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Abstract

In this study, we introduce Marshall-Olkin type 11 class of distributions within the neutrosophic and
plithogenic framework. We provide the formal expressions for the probability density function and
derive the cumulative distribution function. As a specific instance, we examine the generalization of
the exponential distribution in both neutrosophic and plithogenic forms according to this new class,
presenting the probability density function and deriving the cumulative distribution function for this
case. Furthermore, we propose an algorithm for generating random numbers based on this distribution.
Additionally, we estimate its parameters using maximum likelihood and validate the results through
a simulation study, demonstrating the efficiency of the calculated parameters. We also investigate the
asymptotic properties, including unbiasedness and consistency.

Keywords: Marshall-Olkin Type Il Class of Distributions; Neutrosophic; Plithogenic; AH Isometry;
Maximum Likelihood Estimation; Random Numbers Generation.

1. Introduction

The examination of uncertainty in probability distributions holds great significance in practical
situations as certain parameters are often non-existent. This issue has been addressed in numerous
studies utilizing fuzzy logic and its extensions [1][2][31[4]1[5]1[61[71[81[9]1[10] [11]. The case of
imprecise data has been explored in many studies as well [12][13] [14] studies in literature
demonstrate that considering uncertainty in the parameters of probability distributions or random
variables leads to improved modelling accuracy and efficiency [15][16][17]. Neutrosophic logic and
its extensions have intrigued scientists, resulting in the generalization of several concepts and theories
in probability to neutrosophic probability and its extensions.

The study of literal neutrosophic probability theory and the development of various probability
distributions in this context were explored in [12][18][19][13][20][21]. Literal neutrosophic
probability theory means that probabilities take the form Py = p, + p,I ; I? where I is a symbol. The
definition presented here offers a captivating mathematical extension of classical probability theory.
Its beauty lies in the fact that this probability is isomorphic to (p;,p; + p2) (see [13]). Another
generalization of classical probability theory and neutrosophic probability theory was the theory of
plithogenic probability. In [22] Zeina et. al. presented the concept of symbolic plithogenic probability
theory and defined the symbolic plithogenic random variables and presented many theorems related
to this new concept. This extension of probability theory has paved the way for the development of
several other related theories including estimation theory, distributions theory, markov chains and
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stochastic modelling, etc.[23][24][25]. Marshall and Olkin introduced two classes of probability
distributions, which have found extensive application in the modelling of various data types. These
classes have served as the foundation for creating numerous specialized probability distributions, such
as the Uniform Marshall-Olkin and Exponential Marshall-Olkin distribution. In [23] we have studied
the neutrosophic and the plithogenic forms of Marshall-OlKkin type I class of distributions and focused
on the uniformly generated distribution based on it.

This work is dedicated to generalize Marshall-Olkin Il class of distributions to neutrosophic and
plithogenic forms to which is very important in modelling several types of data.

2. Preliminaries
Definition 2.1

Let R(I)={a+bl;ab €R&I?>=1I} be the neutrosophic field of reals. AH-isometry is an
algebraic isomorphism that preserves distances and it is defined as:

T:R(I) - R%;, T(a+ bl) = (a,a + b) 1)
And its inverse is defined as:

T%:R2>R(U); T a,b)=a+ (b—a)l 2)
Definition 2.2

Let ay = a; + a,I, by = by + b,1 € R(I) be two neutrosophic numbers. We say that ay >y by iff:
a; =2by,ay+a,=b;+b,
Definition 2.3

Let f:R(I) » R(); f = f(xy), xy = x4 +x,1 € R(I) then f is called a neutrosophic real function
with one neutrosophic variable.

Definition 2.4

We say that f(xy) is integrable, continuous and differentiable on R(I) iff T[f (xy)] is integrable,
continuous and differentiable on R2.

Definition 2.5

Let R(P,P,) ={ay,+a;P, +a,P,;aya,a, €ER, P2=P, P} =P,, P,"P,=P,} be the
Plithogenic field of reals. B-isometry is an algebraic isomorphism that preserves distances and it is
defined as follows:

T:R(P;,P,) > R®: T(ag + a,P; + a,P,) = (ag, a9 + a;,ay + a; + ay) 3)
And its inverse is defined as:

T~h:R3 > R(P, P,) : T_l(ao,apaz) =ay + (a; —ay)P; + (a, —ay)P, 4)

Definition 2.6

Letap = ag + a;P; + ayP,, bp = by + b, P, + b, P, € R(P,, P,) be two plithogenic numbers. We say
that ap =p by iff:
ag=by,a0+a, =by+by,ap+a,+a, =by+ b, +b,

Definition 2.7

Let f:R(P,Py) = R(P,P,); f = f(xp) ,xp =Xo + %P, +X,P, € R(P;,P,) then f is called a
Plithogenic real function with one plithogenic variable.
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Definition 2.8

We say that f(xp) is integrable, continuous and differentiable on R(P;, P,) iff B[f (xp)] is integrable,
continuous and differentiable on R3.

3. Neutrosophic Marshall-Olkin Type Il Class of Distributions:

Definition 3.1

Probability density function of neutrosophic Marshall-Olkin type Il class of distributions is defined
as:

[, F (x)1P72 f (xp)

[1— @ F(x;)]prt

gy +x31) = oy

[Cay + ) (FCxy +x))] 777

[1— (@ + @)F(x; + x,)]Pr+h2+1
[y F (x )P f (xq)
[1—@aF(x)]Pt

+1|(By +B)(as + ay)

)

= By

Where x;,x; +x, ER & 1,81 + B2, @y, 21 + a; > 0.
Remark

The neutrosophic probability density function (PDF) of Marshall-Olkin type 11 class of distributions
defined in (5) is equivalent to definition in equation (6):

["fNF(xzv)]ﬁN_1
1 —ayF(xy)]Av+t

g(xy) = Bray [ f(en); xy €R(D) &ay, Py, Ay >y 0 (6)
Theorem 3.1
Equation (5) presents a probability density function.

Proof
+o0
-[ g(xy + x,1)d(x; + x,1)

+oo F Bi-1
=f ,31041 [1[0!1 (Xl)] e f(x1) dx1

- 5(11_:(751)]
+o0 [( a, + az)(ﬁ(xl + xz))]ﬁﬁ'ﬁz—l
+1 [f_w (:81 + ,82)(611 + az) [1 — (C_Zl n c_zz)l_:(xl + xz)]ﬂ1+52+1

[‘1’1F(x1)]ﬁ1_1
—mﬁ&d?ﬁlf&adﬁl

+oo
flg +x)d(xg +x,) - f B 1

B 1t

1l (ay + a)F(x; + x3)
1— (@, + @)F(x; + x;)
—1+11-1]=1

aiF(x;)
1—a,F(x,)

Bi+B, 1t T B 1
] _ [1 _ [ 0»’15(1&) ] ]
» 1—a;F(x;) »

[ ————
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And:

F B1-1
TlgCu +x,D] =T Iﬁlal 7 [fl (;Ei])] porn F )

[( a, + az)(ﬁ(xl + xz))]ﬁ1+ﬁz—1
— (@ + @y)F (xy + x,)]PrtBa+1

[a,F (x,)]P? ”

(B + B2)(ay + )

f (g +x3)

_31051[ T F(x, )]ﬁ1+1f( x1)

[a,F (x1)]P2?
=\ by [1— @ F(x)]F+ O, By + B)(ay + az)

. [( a + “2)(F(x1 + xz))]ﬁﬁﬁz—l

[1-(a; + &2)F(x1 + x,)|Prthztt

fOq+x3) | = (9(951)'9(951 + xz))

Where g(x;) and g(x; + x,) are probability density functions of classical Marshall-Olkin type Il
distributions, then each of them is positive and continuous function on R, so g(x; + x,I) is positive
and continuous on R(I).

Depending on previous results we can prove that equation (5) represents a probability density function.

Theorem 3.2

Cumulative distribution function of neutrosophic Marshall-Olkin type Il class of distributions is:

a F(x,) h
1 - C_Ilﬁ(xl)

[ alﬁ(xl) h _ [ (a; + az)ﬁ(x1 + x;) ]B1+ﬁzl

G(x, +x,1) = 1—[

+1

1—a,F(xy) 1— (@ + a@)F(x; + x) @

Where x;,x; +x, ER & 1,51 + B2, @, a1 +a; >0

Proof

i P “1F(t1) &
a 1 1—a,F(t)

+1

1— (@, + a)F(t + ty) 1—a,F(ty)

S RCEIAI ORI rl+ﬁ2]x1+x2_[1_[ @ F(e) ]BH
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X1+x21
J- gty + 1) d(ty + t51)

_ (" [ay F(£,)]Pt
= [ he g e d(e)

[( a, + az)(ﬁ(tl + tz))]ﬁ1+ﬁ2_1
[1— (@ + @&)F(t; + ty)]Prthatt

F B1-1
l[ilﬁl(;l()t]l)]ﬁlﬂ f(t) d(tl)]

+1

J-_ ' 2(31 + B)(a; + az)

f(t +t)d(t + ty) —J- 1131051 [

B1
+1[

4. Neutrosophic Marshall-Olkin Type 11 Exponential Distribution:

a,F(x;)
1—a,F(x,)

a,F(x;)
1—a,F(x,)

& (a1 + az)F(x1 + xz) Pr+he
- [1 — (@ + @)F (e, + xz)]

Definition 4.1

The standard probability density function of neutrosophic Marshall-Olkin type 1l exponential
distribution is defined as:

0(1'816')‘1)(1

g(x; +x,0) = ﬁﬂhm
1

[(a; + az)]31+ﬁze(11+lz)(9€1+xz)
By + F2) (A + 22) [eP1+A2)(x1+x2) — (@, + @,)]Prthatl

g a131e}t1x1 o
1M [e/11X1 — &1]131"'1 C)

Where xq,x; + x5, 21,01 + &3, 81, B1 + B2, A1, 41 + 4, > 0.

Remark

The neutrosophic probability density function (PDF) of Marshall-Olkin type Il exponential
distribution is equivalent to the following equation:

BN
Ay

gley) =Py Ay - [e2vin — @ JPNHT s xyay, By, Ay > O 9

Theorem 4.1

Function presented in (8) is a probability density function.
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Proof

+00 +00 alﬁlellxl
J-_OO g(x1 + le)d(xl + XZI) = J;) ﬁlllw dx1

[(a; + az)]ﬁ1+ﬁze(ﬂ1+ﬂz)(xl+x2)

[e@A1+22)(x1+x2) — (@, + @,)]Prthatl

T [ f TGt B (At ) d(x; + %)

+oo alﬁl 1
— [ —- S T
J; ﬁll’ll [ellxl — &1]ﬁ1+1 e 1 dx1

al B1 400
=1-[—
I:e)'lx1 - &1] 0

+I||1- [ (a1 + ay) ﬁ1+ﬁzl+w _ [1 _ [ a ]’31]+°°

eM+A)Cataz) — (g, + @,) et — @, o
0

=1+I[1-1]=1

Also:

alﬁl

= ohxa
Pk [etr*1 — @, ]hrt1 €

Tlg(y +x,D)] =T

[(a; + ay)]PrtPe
(A1+22)(x1+x2)
+ [(31 T B A ) Ca D — (a, + @) P
B1
— al— A1x
S AT ”

a Bl
= (ﬁhmehx% By + B (A4 +2)

[(ay + ap)]Prthe
. (A1+22)(x1+x3) | —
[e(/11+/12)(x1+x2) — (6_1{1 n &2)]B1+B2+1 eV (g(xl)' g(xl + xZ))

Where g(x;) and g(x; + x,) are probability density functions of classical Marshall-Olkin type Il
exponential distributions, then each of them is positive and continuous function on R, so g(x; + x,1)
is positive and continuous on R(I).

Depending on previous results we can prove that equation (8) represents a probability density function.

Theorem 4.2

Cumulative distribution function of neutrosophic Marshall-Olkin type Il exponential distribution is:

a, B1
Gl +x0)=1- [m]
o [ a, ]B1 B [ (o + a3) r1+ﬁ2] (10)
X1 — a, eA1+22)(x1+x2) (@, + @)

Where x,,x; + x,, @1, 01 + &3, 81, B1 + B2, A1, 4 + 4, > 0.
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Proof
X1+XZ1
f gty + t,1) d(t, + t,1)
B 1. Mt
f ﬁl e’11‘1 _ 1][?1+1 d(tl)
[(a; + a,)]f1P2 - (A1) (t1+12)

x1+x3 a
f ( +h ) (A +25) - [e A1 +22) (t1+t2) (a, + &2)]ﬁ1+ﬁ2+1 d(t; +t;)

. Mt
f Bl /1151 _ ﬁ +1 d(tl)]
x1+x
|l aq B1]*1 | (a + ay) ] Il 1 a, B1]*
T [eﬂltl - &1] _ + eMt)(tittz) — (@, + @,) T [ellfl - &1] _

—1— ay b1 Iy ay b _ (o + ) Prepz
- etx1 — @, etx1 — g, e(A1+22)(x1+x2) — (@, +@,)

+1

Remark

The cumulative distribution function of neutrosophic Marshall-Olkin type 11 exponential distribution
can be written as follows:

(45

BN
G(XN) =1- I:m] ; xN,aN,ﬁN,/lN >N 0 (11)

4.1 Parameters' estimation using neutrosophic maximum likelihood method

Let X, be a neutrosophic random sample drawn from the probability density function of neutrosophic
Marshall-OlKkin type Il exponential distribution given in equation (9), then the neutrosophic likelihood
function will be:

1
L(Xy; Oy) = ng(xuv' ay, B, An) = 1_[.8N Ay~ “N [eAnXin — & ]ﬁN+1 ewn

=pBR- anﬁN H[eANXLN ~Bn+D) | e AN Zizg XN

So, the loglikelihood function is:

Ly =InL(Xy;0y)

= nin(By) + nln(Ay) + nBy In(ay) — By + 1) Z In[eM i — @] + Ay Z X (12)

i=1 i=1

Taking partial derivatives with respect to the parameters, we obtain the following equations:

0 p TP By + 1) En < ! ) 13
aaN N = ay ﬁN £ eANXiN _ &N ( )
a n
n
—Ly=—+nlnay— E In[e*nXiv — @, (14)
0Bn Bn s
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a —_
mLN /1N - By + 1)2 (—_ _ANXLN> +nXy (15)
Using AH-lsometry:
6 p—
a_%L = At 1)Z<eﬂlxu —-a, )
0 n(, + ) (16)
2 1
Ay + ay) L+ L) = ( @ + ay) —B+B+1) ; (e(al+lz)(xi1+Xi2) — (@, + &2)>
illl - +nlna;, — i ln[ellxi1 - &1]
0B, B -
1 s R (17)
n
M(Ll +L;) = m +nin(a; + a,) — ; ln[e(ll"'AZ)(Xil"'Xiz) — (@ + 5.’2)]
G 1)2 ( —-a, e"llxu) ki
(18)

L) =+ +1)Z( Ko+ Xz
ka()q +2) ! T+ ) bz e 1— (@ + @y)e~Matt)XutXiz)
i=

) +n(X; +X,)

Solving the equations (16-18) numerically leads to the desired estimators.

4.2 Generating random numbers following neutrosophic Marshall-Olkin type Il exponential
distribution

Solving equation (11), with respect to x,, we find:

1 ay _
Xy = /l_ln ———+ay |; yn = G(xy)~Uy[0,1] (19)
N

BN e v

Taking AH-isometry, we obtain the following two equations:

1 aq _
X1 —A—lln m‘l’(ll
A% 1

1 (a; + a;) =
x;+x, = ln<(51+52 + (@; + ;)

i +4) \)/ 1=01+y2)

Where the above two equations can be used to generate random numbers following classical Marshall-
Olkin type 1l exponential distribution relying on fixed parameters- then, we use T~! to obtain the
desired numbers.

(20)

4.3 Monte Carlo simulation

This simulation is done using Maple software with total number of iterations N = 1000 and sample
sizes of 10,30and 75 with fixed parameters ay =3+ 1.51,8y =2 —1Iland Ay = 0.5+ 3.11.
Results of simulation are presented in table 1 where the efficiency of estimation is shown and clear.
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To confirm the goodness of our estimations, we use mean square error of the estimators and bias of it
using the following equations:

Y, (O — 91\1)2

MSE = - (21)
Bias — 2i=l%w = Ox| (22)
n
Table 1: Simulation results for neutrosophic case
ay =3+ 1.5]
n Ay MSE ay Bias ay
10 3.63387 + 0.990571 0.97244 + 0.097151 0.90817 — 0.050721
30 3.36561 + 1.251391 0.88970 + 0.336141 0.85008 — 0.100831
75 3.13722 + 1.50350/ 0.72098 + 0.280651 0.75082 + 0.123651
fn=2-1
n Bv MSE By Bias By
10 1.81066 — 0.612411 0.17650 — 0.014211 0.26397 — 0.056901
30 1.78481 — 0.629301 0.19439 — 0.045801 0.25145 + 0.056101
75 1.81035 — 0.662241 0.16443 — 0.029891 0.22532 + 0.062741
Ay=0.5+3.11
n Ay MSE 2y Bias Ay
10 0.66725 + 3.222841 0.11015 + 0.647341 0.21453 + 0.482281
30 0.61063 + 3.286541 0.05120 + 0.689161 0.13918 + 0.535131
75 0.56328 + 3.300791 0.01370 + 0.740901 0.08637 + 0.604211

5. Plithogenic Marshall-Olkin Type Il Class of Distributions:

Definition 5.1
Probability density function of Plithogenic Marshall-Olkin type Il class of distributions is:

[0-’0F(xo)]ﬁ°_1
[1 — @ F (xp)]Pott
[(‘10 + a1)(ﬁ(xo + x1))
[1-(a + &1)F(xo + x1)]ﬁ
[aoﬁ(xo)]ﬁo_l
1= aoF Gt/ O

g(xo + X, Py + x,P;) = Boaxg f(xo)
Bo+tP1—1

o+B1+1 f(xo + xl)

+P; |(Bo + B (@p + 1)

= Boao
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[(ao + @y + @) F(xg + x1 + x,)]PoFrthzt

+P, + 0 + ay+at+a =
2 | (Bo + By + B2) (o 1 2) [1— (@ + @ + @)F(xy + x; + x,)]PotBr+ha+1

f(xo + x1 + x3)

[(ao + a) (F(xo + x1))]ﬁo+ﬁ1_1 “f(xo + x1)

- (BO + 31)(0‘0 + al) [1 _ (&0 + &1)F(x0 + xl)]ﬁo"'ﬁl‘*'l

(23)

Where xq,x0 + X1, %0 + %1 + X, ER & g, g + 1, g + a; + ay, Bo, Lo+ L1, Lo+ 51+ 52> 0
Remark
Equation (23) is equivalent to the following equation:

[aPF(xP)]ﬁP !

g(xp) = Pp-ap- [1— a,F(xp)]Prt “f(xp); xp € R(Py, Py) & ap, Bp, Ap >p 0 (24)

Theorem 5.1
Equation (23) is probability density function.

Proof

[aoﬁ(xo)]ﬁo_lf(xo)
[1 — @yF (x,)]Pott

+00 +oo
f g(xg + x1 Py + x,P,)d(xg + x1 Py + x,P,) = j Boto

+00 [(ao + a1)(ﬁ(xo + xl))]ﬁo+ﬁ1—1f(x0 +x)
th .I-_oo Bo + B) (o + 1) [1— (@ + @)F (xg + x;)]Pothrtl d(xo + x1)
e [ F (x0)]Fo?
_ f_m L o Tem e ACOLET
v [(ap +a; + dz)ﬁ(xo +x + x2)]ﬁo+ﬁ1+ﬁz—1
+P, f_oo (Bo + B1 + B2)(ag + a; + a3) (1= (g + & + @,)F (g + 2,  2,)]Po Prvfari

'f(xO + X1 +x2)d(x0 + X1 + xz)

[(ao + a)(F(xo + xl))]ﬁ"wl_1
[1— (@ + @&)F (xo + x;)]Bothrt1

- j (Bo + ) (o + @)

f(xo +x1) d(xp + x1)

— 1= aoF (xo) fol
- [1 - %F(xo)

F oo + oo
% [ RCEZ LN ol /0
1 1— (@ + a)F(x, + X1) 1— aop(xo)
+p |1 (@ + ay + a)F (xy + %1 + x3) BotBr+h2 1"
2 1— (@ + @& + @,)F(xy + x; +x;) )

=1+P[1-1]+P1—-1]=1

1 (0»’0 + a1)F(x0 + x1) Po+fa] ™
T [1 — (@ + @) F (xy + xl)]

—00

And:
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Blg(xo + x1P; + x,P,)]

[aop(xo)]ﬁo_l
[1 — @oF (xg)]Po*t

[(ao + a1)(ﬁ(xo + x1))]
[1— (@ + @)F(xo + x1)

=B f(x0)

Boo

Bot+P1-1

+ P ]Bo+ﬁ1+1f(xo+x1)

(Bo + 1) (ap + ay)

—Ba [aoﬁ(xo)]ﬁo_1
oo [1 — @yF (x)]Pott

f(x0)

+ P, [(Bo + 1 + B2)(ap + a4

[(ay + g + ay)F (xy + x; + x,)]PotPr+ha—1
[1—(a,+a; + (YZ)F(XO +x; + xz)]ﬁ0+ﬁ1+ﬁz+1

[(ao + 011)(F(xo + x1))]ﬁ0+ﬁ1_1
[1—(a, + 671)F(x0 + x1)]‘8°+‘81+1f(x0 )

+ ;) f(xo +x1 +x3)

= (Bo + B)(ap + ay)

[ F (x)]Po~ [(@o + @) (Flxo + x))] "7
T ROt o ot Pt ) i G S S Gy o
f(xg +x1), (Bo + By + B2 (g + oy + a3)
) [(ao +a; + 052)1“:(350 +x + xz)]ﬁo+,81+,82—1
[1— (@ + @ + @)F(xy + x; + x,)]Po+hr+B2+1 flxo + 31 +x2)

Boao [

= (g(x0), g(xo + x1), g(x0 + x; + X))
Where g(x,), g(xo +x,) and g(x, + x; + x,) are probability density functions of classical
Marshall-Olkin type 1l exponential distributions, then each of them is positive and continuous function

on R, so g(xy + x; P, + x,P,) is positive and continuous on R(P;, P,).

Depending on previous results we can prove that equation (23) represents a probability density
function.

Theorem 5.2

Cumulative distribution function of Plithogenic Marshall-Olkin type 11 class of distributions is:

I Bo
aoF (xo)
G(xo + X1P1 + xzpz) = 1 — [—1 — &OF(xO)
4p aoF(xp) |7 [ Cao + a)F(xo +x1) .
1 = @ F (xo) 1— (@ + a)F(xy+ x,)
4P (ao +a; + az)F(XO +x + xz) PotB1+Bz (ao + al)ﬁ(xo + xl) Bo+h1 25
21— (@ + @ + a@)F(x + %, + x3) 1— (@ + a)F(xo + %)

Where xg,xy + X1, X0 + X1 + X, €E R & ag, ag + aq, @y + a; + a3, By, Po + B, Bo + B1 + B2 > 0.
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Proof
Xo+x1P1+x2P; 0 [aoF(tO)]'BO !
f_w g(to + t1Py + t,P) d(ty + t, P + t,P,) = f_w Boxo [1— aoF(to)] Bo+1 f(to) dtg
= BotB1-1
Fotxs [(ao + a)(F(to + t1))]
+P + + - to+t)d(to +t
1 f_m (Bo + B1)(ao 1 [1— (@ + @)F (tg + t,)]Porhirt f(to+t)d(to +t1)
OIOF(tO)]ﬁ"_1
f Boat O = @F (ty)]P0 +1f(to) dty
Xotx1+¥z [(ao + @y + @) F(ty +ty + t)]PorFarhet
+P + B+ +ay + B
’ f_w Bot Bt B0t o+ &) G T @) P + 6, + ) Farirant

'f(to +t1 +t2)d(t0 +t1 +t2)

[(ao + a)(F(ty +t,))
[1— (@ + @)F(ty + t;)]Pothr+t

]ﬁo’rﬁl—l

- f  Bo + B + @)

fto+t)d(ty +t)| =

aoF (to) pol”
1- %F(to)]

:[1

= Xo+x1 _ X0
+p 1= (ag + a)F(xg + x1) Botha i L(to) Bo
1 1— (@ + @)F(xy + x;) 1= agF(ty)
[ ol Xo+Xx1+x
+p2 |11 (ag + ay + az)F(xg + x; + x3) Bo+B1+Bz 0T ¥1¥x2
i 1— (@ + @ + @)F(xo + x1 + x;)

_l1= [ (ap + a1)F(x0 + x1)

Bo+By7¥0t*1
1 - (C_KO + C_xl)ﬁ(xo + xl)] l

aoF (xq) Po aoF (xq) Po (o + a)F(xo + x1) Poth
B [1 — @,F(x,) [1 —a,F(xo)| [1 — (@ + @) F (xy + xl)]
Bot+pB1+B2

+P,

(ap + ay + ax)F(xg + %1 + x3)
1— (@ +a, +a,)F(xg+x; +xy)

(ap + 0»’1)F(xo +x1)
1= @ + @)F(xo + x7)

30+ﬁ1]

6. Plithogenic Marshall-Olkin Type 11 Exponential Distribution:

Definition 6.1

Probability density function of Plithogenic Marshall-Olkin type Il exponential distribution is:

(ao)Bo
[eﬂoxo — &O]Bo"'l
(ap + al)ﬁo+ﬁ1e(/10+l1)(xo+x1) ((XO)BO

[e@PotA)(x0+x1) — (@, + @, )]Pothrtl ~ Boo [etoXo — g,y]ho+L

Aoxo

g(xo + %, Py + x,P;) = Bolo

eoxo

+Py | (Bo + B1) (Ao + 11)
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(ap +a; + az)ﬁo+ﬁ1+ﬁ2 . e (Ao+A1+22) (xo+x1+x2)
[e(/10+/11+12)(x0+x1+x2) — (@ +a;, + &2)]ﬁ0+31+32+1
(ag + al)ﬁo+ﬁ1 e Ao+21)(xo+x1)
= (Bo + B) (o + A1) [e@otA)(xo+xa) — (@y + @,)]Pothrtl

+P2 (BO + Bl + ﬁZ)(AO + )'1 + )'2)

(26)

Where x4, xo + X1, X + X1 + X3, @, Qg + A1, Ay + A1 + a3, Bo, Bo + B1, Bo + B1 + Bz Aoy Ao +
Al,lo +ﬂ,1 +2.2 > 0.

Remark

The Plithogenic probability density function (PDF) of Marshall-Olkin type 11 exponential distribution
can also be written as follows:

Bp
a
g(xp) = Bplp [e7pp _P&P]ﬁp'l-l etrrp Xp, Ap, Pp, Ap >p 0 (27)

Theorem 6.1
Equation (26) is probability density function.

Proof

- - COLI
f_w g(xg + x1 Py + x,P,)d(xg + X, Py + x,P;) = j BOAOW(E 0% dx,

(ap + a1)30+ﬁ1 e Ao+A1)(xo+x1)

[e@otA)xotx1) — (@, + @, )]Pothrtl

Bo . pAoxo
j Bolo (o) ° dxo]

+P1 (ﬁO + :81)()'0 + Al)

d(xg + x1)

eloxo — @p|Po*t

+P, f (Bo + B1 + B2) (Ao + 41 + 43)
[ Jo

(ap +a; + a2)30+31+32 . e (Ao+A1+22) (xo+x1+x2)

[eGot i+ A Govx1+%2) — (@, + @, + @,)]PorPitPa+l

d(xg + x1 + x3)

B j'+°°(‘80 B+ A0 (ap + al)ﬁo"'ﬁl . Qo+ A1) (xo+x1)

0 [e(Po+A)(xo+x1) — (@ + @;)]Pothrtt
~d(xy + xl)]
+o0

1 a, Bo]
a B I:eloxo - ao] 1o
[ Bo+Ba]+ +oo
Ay +a a Bo
+h 1_[(A+A)(£+0x) 1)— —] _[1_[7,13(0—] ]
eWotA)xo+x1) — (g, + &) . eto¥o — gyl |
[ 400
1 (ap + a; + ay) Bo+B1+B2
- e (Ao+A1+22)(xp+x1+x2) — (@ + @, + @,)
+00
I, (@+a)
e@o+A)(xo+x1) — (@, + a,) .
=14+P[1-(1-0]+P[1-(1-0)]=

+ P,

0

And:
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Blg(xo + x1 Py + x,P,)]

(ao)ﬂo

_ 2
= B |Bolo [e20%0 — @g]Po+1 oo

(ag + al)ﬁo+ﬁ1 . e(Ao+A1)(xo+x1)

+ P [(ﬁo + B Ao + A1)

—Bga (ao)ﬁo
Boo [eaoxo _ &0]ﬁ0+1

[e@PotA)(xo+x1) — (@, + @,)]Pothrtl

Aoxo

+ P2 [(ﬁo + ﬁl + ﬁZ)(/’lO +)'1 + /12)

(ap +a; + a2)30+ﬂ1+52 . e(Ao+A1+22) (xo+x1+x2)

' [ePot+A1+22) (xo+x1+x2) — (@ + @ + @y)]PotBrtha+1

RPN G ki i i
0 1 0 1 [e(ﬂo+ﬂ.1)(xo+x1) _ (ao T 6_11)]30_'_31_'_1

_ /‘{ (ao)ﬁo ono A A (ao + al)ﬁ0+ﬁle(lo+ll)(x0+x1)
={hBo 0 Tehoto — Ggovi »(Bo + B (Ao + 4) [ o 200 — (g + @y)]farFir” (Bo

(ap +a; + a2)30+ﬁ1+ﬁ2 . e(Ro+A1+22) (xo+x1+x2) >

Bt B+ 4+ 1) [e(Aot+A1+22) (xo+x1+x2) — (@ + @; + @y)]|PotBrtha+l

= (g(xo),g(xo +x1),9(x0 + %, + xz))
Where g(x,), g(xo +x;) and g(x, + x; + x,) are probability density functions of classical
Marshall-Olkin type 1l exponential distributions, then each of them is positive and continuous function

on R, so g(xy + x; P, + x,P,) is positive and continuous on R(P;, P,).

Depending on previous results we can prove that equation (26) represents a probability density
function.

Theorem 6.2
Cumulative distribution function of Plithogenic Marshall-Olkin type Il exponential distribution is:

G(xg + x,P; + x,P,)

=1- [L]ﬁo +P [ % ]BO - (@ + 1) ports
- eloxXo — @, L leroxo — @, e(o+l)xo+x1) — (@) + @)
+
. (ap + @) Bo+P1
2 [le@otaCxotx) — (@, + @,)
(o +a; + @) Poxbets 28
T e Got A +2) g txg +x2) — (@ +a, + ay) 0

Where x4, xq + x1, X9 + X1 + X3, @, A + ay, &g + a1 + a3, Bo, Bo + B, Lo + B1 + B2, Aoy Ao +
Al,/’{o +/’{1 +AZ > 0.

Proof
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(ao)ﬁo . ghoto

[eloto — g, ]P0t dty

xgtx1P1+x2P; 0
f g(to + t1P1 + t,P,) d(tg + t1Py + t,P,) = f By2o
(ag + ay)Pothr. e(Ao+A1)(to+t1)
[e@PotA)(tott) — (@, + @,)]Pothrtl

Bo . poto
J- Boto (@) e dto]

[eloto — @y]Pott

+P; U- ' 1(ﬁo + B (Ao + A1) d(ty +t,)

+P, U T Byt By + B + Ay + 1)

(ap +a; + a2)30+ﬂ1+52 . e(Ao+A1+22) (Lo +E1+12)

’ [ePotA1+22)(to+tr+ta) — (g, + @, + @,)]Pothrtha+l

d(tg +t; +t3)

(ap + al)ﬁo+ﬁ1 . e(Ro+a1)(to+t1)

[e(ﬂ-0+)‘1)(t0+t1) — (@, + @,)]Pothitl

- f " Bo + By + A1) d(to +t1)

a, Bo*o
== [ﬁ]
efoto —qyl |
Xo+Xx
+p iz (ag + ay) Potfu]mom 1 [ Qo ]BO o
1 eQotADtot+t) — (7, + @,) eloto —a,| |
Xo+x1+Xx
p||1- (a0 +a; + @) SR
T 5 eo+Ai+22)(to+t1+t2) — (@, + @, + @,)
—o0
_ xo+x

|y - (@+a) RO

eGo+ta)(to+t1) — (@ + @)

N I O | (@ + a1) Pothr
=1- [eaoxo — ‘70] + P [elloxo — 50] N e Go* Do +x) — (7, + @)
+
P (@0 + @) Porha
2 e(Ao+a1)(xo+x1) — (670 + 671)
(ap + g + ay) Bo+B1+B2
- e(Ao+A1+22) (xp+x1+x2) — (@ + @, + @)

Remark

The cumulative distribution function of neutrosophic Marshall-Olkin type 11 exponential distribution
is defined as following:

ap Bp
G(xp)=1- [7_] ; Xp,Qp,fBp, Ap >p 0 29)

Apxp _
e’PXp — qp
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6.1 Parameters' Estimation using Plithogenic loglikelihood method

Let X, be a Plithogenic random sample drawn from the probability density function of Plithogenic
Marshall-OlKkin type Il exponential distribution given in equation (27), then the Plithogenic likelihood
function is:

e pxp

L(XPI ®P) H:g(Xle aP'ﬁP'/’lP) HﬁPAPaP [eAPXLP —a ]BP+1
P

n
- 1
= BR AL PP AP Sl l—[[ez,,x”, &) (Bp+1)

i=1

So, the loglikelihood function is:

Lp =InL(Xp;0p) = nin(Bp) + nln(4p) + nfp In(ap)

+2p Zr_l_lxp B+ 1) Z In[e?r¥r —a,]  (30)

Taking partial derivatives with respect to the parameters, we obtain the following equations:

Sy = (4 1) Z (=2 (31)
aaELP = .;l_p +nlnap — Z In[e?rXip — g (32)
— (Bp + 1) Z( _ —apxlp> +nX, (33)

Using B-Isometry:
Loy nBo
o=t By + DI (o)

0(150“51) _ n(Bo+B1) _ 1
dag+ar)  (ag+ay) (Bo + 1+ D Xy (e(AO*'ll)(Xio*'Xil)—(Eo+&1)) €L

d(Lo+L1+Ly) _ n(Bo+P1+B2)
d(ap+ai+ay) - (ap+aq+asz)

1
~Bo+ B+ B+ 1) Z?=1 <e(lo+/11+/12)(xi0+xi1+x

iz)—(aomlmz))
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n
0L, n
=—+nlha Zlneaﬂxio—&
o Bo 0 = [ o
n

(Lo + £1) = n — (Ao+21) (Xi0+Xi1) 7 7

3Gt B~ G +B1)+n1n(a0 + ay) ;m[e Ao+A1)(Xjo+X —(ao+a1)] -
(Lo + Ly +L,) n
0B+ B+ B2)  (Bo+ B+ B)

n
_Z ln[e(10+11+12)(Xi0+Xi1+Xi2) _ (&0 + &1 + C_rz)]

+nin(ay + a; +ay)

i=1
6130 n _
My Ao ~ Bt 1)2( - a, e"*oxw) nXo
O(LO +£1) n XiO +Xi1 — —
= - 1 Xo+ X
< A+ 1) Ao+ 1) (Bo + b1 + )Z (1 — (@ + al)e—(aowh)(xmxu)) +n(Xo +X1) 36)
i=
0(Lo+Li+L) n Got B 45, + 1)
0o + A, + 1) (Ag+ 4, +4y) bot Bt b
c Xio + X + X o
Z (1 —(@+a, + az)e-<ﬂo+h+ﬂz><xio+Xu+Xiz>) o+ X+ X)
Solving the equations (34-36) numerically, we obtain the desired estimations.
6.2 Generating random numbers following Plithogenic Marshall-Olkin type 11 exponential
distribution
Solving equation (29), with respect to xp, we find:
L < s —> G(xp)~Up[0,1] (37)
xp=_—In|j/—=+ap | ; yy = Gxp)~Upl0,
Ap /1 - Yp

Taking B-isometry, we obtain the following equations:

( 11 a, _
Xo=7—"In| ;7/—=+a«
0 /10 ﬁo/l—yo °

1 / (ao + ay)

Xg+x = o + 1) In \(/30%1) - ( . )+ (g +C_¥1)/ 38)
’ — WtV

1 / (g + ay + ay)
(Ao + 24, + /12) \(50+51+32 \/

A

x0+x1+x2=

+ (ao + C_Zl + az)/

\ 1_(y0+y1+y2)

Where the above equations can be used to generate random numbers following classical Marshall-
Olkin type 1l exponential distribution relying on fixed parameters- then, we use B~! to obtain the

desired numbers.
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6.3 Monte Carlo simulation

This simulation is done using Maple software with N = 1000 iterations and sample sizes of
10,30 and 75, in addition to fixed parameters ¢p =2 — P, — 0.5P,,8p =3 — 1.7P, + 2P, and 4, =
14 2P, — 1.5P,.

To confirm the goodness of our estimations, we use mean square error of the estimators and bias of it
taking in consideration the plithogenic form of the estimators and results of simulation are given in

table 2 where the efficiency of the estimators is clear based on MSE and Bias.

Table 2: Simulation results for plithogenic case

ap=2—P1—0.5P2

n ap MSE ap Bias ap

10 2.854 — 1.236P, — 0.151P, 1.699 — 0.745P, + 0.412 1.152 — 0.342P; + 0.202P,

30 2.600 — 1.135P, — 0.069P, 1.095 — 0.379P; + 0.539P, 0.931 — 0.226P; + 0.244P,

75 2.461 — 1.216P, + 0.059P, 0.731 — 0.397P; + 0.651P, 0.786 — 0.326P; + 0.370P,
Bp=3—1.7P, + 2P,

n Br MSE Bp Bias Bp

10 2.866 — 1.082P; + 1.522P, 0.319 — 0.168P; — 0.369P, 0.431 — 0.149P; + 0.327P,

30 2.938 — 1.270P; + 1.571P, 0.205 + 0.129P; — 0.259P, 0.295 + 0.172P; — 0.269P,

75 2.992 — 1.438P, + 1.661P, 0.101 + 0.075P; — 0.130P, 0.176 + 0.146P, — 0.172P,
Ap =1+ 2P; —1.5P,

n Ap MSE Ap Bias 1

10 1.424 + 1.687P, — 1.467P, 0.512 — 0.134P; — 0.013P, 0.552 — 0.097P; + 0.011P,

30 1.236 + 1.725P, — 1.427P, 0.231 — 0.020P; + 0.157P, 0.375 — 0.036P; + 0.144P,

75 1.142 + 1.683P, — 1.383P, 0.114 + 0.029P; + 0.142P, 0.287 — 0.008P; + 0.143P,

6. Conclusion

[1]
[2]
[3]
[4]
[5]
[6]

[7]
[8]

We have successfully generalized the well-known class of distributions, Marshall-Olkin type II, to
handle literal neutrosophic data and symbolic plithogenic data. Parameters of this class of distribution
were estimated successfully using maximum likelihood estimation and the efficiency of the driven
estimators were tested using Monte Carlo simulation. As a special case, exponential Marshall Olkin
generalized distribution is well studied and this special case was supported with suitable simulation
study.
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