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Abstract 

The objective of this paper is to define for the first time the concept of split-complex numbers as a new 

generalization of classical split-complex numbers by using neutrosophic numbers. Also, we study the elementary 

properties of this new numerical class such as equations, conjugates, and vector spaces formed by it. On the 

other hand, some special AH-subspaces will be presented and handled with many corresponding examples. 

Keywords: split-complex number; neutrosophic number; neutrosophic split-complex number 

1. Introduction 

The split complex numbers are defined as a similar algebraic structure to the complex numbers. The set of split-

complex numbers is defined as follows: 𝑆(𝐽) = {𝑎 + 𝑏𝐽; 𝑎, 𝑏 ∈ 𝑅, 𝐽2 = 1}. [1-2] 

Split-complex numbers S(J) have a commutative ring structure, and they have many applications in physics and 

relativity [3]. 

Neutrosophy is a new kind of generalized logic presented by Smarandache [11] to deal with indeterminacy in all 

fields of science and real-life problems. As a result of Smarandache's work neutrosophic numbers were defined 

and studied widely by many researchers [4-10], were we find neutrosophic algebraic structures such as modules, 

spaces, matrices, and rings. The ring of neutrosophic real numbers is defined as follows: 𝑅(𝐼) = {𝑎 + 𝑏𝐼; 𝑎, 𝑏 ∈
𝑅, 𝐼2 = 𝐼}. The element I is called the indeterminacy with a logical property 𝐼2 = 𝐼. Neutrosophic numbers are 

considered as a generalization of classical real numbers with many deep applications in many scientific fields, 

see [12-17]. 

The previous works have motivated us to combine split-complex numbers with neutrosophic numbers to get a 

novel generalization of real numbers, where we define the concept of neutrosophic split-complex numbers, and 

we present many elementary properties of these numbers in terms of theorems. On the other hand, we clarify the 

validity of this work by illustrating some examples to explain the algebraic properties of these numbers. 

2. Main discussion 

Definition: Let 𝑥 = 𝑥1 + 𝑥2𝐼 , 𝑦 = 𝑦1 + 𝑦2𝐼 be two neutrosophic real numbers, where 𝐼2 = 𝐼. 

We call 𝑋 = 𝑥 + 𝑦𝐽; 𝐽2 = 1 a split-complex neutrosophic number. 

Remark:  

1). The split-complex neutrosophic number 𝑋 can be written as follows: 

𝑋 = (𝑥1 + 𝑥2𝐼) + (𝑦1 + 𝑦2𝐼)𝐽 = 𝑥1 + 𝑥2𝐼 + 𝑦1𝐽 + 𝑦2𝐼𝐽 ; 𝐼2 = 𝐼, 𝐽2 = 1, 𝐼𝐽 = 𝐽𝐼 . 
2). (𝐼𝐽)2 = 𝐼2𝐽2 = 𝐼2. 1 = 𝐽2. 

3). We denote the set of all neutrosophic split-complex numbers by 𝑁𝑆 = {𝑥1 + 𝑥2𝐼 + 𝑦1𝐽 + 𝑦2𝐼𝐽;  𝑥𝑖 , 𝑦𝑖 ∈ 𝑅} 

Definition: the addition operation on 𝑁𝑆 is defined as follows: 
(+): 𝑁𝑆 × 𝑁𝑆 → 𝑁𝑆 such that: 

(𝑥1 + 𝑥2𝐼 + 𝑦1𝐽 + 𝑦2𝐼𝐽) + (𝑧1 + 𝑧2𝐼 + 𝑡1𝐽 + 𝑡2𝐼𝐽) = (𝑥1 + 𝑧1) + (𝑥2 + 𝑧2)𝐼 + (𝑦1 + 𝑡1)𝐽 + (𝑦2 + 𝑡2)𝐼𝐽 

https://doi.org/10.54216/IJNS.200303
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The multiplication operation on 𝑁𝑆 is defined as follows: 

(. ): 𝑁𝑆 × 𝑁𝑆 → 𝑁𝑆 such that: 
[(𝑥1 + 𝑥2𝐼 + 𝑦1𝐽 + 𝑦2𝐼𝐽). (𝑧1 + 𝑧2𝐼 + 𝑡1𝐽 + 𝑡2𝐼𝐽)]

= 𝑥1𝑧1 + 𝑥1𝑧2𝐼 + 𝑥1𝑡1𝐽 + 𝑥1𝑡2𝐼𝐽 + 𝑥2𝑧1𝐼 + 𝑥2𝑧2𝐼2 + 𝑥2𝑡1𝐼𝐽 + 𝑥2𝑡2𝐼2𝐽 + 𝑦1𝑧1𝐽 + 𝑦1𝑧2𝐽𝐼
+ 𝑦1𝑡1𝐽2 + 𝑦1𝑡2𝐼𝐽2 + 𝑦2𝑧1𝐼𝐽 + 𝑦2𝑧2𝐼2𝐽 + 𝑦2𝑡1𝐼𝐽2 + 𝑦2𝑡2(𝐼𝐽)2 

Since 𝐼2 = 𝐼, 𝐽2 = 1, we get: 

= (𝑥1𝑧1 + 𝑦1𝑡1) + (𝑥1𝑧2 + 𝑥2𝑧1 + 𝑥2𝑧2 + 𝑦2𝑡2 + 𝑦1𝑡2 + 𝑦2𝑡1)𝐼 + (𝑥1𝑡1 + 𝑦1𝑧1)𝐽
+ (𝑥1𝑡2 + 𝑥2𝑡1 + 𝑥2𝑡2 + 𝑦1𝑧2 + 𝑦2𝑧1 + 𝑦2𝑧2)𝐼𝐽 

Example : consider the following two split-complex neutrosophic numbers: 

𝑋 = 1 + 𝐼 + 2𝐽 − 𝐼𝐽 , 𝑌 = 2 − 𝐼 + 𝐽 + 3𝐼𝐽 

We have: 

𝑋 + 𝑌 = 3 + 3𝐽 + 2𝐼𝐽 , 𝑋. 𝑌 = 2 − 𝐼 + 𝐽 + 3𝐼𝐽 + 2𝐼 − 𝐼 + 𝐼𝐽 + 3𝐼𝐽 + 4𝐽 − 2𝐼𝐽 + 2 + 6𝐼 − 2𝐼𝐽 + 𝐼𝐽 − 𝐼 − 3𝐼 

𝑋. 𝑌 = 4 + 2𝐼 + 5𝐽 + 4𝐼𝐽 

Definition: Let 𝑋 = (𝑥0 + 𝑥1𝐼) + (𝑥2 + 𝑥3𝐼)𝐽be a neutrosophic split-complex number, we define its conjugate 

as follows: 

𝑋̅ = (𝑥0 + 𝑥1𝐼) − (𝑥2 + 𝑥3𝐼)𝐽 = 𝑥0 + 𝑥1𝐼 − 𝑥2𝐽 − 𝑥3𝐼𝐽 

Definition: Let 𝑋 = (𝑥0 + 𝑥1𝐼) + (𝑥2 + 𝑥3𝐼)𝐽 be a neutrosophic split-complex number, we define the s-norm as 

follows: 

‖𝑋‖2 = 𝑋. 𝑋̅ 

‖𝑋‖ = √|𝑋. 𝑋̅| is called the norm of 𝑋. 

Theorem: 

Let 𝑋 = (𝑥0 + 𝑥1𝐼) + (𝑥2 + 𝑥3𝐼)𝐽 be a neutrosophic split-complex number, then 

‖𝑋‖2 = (𝑥0 + 𝑥1𝐼)2 − (𝑥2 + 𝑥3𝐼)2 

Proof. 

‖𝑋‖2 = [(𝑥0 + 𝑥1𝐼) + (𝑥2 + 𝑥3𝐼)𝐽]. [(𝑥0 + 𝑥1𝐼) + (𝑥2 + 𝑥3𝐼)𝐽] 

= (𝑥0 + 𝑥1𝐼)2 − (𝑥2 + 𝑥3𝐼)2𝐽2 = (𝑥0 + 𝑥1𝐼)2 − (𝑥2 + 𝑥3𝐼)2 

Remarks: 

1). The s-norm of a neutrosophic split-complex number is a neutrosophic real number, i.e. ‖𝑋‖ ∈ 𝑅(𝐼). 

2). According to [ ], the absolute value of a real neutrosophic number 𝑎 + 𝑏𝐼 can be computed as follows: 

|𝑎 + 𝑏𝐼| = |𝑎| + (|𝑎 + 𝑏| − |𝑎|)𝐼 ≥ 0. 

Also, if 𝑎 + 𝑏𝐼 ≥ 0, i.e. 𝑎 ≥ 0, 𝑎 + 𝑏 ≥ 0, then √𝑎 + 𝑏𝐼 = √𝑎 + (√𝑎 + 𝑏 − √𝑎)𝐼 

The formula of norms: 

Consider 𝑋 = (𝑥0 + 𝑥1𝐼) + (𝑥2 + 𝑥3𝐼)𝐽 ∈ 𝑁𝑆, then: 

‖𝑋‖2 = (𝑥0 + 𝑥1𝐼)2 − (𝑥2 + 𝑥3𝐼)2 = (𝑥0
2 − 𝑥2

2) + 𝐼(𝑥1
2 + 2𝑥0𝑥1 − 𝑥3

2 − 2𝑥2𝑥3) = 𝑎 + 𝑏𝐼, where 

𝑎 = (𝑥0
2 − 𝑥2

2) , 𝑏 = (𝑥1
2 + 2𝑥0𝑥1 − 𝑥3

2 − 2𝑥2𝑥3) 

First of all, we have: |𝑎 + 𝑏𝐼| = |𝑥0
2 − 𝑥2

2| + 𝐼[|(𝑥0 + 𝑥1)2 − (𝑥2 + 𝑥3)2| − |𝑥0
2 − 𝑥2

2|] 

This means that: 

‖𝑋‖ = √|𝑋. 𝑋̅| = √|𝑎 + 𝑏𝐼| = √|𝑎| + (|𝑎 + 𝑏| − |𝑎|)𝐼 = √|𝑎| + (√|𝑎 + 𝑏| − √|𝑎|) 𝐼 

= √|𝑥0
2 − 𝑥2

2| + (√|(𝑥0 + 𝑥1)2 − (𝑥2 + 𝑥3)2| − √|𝑥0
2 − 𝑥2

2|) 𝐼 

Example: 

Take 𝑋 = (1 + 2𝐼) + (2 − 𝐼)𝐽;𝑥0 = 1, 𝑥1 = 2, 𝑥2 = 2, 𝑥3 = −1 

https://doi.org/10.54216/IJNS.200303
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𝑋̅ = (1 + 2𝐼) − (2 − 𝐼)𝐽, ‖𝑋‖2 = (1 + 2𝐼)2 − (2 − 𝐼)2 = 1 + 8𝐼 − (4 − 4𝐼 + 𝐼) = 1 + 8𝐼 − 4 + 3𝐼 = −3 +
11𝐼 

‖𝑋‖ = √|−3 + 11𝐼| = √|−3| + 𝐼(|8| − |−3|) = √3 + 5𝐼 = √3 + (√8 − √3)𝐼 

On other hand, we have: 

√|𝑥0
2 − 𝑥2

2| = √3 , √|(𝑥0 + 𝑥1)2 − (𝑥2 + 𝑥3)2| = √9 − 1 = √8 

Thus, by using the previous, we get: 

‖𝑋‖ = √3 + (√8 − √3)𝐼 

Remark: 

(𝑁𝑆, +, . ) is a ring that contains 𝑅(𝐼). 

The condition of invertibility : 

Let 𝑋 = (𝑥0 + 𝑥1𝐼) + (𝑥2 + 𝑥3𝐼)𝐽, then 𝑋is invertible if and only if 𝑥0 + 𝑥2𝐽, (𝑥0 + 𝑥1) + (𝑥2 + 𝑥3)𝐽  are 

invertible split-complex numbers. 

Proof. 

A neutrosophic number 𝑎 + 𝑏𝐼 is invertible if and only if 𝑎, 𝑎 + 𝑏 are invertible [ ]. 

On the other hand, 𝑋 can be written as follows: 

𝑋 = (𝑥0 + 𝑥2𝐽) + 𝐼(𝑥1 + 𝑥3𝐽), thus 𝑋 is invertible if and only if 𝑥0 + 𝑥2𝐽, (𝑥0 + 𝑥1) + (𝑥2 + 𝑥3)𝐽 are invertible. 

The inverse formula: 

Let 𝑋 = (𝑥0 + 𝑥1𝐼) + (𝑥2 + 𝑥3𝐼)𝐽 be an invertible neutrosophic split-complex number, then: 

𝑋−1 =
1

𝑋
=

𝑥0 − 𝑥2𝐽

𝑥0
2 − 𝑥2

2
+ 𝐼 [

𝑥0 + 𝑥2 − (𝑥2 + 𝑥3)𝐽

(𝑥0 + 𝑥2)2 − (𝑥2 + 𝑥3)2
−

𝑥0 − 𝑥2𝐽

𝑥0
2 − 𝑥2

2
] 

Proof. 

We write (𝑥0 + 𝑥2𝐼) + (𝑥1 + 𝑥3𝐼)𝐽, by using the formula of the inverse of a neutrosophic number, we get: 

𝑋−1 = (𝑥0 + 𝑥2𝐽)−1 + 𝐼[(𝑥0 + 𝑥2𝐽 + 𝑥1 + 𝑥3𝐽)−1 − (𝑥0 + 𝑥2𝐽)−1]

=
𝑥0 − 𝑥2𝐽

𝑥0
2 − 𝑥2

2
+ 𝐼 [

𝑥0 + 𝑥1 − (𝑥2 + 𝑥3)𝐽

(𝑥0 + 𝑥1)2 − (𝑥2 + 𝑥3)2
−

𝑥0 − 𝑥2𝐽

𝑥0
2 − 𝑥2

2
] 

Example: 

Take 𝑋 = (1 + 𝐼) + (2 + 3𝐼)𝐽 = 1 + 2𝐽 + 𝐼 + 3𝐼𝐽, where: 

𝑥0 = 1, 𝑥1 = 1, 𝑥2 = 2, 𝑥3 = 3, we have: 

𝑋−1 =
1 − 2𝐽

−3
+ 𝐼 [

2 − 5𝐽

−21
−

1 − 2𝐽

−3
] =

−1

3
+

2

3
𝐽 + 𝐼 [

−2

21
+

5

21
𝐽 +

−1

3
−

2

3
𝐽] =

−1

3
+

2

3
𝐽 +

5

21
𝐼 −

9

21
𝐼𝐽 

Let's compute 

𝑋. 𝑋−1 = (1 + 2𝐽 + 𝐼 + 3𝐼𝐽) (
−1

3
+

2

3
𝐽 +

5

21
𝐼 −

9

21
𝐼𝐽)

=
−1

3
+

2

3
𝐽 +

5

21
𝐼 −

9

21
𝐼𝐽 −

2

3
𝐽 +

4

3
+

10

21
𝐼𝐽 −

18

21
𝐼 −

1

3
𝐼 +

2

3
𝐼𝐽 +

5

21
𝐼 −

9

21
𝐼𝐽 − 𝐼𝐽 + 2𝐼

+
15

21
𝐼𝐽 −

27

21
𝐼 = 1 

3. Zero divisors 

Let 𝑋 be a neutrosophic non zero split-complex number, we say that 𝑋 is a zero divisor if there exists 𝑌 ∈ 𝑁𝑆 −
{0} such that 𝑋. 𝑌 = 0. 
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Theorem: 

Let 𝑋 = (𝑥0 + 𝑥1𝐼) + (𝑥2 + 𝑥3𝐼)𝐽 be a neutrosophic split-complex number, then 𝑋 is a zero divisor if and only if 

one of the following is true: 

1). 𝑥0 = 𝑥2. 

2). 𝑥0 = −𝑥2. 

3). 𝑥0 + 𝑥1 = 𝑥2 + 𝑥3 

4). 𝑥0 + 𝑥1 = −𝑥2 − 𝑥3. 

Proof. 

𝑋 = (𝑥0 + 𝑥2𝐽) + 𝐼(𝑥1 + 𝑥3𝐽), by using the condition of being a zero divisor in a neutrosophic ring, we get that: 

𝑥0 + 𝑥2𝐽 or (𝑥0 + 𝑥2𝐽) + (𝑥1 + 𝑥3𝐽) is a zero divisor. 

If 𝑥0 + 𝑥2𝐽 is a zero divisor then it is not invertible, then 𝑥0
2 − 𝑥2

2 = 0, this implies that 𝑥0 = 𝑥2 or 𝑥0 = −𝑥2. 

On the other hand, if (𝑥0 + 𝑥2𝐽) + (𝑥1 + 𝑥3𝐽) is a zero divisor, then (𝑥0 + 𝑥1)2 − (𝑥2 + 𝑥3)2 = 0, thus 𝑥0 +
𝑥1 = 𝑥2 + 𝑥3 or 𝑥0 + 𝑥1 = −𝑥2 − 𝑥3. 

4. Idempotency 

Definition. 

A neutrosophic split-complex number 𝑋 is called idempotent if and only if: 

𝑋2 = 𝑋. 

Theorem: 

Let 𝑋 = (𝑥0 + 𝑥2𝐽) + 𝐼(𝑥1 + 𝑥3𝐽) be a neutrosophic split-complex number, then X is idempotent if and only if: 

1). 𝑥0 − 𝑥2 ∈ {0,1}. 

2). 𝑥0 + 𝑥2 ∈ {0,1}. 

3). 𝑥0 + 𝑥1 − (𝑥2 + 𝑥3) ∈ {0,1}. 

4). 𝑥0 + 𝑥1 + (𝑥2 + 𝑥3) ∈ {0,1}. 

Proof. 

𝑋 = (𝑥0 + 𝑥2𝐽) + 𝐼(𝑥1 + 𝑥3𝐽) is idempotent if and only if 𝑥0 + 𝑥2𝐽, 𝑥0 + 𝑥1 + (𝑥2 + 𝑥3)𝐽 are idempotent split-

complex numbers. 

Assume that 𝑥0 + 𝑥2𝐽 is idempotent, then: 

(𝑥0 + 𝑥2𝐽)2 = 𝑥0 + 𝑥2𝐽, thus: {
𝑥0

2 + 𝑥2
2 = 𝑥0

2𝑥0𝑥2 = 𝑥2
. 

So that {
(𝑥0 + 𝑥2)2 = 𝑥0 + 𝑥2

(𝑥0 − 𝑥2)2 = 𝑥0 − 𝑥2

, hence 𝑥0 − 𝑥2, 𝑥0 + 𝑥2 ∈ {0,1}. 

By the same method, we can see that  𝑥0 + 𝑥1 + 𝑥2 + 𝑥3, 𝑥0 + 𝑥1 − 𝑥2 − 𝑥3 ∈ {0,1}. 

Example. 

𝑋 =
1

2
+

1

2
𝐽, 𝑋2 =

1

4
+

1

4
+

1

2
𝐽 =

1

2
+

1

2
𝐽 = 𝑋, so that 𝑋 is idempotent. 

5. Neutrosophic split-complex quadratic equation 

Theorem. 

Let 𝐴𝑋2 + 𝐵𝑋 + 𝐶 = 0 be a quadratic equations such that 𝐴, 𝐵, 𝐶 ∈ 𝑁𝑆 with 
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𝐴 = (𝑎0 + 𝑎1𝐼) + (𝑎2 + 𝑎3𝐼)𝐽 , 𝐵 = (𝑏0 + 𝑏1𝐼) + (𝑏2 + 𝑏3𝐼)𝐽, 𝐶 = (𝑐0 + 𝑐1𝐼) + (𝑐2 + 𝑐3𝐼)𝐽 

𝑋 = (𝑥0 + 𝑥1𝐽) + (𝑥2 + 𝑥3𝐼)𝐽, then it is equivalent to the following two split-complex equations: 

{

(𝑎0 + 𝑎2𝐽)(𝑥0 + 𝑥2𝐽)2 + (𝑏0 + 𝑏2𝐽)(𝑥0 + 𝑥2𝐽) + (𝑐0 + 𝑐2𝐽) = 0

[(𝑎0 + 𝑎1) + (𝑎2 + 𝑎3)𝐽][(𝑥0 + 𝑥1) + (𝑥2 + 𝑥3)𝐽]2 + [(𝑏0 + 𝑏1) + (𝑏2 + 𝑏3)𝐽][(𝑥0 + 𝑥1) + (𝑥2 + 𝑥3)𝐽]

+(𝑐0 + 𝑐1) + (𝑐2 + 𝑐3) = 0

 

Proof. 

We write  

𝐴 = (𝑎0 + 𝑎2𝐽) + (𝑎1 + 𝑎3𝐽)𝐼 , 𝐵 = (𝑏0 + 𝑏2𝐽) + (𝑏1 + 𝑏3𝐽)𝐼, 𝐶 = (𝑐0 + 𝑐2𝐼) + (𝑐1 + 𝑐3𝐽)𝐼, 

𝑋 = (𝑥0 + 𝑥2𝐽) + (𝑥1 + 𝑥3𝐽)𝐼 

According to [ ], a neutrosophic quadratic equation: 

(𝑎0 + 𝑎2𝐽)(𝑥0 + 𝑥2𝐽)2 + (𝑏0 + 𝑏2𝐽)(𝑥0 + 𝑥2𝐽) + (𝑐0 + 𝑐2𝐽) = 0 

Is equivalent to:  

{
𝑎0𝑥0

2 + 𝑏0𝑥0 + 𝑐0 = 0

(𝑎0 + 𝑎1)(𝑥0 + 𝑥1)2 + (𝑏0 + 𝑏1)(𝑥0 + 𝑥1) + (𝑐0 + 𝑐1) = 0
 

By using this criteria, we get the following two equations: 

{

(𝑎0 + 𝑎2𝐽)(𝑥0 + 𝑥2𝐽)2 + (𝑏0 + 𝑏2𝐽)(𝑥0 + 𝑥2𝐽) + (𝑐0 + 𝑐2𝐽) = 0

[(𝑎0 + 𝑎1) + (𝑎2 + 𝑎3)𝐽][(𝑥0 + 𝑥1) + (𝑥2 + 𝑥3)𝐽]2 + [(𝑏0 + 𝑏1) + (𝑏2 + 𝑏3)𝐽][(𝑥0 + 𝑥1) + (𝑥2 + 𝑥3)𝐽]

+(𝑐0 + 𝑐1) + (𝑐2 + 𝑐3) = 0

 

Definition. 

A square matrix 𝑇 𝑖𝑠 called a neutrosophic split-complex matrix if it has  neutrosophic split-complex entries. 

Example. 

𝑇 = (
1 + 𝐼 − 𝐽 1 + 𝐼𝐽

−2𝐼 1 + 3𝐼𝐽
) is a 2 × 2 neutrosophic split-complex matrix. 

Remark. 

A neutrosophic split-complex matrix is invertible if and only if its determinant is invertible. 

For example: 𝑇 = (
1 + 𝐼 − 𝐽 1 + 𝐼𝐽

−2𝐼 1 + 3𝐼𝐽
). 

𝑑𝑒𝑡𝑇 = (1 + 𝐼 − 𝐽)(1 + 3𝐼𝐽) − (−2𝐼)(1 + 𝐼𝐽) = 1 + 3𝐼𝐽 + 𝐼 + 3𝐼𝐽 − 𝐽 − 3𝐼 + 2𝐼 + 2𝐼𝐽 = 1 − 𝐽 + 8𝐼𝐽 

6. Neutrosophic split-complex vector space 

Definition. 

Let 𝑉 be a vector space over the real field, we define the corresponding neutrosophic split-complex vector space 

as follows: 

𝑉𝑁𝑆 = 𝑉 + 𝑉𝐼 + 𝑉𝐽 + 𝑉𝐼𝐽 = {𝑥 + 𝑦𝐼 + 𝑧𝐽 + 𝑡𝐼𝐽;  𝑥, 𝑦, 𝑧, 𝑡 ∈ 𝑉} 

Definition:  

We define addition operation on 𝑉𝑁𝑆 is defined as follows: 

(+): 𝑉𝑁𝑆 × 𝑉𝑁𝑆 → 𝑉𝑁𝑆 such that: 

For 𝑋 = 𝑥1 + 𝑦1𝐼 + 𝑧1𝐽 + 𝑡1𝐼𝐽 , 𝑌 = 𝑥2 + 𝑦2𝐼 + 𝑧2𝐽 + 𝑡2𝐼𝐽 ∈ 𝑉𝑁𝑆 

𝑋 + 𝑌 = (𝑥1 + 𝑦1𝐼 + 𝑧1𝐽 + 𝑡1𝐼𝐽) + (𝑥2 + 𝑦2𝐼 + 𝑧2𝐽 + 𝑡2𝐼𝐽)
= (𝑥1 + 𝑥2) + (𝑦1 + 𝑦2)𝐼 + (𝑧1 + 𝑧2)𝐽 + (𝑡1 + 𝑡2)𝐼𝐽 

We define multiplication operation on 𝑉𝑁𝑆  as follows: 

(. ): 𝑉𝑁𝑆 × 𝑉𝑁𝑆 → 𝑉𝑁𝑆 such that: 

For 𝑋 = 𝑥1 + 𝑦1𝐼 + 𝑧1𝐽 + 𝑡1𝐼𝐽 ∈ 𝑉𝑁𝑆 , 𝐴 = 𝑎1 + 𝑏1𝐼 + 𝑐1𝐽 + 𝑑1𝐼𝐽 ∈ 𝑁𝑆 
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𝐴. 𝑋 = (𝑥1 + 𝑦1𝐼 + 𝑧1𝐽 + 𝑡1𝐼𝐽). (𝑎1 + 𝑏1𝐼 + 𝑐1𝐽 + 𝑑1𝐼𝐽)
= 𝑎1𝑥1 + 𝑎1𝑦1𝐼 + 𝑎1𝑧1𝐽 + 𝑎1𝑡1𝐼𝐽 + 𝑏1𝑥1𝐼 + 𝑏1𝑦1𝐼 + 𝑏1𝑧1𝐼𝐽 + 𝑏1𝑡1𝐼𝐽 + 𝑐1𝑥1𝐽 + 𝑐1𝑦1𝐽𝐼
+ 𝑐1𝑧1 + 𝑐1𝑡1𝐼 + 𝑑1𝑥1𝐼𝐽 + 𝑑1𝑦1𝐼𝐽 + 𝑑1𝑧1𝐼 + 𝑑1𝑡1𝐼 

= (𝑎1𝑥1 + 𝑐1𝑧1) + (𝑎1𝑦1 + 𝑏1𝑥1 + 𝑏1𝑦1 + 𝑐1𝑡1 + 𝑑1𝑧1 + 𝑑1𝑡1)𝐼 + (𝑎1𝑧1 + 𝑐1𝑥1)𝐽
+ (𝑎1𝑡1 + 𝑏1𝑧1 + 𝑏1𝑡1 + 𝑑1𝑥1 + 𝑑1𝑦1)𝐼𝐽 

Theorem. 

(𝑉𝑁𝑆, +, . )Is a module over ring 𝑁𝑆. 

Proof. 

It is that (𝑉𝑁𝑆, +, . )Is an abelian group. 

On other hand, for 𝐴, 𝐵 ∈ 𝑁𝑆 , 𝑋, 𝑌 ∈ 𝑉𝑁𝑆, we have: 

1. 𝑋 = 𝑋, (𝐴 + 𝐵). 𝑋 = 𝐴𝑋 + 𝐵𝑋, (𝐴𝐵)𝑋 = 𝐴. (𝐵. 𝑋), 𝐴(𝑋 + 𝑌) = 𝐴𝑋 + 𝐴𝑌. 

Example. 

Consider the space 𝑉 = 𝑅2 = {(𝑥, 𝑦); 𝑥, 𝑦 ∈ 𝑅} over 𝑅. 

The corresponding neutrosophic split-complex vector space is: 

𝑉𝑁𝑆 = {(𝑥0, 𝑦0) + (𝑥1, 𝑦1)𝐼 + (𝑥2, 𝑦2)𝐽 + (𝑥3, 𝑦3)𝐼𝐽; 𝑥𝑖 , 𝑦𝑗 ∈ 𝑅} 

For example 𝑋 = (1,1) + (1,2)𝐼 + (0,1)𝐽 + (1,0)𝐼𝐽 = (1 + 𝐼 + 𝐼𝐽, 1 + 2𝐼 + 𝐽) ∈ 𝑉𝑁𝑆 

𝐴 = 1 − 𝐽 ∈ 𝑁𝑆, thus: 

𝐴. 𝑋 = 1. (1,1) + (1,2)𝐼 + (0,1)𝐽 + (1,0)𝐼𝐽 − (1,2)𝐼𝐽 − (0,1) − (1,0)𝐼 

= (1,0) + 𝐼(0,2) + 𝐽(−1,0) + 𝐼𝐽(0, −2) = (1 − 𝐽, 2𝐼 − 2𝐼𝐽) ∈ 𝑉𝑁𝑆 

Definition. 

Let 𝑤1, 𝑤2, 𝑤3, 𝑤4 be subspace of 𝑉, then we define: 

𝑤𝑁𝑆 = 𝑤1 + 𝑤2𝐼 + 𝑤3𝐽 + 𝑤4𝐼𝐽 = {𝑥 + 𝑦𝐼 + 𝑧𝐽 + 𝑡𝐼𝐽; 𝑥 ∈ 𝑤1, 𝑦 ∈ 𝑤2, 𝑧 ∈ 𝑤3, 𝑡 ∈ 𝑤4} 

𝑤𝑁𝑆 is called an AH-subspace. 

If 𝑤1 = 𝑤2 = 𝑤3 = 𝑤4, then 𝑤𝑁𝑆 is called AHS-subspace. 

Theorem. 

Let 𝑊𝑁𝑆 be an AHS-subspace of 𝑉𝑁𝑆, then 𝑊𝑁𝑆 is a submodule of 𝑉𝑁𝑆. 

Proof. 

It is clear that (𝑊𝑁𝑆, +)is a subgroup of (𝑉𝑁𝑆, +). 

∀ 𝐴 = 𝑎 + 𝑏𝐼 + 𝑐𝐽 + 𝑑𝐼𝐽 ∈ 𝑁𝑆, 𝑋 = 𝑥 + 𝑦𝐼 + 𝑧𝐽 + 𝑡𝐼𝐽 ∈ 𝑊𝑁𝑆, we have: 

𝐴. 𝑋 = 𝑎𝑥 + 𝑎𝑦𝐼 + 𝑎𝑧𝐽 + 𝑎𝑡𝐼𝐽 + 𝑏𝑥𝐼 + 𝑏𝑦𝐼 + 𝑏𝑧𝐼𝐽 + 𝑏𝑡𝐼𝐽 + 𝑐𝑥𝐽 + 𝑐𝑦𝐼𝐽 + 𝑐𝑧 + 𝑐𝑡𝐼 + 𝑑𝑥𝐼𝐽 + 𝑑𝑦𝐼𝐽 + 𝑑𝑧𝐼 + 𝑑𝑡𝐼 

= (𝑎𝑥 + 𝑐𝑧) + (𝑎𝑦 + 𝑏𝑥 + 𝑏𝑦 + 𝑐𝑡 + 𝑑𝑧 + 𝑑𝑡)𝐼 + (𝑎𝑧 + 𝑐𝑥)𝐽 + (𝑎𝑡 + 𝑏𝑧 + 𝑏𝑡 + 𝑐𝑦 + 𝑑𝑥 + 𝑑𝑦)𝐼𝐽 ∈ 𝑊𝑁𝑆 

That is because: 

{
𝑎𝑥 + 𝑐𝑧 ∈ 𝑤1, 𝑎𝑦 + +𝑏𝑥 + 𝑏𝑦 + 𝑐𝑡 + 𝑑𝑧 + 𝑑𝑡 ∈ 𝑤2

𝑎𝑧 + 𝑐𝑥 ∈ 𝑤3, 𝑎𝑡 + 𝑏𝑧 + 𝑏𝑡 + 𝑐𝑦 + 𝑑𝑥 + 𝑑𝑦 ∈ 𝑤4
 

Example. 

Let 𝑉 = 𝑅2, 𝑤 = 〈(0,1)〉 = {(0, 𝑥); 𝑥 ∈ 𝑅} is a subspace of 𝑉. 

Let 𝑉𝑁𝑆be the corresponding neutrosophic split-complex vector space. 

𝑊𝑁𝑆 = 𝑤 + 𝑤𝐼 + 𝑤𝐽 + 𝑤𝐼𝐽 = {(0, 𝑥) + (0, 𝑦)𝐼 + (0, 𝑧)𝐽 + (0, 𝑡)𝐼𝐽} = {(0, 𝑥 + 𝑦𝐼 + 𝑧𝐽 + 𝑡𝐼𝐽); 𝑥, 𝑦, 𝑧, 𝑡 ∈ 𝑅}. 
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𝑊𝑁𝑆 is an AHS-subspace of 𝑉𝑁𝑆, and it is a sub module in the ordinary algebraic meaning. 

Definition. 

Let 𝑉𝑁𝑆 be a neutrosophic split-complex vector space. 

Let 𝑓1, 𝑓2, 𝑓3, 𝑓4 be linear transformations, where: 

𝑓1, 𝑓2, 𝑓3, 𝑓4: 𝑉 → 𝑇, 𝑇 is a vector space over 𝑅. 

We define the AH-linear transformation as follows: 

𝑓: 𝑉𝑁𝑆 → 𝑇𝑁𝑆 such that: 

𝑓(𝑥 + 𝑦𝐼 + 𝑧𝐽 + 𝑡𝐼𝐽) = 𝑓1(𝑥) + 𝑓2(𝑦)𝐼 + 𝑓3(𝑧)𝐽 + 𝑓4(𝑡)𝐼𝐽 

If 𝑓1 = 𝑓2 = 𝑓3 = 𝑓4, we call 𝑓 an AHS-linear transformation. 

Example. 

Let 𝑉𝑁𝑆 = 𝑅𝑁𝑆
2, 𝑇𝑁𝑆 = 𝑅𝑁𝑆

2, we have: 

𝑓1: 𝑉 → 𝑇 such that 𝑓1(𝑥, 𝑦) = (𝑥, 𝑦, 𝑦). 

𝑓2: 𝑉 → 𝑇 such that 𝑓2(𝑥, 𝑦) = (𝑦, 2𝑥, 2𝑦). 

𝑓3: 𝑉 → 𝑇 such that 𝑓3(𝑥, 𝑦) = (𝑥 + 𝑦, 𝑥 − 𝑦, −3𝑥). 

𝑓4: 𝑉 → 𝑇 such that 𝑓4(𝑥, 𝑦) = (2𝑥 + 𝑦, 3𝑥 − 𝑦, 4𝑥 + 5𝑦). 

Are four classical linear transformations. The corresponding AH-linear transformation is:  

𝑓: 𝑉𝑁𝑆 → 𝑇𝑁𝑆 such that: 

𝑓((𝑥0, 𝑦0) + (𝑥1, 𝑦1)𝐼 + (𝑥2, 𝑦2)𝐽 + (𝑥3, 𝑦3)𝐼𝐽) = 𝑓1(𝑥0, 𝑦0) + 𝑓2(𝑥1, 𝑦1)𝐼 + 𝑓3(𝑥2, 𝑦2)𝐽 + 𝑓4(𝑥3, 𝑦3)𝐼𝐽 

= (𝑥0, 𝑦0, 𝑦0) + (𝑦1, 2𝑥1, 2𝑦1)𝐼 + (𝑥2 + 𝑦2, 𝑥2 − 𝑦2, −3𝑥2)𝐽 + (2𝑥3 + 𝑦3, 3𝑥3 − 𝑦3, 4𝑥3 + 5𝑦3)𝐼𝐽 

The function 𝑔: 𝑉𝑁𝑆 → 𝑇𝑁𝑆 such that: 

𝑔((𝑥0, 𝑦0) + (𝑥1, 𝑦1)𝐼 + (𝑥2, 𝑦2)𝐽 + (𝑥3, 𝑦3)𝐼𝐽) = 𝑓1(𝑥0, 𝑦0) + 𝑓1(𝑥1, 𝑦1)𝐼 + 𝑓1(𝑥2, 𝑦2)𝐽 + 𝑓1(𝑥3, 𝑦3)𝐼𝐽 

= (𝑥0, 𝑦0, 𝑦0) + (𝑥1, 𝑦1, 𝑦1)𝐼 + (𝑥2, 𝑦2, 𝑦2)𝐽 + (𝑥3, 𝑦3 , 𝑦3)𝐼𝐽 

Theorem. 

Let 𝑉, 𝑇 be two vector space over 𝑅, 𝑓1: 𝑉 → 𝑇is a linear transformation. 

Let𝑉𝑁𝑆, 𝑇𝑁𝑆 be the corresponding neutrosophic split-complex vector spaces. 𝑓: 𝑉𝑁𝑆 → 𝑇𝑁𝑆 be the corresponding 

AHS-linear transformation, then 𝑓is a module homomorphism. 

Proof. 

Let 𝑋 = 𝑥0 + 𝑥1𝐼 + 𝑥2𝐽 + 𝑥3𝐼𝐽, 𝑌 = 𝑦0 + 𝑦1𝐼 + 𝑦2𝐽 + 𝑦3𝐼𝐽 ∈ 𝑉𝑁𝑆, and 𝐴 = 𝑎 + 𝑏𝐼 + 𝑐𝐽 + 𝑑𝐼𝐽 ∈ 𝑁𝑆. 

𝑓(𝑋 + 𝑌) = 𝑓1(𝑥0, 𝑦0) + 𝑓2(𝑥1, 𝑦1)𝐼 + 𝑓3(𝑥2, 𝑦2)𝐽 + 𝑓4(𝑥3, 𝑦3)𝐼𝐽 

= [𝑓1(𝑥0) + 𝑓2(𝑥1)𝐼 + 𝑓3(𝑥2)𝐽 + 𝑓4(𝑥3)𝐼𝐽] + [𝑓1(𝑦0) + 𝑓2(𝑦1)𝐼 + 𝑓3(𝑦2)𝐽 + 𝑓4(𝑦3)𝐼𝐽] = 𝑓(𝑋) + 𝑓(𝑌) 

 

𝐴. 𝑋 = 𝑎𝑥0 + 𝑎𝑥1𝐼 + 𝑎𝑥2𝐽 + 𝑎𝑥3𝐼𝐽 + 𝑏𝑥0𝐼 + 𝑏𝑥1𝐼 + 𝑏𝑥2𝐼𝐽 + 𝑏𝑥3𝐼𝐽 + 𝑐𝑥0𝐽 + 𝑐𝑥1𝐼𝐽 + 𝑐𝑥2 + 𝑐𝑥3𝐼 + 𝑑𝑥0𝐼𝐽
+ 𝑑𝑥1𝐼𝐽 + 𝑑𝑥2𝐼 + 𝑑𝑥3𝐼 

= (𝑎𝑥0 + 𝑐𝑥2) + (𝑎𝑥1 + 𝑏𝑥0 + 𝑏𝑥1 + 𝑐𝑥3 + 𝑑𝑥0 + 𝑑𝑥1)𝐼 + (𝑎𝑥2 + 𝑐𝑥0)𝐽
+ (𝑎𝑥3 + 𝑏𝑥2 + 𝑏𝑥3 + 𝑐𝑥1 + 𝑑𝑥2 + 𝑑𝑥3)𝐼𝐽 ∈ 𝑊𝑁𝑆 

𝑓(𝐴. 𝑋) = 𝑓1(𝑎𝑥0 + 𝑐𝑥2) + 𝐼𝑓1(𝑎𝑥1 + 𝑏𝑥0 + 𝑏𝑥1 + 𝑐𝑥3 + 𝑑𝑥0 + 𝑑𝑥1) + 𝐽𝑓1(𝑎𝑥2 + 𝑐𝑥0)
+ 𝐼𝐽𝑓1(𝑎𝑥3 + 𝑏𝑥2 + 𝑏𝑥3 + 𝑐𝑥1 + 𝑑𝑥2 + 𝑑𝑥3) 
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= 𝑎𝑓1(𝑥0) + 𝑐𝑓1(𝑥2) + 𝐼[𝑎𝑓1(𝑥1) + 𝑏𝑓1(𝑥0) + 𝑏𝑓1(𝑥1) + 𝑐𝑓1(𝑥3) + 𝑑𝑓1(𝑥2) + 𝑑𝑓1(𝑥1)]
+ 𝐽[𝑎𝑓1(𝑥2) + 𝑐𝑓1(𝑥0)] + 𝐼𝐽[𝑎𝑓1(𝑥3) + 𝑏𝑓1(𝑥2) + 𝑏𝑓1(𝑥3) + 𝑐𝑓1(𝑥1) + 𝑑𝑓1(𝑥2) + 𝑑𝑓1(𝑥3)]
= 𝐴. 𝑓(𝑋) 

So that, the proof is complete. 

7. Conclusion 

In this paper, we have defined the neutrosophic split-complex numbers as a combination between classical well-

known split-complex numbers and neutrosophic numbers. Many related concepts such as neutrosophic split-

complex equations, neutrosophic split-complex vector spaces, and neutrosophic split-complex AH-spaces were 

presented and discussed in terms of theorems. Also, we have illustrated many examples to explain the validity of 

this work. As a future research direction, we aim to find many applications of neutrosophic split-complex 

numbers especially in algebraic structures and physics. 
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