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NEUTROSOPHIC ./-BI-IDEALS IN SEMIGROUPS
K. PORSELVI, B. ELAVARASAN, FLORENTIN SMARANDACHE, AND Y. B. JUN

Abstract. In this paper, we introduce the notion of neutrosophic .4 -
bi-ideal structure over a semigroup. We characterize semigroups, regular
semigroups and intra-regular semigroups in terms of neutrosophic .4~
bi-ideal structures. We also show that the intersection of neutrosophic
A -ideals and the neutrosophic A4 -product of ideals will coincide for a
regular semigroup.

1. Introduction

Throughout this paper, we take a semigroup X as the universe of discourse
unless otherwise specified.

Let A and B be subsets of X. Then the multiplication of A and B is defined
as AB ={ab :a € A and b € B}. A nonempty subset A of X is said to be a
subsemigroup of X if A2 C A. A subsemigroup A of X is called a left (resp., right)
ideal of X if XA C A (resp., AX C A). If A is both a left and a right ideal of X,
then A is called a two-sided ideal or ideal of X. For any a € X, L(a) = {a, Xa}
(resp., R(a) = {a,aX}) is the principal left (resp., right) ideal of a semigroup
X. A semigroup X is called left (resp., right) regular [3] if for each a € X, there
exists an element # € X such that a = za® (resp., a = a’x). A semigroup S is
regular if for each a € X there exists x € X such that a = aza [5]. A semigroup
X is called intra-regular if for each a € X, there exist =,y € X such that a = za?y
[5]. A subsemigroup A of X is said to be a bi-ideal of X if AXA C A. For any
a € X, B(a) = {a,a? aXa} is the principal bi-ideal of a semigroup X.

L.A. Zadeh introduced the concept of fuzzy subsets of a well-defined set in
his paper [8] for modeling the vague concepts in the real world. In order to
deal with the negative meaning of information, Jun et al. [2] have introduced
a new function which is called negative-valued function, and constructed .4 -
structures. The concept of neutrosophic set has been developed by Smarandache
in [6] and [7] as a more general platform which extends the concepts of the
classic set and fuzzy set, intuitionistic fuzzy set and interval valued intuitionistic
fuzzy set. M. Khan et al. [4] have introduced the notion of neutrosophic .4-
subsemigroup in semigroup and several properties are investigated. They have
shown that the homomorphic preimage of neutrosophic .4 -subsemigroup is a
neutrosophic .4 -subsemigroup, and the onto homomorphic image of neutrosophic
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4 -subsemigroup is a neutrosophic .4 ’-subsemigroup. In [1], Elavarasan et al.
have introduced the notion of neutrosophic .4 "-ideals in semigroups and several
properties are investigated.

In this paper, we introduce the notion of neutrosophic .4 -bi-ideals over a
semigroup X and characterize semigroups using neutrosophic .4 -bi-ideals. We
also discuss several equivalent conditions of neutrosophic .4 -ideal structures and
regular, intra-regular semigroups.

2. Neutrosophic .4 -structures

In this section, we give some definitions of neutrosophic .4 -stuctures of a
semigroup X that we need in the sequel.

Denote by % (X,[—1,0]) the collection of functions from a set X to [—1,0].
We say that an element of % (X,[—1,0]) is a negative-valued function from X
o [-1,0] (briefly, 4 -function on X). By an .4 -structure, we mean an ordered
pair (X, f) of X and an .4 "-function f on X.

Definition 2.1. [4] A neutrosophic .4 -structure over X is defined to be the
structure:

. X _ T
XN = Tn,In,FN {(TN(x)JN(fB)’FN(l")) ’ T € X}

where Ty, In and F are A4 -functions on X which are called the negative truth
membership function, the negative indeterminacy membership function and the
negative falsity membership function, respectively, on X.

It is clear that every neutrosophic .4 -structure Xy over X satisfies the con-
dition: =3 < Tn(z) + In(z) + Fn(z) <0 for all z € X.

Definition 2.2. [4] A neutrosophic .4 -structure Xy over X is called a neutro-
sophic .4 -subsemigroup of X if the following condition is valid:
Tn(zy) < V{Tn(x), Tn(y)}
(Vz,y € X) | In(zy) = AN{In(z), In(y)}
Fy(zy) < V{Fn(2), Fn(y)}
Let X be a neutrosophic .4 -structure over X and let «, 3,7 € [—1,0] be such
that —3 < a+ G+ v < 0. Consider the following sets:
Ty ={r € X|Tn(z) < o}
1% = {z € X|Iy(z) > 8}
Fl :={z e X|Fn(z) <~}
The set Xn(o,3,7) = {z € X|Tn(x) < a,In(z) > §,Fn(z) < 7} is called
(o, B,7)-level set of Xy. Note that Xn(a, 3,v) =TF N Iﬁ, NFy.

Definition 2.3. [1] A neutrosophic .4 -structure Xy over X is called a neutro-
sophic A -left (resp., right) ideal of X if the following condition is valid:

Tn(zy) < Tn(y) (resp., Tn(xy) < Tn(x))
(Vo,y € X) | In(wy) > In(y) (resp., In(wy) > In(z))
Fn(xy) < Fn(y) (resp., Fy(zy) < Fn(z))

A neutrosophic 4 -structure Xy over X is called a neutrosophic .4 '-ideal of
X if X is both a neutrosophic .4 -left and neutrosophic .4 -right ideal of X.
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Definition 2.4. A neutrosophic .4 -subsemigroup Xy of X is called a neutro-
sophic ./-bi-ideal of X if the following condition is valid:

Tn(zyz) < Tn(z)V TNn(2)
(Ve,ye X) | In(zyz) > In(z) A IN(2)
Fy(xyz) < Fn(z) V Fn(2)

It is clear that every neutrosophic .4 -left ideal (resp., right) of X is a neu-
trosophic .4-bi-ideal of X, but neutrosophic .#’-bi-ideal of X need not be a
neutrosophic .4 "-left (resp., right) ideal of X as can be seen by the following
example.

Example 2.1. Let X = {0,a,b,c} be a semigroup with the following Cayley
table:

.‘Oabc
0|0 0 0 O
al0 0 0 b
b0 0 0 b
c/b b b ¢

_ 0 b :
Then Xy = {(70.9,70.1,70.7)7 (70.8,78.2,70‘5)7 (—0.7,-0.3,-0.3)° (70.5,78.4,70.1)} 1S a
neutrosophic .4 '-bi-ideal of X. It can be easily checked that Xy is neither a

neutrosophic .4 -left ideal nor neutrosophic .4 -right ideal of X.

Definition 2.5. [4] For a subset A of X, consider neutrosophic .4 -structure

_ X
XA(XN) = o xa D xa @) Where

-1 3 A
xXA(T)y : X — [-1,0], z — if we ]

0 otherwise

0 ) A
xal)n : X — [-1,0], z — if we . and

—1 otherwise

-1 1 A
XA(F)y: X — [-1,0], x — if we ]

0 otherwise

which is called the characteristic neutrosophic .4 -structure in X.

Definition 2.6. [4] Let Xy :=
A -structures over X. Then
(i) We say that X)s is a neutrosophic .4 -substructure over X, denoted by
Xn C Xy, if it satisfies: (Vo € X)(Ty(z) > Tav(x), In(x) < Iy(x), Fy(x) >
If XN Q XM and XM g XN, we say that XN = XM
(ii) The neutrosophic .4 -product of Xy and X/ is defined to be a neutro-
sophic 4 -structure over X,
Xy o Xy = X - ) | © € X}, where

(TNorr INon - Fnon) { (Tnom (), INon (x),FNon (z

and Xy = be neutrosophic

X X
(TN IN,FN) (T e, Fir)

/\ {In(y)VTm(2)} if Fy,z€ X such that x = yz
TNOM(x) = =Yz
0 otherwise
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\/{IN YAIy(2)} if Fy,z € X such that x = yz
INOM(ZL‘) = T=Yz
-1 otherwise

and
/\ {Fn(y)V Fy(2)} if Fy,z € X such that © = yz
FNOM(LL’) = T=Yz
0 otherwise

For any x € X, the element i is simply denoted by

TNo]\/I(I):INo]:EI(x)yFNoM(I))
(Xn © X)) := (TNon (2), INor (x), Fon ()
for the sake of convenience.
We denote Tnonr(x), Inoar(x), Fnonr(x) by (T o Tar)(x), (In o Ipr)(x) and
(Fn o Fir)(z) respectively.
(ii) The intersection of Xy and Xjs is defined to be a neutrosophic .4/~
structure

Xn N Xy =Xnavw = (X5 Tvans Innae, Enon),
where
(In NTwn)(x) = Tnom () = V{TN(2), Tar ()},
(In N In)(z) = Inam(z) = AN (2), Im ()},
(FN N FM)(.CU) = FNQM(JZ) = \/{FN(x), M(x)} for all z € X.

3. Neutrosophic ./ '-bi-ideals of a semigroup

In this section, we discuss various properties of Neutrosophic .4 -bi-ideals over
a semigroup X. It is clear that Neutrosophic ./ '-left (resp., right) ideal is a
Neutrosophic .4 -bi-ideal of X. But the converse is also true provided X is regular
right duo. We also show that for a regular semigroup X, if every bi-ideal is a
right ideal (resp., left) of X, then every neutrosophic .4 -bi-ideal is a neutrosophic
A -right (resp., left) ideal of X.

Throughout this section, we consider X ; and X are Neutrosophic .4 -structures
over X.

Theorem 3.1. For any non-empty subset A of X, the following conditions are
equivalent:

(i) A is a bi-ideal of X,

(ii) The characteristic neutrosophic N -structure x a(Xn) is a neutrosophic
N -bi-ideal of X.

Proof. Assume that A is a bi-ideal of X. Let z,y, z € X.

If x € Aand z € A, then zyz € A, so xa(T)n(zyz) = =1 = xa(T)n(x) V
xa(T)n(2); xal)n(zyz) = 0 = xa(I)n(z) A xal)n(z) and xa(F)n(zy2) =
—1=xa(F)n(x) V xa(F)n(2).

Ifz ¢ Aorz ¢ A, then xa(T)n(2zyz) < 0= xa(T)n(2)VXa(T)N(2); xall)n(2yz) >
—1=xa(l)n(z) Axa(I)n(z) and xa(F)n(zyz) < 0= xaA(F)n(2) VXA(F)N(2).

Therefore x 4(Xy) is a neutrosophic .4 -bi-ideal of X.

Conversely, assume that x 4(Xx) is a neutrosophic .4 "-bi-ideal of X. Let x, z €
Aandy € X. Then xa(T)n(zyz) < xa(T)n(2)Vxa(T)n(z) = —1; xal)n(zyz) =
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XA (z) Axa(I)n(z) =0 and xa(F)n(zyz) < xa(F)n(x) V xa(F)n(z) = -1
which imply zyz € A. O

Theorem 3.2. Let Ny be a neutrosophic A -structure over X and let o, 3,7 €
[—1,0] be such that =3 < a+ B+~ < 0. If Xy is a neutrosophic AN -bi-ideal of
X, then the (o, B,7)-level set of Xy is a neutrosophic bi-ideal of X whenever it
18 mon-empty.

Proof. Assume that Xy («, 8,7) # ¢ for o, 5,7 € [-1,0] with =3 < a+5+7 < 0.
Let Xy be a neutrosophic .4"-bi-ideal of X and let z,y,z € Xy («,3,7). Then
Tn(zyz) < Tn(z) VTINn(z) < o In(zyz) > In(z) A In(2) > 8 and Fy(zyz) <
Fn(z) V Fy(z) < v which imply zyz € Xn(a, 3,7). Therefore Xy (v, 3,7) is a
neutrosophic .4 -bi-ideal of X. O

Theorem 3.3. Let Xj; be a neutrosophic N -structure over X. Then the follow-
ing conditions are equivalent:

(i) Xar is a neutrosophic A -bi-ideal of X,

(i) Xpr © Xpr € Xy and Xy © xx(Xn) © Xy € Xy for any neutrosophic
N -structure X .

Proof. Assume that (i) holds. Then by Theorem 4.6 of [4], X3 © Xpr € X . Let
X be a neutrosophic A -structure over X and x € X. Assume that there exist
a,b,p,q € X such that x = ab and a = pq. Then
(Trr o xx(T)n o Tar) (@) =\ {(Tar © xx(T)n)(a) V Tar(b)}
r=ab
= /\ { /\ {Tv(p) Vxx(T)n(@)} vV T (b)}
z=ab a=pq
= AN {Tu)} v Tu ()}
r=ab a=pq
= /\ T (pi) vV Tar(b) for some p; € X with a = p;g;
r=ab
> /\ Tr(pigib) = Tar(z), as X is a neutro-

T=p;qib
sophic A -bi-ideal of X,

(I o xx (D o ) (@) = \/ {(Tar 0 xx (D) (@) A T (b))
x\/ab{ \/ s (0) A xx (D (@)} A T ()}
x\;b{aijq{fM )} AT (b))
= m\;:{;]\;gpi)/\IM(b)} for some p; € X with a = pig;

< \/ In(piqib) = Ip(x), as Xy is a neutrosophic
z=p;q;b

A -bi-ideal of X,
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and (Fiy o xx(F)n o Far)(z) = N\ {(Far o xx(F)w)(a) v Far(b)}
= /\ L{lb/\ {Fu(p) v xx (F)n(g)} v Far(b)}
= m/<b{7\pq{FM )}V Fu(b)}
_ w/\ab I;LMP(;Z-)\/FM(I)) for some p; € X with a = pig;
;:a/b\ bFM(piqZ-b) = Fy(x), as X)7 is a neutro-

sophic A4 -bi-ideal of X.

Otherwise = # ab or a # pq for all a, b, p,q € X. Then (Tproxx(T)noT)(z) =
0 2 TM(J,‘), (IMOXX(I)NOIM)(CU) =-1 S IM(SL‘) and (FMOXX(F)NOFM)(CU) ==
0> Fy(z).

Therefore Xy © xx(Xn) © Xar € Xy for any neutrosophic A -structure Xy
over X.

Conversely, assume that (ii) holds. Then by Theorem 4.6 of [4], Xy is a
neutrosophic .4 -subsemigroup of X. Let x,y,z € X and let a = zyz.

Then Ths(xyz) < (Tar o xx(T)n o Tar)(xyz)

N AT o xx(T)w)(xy) v Tar(2)}

a=zYyz

= NN {Tu(@) v xx(T)n)} v Tu(2)}

a=bz b=xy

= N{Tu(@) v Tar(2)} < T () V T (2),
In(wyz) = (Ing o xx (I © Inr)(wy2)

— \/ {(Iproxx(I)n)(zy) A In(2)}

a=xyz

= VAV {Iu@) Axx(Dn @)} A T (2)}
a=bz b=xy

= \/ {Tu(@) ALy (2)} = Tng(z) A Tn(2),
a=xyz

and
Fuy(zyz) < (Faro xx(F)n o Far)(zyz)

= N\ AFw o xx(F)n)(@y) v Far(2)}

a=zyz

= NN {Fu(@) v xx(F)n@)} Vv Fu(z2)}
a=bz b=xy

= /\ {Frp(x)V Far(2)} < Fyr(z) V Far(2).

a=xyz

Therefore Xy is a neutrosophic .4 -bi-ideal of X. U
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Definition 3.1. A neutrosophic .4 -structure over X is called neutrosophic .4 -
left (resp., right) duo over X if every neutrosophic .4 -left (resp., right) ideal of
X is a neutrosophic .4 -ideal of X. A semigroup X is called neutrosophic .4 -duo
if it is both a neutrosophic .4 -left duo and a neutrosophic .4 -right duo.

Theorem 3.4. Let X be a regular left duo (resp., right duo, duo) of a semigroup.
Then the following conditions are equivalent:

(i) Xar is a neutrosophic A -bi-ideal of X,

(i) Xpr is a neutrosophic N -right ideal (resp., left ideal, ideal) of X.

Proof. (i) = (i) Assume that X, is a neutrosophic .4 -bi-ideal of X, and let
a,b € X. Since X is regular, we have ¢ = ata € aX N Xa for some ¢t € X
which implies ab € (aX N Xa)X C aX N Xa as X is left duo. So ab = as and
ab = s'a for some s,s’ € X. Since X is regular, there exists r € X such that
ab = abrab = asrs’a = a(srs’)a. Since Xy is a neutrosophic .4 -bi-ideal, we have

Tr(ab) = Tar(a(srs’)a) < Ty(a) V Ta(a) = Ty (a),

Ing(ab) = Ing(a(srs’)a) > Inr(a) A Inf(a) = Ins(a) and

Frr(ab) = Far(a(srs’)a) < Fayr(a) V Fayr(a) = Far(a).

Therefore Xps is a neutrosophic .4 -right ideal of X.

(13) = (i) Assume that X)s is a neutrosophic .4 -right ideal (resp., left ideal,
ideal) of X. Let z,y,z € X. Then Ty (zyz) < Ta(z) < Ty(z) V T (2),
Inf(xyz) > Inf(x) > Ing(x) A Ipng(z) and
Fy(zyz) < Fy(x) < Fa(z) V Fy(2).

Therefore X is a neutrosophic .4 -bi-ideal of X. O

Theorem 3.5. Let X be a regular semigroup. Then the following conditions are
equivalent:

(i) X is left duo (resp., right duo, duo),

(ii) Xnr is neutrosophic N -left duo (resp., right duo, duo).

Proof. (i) = (i1) Assume that X is left duo. Then for any a,b € X, we have
ab € (aXa)b C a(Xa)X C Xa as Xa is a left ideal of X. Since z is regular,
there exists ¢ € X such that ab = ta. Let X s be a neutrosophic .4 -left ideal of
X. Then Tys(ab) = Ta(ta) < Tar(a), In(ab) = Inf(ta) > Ip(a) and Fpr(ab) =
Fyr(ta) < Fyr(a). Thus Xjy is a neutrosophic .4 -right ideal of X and hence Xy
is a neutrosophic .4 -left duo.

(19) = (i) Assume that X, is a neutrosophic .4 -left duo and let A be any
left ideal of X. Then by Theorem 3.5 of [1], x4(Xs) is a neutrosophic A4 -left
ideal of X. By assumption, x4(Xys) is a neutrosophic .4 -ideal of X. Again by
Theorem 3.5 of [1], A is a right ideal of X and hence X is left duo. O

Theorem 3.6. Let X be a regular semigroup. Then the following conditions are
equivalent:

(i) Every bi-ideal of X is a right ideal (resp., left ideal, ideal) of X,

(ii) Every neutrosophic A -bi-ideal is a neutrosophic A -right ideal (resp., left
ideal, ideal) of X.

Proof. (i) = (i1) Assume that (i) holds. Let X s be a neutrosophic .4 -bi-ideal of
X and let a,b € X. Then aXa is a bi-ideal of X. By assumption, we have aXa is
a right ideal of X. Since X is regular, we have a € aXa. So ab € (aXa)X C aXa
implies ab = aza for some x € X. Now T(ab) = Tys(aza) < Tpr(a) V Th(a) =
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Tr(a), Ing(ab) = Ip(axa) > Ip(a) A Ing(a) = Inf(a) and Fyr(ab) = Fy(aza) <
Fyr(a) V Far(a) = Far(a). Therefore Xy is a neutrosophic .4 -right ideal of X.
(ii) = (i) Assume that (ii) holds and let A be any bi-ideal of X. Then by
Theorem 3.1, x4(Xar) is a neutrosophic .4 -bi-ideal of X for a neutrosophic ./ -
structure X s over X. By assumption, y(Xys) is a neutrosophic .4 -right ideal
of X. By Theorem 3.5 of [1], A is a right ideal of X. O

Theorem 3.7. Let X be a semigroup. Then the following conditions are equiv-
alent:

(i) X is regular,

(ii) Xor N Xy = X © Xy © Xy for every neutrosophic A -bi-ideal Xps and
every neutrosophic A -ideal X of X.

Proof. (i) = (ii) Assume that X is regular, and let X»; be a neutrosophic .4~
bi-ideal and X a neutrosophic .#’-ideal of X. Then by Theorem 3.3, we have
XuoXnyoXy € Xyand Xy 0XNoXy € Xy So X0 XnoXy € XynXy.

Let a € X. Since X is regular, there exists € S such that a = aza = azazxa.

Now Thronon(a /\ {Tn(u) V Tnonr(v)}
- /\ {Tu(@)v{ N {Tn(wax)VTu(a)}}
< N\ {Tw(a) v Tn(a)}

< Twy(a)VTn(a) = Tynn(a),
Inionom(a) = \/ {Inr(u) A Inopsr(v)}

a=uv

=\ (@) A { \/ {In(zaz) A In(a)}}

a=av v=xrara

a=av

> Ini(a) A In(a) = Iynn(a) and

Fononm(a) /\ {Fu(u) V Fnon(v)}
= /\{FM yV{ N\ {Fn(zax)V Fy(a)}}
< /\ {Fu(a) Vv Fy(a)}

< Fy(a) V Fy(a) = Fynn(a).

Thus Xpynnv € X © Xy © Xy and hence Xynny = X © Xy © Xy for every
neutrosophic .4 -bi-ideal Xj; and every neutrosophic .4 -ideal Xy of X.

(ZZ) = (’L) Assume that (ii) holds. Then X, ﬂXX(XN) =Xum @XX(XN)QXM-
But Xy Nxx(Xn) = Xar, s0 Xy = X © xx (Xn) ® Xy for every neutrosophic
A -bi-ideal Xy of X. Let a € X. Then by Theorem 3.1, X p(4)(Xa) is a neutro-
sophic .4#"-bi-ideal of X. So XB(zz)( )vr = XB@)(T)ar o xx(T)n o xp@)(T)m =
XB(a)X B(@)(T)Ms XB(a)(I) M = XB(a)(I)Mmoxx(I)NoXB@) ()M = XB(a)xBa) ()M
and Xp(q)(F) M = XB(a)(F )MOXX( INOXB(a)(F)M = XB(a)x B(a)(F) M- Since a €
B(a), we have X p(a)xB(a)(T)m(a) = XB(a)( )m(a) = =1, XB(a)xB(a)(I)m(a) =
XB(a)(I)a(a) = 0 and Xp(a)xB(a)(F)Mm(a) = XB@)(F)m(a) = —1 which imply
a € B(a)X B(a). Therefore X is regular. O
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Theorem 3.8. Let X be a semigroup. Then the following conditions are equiv-
alent:

(i) X is regular,

(ii) Xpr N XN C X © X for every neutrosophic A -bi-ideal Xy; and every
neutrosophic A -left ideal Xy of X.

Proof. (i) = (ii) Assume that X is regular and let X;s be a neutrosophic .4/-
bi-ideal and X a neutrosophic .4 -left ideal of X. Let a € X. Then there exists
x € X such that a = aza.

Now Taron(a) = N\ {Tar(w) vV Tn(v)} < Tar(a) V T (2a)

a=uv

< Ty(a) VTn(a) = Tyunn(a),

Infon(a) = \/ {Ip(u) AN In(v)} > In(a) A In(za)

a=uv

> In(a) A In(a) = Iynn(a), and

Fron(a) = /\ {Fpm(u)V Fn(v)} < Fy(a) V Fy(za)

a=uv

< Fy(a) V Fy(a) = Fynn(a).

Therefore Xp;nv € Xy © Xy

(77) = (7) Assume that (i7) holds, and let X s be a neutrosophic .4 -right ideal
and Xy a neutrosophic .4 -left ideal of X. Since every neutrosophic .4 -right
ideal of X is a neutrosophic .4 -bi-ideal of X, X is a neutrosophic .4 -bi-ideal
of X. Then by assumption, we have Xynny € Xy © Xn. By Theorem 3.8 and
Theorem 3.9 of [1], we can get Xpr © Xy C Xy and Xy © Xy € Xy and so
Xy O Xy CXpyNXy =Xynn. Therefore Xy © Xy = Xynn.

Let K be a right ideal and L be a left ideal of X and a € K N L. Then
X (Xar) Oxz(Xar) = xx (Xar)Nxr(Xar) which implies x k7. (Xar) = Xxnn(Xar)-
Since a € K N L, we have xgnr(T)m(a) = =1 = xxr(T)m(a), xxnr(I)a(a) =
0= XKL(I)M(G) and XKﬂL(F)M(a) =-1= XKL(F)M(CL) which imply a € K L.
Thus KNL C KL C KNL and hence K N L = KL. Therefore X is regular. [

Theorem 3.9. Let X be a semigroup. Then the following conditions are equiv-
alent:

(i) X is regular,

(ii) Xpnn € Xy © X for every neutrosophic N -bi-ideal Xy and every
neutrosophic N -right ideal Xn of X.

Proof. Tt is similar to the proof of Theorem 3.8. g

Theorem 3.10. Let X be a semigroup. Then the following conditions are equiv-
alent:

(i) X is regular,

(ii) Xp N Xy N Xy C X © Xy © Xy for every neutrosophic A -right ideal
X1, every neutrosophic A -bi-ideal X); and every neutrosophic A -left ideal X n
of X.
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Proof. (i) = (i1) Assume that X is regular and let X, be a neutrosophic .4 -right
ideal, X a neutrosophic .4 -left ideal and X, a neutrosophic .4 -bi-ideal of X.
Let a € X. Then there exists x € X such that ¢ = axa = axazxa.

Now Tponron(a) = N\ {TL(u) V Tagon (v)} < Tp(az) V Tason (aza)

gﬁ%) V{Ta(a) V Tn(za)}
<Tr(a)VTy(a)VTn(a)=TrLamAN,
ILoMoN(a) = \/ {IL(U) A IMON(U)} > IL(ax) A IMON(awa)

uv

>'Tp(a) A {Ia(a) A Iy (wa)}

> Ip(a) Ny (a) A In(a) = Ipamnn,

and Fropon(a) = /\ {Fr(u) V Faron(v)} < Fr(az) V Faon(aza)

a=uv
< Fr(a) V{Fu(a)V Fn(za)}
< Fr(a)V Fy(a) V Fx(a) = Framnn-

Therefore X, N Xy N XNy C X1, 0 Xy © Xy

(#4) = (i) Assume that (i7) holds, and let X and Xy be a neutrosophic .4~
right, left ideal respectively, and X; a neutrosophic .4 -structure over X. Then
by Theorem 3.1, xx(Xas) is a neutrosophic .4-bi-ideal of X. Then X N Xy =
Xy, mXX(XM) NXy C X, QXX(XM) O Xy C X1 ®Xpy. Again by Theorem 3.8
and 3.9 of [1], X 0XnyCXrNXyandso X © Xy =X, NXy.

Let K, L be a right, left ideal of X respectively and let a € K N L. Then
Xk (X)) © xo(Xnm) = xx(Xar) N xo(Xar). By Theorem 3.6 of [1], we have
XkL(Xm) = xknr(Xn). Since a € KNL, we get xk (1) m(a) = xxnr(T)m(a) =
=1, xxr(I)m(a) = xxnr(I)m(a) = 0 and xxr(F)m(a) = xknn(F)m(a) = -1
which imply a € KL. Thus KNL C KL C KNL and hence K N L = KL.
Therefore X is regular. U

Theorem 3.11. Let X be a semigroup. Then the following conditions are equiv-
alent:

(i) X is reqular and intra-regular,

(ii) Xpr N Xy C Xy @ Xy for every neutrosophic A -bi-ideals Xpr and Xy
of X.

Proof. (i) = (ii) Assume that X is regular and intra-regular, and Xj;, Xy be
neutrosophic .4 -bi-ideals of X. Let a € X. Since X is regular, there exists © € X
such that a = axa = axaxa. Again since X is intra-regular, there exist y,z € X
such that a = ya®z. Then a = aryaazzra. Now

Taon(a) = /\ {Tu(w) V Tn(v)} < Tas(azya) v Ty (azza)

a=uv

< A{Tm(a) vV Tum(a)} V{Tn(a) VTn(a)}

< TM(CI,) V TN(CL) = TMQN((I),
Invon(a) = \/ {Tn(u) A In(v)} > In(azya) A Iy (azza)

a=uv

> {Iu(a) A u(a)} A {In(a) An(a)}
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> Iy(a) N In(a) = Innn(a), and
Fryron(a) = /\ {Fy(u)V Fn(v)} < Fy(azya) V Fy(azza)

a=uv

<{Fum(a)V Fy(a)} V{Fn(a)V Fy(a)}

< Fyla)V Fy(a) = Fynn(a).

Therefore X N Xy C X ® Xy for every neutrosophic .4 -bi-ideals Xj; and
Xy of X.

(74) = (i) Assume that (i7) holds, and let X be a neutrosophic .4 -right ideal
and Xy a neutrosophic A4 -left ideal of X. Then Xj; and Xy are neutrosophic
A -bi-ideals of X. Then by assumption, we have X ;nny € Xy ©® X . By Theorem
3.8 and Theorem 3.9 of [1], we can get Xpy © Xy € Xy and Xy © Xy C Xy
and so Xy © Xy € Xy N Xn. Therefore Xy © Xy = Xy N Xy,

Let P be a right ideal and @ a left ideal of X and let a € PNQ. Then xp(Xn/)N
XQ(Xnr) = xp(Xnm) © x@(Xnm). By Theorem 3.6 of [1], xpno(Xn) = xpo(Xum)-
Since a € PN Q, we have xpno(T)m(a) = —1 = xpo(T)m(a), xprno(I)m(a) =
0=xro(I)m(a) and xpng(F)m(a) = —1 = xpg(F)m(a) which imply a € PQ.
Thus PNQ C PQ C PN and hence PN Q = PQ. Therefore X is regular.

Also, for a € X, xp(a)(Xm) N XB@)(XM) = XB@)(Xm) © XB(a)(Xm). By
Theorem 3.8 and Theorem 3.9 of [1], we can get xp()(X)m = XB(a)B(a)(X) M-
Since X p(a)(T)m(a) = =1 = Xp)(F)m(a) and xp()(I)m(a) = 0, we can get
XB(a)B(a)(T)M(a) = =1 = Xp(a)B(a)(F)m(a) and Xp(a)B(a)(I)m(a) = 0 which
imply a € B(a)B(a). Therefore X is intra-regular. O

Theorem 3.12. Let X be a semigroup. Then the following conditions are equiv-
alent:

(i) X is reqular and intra-reqular,

(1)) Xpy N XN C (Xp © Xn) (XN O Xr) for every neutrosophic A -bi-ideals
Xy oand Xy of X.

Proof. (i) = (i7) Assume that X is regular and intra-regular, and let Xs, Xy be
neutrosophic .4 -bi-ideals of X. Then by Theorem 3.11, Xy N Xy C Xy © Xn.
Similarly we can prove that Xy N Xy € Xy ® Xps. Therefore Xy N Xy C
(Xpm ©Xn)N(Xy ® X)) for every neutrosophic A4 -bi-ideals Xy and Xy of X.

(17) = (¢) Assume that (i7) holds, and let Xj; and Xy be neutrosophic .A4'-
bi-ideals of X. Then Xy N Xy C Xy ©® Xn. By Theorem 3.11, X is regular and
intra-regular. O

Theorem 3.13. Let X be a semigroup. Then the following conditions are equiv-
alent:

(i) X is reqular and intra-regular,

(i) Xpy N XN C Xpr © Xy © Xy for every neutrosophic A -bi-ideals Xy and
XN Of X.

Proof. (i) = (ii) Assume that X is regular and intra-regular, and let X, Xy
be neutrosophic .4 -bi-ideals of X. Let a € X. Since X is regular, there exists
x € X such that a = axa = arazraxa. Again since X is intra-regular, there exist
y,z € X such that a = ya®z = (azxya)(azzya)(azzra). Now
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Trhonon(a /\ {Tm(u) V Tyon(v)}
= /\ {Tn(azya) V { /\ {In(p) vV Tu(g)}}
a=(azya)v v=pq

< Ty (axya) V Ty (azzya) V Ty (azza)
< TM( ) \ TN( ) \Y TM(CL) = TM(CL) \Y TN(CL) = TM[‘]N(G),

Inronon(a \/ {Inr(u) N Inops(v)}
=\  {lulazya) AL\ {In(p) A Tui(a)}}
a=(azya)v v=pq

> Inr(azya) A Iy(azzya) A Iy(azza)
> Ini(a) AN In(a) A Iy(a) = Inf(a) A In(a) = Inan(a), and

FMoNoM /\ {FM VFNOM(U)}
= A {Fulazya)v{ \ {Fx(p) v Far(a)}}
a=(azya)v v=prq

< Fy(azya) V Fy(azzya) V Fy(azza)
< Fy(a)V Fn(a)V Fy(a) = Fy(a) V Ey(a) = Fyan(a).
Therefore Xy N Xy € Xy © Xy © Xy for every neutrosophic .4 -bi-ideals
XM and XN of X.
(ii) = (i) Assume that (i7) holds, and let a € X. Then
(XB(a)(Xn1) N XBa)(XM) € XB(a)(Xnr) © XB(a)(Xnr) © XB(a) (X01)-
So XB(a)(Xn1) € XB(a)B(a)B(a)(X11)-
Therefore (X p(a)(T)m)(a) = (XB(a)B(a)Ba) (T)M)(a),

(XBa)(I)m)(a) < (XB(a)B(a)B(a)({) M) (a) and
(XB(a)(F)m)(a) = (XB(a)B(a)B(a) (F) 1) (a).

Since xp(a)(T)m(a) = =1 = Xpo)(F)m(a) and xp@)(I)m(a) = 0, we get
XB(a)B(a)B(a)(T) (@) = =1 = XBa)B(a)B(a) (F)M(a), XB(a)B(a)B(a)T)ar(a) = 0
which imply a € B(a)B(a)B(a). Thus X is regular and intra-regular. O

Theorem 3.14. Let X be a semigroup. Then the following conditions are equiv-
alent:

(i) X is intra-regular,

(ii) For each neutrosophic AN -ideal Xy of X, we have Xy(a) = Xpr(a?) for
alla € X.

Proof. (i) = (ii) Assume that X is intra-regular, and X, is a neutrosophic
N -ideal of X and a € X. Then there exist y,z € X such that a = ya?z. Now
Ty(a) = Ty (ya®z) < Ta(a?z) < Tay(a?) < Tay(a) and so Ty (a) = Ta(a?),
In(a) = In(ya®z) > In(a®z) > Ing(a?) > Iny(a) and so Iy(a) = Ips(a?), and
Fy(a) = Fy(ya®z) < Fu(a?z2) < Fy(a?) < Fu(a) and so Fyy(a) = Fa(a?).
Therefore Xy(a) = Xp(a?) for all a € X.

(ii) = (i) Assume that (ii) holds and a € X. Then I(a?) is an ideal of X. By
Theorem 3.5 of [1], X1(42)(Xar) is a neutrosophic .#"-ideal of X. By assumption,

X1(a2)(Xar)(@) = X1(a2)(Xar)(a?). Since xp(2)(T)amr(a?) = =1 = X a2y (F)ar(a?)
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and Xl(az)(I)M(aQ) = 0, we get Xy (T)m(a) = =1 = xp@2)(F)m(a) and
X1(a2)(I)a(a) = 0 which imply a € I(a*) and so X is intra-regular. O

Theorem 3.15. Let X be a semigroup. Then the following conditions are equiv-
alent:

(i) X is left (resp., right) regular,

(ii) For each neutrosophic A -left (resp., right) ideal Xy, we have Xpr(a) =
Xar(a?) for all a € X.

Proof. (i) = (ii) Assume that X is left regular. Then there exist y € X such
that a = ya®. Let X); be a neutrosophic .4 -left ideal of X. Then Ty(a) =
T (ya?) < Tar(a) and so Tas(a) = Tar(a?), In(a) = In(ya®) > In(a) and so
In(a) = Iy (a?), and Fy(a) = Fa(ya?) < Fyy(a) and so Fiy(a) = Fy(a?). Thus
Xy(a) = Xpr(a?) for all a € X.

(71) = (i) Assume that (ii) holds and let Xj; be a neutrosophic .4 -left ideal

of X. Then for any a € X, we have xp2)(T)m(a) = XL(az)(T)M(aQ) = —1,
Xr@2) (D ar(a) = xp@2) D a(a?) = 0 and x 1,2y (F)a(a) = Xp@a2)(F)au(a®) = =1
which imply a € L(a?) and hence X is left regular. O

Corollary 3.1. Let X be a regular right duo (resp., left duo) semigroup. Then
the following conditions are equivalent:

(i) X is left regular,

(ii) For each neutrosophic A -bi-ideal Xy, we have Xyr(a) = Xpr(a?) for all
a € X.

Proof. 1t follows from Theorem 3.4 and Theorem 3.15. O
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