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1 Introduction

The notion of neutrosophic set theory developed by Smarandache (see [1I] and [2]) is a more general
platform which extends the concepts of classic and fuzzy set, intuitionistic fuzzy set and interval valued
(intuitionistic) fuzzy set, and is applied to various parts. Smarandache [2] mentioned a cloud is a neutro-
sophic set, because its borders are ambiguous, and each element (water drop) belongs with a neutrosophic
probability to the set (e.g. there are a kind of separated water drops, around a compact mass of water
drops, that we don’t know how to consider them: in or out of the cloud). Also, we are not sure where
the cloud ends nor where it begins, neither if some elements are or are not in the set. That’s why the
percent of indeterminacy is required and the neutrosophic probability (using subsets - not numbers - as
components) should be used for better modeling: it is a more organic, smooth, and especially accurate
estimation. Indeterminacy is the zone of ignorance of a propositions value, between truth and falsehood.

Algebraic structures play an important role in mathematics with wide ranging applications in several
disciplines such as coding theory, information sciences, computer sciences, control engineering, theoretical
physics etc. Neutrosophic set theory is also applied to several algebraic structures. In particular, Jun
et al. applied it to BCK/BCT-algebras (see [3], [4], [5], [6], [7], [8]). Jun et al. [4] introduced the
notions of energetic subset, right vanished subset, right stable subset, and (anti) permeable values in
BCK/BC1TI-algebras, and investigated relations between these sets.



In this paper, we introduced the notions of neutrosophic permeable S-value, neutrosophic permeable
I-value, (€, €)-neutrosophic ideal, neutrosophic anti-permeable S-value and neutrosophic anti-permeable
I-value, and investigate their properties. We consider characterizations of (€, €)-neutrosophic ideal. We
discuss conditions for the lower (resp. upper) neutrosophic €g-subsets to be S-energetic and I-energetic.
We provide conditions for a triple («, 3,7) of numbers to be a neutrosophic (anti-) permeable S-value and
a neutrosophic (anti-) permeable I-value. We consider conditions for the upper (resp. lower) neutrosophic
Eg-subsets to be right stable (resp. right vanished) subset. We establish relations between neutrosophic
(anti-) permeable S-value and neutrosophic (anti-) permeable I-value.

2 Preliminaries

A BCK/BC1I-algebra is an important class of logical algebras introduced by K. Iséki and was extensively
investigated by several researchers.
An algebra (X;*,0) of type (2,0) is called a BCT-algebra if it satisfies the following conditions:

(1
(11

Vo,y,z € X) ((zxy) *(x*x2))* (z*xy) =0),
V,y € X) ((zx (zxy)) xy =0),

(111

) (
) (
) (Vo € X) (z*x=0),
) (

(IV) Ve,y e X) (xxy=0,yxx=0 = z=y).
If a BCI-algebra X satisfies the following identity:
(V) (Vz e X) (0xx=0),
then X is called a BCK -algebra. Any BCK/BCI-algebra X satisfies the following conditions:

Vz e X)(x+x0=12x), (
(Vo,y,z€ X) (2 <y = zx2<yx*z, zxy<zx*1x), (
(Vo,y,z€ X) ((z*y)*x 2= (T *2)*y), (
(Va,y,z€ X) ((xx2)x (y*2) <z *y) (

where x < y if and only if x*y = 0. A nonempty subset S of a BCK/BCI-algebra X is called a subalgebra
of X if xxy € S for all z,y € S. A subset I of a BCK/BCI-algebra X is called an ideal of X if it
satisfies:

0el, (2.5)
Ve,ye X)(zxyel,yel — z€l). (2.6)

We refer the reader to the books [9] and [10] for further information regarding BC K/BCI-algebras.
For any family {a; | ¢ € A} of real numbers, we define

\/{ai | i€ A} =sup{a; | i € A}

and

Ndai|i€ A} =inf{a; | i€ A}



If A = {1,2}, we will also use a; V ay and a; A az instead of \/{a; | i € {1,2}} and A{a; | i € {1,2}},
respectively.
Let X be a non-empty set. A neutrosophic set (NS) in X (see [I]) is a structure of the form:

A= {(z; Ar(2), A1(2), Ap(z)) |z € X}

where Ar : X — [0,1] is a truth membership function, A7 : X — [0, 1] is an indeterminate membership
function, and Ap : X — [0,1] is a false membership function. For the sake of simplicity, we shall use the
symbol A = (A, A;, Ar) for the neutrosophic set

A= {{z; Ar(z), A;(x), Ap(2)) | z € X }.
A subset A of a BCK/BCI-algebra X is said to be S-energetic (see [4]) if it satisfies:
Vz,ye X)(zxye A = {z,y}NA#0). (2.7)
A subset A of a BCK/BCI-algebra X is said to be I-energetic (see [4]) if it satisfies:
Vz,ye X)(ye A = {z,yxz}NA#£0). (2.8)
A subset A of a BCK/BCI-algebra X is said to be right vanished (see [4]) if it satisfies:
Ve,ye X)(zxye A = x € A). (2.9)
A subset A of a BCK/BCI-algebra X is said to be right stable (see [4]) if A% X :={a*xz|a€ A,z €
X} C A
3 Neutrosophic permeable values

Given a neutrosophic set A = (Ar, Ay, Ap) in a set X, a, 8 € (0,1] and v € [0,1), we consider the
following sets:

US(A;0) = {o € X | Ar(x) = a}, US(4;0)" = {z € X | Ar(a) > o},
Ur(A;B) = {z € X | Ar(z) = B}, Ur(4;8)" ={z € X | As(z) > A},
Up(A;i7) ={z € X | Ap(z) <o}, Up(A59)" ={z € X | Ap(z) <7},
LS(40) = {z € X | Ar(z) < a}, LE(45)" = {o € X | Ar(x) < a},
Li(A;B) ={z € X | Ar(x) < B}, Li(A:B)" ={z e X | Aj(z) < S},

LE(Asy) ={z e X | Ap(z) > v}, LE(A;y) ={z € X | Ap(z) > 7}.

We say Us(A;a), Us(A;8) and Ug(A;7y) are upper neutrosophic €g-subsets of X, and L5(A; ),
L$(A; B) and L%(A;v) are lower neutrosophic €g-subsets of X, where ® € {T', I, F}. We say Us (A; a)*,
Us(4;8)* and Ug(A;7)* are strong upper neutrosophic €g-subsets of X, and LS(A; a)*, L§(A; 8)* and
L5.(A;~)* are strong lower neutrosophic €q-subsets of X, where ® € {T,I, F}.



Definition 3.1 ([3]). A neutrosophic set A = (Ar, A7, Ar) in a BCK/BCI-algebra X is called an (€,
€)-neutrosophic subalgebra of X if the following assertions are valid.

reUF(Aa), yeUs(A;ay) = zxy e Us(A;aqn Aay),
UAS U}E(Avﬁw)a Yy e U]E(Avﬁy) = T*Y € U}E(A>ﬁz /\ﬁy)a (31)
€ Up(A;ve), y €Up(Asyy) = wxy € Up(Asya Vo)

for all z,y € X, ag, ay, Bz, By € (0,1] and 75,7, € [0,1).

Lemma 3.2 ([3]). A neutrosophic set A = (Ar, A;, Ap) in a BCK/BCI-algebra X is an (€, €)-
neutrosophic subalgebra of X if and only if A= (Ar, A;, Ap) satisfies:

Ar(z*y) = Ar(z) A Ar(y)
(V.%‘,yEX) A[(l‘*y) ZA](JZ)/\AI(y) . (32)

Proposition 3.3. Every (€, €)-neutrosophic subalgebra A = (Ar, Ar, Ar) of a BCK/BCI-algebra X
satisfies:

(Ve € X) (Ar(0) > Ap(z), Ar(0) > As(x), Arp(0) < Ap(z)). (3.3)
Proof. Straightforward. O

Theorem 3.4. If A = (Ap, A, Ap) is an (€, €)-neutrosophic subalgebra of a BCK/BCI-algebra X,
then the lower neutrosophic €g-subsets of X are S-energetic subsets of X where ® € {T,1,F}.

Proof. Let z,y € X and a € (0,1] be such that z *y € LS(4; «). Then
o= Ar(zxy) = Ar(z) A Ar(y),

and so Ar(z) < a or Ar(y) < «, that is, z € LS (A;a) or y € LS (A; ). Thus {z,y} N LS (A; ) # 0.
Therefore L5.(A; a) is an S-energetic subset of X. Similarly, we can verify that L§(4; §) is an S-energetic
subset of X. Let z,y € X and v € [0,1) be such that z xy € L%(A4;7). Then

v < Ap(z*xy) < Ap(z) V Ap(y).

It follows that Ap(x) > v or Ap(y) > v, ie., x € LG(A;7) or y € LG (A; ). Hence {z,y} NLE(4;7) # 0,
and therefore L% (A;~) is an S-energetic subset of X. O

Corollary 3.5. If A = (Ar, Ay, Ar) is an (€, €)-neutrosophic subalgebra of a BCK/BCI-algebra X,
then the strong lower neutrosophic €g-subsets of X are S-energetic subsets of X where ® € {T,I,F}.

Proof. Straightforward. O
The converse of Theorem [3.4] is not true as seen in the following example.

Example 3.6. Consider a BCK-algebra X = {0,1,2,3,4} with the binary operation * which is given
in Table [l (see [10]).

Let A= (Ar, A;, Ar) be a neutrosophic set in X which is given in Table [2

If @ € [0.4,0.6), 8 € [0.5,0.8) and v € (0.2,0.5], then LS (4;a) = {1,2,3}, L$(4;8) = {1,2,3} and
L5.(A;v) = {1,2,3} are S-energetic subsets of X. Since

AT(4 * 4) = AT(O) =0.6 /)é 0.7 = AT(4) A AT(4)



Wy ”

Table 1: Cayley table for the binary operation “x

=W N~ O %
NGV N el N
— N = O O
_ =0 O O
_ o O O OoO|lw
o N~ O Ok

Table 2: Tabulation representation of A = (Ar, Ar, Ap)

X AT(J?) AI(I) AF(JI)
0 0.6 0.8 0.2
1 0.4 0.5 0.7
2 0.4 0.5 0.6
3 0.4 0.5 0.5
4 0.7 0.8 0.2

and/or

Ap(3%2)=Ap(1)=0.7£0.6 = Ap(3) V Ar(2),
it follows from Lemma 3.2 that A = (Ap, Ar, Ar) is not an (€, €)-neutrosophic subalgebra of X.
Definition 3.7. Let A = (Ar, Ar, Ar) be a neutrosophic set in a BCK/BCI-algebra X and (o, 8,7) €

Ar x Ar x Ap where Ap, Ay and Ap are subsets of [0, 1]. Then (a, §,7) is called a neutrosophic permeable
S-value for A = (A, Ay, Ar) if the following assertion is valid.
zxy € Up(4Aa) = Ap(x)V Ar(y) > «,
(Vo,y € X) | 2xyeUp(AB) = Ar(x)VAr(y) >8, |. (3.4)
zxy € Up(4;7) = Ap(x) ANAp(y) <y

Example 3.8. Let X = {0,1,2,3,4} be a set with the binary operation * which is given in Table [3l

Table 3: Cayley table for the binary operation “x”

=W N~ O %
= W NN = OO
U N I R
NN e =
B O N = Olw
S WO O O

Then (X, *,0) is a BCK-algebra (see [10]). Let A = (A, A;, Ar) be a neutrosophic set in X which is
given in Table 4



Table 4: Tabulation representation of A = (Ar, A7, Ap)

0 0.2 0.3 0.7
1 0.6 0.4 0.6
2 0.5 0.3 0.4
3 0.4 0.8 0.5
4 0.7 0.6 0.2

It is routine to verify that (a, 8,v) € (0,2,1] x (0.3,1] x [0,0.7) is a neutrosophic permeable S-value for
A= (Ar, A;, Af).

Theorem 3.9. Let A= (Ap, A;, Ar) be a neutrosophic set in a BCK/BCI-algebra X and («, B,7) €
Ap x A; x Ap where Ap, A; and Ap are subsets of [0,1]. If A = (Ar, Ar, Ar) satisfies the following
condition

AT(:L' * y) < AT({E) \Y AT(y)
(Ve,y e X) | Ar(z*xy) < Ar(z) Vv Ar(y) , (3.5)
Ap(zxy) > Ap(z) N Ar(y)

then (a, B,7) is a neutrosophic permeable S-value for A = (Ar, Ar, Ap).
Proof. Let z,y € X be such that x xy € Us (A; ). Then
a< Ar(zxy) < Ap(z) vV Ar(y).

Similarly, if z xy € Us(A;3) for z,y € X, then Ar(z) V Ar(y) > 8. Now, let a,b € X be such that
axbe Ug(A;7). Then

v > Ap(axb) > Ap(a) N Ap(b).
Therefore (v, 3,7) is a neutrosophic permeable S-value for A = (Ar, Ar, Ap). O

Theorem 3.10. Let A = (Ar, Ar, Ar) be a neutrosophic set in a BCK -algebra X and («,3,7) €
Ar x A; x Ap where Ap, A; and Ap are subsets of [0,1]. If A = (Ar, Ar, Ar) satisfies the following
conditions

(Vo € X) (Ar(0) < Ar(z), Ar(0) < As(z), Ar(0) = Ap(z)) (3.6)

and

Ap(z) < Ap(z*xy) V Ar(y)
(Ve,y e X) | Ar(z) < Ap(zxy)V Ar(y) , (3.7)

Ap(x) > Ap(z*y) A Ar(y)

then (a, B,7) is a neutrosophic permeable S-value for A = (Ar, Ar, Ap).



Proof. Let z,y,a,b,u,v € X be such that zxy € Us(A;a), axb € Uy (A; 3) and uxv € Us(A;7). Then
a<Ar(xxy) < Ar((x*xy) *z)V Ap(z)
=Ar((zxx)xy)V Ar(z) = Ar(0xy) V Ap(x)
= AT(O) vV AT(JZ) = AT(Z‘),

B<Ar(axb) < Ar((axb)xa)V Ar(a)
=A;((axa)*xb)V Ar(a) = Ar(0xb) vV As(a)
=A;(0)V As(a) = As(a)

and
v 2> Ar(uxv) > Ap((uxv) xu) A Ap(u)
=Ap((uxu) *v) AN Ap(u) = Ap(0%v) A Ap(v)
=Apr(0) AN Ap(v) = Ap(v)
by (2.3), (V), (3.6) and (3.7). It follows that
Ar(z) V Ar(y) = Ar(2) > a
Ar(a) vV Ar(b) = ( ) 2 5
Ap(u) NAp(v) < Ap(u) <7y

Therefore (v, 3,7) is a neutrosophic permeable S-value for A = (Ap, A;, Ap). O

Theorem 3.11. Let A= (Ar, A, Ar) be a neutrosophic set in a BCK/BCI-algebra X and (o, 8,7) €
Ar x Ar X Ap where Ar, A; and Ap are subsets of [0,1]. If (o, 8,7) is a neutrosophic permeable S-value
for A= (Ar, A5, Ar), then upper neutrosophic €g-subsets of X are S-energetic where ® € {T,1, F}.

Proof. Let z,y,a,b,u,v € X be such that zxy € U5 (A; ), axb € Us (A; 3) and uxv € Ug(A; 7). Using
(34), we have Ar(x)V Ar(y) > o, Ar(a) V Ar(b) > B, and Ap(u) A Ap(v) < ~. It follows that

Ar(x) > aor Ap(y) > «, that is, € U5 (A4;a) or y € Us(A; ),

Ar(a) > B or Ar(b) > 3, that is, a € U5 (4; ) or b € UF(4; ),
and
Ap(u) <vor Ap(v) <7, that is, u € U (A;7) or v € Ug(A;7).

Hence {z,y} NUs(A;a) # 0, {a,b} NUF(4;8) # 0, and {u,v} NUg(A;v) # 0. Therefore Us(4; ),
Uf(A;3) and Us (A;7) are S-energetic subsets of X. O

Definition 3.12. Let A = (Ay, A, Ar) be a neutrosophic set in a BCK/BCI-algebra X and (a, 8,7) €
Ar x A x Ap where Ar, A; and Afp are subsets of [0,1]. Then («, 3,7) is called a neutrosophic anti-
permeable S-value for A = (Ar, Ay, Ap) if the following assertion is valid.
zxy € LS(4;a) = Ap(z) NAr(y) < a
(Ve,ye X) | zxye L§(A;8) = Ar(z)ANAr(y) <8, ) (3.8)
wxy € LE(4A;7) = Ap(x)V Ap(y) >y



Table 5: Cayley table for the binary operation “x”

=W N~ O %
NGV N el N
=W = O O
B~ w o o ol
B O N = Olw
O WO O O

Table 6: Tabulation representation of A = (Ar, Ar, Ap)

0 0.7 0.6 0.4
1 0.4 0.5 0.6
2 0.4 0.5 0.6
3 0.5 0.2 0.7
4 0.3 0.3 0.9

Example 3.13. Let X = {0,1,2,3,4} be a set with the binary operation * which is given in Table [5.
Then (X, *,0) is a BCK-algebra (see [10]). Let A = (A1, A;, Ar) be a neutrosophic set in X which is
given in Table (6

It is routine to verify that («, 5,v) € (0.3,1] x (0.2,1] x [0,0.9) is a neutrosophic anti-permeable S-value
for A = (AT, A], AF)

Theorem 3.14. Let A= (Ap, A;, Ar) be a neutrosophic set in a BCK/BCI-algebra X and (o, 8,7) €
Ar x Ar x Ap where Ap, Ar and Ap are subsets of [0,1]. If A= (Ar, A1, Ar) is an (€, €)-neutrosophic
subalgebra of X, then («, 3,7) is a neutrosophic anti-permeable S-value for A = (Ar, A;, AF).

Proof. Let z,y,a,b,u,v € X be such that z*xy € LE(A4; ), axb € L5 (A; 8) and uxv € LE(A; 7). Using
Lemma 3.2, we have

Ar(z) NAr(y) < Ar(zxy) < o,
AI(CI,) A A[(b) S A[(a, * b) S 6,
Ap(u)V Arp(v) > Ap(uxv) > 7,
and so («, 3,7) is a neutrosophic anti-permeable S-value for A = (Ar, Ay, AF). O

Theorem 3.15. Let A = (Ar, A, Ar) be a neutrosophic set in a BCK/BCI-algebra X and («, 58,7) €
Ar x A x Ap where Ar, A; and Ap are subsets of [0,1]. If (o, 3,7) is a neutrosophic anti-permeable
S-value for A = (Ar, A1, AFr), then lower neutrosophic E€g-subsets of X are S-energetic where ® €
{T,I,F}.

Proof. Let z,y,a,b,u,v € X be such that zxy € LS(4;a), axb € LS (A; 8) and uxv € L5 (A; ). Using
(3.8), we have Ap(z) A Ar(y) < o, Ar(a) AN Ar(b) < 8, and Ap(u) V Ap(v) > ~, which imply that

Ar(z) < aor Ar(y) < a, that is, z € LS (A; ) or y € LS (A; ),



Ar(a) < Bor Ar(b) < B, that is, a € L§(4;8) or b € L§(4; ),
and
Ap(u) > v or Ap(v) > 7, that is, u € LS (A4;7) or v € LE(A; 7).

Hence {z,y} N LS(A;0) # 0, {a,b} N LE(A;8) # 0, and {u,v} N LS (A;7) # 0. Therefore L5(4;a),
L5 (A; 3) and L$(A;7) are S-energetic subsets of X. O

Definition 3.16. A neutrosophic set A = (Ar, A;, Ap) in a BCK/BCI-algebra X is called an (€,
€)-neutrosophic ideal of X if the following assertions are valid.

VxeX)| zcUf(A;B) = 0€Us(4;0)
reUg(4;y) = 0€Ug(A;v)
zxy € Us(A;ay), y € Us(4yay) = x € Us(4;a, Aay)
(Va,y € X) x*yGUIG(A;ﬁi) yEUE(A,ﬂy) = .TEUIe(A;ﬁI/\ﬁy) (3.10)
wxy € Up(Aiva), y € Up(Aiyy) = 2 € Up(4i7a V)

rzeUs(Aa) = 0€US(4;a) )
o

for all Oé,ﬁ, a:mayaﬁwaﬁy € (071] and Vs Vs Vy € [Oa 1)

Theorem 3.17. A neutrosophic set A = (Arp, Ar, Ap) in a BCK/BCI-algebra X is an (€, €)-
neutrosophic ideal of X if and only if A= (Ar, A1, Ar) satisfies:

A7(0) > Ap(x) > Ar(x +y) A Ar(y)
ZA]( )>A[(.’E*y)/\A]( ) . (311)
Ap(0) < Ap(z) < Ap(z*y) VvV Ar(y)

Proof. Assume that (3.11) is valid and let x € U% (A; ), a € U5 (A; 3) and u € Ui (4; ) for any x,a,u €
X, a, 8 € (0,1] and 7y € [0,1). Then Ax(0) > Ar(z) > «, A1(0) > As(a) > 3, and Ap(0) < Ap(u) <.
Hence 0 € Us(A; ), 0 € Ur(4;8) and 0 € Ug(4;7), and so (3.9) is valid. Let z,y,a,b,u,v € X be
such that z xy € Us(A; ), y € Us(Asay), axb € UF(A;Ba), b € UF(A; Bp), u*v € Ug(A;v,) and
v € Ug(A;7) for all ag, ay,Ba,0p € (0,1] and vy,v, € [0,1). Then Ar(z *y) > az, Ar(y) > ay,
Ar(axb) > o, Ar(b) > 0By, Ap(u*v) <7, and Ap(v) < 7,. It follows from (3.11) that

Al(a)>41(a*b)/\AI()Zﬁ N By,
Ap(u) < Ap(uxv) V Ar(v) < v V Y.

Qg Ny,

Hence z € U5 (4;a, A ay), a € U5 (4; 8, A Bpy) and u € Ug (A;94 V ). Therefore A = (Ap, Ar, Ap) is
an (€, €)-neutrosophic ideal of X.

Conversely, let A = (Ar, Ar, Ar) be an (€, €)-neutrosophic ideal of X. If there exists x9 € X such
that A7 (0) < Ar(zo), then g € Us(A; ) and 0 ¢ Us (A4; ) where o« = Ap(xg). This is a contradiction,
and so Ar(0) > Arp(x) for all x € X. Assume that Ap(zg) < Ar(zo * yo) A Ar(yo) for some g, yo € X.
Taking « := Ap(zo*yo) A Ar(yo) implies that zg*yo € UF(A4;a) and yo € Us (A; @), but zg ¢ Us (A; ).
This is a contradiction, and thus Ar(z) > Ar(x *y) A Ap(y) for all z,y € X. Similarly, we can verify
that A;(0) > Ar(z) > Ar(x xy) A Ar(y) for all x,y € X. Now, suppose that Ap(0) > Ap(a) for some
a € X. Then a € Ug(A;v) and 0 ¢ Ug(A;~) by taking v = Ap(a). This is impossible, and thus



AFp(0) < Ap(z) for all x € X. Suppose there exist ag, by € X such that Ap(ag) > Ar(ag *by) V Ar(by)
and take v := Ap(ap *bo) V Ar(bo). Then agxby € Us:(4;7), bo € U (A;~) and ag ¢ Us(A;7), which is
a contradiction. Thus Ap(z) < Ap(zxy)V Ap(y) for all ,y € X. Therefore A = (A, A;, Ap) satisfies
@.11). m

Lemma 3.18. Every (€, €)-neutrosophic ideal A = (Ar, A1, Ar) of a BCK/BCI-algebra X satisfies:
(Vz,y e X)(z <y = Ar(z) = Ar(y), A1(z) = A1(y), Ar(z) < Ar(y)). (3.12)
Proof. Let z,y € X be such that x <y. Then z *xy = 0, and so

Ar(z) > Ar(z * y) AN Ar(y) = A7 (0) A Ar(y) = Ar(Y),
Ar(z) > Ar(z xy) N Ar(y) = Ar(0) A Ar(y) = Ar(y),
Ap(r) < Ap(z*y)V Ar(y) = Ap(0) V Ar(y) = Ar(y)

by (3.11). This completes the proof. O

Theorem 3.19. A neutrosophic set A = (Ar, Ar, Ar) in a BCK-algebra X is an (€, €)-neutrosophic
ideal of X if and only if A= (Ar, A, Ar) satisfies:

Ap(x) = Ar(y) A Az (2)
(Ve,y,ze X) | axy<z =< Ar(z) > Ar(y) N Ar(z) . (3.13)
Ap(z) < Ar(y) vV Ar(2)

Proof. Let A = (Ap, Ar, Ar) be an (€, €)-neutrosophic ideal of X and let z,y,z € X be such that
x xy < z. Using Theorem [3.17| and Lemma [3.18, we have

Ar(z) = Ar(zxy) AN Ar(y) = Ar(y) A Ar(2),

Ar(z) = Ar(z +y) NAr(y) = Ar(y) A Ar(2),

Ap(z) < Ar(zxy)V Ar(y) < Ar(y) V Ap(2).

Conversely, assume that A = (Ar, A7, Ap) satisfies (3.13). Since 0 x & < z for all z € X, it follows
from (3.13) that

AT(O) > AT({E) A AT(Z’) = AT(IE),
A](O) > A[(l‘) A A](l‘) = A[(x),

for all z,y € X by (3.13). It follows from Theorem 3.17/that A = (A, Ay, Ap) is an (€, €)-neutrosophic
ideal of X. O

Theorem 3.20. If A = (Ar, A1, AFr) is an (€, €)-neutrosophic ideal of a BCK/BCI-algebra X, then
the lower neutrosophic €¢-subsets of X are I-energetic subsets of X where ® € {T, I, F}.
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Proof. Let xz,a,u € X, o, 3 € (0,1] and v € [0,1) be such that = € L5(4;a), a € L§(4;5) and
u € L%(A;~). Using Theorem 3.17, we have

a> Ar(x) > Ar(z xy) A Ar(y),

8> A[(a) > A[(a * b) A\ A[(b),

v < Ap(u) < Ap(u*v) V Ap(v),

for all y,b,v € X. It follows that

Ar(z*y) <aor Ar(y) < a, that is, z xy € LS(4; ) or y € LS (A; ),

Ar(axb) < for Ar(b) < B3, that is, a* b € LS(4; ) or b € LS(4; ),
and
Ap(u*v) >~ or Ap(v) >, that is, ux v € LS(A;7) or v € LS(4;7).

Hence {y,z * y} N LS (A; @), {b,a*b} N L§(A;3) and {v,u*v} N LE(A;7) are nonempty, and therefore
L% (A; ), L§(A; 8) and LG (A;~) are I-energetic subsets of X. O

Corollary 3.21. If A= (Ar, A;, Ap) is an (€, €)-neutrosophic ideal of a BCK/BCI-algebra X, then
the strong lower neutrosophic €g-subsets of X are I-energetic subsets of X where ® € {T,1, F}.

Proof. Straightforward. O

Theorem 3.22. Let (o, 8,7) € Ar X A; x Ap where Ar, A and Ap are subsets of [0,1]. If A= (Ar,
A, Ar) is an (€, €)-neutrosophic ideal of a BCK -algebra X, then

(1) The (strong) upper neutrosophic €g-subsets of X are right stable where ® € {T,1,F'}.
(2) The (strong) lower neutrosophic €g-subsets of X are right vanished where ® € {T,I, F'}.

Proof. (1) Let x € X, a € US(A; ), b € Us(A; 3) and ¢ € Ug(4;v). Then Ar(a) > a, Af(b) > 3 and
Ap(c) <. Since axx < a, bxx < band cxx < ¢, it follows from Lemma 3.18 that Ar(axxz) > Ar(a) > «,
Ap(bxx) > Ap(b) > f and Ap(cxx) < Ap(c) < 7, that is, axz € US(4;a), bxx € UF(A;3) and
cxx € Us(A;7). Hence the upper neutrosophic €g-subsets of X are right stable where ® € {T', I, F'}.
Similarly, the strong upper neutrosophic €g-subsets of X are right stable where ® € {T, I, F'}.

(2) Assume that z xy € L5(A;a), axb € LF(A;8) and c+xd € LG (A;v) for any z,y,a,b,¢,d € X.
Then Ap(z*xy) < a, Ar(axb) < S and Ap(c*xd) > . Since x*y <z, axb < a and cxd < ¢, it follows
from Lemma B.1I8 that o« > Ap(z xy) > Ar(x), 8 > Ar(axb) > Ar(a), and v < Ap(cxd) < Ap(c),
that is, € LS(4; @), a € L§(A; 8) and ¢ € L% (A; 7). Therefore the lower neutrosophic €g-subsets of X
are right vanished where ® € {T', I, F'}. By the similar way, we know that the strong lower neutrosophic
€g-subsets of X are right vanished where ® € {T, I, F'}. O

Definition 3.23. Let A = (Ar, Ay, Ar) be a neutrosophic set in a BCK/BCI-algebra X and (o, 8,7) €
Ar x Ar x Ap where Ap, A; and Ap are subsets of [0,1]. Then (a, §,7) is called a neutrosophic permeable
T-value for A = (Ar, A1, Ar) if the following assertion is valid.
reUF(4a) = Ap(x*y)V Ar(y) > a,
(Vz,ye X) | 2€Up(A4B) = Ar(xxy)VAr(y) 28, |- (3.14)
zeUR(4;7) = Ap(zxy) AArp(y) <v

11



Wy ”

Table 7: Cayley table for the binary operation “x

QO Q= O
0O N = OO
QO o O Ol
S0 O Q Q|
Q@ O 0 ot oo
SO Q 0 oo

Example 3.24. (1) In Example[3.8] («, 8,) is a neutrosophic permeable I-value for A = (Ar, Ar, Ar).
(2) Consider a BCI-algebra X = {0, 1,a,b,c} with the binary operation * which is given in Table [T

(see [10]).

Let A= (Ar, A;, Ar) be a neutrosophic set in X which is given in Table [8

Table 8: Tabulation representation of A = (Ar, A7, Ap)

X AT(I) AI([E) AF(I)
0 0.33 0.38 0.77
1 0.44 0.48 0.66
a 0.55 0.68 0.44
b 0.66 0.58 0.44
c 0.66 0.68 0.55

It is routine to check that («a, 3,7) € (0.33,1] x (0.38,1] x [0,0.77) is a neutrosophic permeable I-value
for A= (14'1"7 A[, AF)

Lemma 3.25. If a neutrosophic set A = (Ar, Ay, Ar) in a BCK/BCI-algebra X satisfies the condition
(3.5), then

(Vx € X) (Ar(0) < Ap(z), Ar(0) < Af(z), Ar(0) > Ap(x)). (3.15)
Proof. Straightforward. O

Theorem 3.26. If a neutrosophic set A = (Ar, A1, Ar) in a BCK-algebra X satisfies the condition

(3.5), then every nmeutrosophic permeable I-value for A = (Ar, Ar, Ap) is a neutrosophic permeable
S-value for A = (Ar, Ar, Ap).

Proof. Let (a, 3,7) be a neutrosophic permeable I-value for A = (A, A;, Ar). Let z,y,a,b,u,v € X
be such that z xy € U (A; ), axb € Us (A; 3) and u*v € U (4;7). It follows from (3.14), (2.3), (III),
(V) and Lemma [3.25] that

a<Ar((xxy)*xx)V Ar(x) = Ap((z * ) *y) V Ar(x)
= AT(O * y) V AT(x) = AT(O) \Y AT(LC) = AT(Z'),

B<Ar((axbd)*a)V Ar(a) = Ar((a*a)*b)V As(a)
= A[(O * b) \Y A[(CL) = AI(O) \Y A](a) = AI(CL),
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and

7> Ap((uxv) * u) A Ap(u) = Ap((us ) ) A Ap(u)
= AF(O * U) A AF(U) e AF(O) A AF(U) e AF(U)

Hence Ar(x) V Ar(y) > Ar(z) > a, Ar(a) V Ar(b) > Ar(a) > 8, and Ap(u) A Ap(v) < Ap(u) < 4.
Therefore (v, 3,7) is a neutrosophic permeable S-value for A = (Ar, Ar, Ap). O

Given a neutrosophic set A = (Ar, A;, Ap) in a BCK/BCI-algebra X, any upper neutrosophic
Eg-subsets of X may not be I-energetic where ® € {T', I, F'} as seen in the following example.

Example 3.27. Consider a BC'K-algebra X = {0,1,2,3,4} with the binary operation * which is given
in Table 9 (see [10]).

Table 9: Cayley table for the binary operation “x”

=W N = O %
= w N = oo
N = = O O
_= = O O O
N O = O OWw
O O OO O

Let A= (Ap, Ar, Ar) be a neutrosophic set in X which is given in Table [10

Table 10: Tabulation representation of A = (Ap, A7, Ap)

0 0.75 0.73 0.34
1 0.53 0.45 0.58
2 0.67 0.86 0.34
3 0.53 0.56 0.58
4 0.46 0.56 0.66

Then Us (A;0.6) = {0,2}, Ur (A;0.7) = {0,2} and U (A;0.4) = {0,2}. Since 2 € {0,2} and {1,2x1} N
{0,2} = 0, we know that {0,2} is not an I-energetic subset of X.

We now provide conditions for the upper neutrosophic €g-subsets to be [-energetic where & €

{T,I,F}.

Theorem 3.28. Let A = (Ar, A, Ar) be a neutrosophic set in a BCK/BC1I-algebra X and (o, 8,7) €
Ar x Ar x Ap where Ar, A; and Ap are subsets of [0,1]. If (a, 8,7) is a neutrosophic permeable I-value
for A= (Ar, A;, AR), then the upper neutrosophic €¢-subsets of X are I-energetic subsets of X where
o c{T I, F}.
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Proof. Let z,a,u € X and (a, 8,7) € Ar X A; X Ap where Ay, A; and Ar are subsets of [0, 1] such that
z € US(4;a), a € Us(4;8) and u € Ug(A;7). Since (o, 3,7) is a neutrosophic permeable I-value for
A= (Arp, A;, Ap), it follows from (3.14) that

Ar(xxy)V Ar(y) > a, Ar(axb)V Ar(b) > f and Ap(u*xv) A Ap(v) <v
for all y,b,v € X. Hence

Ar(xz*y) > aor Ar(y) > a, that is, z xy € US(A;a) or y € Us(A; ),

Ar(a*b) > B or Ar(b) > B3, that is, ax b € Ur (A; ) or b € Us (A; 3),
and
Ap(uxv) <vyor Ap(v) <7, that is, uxv € Ug(A;7) or v € Ug(A;7).

Hence {y,z xy} N UG (A4;a), {b,a*b} NUs(A;3) and {v,u* v} NUf(A;7) are nonempty, and therefore
the upper neutrosophic €g-subsets of X are I-energetic subsets of X where ® € {T, I, F'}. O

Theorem 3.29. Let A = (Ar, A, Ar) be a neutrosophic set in a BCK/BCI-algebra X and («, 8,7) €
Ar x A; x Ap where Ap, A; and Ap are subsets of [0,1]. If A = (Ar, Ar, Ar) satisfies the following
condition
Ar(z) < Ap(z+y) vV Ar(y)
(Ve,y e X) | Ar(z) < Ap(z=y)V Ar(y) , (3.16)
Ap(z) = Ap(zxy) N Ap(y)

then (a, B,7) is a neutrosophic permeable I-value for A = (Ar, Ar, Ar).

Proof. Let z,a,u € X and («, 3,7) € Ar X A1 X Ap where Ay, A; and Ap are subsets of [0, 1] such that
r € Ugs(4;a), a € Us(A; B) and u € Ug(4;7). Using (3.16), we get

a < Ap(z) < Ap(zxy) V Ar(y),

8 < A[(a) < A[(a * b) vV A[(b)7

v > Ap(u) > Ap(uxv) A Ap(v)

for all y,b,v € X. Therefore (o, 3,7) is a neutrosophic permeable I-value for A = (Ar, A;, Ap). O

Combining Theorems [3.28 and [3.29, we have the following corollary.

Corollary 3.30. Let A= (Ar, A;, Ap) be a neutrosophic set in a BCK/BCI-algebra X and («, 8,7) €
Ar x A; X Ap where Ap, A; and Ap are subsets of [0,1]. If A = (Ap, A1, Ar) satisfies the condition
(3.16), then the upper neutrosophic €g-subsets of X are I-energetic subsets of X where ® € {T,1,F}.

Definition 3.31. Let A = (A, A;, Ar) be a neutrosophic set in a BCK/BC1I-algebra X and (o, 8,7) €
Ar x A; x Ap where Ar, A; and Ap are subsets of [0,1]. Then («,3,7) is called a neutrosophic anti-
permeable I-value for A = (Ap, Aj, Ap) if the following assertion is valid.

z € LS (A;a) = Ar(zxy) ANAr(y) < a,
(Ve,ye X) | € L§(A;B) = Ar(z*y)ANAr(y) <0, . (3.17)
w€ LE(Aiv) = Ap(zxy)VAp(y) 27
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Theorem 3.32. Let A= (Ar, A, Ar) be a neutrosophic set in a BCK/BCI-algebra X and (o, 8,7) €
Ar x Ap x Ap where Ap, A and Ap are subsets of [0,1]. If A = (A, Ar, Ar) satisfies the condition
(3.10)), then («, 8,7) is a neutrosophic anti-permeable I-value for A = (A, Aj, Af).

Proof. Let x,a,u € X be such that € L$(4;a), a € L$(A; 3) and u € LG (A; 7). Then

Ar(z *y) N Ar(y) < Ar(z) < o,
A[(a*b) /\A[(b) < A]((l) <4,
Ap(u*xv)V Ap(v) > Ap(u) > 7,

for all y,b,v € X by (3.11)). Hence (o, 3,7) is a neutrosophic anti-permeable I-value for A = (Ar, Ay,
Ar). O

Theorem 3.33. Let A= (Ar, A, Ar) be a neutrosophic set in a BCK/BC1I-algebra X and (o, 8,7) €
Ar x A x Ap where Ar, A; and Ap are subsets of [0,1]. If (o, 3,7) is a neutrosophic anti-permeable

I-value for A = (Ar, Ar, Afr), then the lower neutrosophic €g-subsets of X are I-energetic where
¢ c{T I, F}.

Proof. Let x € LS(A; ), a € L§(A; 3) and u € L5(A; 7). Then Ap(zxy)AAr(y) < a, Ar(axb)ANAr(b) <
B, Ap(uxv)V Ap(v) > v for all y,b,v € X by (3.17). It follows that

Ar(zxy) < aor Ap(y) < a, that is, z xy € L5(A; ) or y € L5(A; a),

Ar(a*b) < por Ar(b) <, that is, axb € L5 (A; ) or b e LS (A;[3),
and
Ap(u*v) > or Ap(v) >, that is, uxv € LS(4;7) or v € LE(A;7).

Hence {y,z * y} N LS(4; @), {b,a*b} N LF(A; ) and {v,u v} N LE(A;v) are nonempty, and therefore
the lower neutrosophic €g-subsets of X are I-energetic where ® € {T, I, F'}. O

Combining Theorems [3.32] and 3.33], we get the following corollary.

Corollary 3.34. Let A = (Ar, Ar, Ar) be a neutrosophic set in a BCK/BCI-algebra X and (o, 8,7) €
Ar x Ap x Ap where Ap, A and Ap are subsets of [0,1]. If A = (A, A;, Ar) satisfies the condition
(3.10)), then the lower neutrosophic €g-subsets of X are I-energetic where ® € {T,1, F'}.

Theorem 3.35. If A = (Arp, A;, Ap) is an (€, €)-neutrosophic subalgebra of a BCK -algebra X, then
every neutrosophic anti-permeable I-value for A = (Ar, Ar, Ar) is a neutrosophic anti-permeable S-value
fOT A= (AT, A[, AF)

Proof. Let (a, 8,7) be a neutrosophic anti-permeable I-value for A = (Ar, A7, Ap). Let z,y,a,b,u,v € X
be such that z xy € L5(A; ), axb e LF(A4; ) and uxv € LE(A4;7). It follows from (3.17), (2.3), (III),
(V) and Proposition 3.3 that

a>Ar((xxy)xx) N Ar(x) = Ap((z * ) *y) A Ar(x)
= AT(O * y) AN AT(.Z‘) = AT(O) AN AT(.’L') = AT(.’lﬁ),

B> Ar((axb)*xa) NAr(a) = Ar((a*a) *b) A Ar(a)
= A[(O * b) A A[(CL) = AI(O) A A](a) = AI(CL),
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and

7 < Ap((us ) +u) V Ap(u) = Ap((uxu) <) V Ap(u)
= AF(O * U) \Y AF(U) e AF(O) V AF(U) e AF(U)
Hence Ar(x) AN Ar(y) < Ar(z) < a, Ar(a) AN Ar(b) < Ar(a) < 8, and Ap(u) V Ap(v) > Ap(u) > v.
Therefore («, 3,7) is a neutrosophic anti-permeable S-value for A = (Ar, A7, Ap). O
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