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Abstract

The objective of this paper is to define for the first time the concept of split-complex numbers as a new
generalization of classical split-complex humbers by using neutrosophic numbers. Also, we study the elementary
properties of this new numerical class such as equations, conjugates, and vector spaces formed by it. On the
other hand, some special AH-subspaces will be presented and handled with many corresponding examples.
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1. Introduction
The split complex numbers are defined as a similar algebraic structure to the complex numbers. The set of split-
complex numbers is defined as follows: S(J) = {a + bJ; a,b € R,J? = 1}. [1-2]

Split-complex numbers S(J) have a commutative ring structure, and they have many applications in physics and
relativity [3].

Neutrosophy is a new kind of generalized logic presented by Smarandache [11] to deal with indeterminacy in all
fields of science and real-life problems. As a result of Smarandache's work neutrosophic numbers were defined
and studied widely by many researchers [4-10], were we find neutrosophic algebraic structures such as modules,
spaces, matrices, and rings. The ring of neutrosophic real numbers is defined as follows: R(I) = {a + bl;a,b €
R,1? = I}. The element | is called the indeterminacy with a logical property 12 = I. Neutrosophic numbers are
considered as a generalization of classical real numbers with many deep applications in many scientific fields,
see [12-17].

The previous works have motivated us to combine split-complex numbers with neutrosophic numbers to get a
novel generalization of real numbers, where we define the concept of neutrosophic split-complex numbers, and
we present many elementary properties of these numbers in terms of theorems. On the other hand, we clarify the
validity of this work by illustrating some examples to explain the algebraic properties of these numbers.

2. Main discussion

Definition: Let x = x; + x,1,y = y; + y,I be two neutrosophic real numbers, where 12 = 1.

We call X = x + yJ; J? = 1 a split-complex neutrosophic number.

Remark:

1). The split-complex neutrosophic number X can be written as follows:

X=0+xD)+ O +yD] =x+xl+y ]+ ;1*=1L]*=11] =]I.

2). (UN*=1%%=1%.1=)2

3). We denote the set of all neutrosophic split-complex numbers by NS = {x; + x,I + y,J + y,1J; x;,v; € R}
Definition: the addition operation on NS is defined as follows:

(+): NS x NS — NS such that:

ey + 220 +y1] + y21)) + (2 + zol + 6] + 1)) = (g +21) + (2 + 2)] + (1 + 8] + (2 + 8]
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The multiplication operation on NS is defined as follows:
(.): NS X NS - NS such that:

(g + x2I + y1] + 21]). (21 + 2,1 + t1] + t,1])]
=12 + X,25] + x,t1] + X16,0] + X220 + X,2,1% + x5t ] + x,t51%] + y12,] + V125]1

+y1t)? + 1% + vz 1] + ¥, 2,17 + yatid]? + y,t,(1))?
Since 12 =1,]? = 1, we get:
= (01121 +314) + (023 + X221 + X325 + Yoty + Y16 + Yo t)] + (Xt + y121)]

+ Oty + x5t + Xty + Y125 + a2y + ¥a2,)1]
Example : consider the following two split-complex neutrosophic numbers:

X=1+4+1+2]-1J,Y=2—-1+]+3]I]
We have:
X4+Y=343]420],X.Y=2—-1+]4+3]+21-1+1+3J+4 =20]+2+61—-21]+1]—1—-3I
X.Y=4421+5]+4I]
Definition: Let X = (x, + x;I) + (x, + x31)Jbe a neutrosophic split-complex number, we define its conjugate
as follows:
X = (xg+x.0) — (3 + x31)] = x¢ +x,1 — x,] —x31]

Definition: Let X = (xy + x11) + (x, + x31)] be a neutrosophic split-complex humber, we define the s-norm as
follows:

X112 =Xx.X
1X]| = m is called the norm of X.
Theorem:
Let X = (xo + x,1) + (x; + x31)] be a neutrosophic split-complex number, then
IX11? = (x + x,1)* — (x5 + x31)?
Proof.
X117 = [(xo + x10) + (xz + 23] 1. [(xg + 2x11) + (x2 + x31)]]
= (xo + x11)2 —(x + x31)2]2 = (xo +x11)2 —(x + x31)2
Remarks:
1). The s-norm of a neutrosophic split-complex number is a neutrosophic real number, i.e. [| X|| € R(I).
2). According to [ ], the absolute value of a real neutrosophic number a + bI can be computed as follows:
la + bI| = |al + (Ja + b| — |a])I = 0.
Also, ifa+ bl >0,i.e.a>0,a+b >0, thenVa+ bl =va+ (Va+b—+a)l
The formula of norms:
Consider X = (xo + x,I) + (x, + x3I)] € NS, then:
IX112 = (x¢ + x.1)% — (x3 + x31)% = (%92 — x32) + (12 + 2x9x; — x32 — 2x,%3) = a + bl, where
a= (x> —x,%2),b = (3,2 + 2x%; — x3% — 2X%3)
First of all, we have: |a + bI| = |x? — x2| + I[|(xg + x1)2 — (x5 + x3)%| — |x9% — x,2]]

This means that:

XN = VIX.X[ = /Ta + bl = /lal + (la + b] — [aDI = /lal + (\la + b - /lal ) I

= \/|x02 - X2 + (\/|(xo +x1)% — (% + x3)? —\/|x02 —x22|)1

Example:

Take X =1 +2D+Q2—-DJixg=1,x,=2,x, =2,x3 =—1
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X=@Q+2D-Q=DJ,IXI?=QQ+2D*-2-D*=1+81—-(4—4I+1)=1+81—4+31=-3+
111

XNl = VI-3+ 11| = J|-3] + 1(18] = |-3]) = V3 + 5] = V3 + (V8 = V3)!
On other hand, we have:

VIxo? = 2,21 = V3,100 +2)% — (o + 23)? = V9 —1 =8

Thus, by using the previous, we get:
XNl = V3 + (V8 -V3)I

Remark:

(Ng, +,.) is aring that contains R(I).
The condition of invertibility :

Let X = (xo + x11) + (x; + x31)], then Xis invertible if and only if x, + x,], (xq + x1) + (x5 + x3)] are
invertible split-complex numbers.

Proof.

A neutrosophic number a + bl is invertible if and only if a, a + b are invertible [ ].

On the other hand, X can be written as follows:

X = (xg + x3J) + I(x; + x3)), thus X is invertible if and only if x, + x,J, (xo + x;) + (x, + x3)J are invertible.
The inverse formula:

Let X = (xo + x,1) + (x; + x31)] be an invertible neutrosophic split-complex number, then:

X—1_l_x0_x2] x0+x2—(x2+x3)] _xo—xzj]
X xp% — x,2 (xg + x2)% — (%, + x3)% %92 — x,2

Proof.
We write (xq + x,1) + (x; + x31)], by using the formula of the inverse of a neutrosophic number, we get:

X' = (xo + xz])_l +1I[(xo + %] + %1 + x3])_1 = (xo + xz])_l]
_ Xo—X3] Xo+x =G +x3)] X0 —X,]
 xo? (o + %)% — (X3 + x3)%  xp% — X2

_x22
Example:

TakeX =1+ + @2+30)] =1+ 2]+ 1+ 3I], where:
xo=1,% =1,x, = 2,x3 = 3, we have:

1-2] 2-5 1-2J] -1
=3 t T T3 ]_?

-1 2 -1 2

=— 4 +51 91
J|= 3] 21]

X! E
3 3 3 21

42 +1[_2+ > 4
3] 21 21]
Let's compute

XX 1= 42 +1+3I (_1+2 L2 91)
. = ( ] ) 3 3] 21 21]

O I S O S S . S SO PRI SN PR PO
=gty ol gl gt g U mgpl gl gyl =g U =10
L

21 T3

3. Zero divisors

Let X be a neutrosophic non zero split-complex number, we say that X is a zero divisor if there exists Y € NS —
{0} such that X.Y = 0.
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Theorem:

Let X = (xo + x,1) + (x, + x31)] be a neutrosophic split-complex number, then X is a zero divisor if and only if
one of the following is true:

1). xy = x5.

2). xg = —X5.

3). xo + X1 = x5 + X3

4). %9+ x; = —x5 — X3.

Proof.

X = (xo + x5J) + I(x; + x35]), by using the condition of being a zero divisor in a neutrosophic ring, we get that:
Xo + x5J or (xg + x3J) + (x; + x3J) is a zero divisor.

If x, + x,/ is a zero divisor then it is not invertible, then x,% — x,2 = 0, this implies that x, = x, Or x; = —x,.

On the other hand, if (xo + x,J) + (x; + x3J) is a zero divisor, then (x, + x;)? — (x, + x3)? = 0, thus x, +
x1 =x2 +X3 Oer +x1 = _xZ _X3.

4. ldempotency

Definition.

A neutrosophic split-complex number X is called idempotent if and only if:
X?2=X.

Theorem:

Let X = (xo + x,J) + I(x; + x3J) be a neutrosophic split-complex number, then X is idempotent if and only if:
1). xo — x5 € {0,1}.

2). xo + x, € {0,1}.

3). xg +x; — (x; +x3) € {0,1}.

4). xo + x1 + (x, + x3) € {0,1}.

Proof.

X = (xg + x3J) + 1(x; + x3J) isidempotent if and only if x, + x5/, xo + x; + (x, + x3)/ are idempotent split-
complex numbers.

Assume that x, + x,J is idempotent, then:

XOZ + XZZ = Xp

2 .
(xg + x2])? = x¢ + x,], thus: { 2y, = 1,

Xo + %)% =x0 +x
Exo _ xziz _ xo _ xz, henCe xo - xz, xo + xz E {0,1}.
0 2 - 40 2

So that{
By the same method, we can see that x, + x; + x; + x5, %0 + x; — x, — x5 € {0,1}.
Example.
x=241px2=242427=2417 = X sothatX isidempotent.

2 2 4 4 2 2 2
5. Neutrosophic split-complex quadratic equation

Theorem.

Let AX? + BX + C = 0 be a quadratic equations such that 4, B, C € NS with
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A = (ag + all) + (a2 + a31)],B = (bo + bll) + (bz + b3[)],C = (CO + Cll) + (CZ + C3I)]
X = (xo + xJ) + (x5 + x31)], then it is equivalent to the following two split-complex equations:

(ap + ay))(x + xz])z + (bo + b)) (xo + x2]) + (co + ¢c2J) =0
[(ap +ay) + (az +a3)/][(xp + x1) + (x, + xs)]]z + [(bg + b1) + (by + b3)J1[(xo + x1) + (x + x3)]]
+(cpg+c)+(c; +¢c3)=0

Proof.

We write
A= (ap +ay)) + (a; +az))I,B = (by + by]) + (by + b3))I,C = (co + coI) + (c1 + ¢c3))1,

X = (xo +x)) + (x1 + x3)1
According to [ ], a neutrosophic quadratic equation:

(ag + az))(xo + x2J)* + (b + byJ) (X + x2)) + (o + ¢2J) = 0
Is equivalent to:

{ aoxoz + boXO + CO == 0
(ag + a)(xg + x1)% + (b + b)) (xg + ;) + (¢o +¢1) =0

By using this criteria, we get the following two equations:

(ap + ay))(xo + xz])z + (bo + b)) (xg + x2]) + (cg + c3J) =0
[(ap + a;) + (az + a3)]1[(xo +x1) + (xp + x3)]]2 + [(bo + by) + (by + b3)J1[(xg + x1) + (x5 + x3)]]
+(co+c)+(cy+c3)=0

Definition.

A square matrix T is called a neutrosophic split-complex matrix if it has neutrosophic split-complex entries.

Example.

_(1+I-] 141, o .
r= ( =21 1+ 31]) is a 2 x 2 neutrosophic split-complex matrix.
Remark.

A neutrosophic split-complex matrix is invertible if and only if its determinant is invertible.

14+1—] 1+1]).

For example: T = ( Y 1430

detT=(A+1-)DA+31)—(=2DA+I))=1+3J+1+3J—] -3 +21+2]]=1—] +8I]
6. Neutrosophic split-complex vector space
Definition.

Let V be a vector space over the real field, we define the corresponding neutrosophic split-complex vector space
as follows:

Vs =V HVI+V]+ VI ={x+yl+2z] +tl]; x,y,z,t €V}

Definition:
We define addition operation on Vg is defined as follows:
(+): Vs X Vys = Vys such that:
ForX =xy +yl + 2z +t0],Y =x, +y,] + z,] + t,1] € Vs
X+Y =00y +y I +z ] +t0])+ Oy + 3,1 + 2,] +t,1))

= (1 +x2) + (1 + ¥ + (2 + 2)] + (4 + )]
We define multiplication operation on Vy as follows:
(.): Vs X Vyg = Vys such that:
ForX =x; +y Il + 2z, +t1] € Vyg,A=a, + byl +cJ+d,I] ENS

Doi: https://doi.org/10.54216/1JNS.200303 29
Received: September 26, 2022 Accepted: March 03, 2023



https://doi.org/10.54216/IJNS.200303

International Journal of Neutrosophic Science (IINS) Vol 20, No. 03, PP. 25-32, 2023

AX =+ +z]+t,1)).(ay + byl +cy] +diI))
=a.x; + il +ayzy] + at 1] + byx I + byl + bz ] + bt ] + cyx] + c1y4]1
+czy + ety +dox ] +dioy ] +dyz ] + dityl

= (a1x1 + ¢121) + (a1y1 + byxy + byyy + ity +dyzy +dity) + (a12; + ¢1x1)]
+ (aty + bz + byt + dyxy + dyy)lJ

Theorem.

(Vys, +,.)1s amodule over ring NS.

Proof.

Itis that (Vys, +,.)Is an abelian group.

On other hand, for A,B € NS ,X,Y € Vys, We have:

1.X =X,(A+B).X = AX + BX, (AB)X = A.(B.X), A(X + Y) = AX + AY.
Example.

Consider the space V = R? = {(x,y); x,y € R} over R.

The corresponding neutrosophic split-complex vector space is:

Vs = {(x0,¥0) + Crp, y)I + (x2,¥2)] + (x3,¥3)1]; x;,y; € R}

Forexample X = (1,1) + (1,2)I + (0,1)] + (1,0)J = (L + I 4+ 1], 1+ 21 +)) € Vg
A=1-—] € NS,thus:

A.X =1.(1,1) + (1,2)I + (0,1)] + (1,00 — (1,2)I] — (0,1) — (1,0)!

= (1,00 +1(0,2) +J(—1,0) + J(0,—2) = (1 — ], 21 — 2I]) € Vyg

Definition.

Let w;, w,, w3, w, be subspace of V, then we define:

Wys =wy +wol +ws] +w, ] ={x+yl+z] +tl];x Ew,,y Ew,,Z € wg, t € w,}
wys 1S called an AH-subspace.

If w, = w, = wy = w,, then wy, is called AHS-subspace.

Theorem.

Let Wy be an AHS-subspace of Vg, then Wy is a submodule of Vys.

Proof.

Itis clear that (Wys, +)is a subgroup of (Vys, +).
VA=a+bl+c/+dlJ ENS X =x+yl+z] +tl] € Wy, we have:

A.X = ax + ayl + az] + atl] + bxI + byl + bzl] + btl] + cx] + cyl] + cz + ctl + dxI] + dyl] + dzI + dt]
=(ax+cz)+ (ay + bx + by + ct + dz + dt)I + (az + cx)] + (at + bz + bt + cy + dx + dy)I] € Wy
That is because:

{ax+cz€Wl,ay++bx+by+ct+dz+dtEW2
az+cx Ewz,at+bz+bt+cy+dx+dy ew,

Example.

LetV = R?, w = ((0,1)) = {(0,x); x € R} is a subspace of V.

Let Vysbe the corresponding neutrosophic split-complex vector space.

Wys =w+wl+w] +wl] ={0,x)+ 0, +(0,2)] +(0,)[J} = {0, x + yl + z] + tI]); x,y,z,t € R}.
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Wy is an AHS-subspace of Vy, and it is a sub module in the ordinary algebraic meaning.
Definition.

Let Vys be a neutrosophic split-complex vector space.

Let 1, f5, f5, fa be linear transformations, where:

fi, fa, f5, far V = T, T is a vector space over R.

We define the AH-linear transformation as follows:

f:Vns = Tys such that:

fx+yl+z] +tl)) = fi(x) + L) + f5(2)] + fo(O)

If fi = f, = f3 = f3, we call f an AHS-linear transformation.

Example.

Let Vys = Rys®, Tys = Rys®, We have:

fi:V - T such that f;(x,y) = (x,y,y).

f2:V = T such that £, (x,y) = (y, 2x, 2y).

f5:V = T such that f5(x,y) = (x + y,x —y,—3x).

fa:V - T such that f,(x,y) = 2x + y,3x — y,4x + 5y).

Are four classical linear transformations. The corresponding AH-linear transformation is:

f:Vys = Tys SUch that:

F((xo,y0) + (1, y)I + (2, ¥2)] + (63, ¥)1) = fi (%0, ¥0) + 201, y)I + fa(x2,¥2)] + faCxs, y)1]
= (%0, Yo, ¥o) + (71, 2x1, 2y,)1 + (X3 + Y2, X2 — Y2, —3x2)] + (2x3 + y3,3%x3 — y3,4%3 + 5y3)1]
The function g: Vs — Tys such that:

(0, ¥0) + 1, y)I + (2, ¥2)] + (x3,¥:)1]) = f1(xo0,¥0) + f1 (1, y)I + f1 (2, ¥2)] + f1 (3, y)1]
= (%0, Y0, ¥0) + (1, y1, y)I + (%2, ¥2,¥2)] + (x3,¥3, ¥3)1J

Theorem.

Let V, T be two vector space over R, f;:V — Tis a linear transformation.

LetVys, Tys be the corresponding neutrosophic split-complex vector spaces. f: Vys — Tys be the corresponding
AHS-linear transformation, then fis a module homomorphism.

Proof.

LetX =xq +x0 +x,] +x31],Y =yg + 1l +y,] +y31] € Vyg,and A =a + bl + ¢/ + dIJ € NS.

fX+Y) = fi(xo,¥0) + f20c0, y I + f3(x2, ¥2)] + falxs, ¥3)1]

= [fi(xo) + f2(xDI + f502)] + faCea) U] + i) + L)1 + f3(02)] + fu(ya) ] = fFX) + f(Y)

A.X = axy + ax;l + ax,] + ax3I] + bxgl + bx I + bx,1] + bx3l] + cxo] + cx1] + cx, + cx3l + dxyl]
+dxI] + dx,I + dxsl

= (axy + cxy) + (axy + bxy + bxy + cx5 + dxy + dx)I + (ax, + cxy)]
+ (ax; + bx, + bxg + cx; + dx, + dx3)l] € Wy

f(A.X) = filaxy + cxy) + If;(axy + bxy + bxy + cx3 + dxg + dx;) + ] fi(ax, + cx;)
+ IJfi(axs + bx, + bxs + cx; + dx, + dxs3)
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= af1(xo) + cfi(xz) + Ilafi(x1) + bfi(xo) + bfi(x1) + cfi(x3) + dfi(xz) + dfi(xq)]
+][afé(§2) + cfi(xo)] + Ilafi(x3) + bfi(x3) + bfi(x3) + cfi(x) + dfi(xz) + dfi(x3)]
=AfX

So that, the proof is complete.
7. Conclusion

In this paper, we have defined the neutrosophic split-complex numbers as a combination between classical well-
known split-complex numbers and neutrosophic numbers. Many related concepts such as neutrosophic split-
complex equations, neutrosophic split-complex vector spaces, and neutrosophic split-complex AH-spaces were
presented and discussed in terms of theorems. Also, we have illustrated many examples to explain the validity of
this work. As a future research direction, we aim to find many applications of neutrosophic split-complex
numbers especially in algebraic structures and physics.
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