Point Gauss—Laguerre integration rule is

5a(1 — 5%1)5/%% + 3(10a — 3)87,

E(fr;0) = 61— 52)5" :
— _525/2,8 B
E(fr,: ) = (6 — 5a)(1 66T(21)_ ;5)54;23(9 10a)5T2’
E(fi: ) = 5(1=p)1 - 2%1)512;;:;54/;3(7 — 108)81, |
E(fi: B) = 58+ (1 _2(%21)5_/2;21)25; (108 — 1)3,2’
E(fr;y) = St =yd = 2311)5_/2;12:5/—{2_ 6(3 —5y)dR ’
Efni py = S DU 8320 65y + Db,

8(1 — 3%2)5/2

)

where (ST]. , 0 T ) F; € (=1, 1)and j = 1, 2 denotes left and right branches, respectively, of truth, indeterminacy
and falsity membership function.

Two-point Gauss—Laguerre integration rule

The errors for the Two-Point Gauss—Laguerre integration rule is

9/2
S (1-62) " e + (100 — 3) (6083, + 4567, )

E 5 = ,
(frii @) 18(1 — 8%)9/2
9/2
(6 — 5a) (1 — 5%2) ¢ + (9 — 10)(6083, + 4557,)
E(fra) = 57 ,
18(1-63,)
9,2
S(I=8) (1 - 8%1) e+ (7-108) (6053I + 455,1)
E(fr: B) =

9/2 .
18(1-67)
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Table 3 Comparison of the errors of different Gauss—Chebyshev and Gauss—Laguerre integration rules for Example 2, where
8r; =81, =38F; =0.2

Methods a E(fr;a) E(fpia) B E(fn:B)  E(fn:B) v E(frsy) E(fr:vy)
One-Point 0 —0.5219 34842 0.4 1.4812 1.4812 0.2 1.4812 1.4812
Gauss—Chebyshev 0.2 0.1458 2.8165 0.6 0.8135 2.1488 0.4 0.9804 1.9819
integration 0.4 0.8135  2.1488 0.8 0.1458  2.8165 0.6 0.4796 2.4827
0.6 1.4812 1.4812 1 —0.5219 3.4842 1 —0.5219 3.4842
Two-Point 0 — 0.1864 0.5992 0.4 0.2064 0.2064 0.2 0.2064 0.2064
Gauss—Chebyshev 0.2 — 0.0555 0.4682 0.6 0.0755 0.3373 0.4 0.1082 0.3046
integration 0.4 0.0755 0.3373 0.8 — 0.0555 0.4682 0.6 0.01 0.4028
0.6 0.2064  0.2064 1 —0.1864  0.5992 1 —0.1864 0.5992
One-Point 0 —0.3322 2.2181 0.4 0.9429 0.9429 0.2 0.9429 0.9429
Gauss—Laguerre 0.2 0.0928 1.7930 0.6 0.5179 1.3680 0.4 0.6241 1.2617
integration 0.4 0.5179 1.3680 0.8 0.0928 1.7930 0.6 0.3054 1.5805
0.6 0.9429 0.9429 1 —0.3322 2.2181 1 —0.3322 221812
Two-Point 0 — 1.8986 6.1030 0.4 2.1022 2.1022 0.2 2.1022 2.1022
Gauss—Laguerre 0.2 — 0.5650 4.7694 0.6 0.7686 3.4358 0.4 1.1020 3.1024
integration 0.4 0.7686 3.4358 0.8 — 0.5650 4.7694 0.6 0.1018 4.1026
0.6 21022 2.1022 1 —1.8986  6.1030 1 — 1.8986 6.1030

Table 4 Comparison of the errors of different Gauss—Chebyshev and Gauss—Laguerre integration rules for Example 1, where
a=03,=05y=07,j=1,2and K =T,1, F

Methods 8k, E(fr; ) E(fry; @) E(fn; B) E(fn; B) E(fr:v) E(fRiv)
Two-Point - 0.8 0.0037 — 216.65 — 72213 — 14443 27.08 —243.73
Gauss—Chebyshev —-02 0.0067 —0.3527 —0.1131 —0.2329 0.0516 — 0.3976
integration 0.0 0.0082 0.0245 0.0136 0.0191 0.0061 0.0266
0.2 0.0100 0.4028 0.1409 0.2718 —0.0391 0.4519
0.8 0.0182 217.71 72.25 144.48 —27.07 243.80
Two-Point - 038 0.0374 — 2206.7 — 735.56 — 1471.43 130.35 — 2482.59
Gauss—Laguerre —-02 0.0682 —3.5925 — 1.1520 —2.3723 0.0852 -4.0501
integration 0.0 0.0833 0.2500 0.1389 0.1944 0.0625 0.2708
0.2 0.1018 4.1026 1.4354 2.7690 0.0423 4.6027
0.8 0.1855 2207.4 735.93 1471.67 — 130.18 2483.31

2 9/2 $ 3
58+ 1) (1 — 5,2) e 4 (108 — 1)(6083, +4557,)

E(fi: B) = 5 ,
/2
18(1-63)
9/2
SU—p)(1-83,) €1 + 6~ 10y) (6083, + 4565,
E(fr:y) = 241 =629 ,
1
9/2
Sy +3)(1-83) " ¢ + 10y +2) (6053, + 455, )
E(frsv) =

24(1 — 83,12

where (Srj , 01 i 1) F; € (—1,1) and j = 1, 2 denotes left and right branch respectively of truth, indeterminacy
and falsity membership function.

In Table 3, the comparison of the errors of different Gauss—Chebyshev and Gauss—Laguerre integration rules
of Example 5.2 have been investigated. From Table 3, it has been found that Gauss—Chebyshev integration
rule gives less error than Gauss—Laguerre integration rule for Example 5.2. The Comparison of one-point
and two-point Gauss—Chebyshev integration rule with the exact solution for Example 5.2 has been shown
in Figs. 10, 11 and 12 and from these figures, it has been seen that two-point Gauss—Chebyshev integration
rule gives better result than one-point Gauss—Chebyshev rule. Also, from Fig. 13 it has been shown that
the solution of Two-point Gauss—Chebyshev integration rule gives a triangular neutrosophic number when
the parameters are taken as triangular neutrosophic numbers. The errors of two-point Gauss—Chebyshev and
Gauss—Laguerre integration rule for the different values of § K; have been shown in Table 4, where K =T, I, F
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Fig. 11 Indeterminacy membership function for exact solution, one-point and two-point Gauss—Chebyshev integration rule of

Example 5.2
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Fig. 12 Falsity membership function for exact solution, one-point and two-point Gauss—Chebyshev integration rule of Example

52

and j = 1, 2. From Table 4, it has been seen that when the value of §g ; increases then the errors for truth
and indeterminacy functions increase. Also, when the value of §x i decreases then the errors for left branch of
falsity functions decrease and right branch of falsity function increases. The graphical representation of error
for One-point Gauss—Chebyshev and One-point Gauss—Laguerre integration rule have been shown in Figs. 14
and 15 respectively. These figures have shown similar types of results as shown in Table 4. Also, from Figs. 16,
17 and 18, it has been seen that three-point Gauss—Chebyshev integration rule gives less error than two-point
Gauss—Chebyshev integration rule in between (— 0.2, 0.4).
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Fig. 13 Solution for two-point Gauss—Chebyshev integration rule of Example 5.2
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Fig. 14 Graphical representation of error for the one-point Gauss—Chebyshev integration rule of Example 5.2, where & = 0.5,
B=07y=08and K =T,1,F
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Fig. 15 Graphical representation of error for the one-point Gauss—Laguerre integration rule of Example 5.2, where o = 0.3,
B=05y=07and K =T,1, F

6 Conclusion

For the first time, different types of Gaussian quadrature rules for numerical integration of neutrosophic valued
function have been discussed in this article. A new type of distance function has been defined in neutrosophic
environment. From Theorem 3.2, it can be concluded that (N, D) forms a complete metric space. Also, the proof
of the Theorem 4.1 can be concluded that J(f7,; @), J(fr; &), J(f1,5 B), J(frs B), J(fFsv) J(fRs ¥)
are uniformly convergentto I (fr,; o), I (fry; @), I (f1,5 B). I (frs B), I (fF,; ¥), I (fFy; v), respectively. Our
study shows that the Gaussian-quadrature method is very simple and provides highly accurate numerical results
using small number of quadrature points. In the first test example, one-point, two-point, three-point Gauss—
Legendre integration rules have been investigated. From this investigation, we have seen that the three-point
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Fig. 16 Truth membership function for one-point and two-point Gauss—Chebyshev integration rule for different values of §7 of
Example 5.2, where o = 0.5
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Fig. 17 Indeterminacy membership function for one-point and two-point Gauss—Chebyshev integration rule for different values
of §; of Example 5.2, where 8 = 0.45
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Fig. 18 Falsity membership function for one-point and two-point Gauss—Chebyshev integration rule for different values of ¢ of
Example 5.2, where y = 0.3

Gauss—Legendre integration rule gives less error than one-point and two-point Gauss—Legendre integration
rule. Also, from Figs. 1, 2 and 3, it has been observed that three-point Gauss—Legendre integration rule gives
more accurate numerical results than one-point and two-point Gauss—Legendre rules. Based on the results of
Table 2, Figs. 5 and 6, it can be concluded that the errors of Gauss—Legendre integration rule depend on the
suitable choice of ST]., ) I and § Fis where j = 1,2. Also, it can be concluded from Table 2 that when the
value of 87, 8;;, F; come close to zero then error for Three-point Gauss—Legendre integration also moves
close to zero. In case of Example 5.1, from Figs. 7, 8 and 9, it has been observed that if we choose (STj, 81 .
and 8; in between (— 0.6, 0.6) then Gauss—Legendre rule gives more accurate result than any other choice
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of 87;, 8;; and §F;. In the second test example, one-point, two-point Gauss—Chebyshev and Gauss-Laguerre
integration rules have been discussed. This discussion shows that Gauss—Chebyshev integration rule gives
less error than Gauss—Laguerre integration rule when the quadrature points are increased. In case of Example
5.2, it can be concluded from Figs. 10, 11 and 12 that the two-point Gauss—Chebyshev integration rule gives
more accurate results than one-point Gauss—Chebyshev integration rule which has been shown the validity and
accuracy of our proposed method. Also, from Table 4, Figs. 14 and 15, it has been concluded that the errors
of Gauss—Chebyshev and Gauss—Laguerre integration rule depend on the proper choice of dr;, §;; and 8F;,
where and j = 1, 2. Also, it can be concluded from Table 4 that when the value of BTj, 81 i ) F; come close
to zero then errors for Two-point Gauss—Chebyshev integration and Two-point Gauss—Laguerre integration
also moves close to zero. From Figs. 16, 17 and 18, it has been observed that if we choose 8Tj, 1) iy and § F in
between (— 0.2, 0.4) then Gauss—Chebyshev integration rule gives suitable results for Example 2. Finally, it
can be concluded that the proposed method is easy to understand and within few number of quadrature steps
this method gives extremely high accurate approximate results. In the future, we will apply this method to
solve other different types of neutrosophic integral equations and integro-differential equations.
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