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Abstract

The decade - old academic achievement discrepancies at the basic school level that are widely emphasized are
still being worked on heavily in current research. In this study, we present a novel Neutrosophic-Principal
Component Analysis and Two-way Neutrosophic ANOVA to analysing the causes of Performance Gap
among private and public school students in the Basic Education Certificate Examination. One-hundred and
eighty-nine respondents from the Ada East and West Districts of Ghana were involved in the study. We
present a modified Neutrosophic regression equivalence of the classical least squares to solve problems of
indeterminacy. The results showed that of the total 87% variability, three main components—student
characteristics, instructor characteristics, and administrative-logistic features—accounted for 36%, 31%, and
20%, respectively. The remaining 13% of the variability, which was attributed to random effects by the
Neutrosophic PCA technique, was tested using a two-way Neutrosophic ANOVA where the results identified
that interaction between the identified factors was a contributing factor that needed to be explained. Our
results reveal that Neutrosophic-PCA is a potential method to lessen human response errors, which are
frequently tainted with ambiguous, conflicting, imprecise, indeterminate or uncertainty. When there is just a
slight difference between the two options, the forced selection caused by the traditional Likert method will be
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eliminated by our new approach. When studying respondents' opinions, we recommend researchers
to employ Neutrosophic- PCA in order to minimize any bias that may result from the responses'
lack of precision.

Keywords:  Neutrosophic; principal component analysis; BECE; deneutrosophication; performance gap;
basic school.

1 Introduction

Disparities in academic achievements among basic school learners learning under same treatmental and learning
conditions have been studied and found to differ [1-5]. Teaching Methods and teachers’ effectiveness in using
content knowledge, professional values and skills have also been found to control basic school learners’ attitude
and believes about the subjects they learn at school [6-12].

In a society where parents continue to promote sending their children to private schools to improve their
academic performance, the age-old issue of maximizing performance of public school pupils in the Basic School
Certificate Examination is still an issue [13]. According to the Ghana Pre-Tertiary School Performance
Inspection Report for the 2019-2020 Academic Year, learning outcomes in private schools were superior to
those in public schools. The survey also discovered that although public school head teachers spend a lot of time
preparing for their institutions, they rarely carry out their plans or oversee their execution. Private school head
teachers, on the other hand, spent less time documenting plans and more time focusing on monitoring to achieve
academic objectives. The report further noted that Teacher-absenteeism was twice as much in the public school
than private school. Pupil absenteeism was also 3-fold higher in public than private basic schools [14].
Stakeholders may better provide for and improve performance in both sectors when the mechanisms causing this
gap are identified and well understood.

Jolliffe IT et al. [15] analysed the Trend of Junior High School Pupils’ Performance in the Basic Education
Certificate Examination (BECE) in Ghana. They found private schools to have performed 5.1% and 8.1% higher
in the years 2014 and 2016 in two districts alone. [16] conducted research on junior high school academic
achievement in Ghana's public and private schools. According to the study's findings, there are a variety of
factors that contribute to private schools in the Tamale Metropolis performing academically better than their
public counterparts. These include the fact that private schools had better resources and students whose parents
had higher socioeconomic standing, meaning they were more engaged in their children' education. The
academic performance of children in private schools was linked to the stringent internal control of the school
heads/proprietors because teacher motivation was fairly low in both public and private selected schools.

Although considerable effort has been put into identifying the factors that contribute to performance gaps
between private and public elementary schools in scientific literature, such as [16] and [17], little has been done
to carry out high dimensional analysis that aims to quantify the contribution of the factors by the variation
explaining each element. Few recent works that used High dimensional analysis to study learner disparities in
performance did not incorporate Neutrosophic analysis to handle errors due to indeterminacy [18-20].

The most used psychometric tool for getting responses from survey participants is the Likert scale Due to its
ordinal nature and closed format; it is typically linked to information distortion and information loss problems.
In general, responses depend on the respondents' emotions and are therefore inconsistent, imprecise, and
ambiguous. Neutosophy is a notion that is used to genuinely represent the answers by properly accounting for
inconsistency, uncertainty, imprecision and indeterminate information which is mostly associated with Likert
scale methods [21-23].

A useful method for categorizing respondents and targeting them appropriately is clustering according to their
input. Indeterminate Likert scaling performs better in capturing the responses when dealing with real-world
settings. As they must always select a Likert scale that can convey a range of emotions, respondents may be
asked to select from a list of options that range from strongly agree to strongly disagree in order to communicate
their opinions on the things being measured by the questionnaire. Respondents may select the option that
garners the most support, "strongly agree,” while dismissing any slight or insignificant level of dissent.
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Conversely, respondents may select "agree," which would result in the least amount of disagreement. Thus, the
specific perception of the respondent expressing the precise degree of agreement or disagreement is not
measured by the Likert scale used in the questionnaire [24-27].

Neutrosophic Likert scaling will eliminate the need to select the most popular alternative or a forced selection,
which is not necessarily true if there is only a slight difference between the two options. Human emotions,
which are frequently ambiguous, conflicting, imprecise, or indeterminate in nature and necessitate neutrosophic
analysis to handle such issues, are the main source of the responses from the respondents [28-32].

The following properties of the factors taken into account in this study necessitate the use of principal
component analysis. First, there is a good likelihood that some of the numerous variables we have are measuring
the same underlying entity. Once more, they are probably highly associated. As a result, we must include
components in our assessment scale that we believe well accurately represent the construct while excluding
those that do not. Second, a new measurement scale might be required, but we do not even know whether the
elements we have included properly capture the construct that interests us.

Therefore, in order to determine if your factors are adequately representative of the construct of interest or
whether they should be removed from the new measurement scale, we must determine whether the construct of
interest "loads™ onto all (or just some) of your factors. Finally, we may want to determine whether our
measurement scale, such as a questionaire, can be summarized to include fewer items because some of those
items may be superfluous (i.e., more than one item may be measuring the same construct), and/or we may want
to create a measurement scale that is more likely to be completed [33].

The idea of fuzzy sets was developed to deal with object uncertainty. The extension of fuzzy sets includes fuzzy
topological space, intuitionistic fuzzy sets in topological structure space, vagueness in topological structure
space, rough sets in topological space, the theory of hesitation, neutrosophic topological space, etc. A family of
parameters known as a "soft set" is also a set. Soft sets are combined with different topological structures to
create fuzzy soft topological space, intuitionistic fuzzy soft, and neutrosophic soft topological space. Numerous
mathematical and non-mathematical disciplines, including operations research, physics, data science, etc., have
applications for topological space. It can be challenging to apply the notion of topology in real-world situations
at times because to elemental uncertainties, inconsistencies, and incompleteness of knowledge. Intuitionistic
fuzzy soft topological space was developed to address several issues that arise in fuzzy soft topology, and fuzzy
soft topological space was first introduced to overcome the challenge in classical sets that deals with object
uncertainty. In some situations where an object's value is ambiguous, the previous techniques cannot be applied.
Neutrosophic set has been developed as a result to deal with the uncertainty, inconsistency, and incompleteness
[20,34-36].

Our approach in this current work sought to combine two powerful approaches connected to survey studies,
Principal Component Analysis and Neutrosophic Statistics. Indeterminacy and high correlation issues, which are
inherent to the nature of the data in this kind of study, will be alleviated as a result.

2 Methods

For the purpose of minimizing errors of indeterminacy and uncertainty, we provide a modified Neutrosophic
variant of the traditional least squares regression. The Neutrosophic PCA combined technique has the ability to
eliminate respondent bias while directing us to focus on the components that account for the majority of the
underlying problem variations without sacrificing generality. Overall, 189 responses from both public and
private schools were used.

2.1 Construction of principal components

For a random vector, say, X , with domain R™ , will have a mean and covariance matrix of iy and 2y ,
respectively. 4 > A, >---> A >0 for an array of eigenvalues of Xy , so that the i -th eigenvalue of

ZX represents the largest i -th eigenvalue. Again, suppose a vector ¢; denotes the i -th eigenvector of ZX
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corresponding to the i -th eigenvalue of ZX . We wish to derive principal components (PCs) form by

considering the maximization of var[oc{ X] =xI ¥y o, with respect to ocfoc; = 1 (a typical optimization
problem).

The Lagrange multiplier approach is then applied to solve the problem.

To that end,
L(ag, ) =af S on+i(of oq —1) 1)
oL _ T T
o 2>y g 240y =0 = 2y oq =—hoy = varfeg X]=—-¢oy o =—¢
241

Since —¢l represent the eigenvalue of Zx , with ¢4 denoting the respective normalized eigenvector,

var[alT X] is maximized when ¢ chosen as the initial eigenvector of 2.y . To this end, z; = alTX is
referred to as the first PC of X , with oy representing the vector of coefficients for z;, where var(z;) = /4.

To get the second PC, Z, = 0{; X', we shall maximize var[a; X]= ag 2_x o on condition that Z is not
correlated with ;. But cov(eg X, a3 X) =0 = af Yy ay =0 = af a, =0, which we will solve

by maximizing ag 2.x O, on condition that alTaz =0, and a;az =1. We again make use of the
Lagrange multiplier approach.

To that end,
L(crz, 1. $0) = ) S tp + ] @ + o (3 o — 1) 2
oL
—_—= 22)( as +¢la1+2¢2a2 =0
60{2

= OKJT(ZZX (29} +¢_|_a1+2¢20{2)=0 = ¢_|_:O

= Yx dy=—hay = a3 Ty ay=—¢,

As —¢2 is the eigenvalue of ZX , Where a5 is the respective normalized eigenvector, we are able to

maximize Var[a;X] when we select &, as the second eigenvector of 2.y . As a result, Z, =agX

becomes the second PC of X , where & represents the vector of coefficients for Z,, and var(z,) = A, . Per

the above results, we can deduce that the i-th PC Z; zaiTX is constructed ¢r; is chosen as the i -th

eigenvector of 2. , which will then have the variance 4; . We can conclude by the above results that PCA are
the only set of linear functions of original data that are uncorrelated and have orthogonal vectors of coefficients.

PCA relies on either covariance matrix or the correlation matrix. The linear combination weights directly
originate from combination eigenvectors of correlation matrix or covariance matrix.

Recall that for m variables, the mxm covariance or correlation matrix will contain the following sets:
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m eigenvalues —{l,1,, ... ,Ip}

m eigenvectors —{e,,e,, . .. ,ep}.
We form each principal component (PC) when we consider the values of the elements of the eigenvalues as the
weights of the linear combination.

Assuming that the k-th eigenvector €, = (elk, €yr - epk),then the PCs Y}, ..., are produced by;

Y, =¢e, X +e,X,+... +e, X,
Y, = €,X + €,X,+ ...+ e, ,X, ...
Y,=¢e,X +6.X,+...+¢e.,.X, (3)

The algorithm for Construction of Principal Components was proposed in the work of [7,8].

2.2 Variability within cells, variability resulting from the interaction of the two factors, variability among the
levels of the two factors, and overall variability are the four components of a two-way ANOVA (error
variability). The first three sources of variability—variability owing to the first component, variability due to the
second factor, and variability due to interaction—are compared to the error variability using three different
statistical tests (based on the F statistic). The resulting p-value of each test assists in our assessment of the
significance of that specific influence. Non-metric data is measured using binary, nominal, or ordinal scales; the
spacing between the scale values has no practical significance. Metric data, however, might be discrete or
continuous.

One —Way ANOVA Two -Way ANOVA
SS, =SS, +SS

error Ssy:Ssx1+ssx2+SSx1x2+SSerrur

Since our model has interaction factors coupled with the fact that our dataset has both metric
and nonmetric factors, two-way ANOVA is appropriate based on Model, Interaction and Main effect
hypotheses.

Model Hypothesis: Ho: it is not suitable to perform two-way ANOVA; H1: It is suitable to perform two-way
ANOVA. A significant P-value (p<0.05) will lead to the rejection of the null hypothesis to conclude that Two-
way ANOVA is appropriate. Interaction Hypothesis: Ho: no Interaction effect exist between factors; H1:
interaction effect exist between factors. A significant P-value (p<0.05) will lead to the rejection of the null
hypothesis to conclude that there is interaction between factors.

Main Effect Hypothesis

Factorl (say, Gender) Factor 2(say, Religion)
Hy iy =1, =ty = 14 Hy iy =1y = fhge. = 14
Hy g # 1y # g # 14 Hotw # 1, # g # 1

The Statistical model is:

Yig= M+ Yo + oy + lp+ (oc f)jk + Eijk 4)
Overall mean row effect column effect treatment effect interaction effect error
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where:
Y;; = observation on the unit in thei"rowj"column given thek "treatment
w1 =theoverall mean; B =theithblock effect; oc; =istheeffect of the jth level of factor A
¢, =istheeffectof the jth level of factor A,;
(ocﬁ)jk =istheinteractioneffect of factor A and A, atthe jand k levels respectively
3 Analysis

3.1 Analysis of the indeterminacy component by neutrosophic regression

a. The Modified Least Squares Neutrosophic Regression:

The Neutrosophic Least-Squares Lines that approximate the neutrosophic bivariate data (x, y1 ), (x2, ¥2 ), ..,
(xn, yn ) have the same formulae as in classical statistics but the calculations are based on sets rather than just
numbers. Hence the classical statisctics are modified to reflect the Neutrosophic Least-Squares statistics as
follows;

Table 1. Neutrosophic Modified Classical Regression Sums and Sums of Squares

Neutr. Obs. X y NG Xy yz

i a [a,b] a’ (a®,ab) [a°,b7]
ii (ah) (c,d) (@ b%) (ad,bc) (c%,d%)
iii k {m,n} K {km,kn} {m%n%}
Sum Xx 3y RS Xy >y

Where, the sum of X and the sum of Y are computed as;

Yx=(a+a+ka+b+k)=(2a+k,a+b+k)
> X

=(a+c,b+d)+{m,n}:{(a+c,b+d)+m,(a+c,b+d)+n}
={(a+c+mb+d+m),(a+c+nb+d+n)}

={(a+c+mb+d+m),(a+c+n, b+d+n)}=(a+c+m, b+d+n)
The sum of x-squared is computed as:
3 x? :(a2+a2+k2,a2+b2+k2):(2a2+k2,a2+b2+k2)
The sum of the product of X and Y is computed as:

ny:(az+ad,ab+bc)+{km,kn}:{(a2+ad,ab+bc)+km,(a2+ad,ab+bc)+ kn}
:{(a2 +ad+km,ab+bc+km),(a2+ad +kn,ab+bc+kn)}

:(a2 +ad+km,ab+bc+kn)
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The modified Neutrosophic means of X and Y are:

_ Yx, (2a+k,a+b+k)
The Neutrosophic mean of x is modified as Xy = =
I nN nN

Yy, (atc+tm,b+d+n)

The Neutrosophic mean of y, is modified as Yy = =
I nN nN

Then the neutrosophic line of best fit becomes;
They—intercept is modified as a, =Y, —byX,

2 Xy Yy —[(ZXN)(ZVN)/nN:I
ZXNZ_[(ZXN)Z/nN} |

The gradient is modified as bN =

The neutrosophic predicted value of Y , is given by yy = ay + byxy.

with X the neutrosophic average of XN , and Yn the neutrosophic average of In One uses the circumflex

accent ~ above y in order to emphasize that y'is a prediction of y.

The modified Neutrosophic Residual Sum of Squares, denoted by NSSResid, given by:

NSSResid=X(yy —¥x ) =X Y2 — 8y 2 Y — By XX Y

and the modified Neutrosophic Total Sum of Squares, denoted by

Z (Y )2

N

N2
NSSTO :Z(yN _yNj :zyNZ_

The modified Neutrosophic Coefficient of Determination is:

NSSTo 2
zyNZ _Z(yN)

Ny

R =1 NSS Resid _1 Yy —ay 2 Yy — by 2 X Yy

and represents the proportion of variation in Yy , when considering a linear relationship between variables X,

and Yy,

We now demonstrate the method of Neutrosophic set using part of our data in the following analysis:
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Table 2. Sample Estimations using Neutrosophic Modified Classical Regression Statistic

Neutr. Xy Y X2 XY\, Yy Neutrosophic Predicted
Obs. value
1 2 [10,16] 4 [20,32] [100,256] (28.6248, -88.283)
2 [5.6] 5 [25,36] [25,30] 25 (37.3904, -27.683)
3 1 7 1 7 49 (26.6834, -108.483)
4 (7.,8) (12,14) (49,64) (84,112) (144,196) (40.2732, 12.717)
5 9 {15,20} 81 {135,180} {225,400} (42.2146, 53.117)
6 4 6 16 24 36 (32.5076, -47.883)
7 (20, (120, (400, (2400, (14400, (75.2184, 275.317)
26) 190) 676) 4940) 36100)

Zx — (54,52)

Zy — (245,188)
sz — (852,602)
Zyz — (36679,15362)
ny — (5235,2785)

3838 895
= (W'E) ~ (20.2,1.9414)
X, =(ZXN j: £452) _(77,743), 3, =[ZVN }: (25.188) _ 35, 26.657)
Ny 7 Ny 7

Where a=Yy—bX
We have ay = (24.742,—128.683) thus, the neutrosophic least-squares line is:

thus, the neutrosophic least-squares line is: ¥, =a, +by Xy

¥y =(24.742,-128.683) +(20.2,1.9414)- x,

Neutrosophic Predicted Values are computed as
P, = (24.742,-128.683) + (20.2,1.9414) - xy, fori=1,2,...,7
Hence,

In, = (28.6248,—88.283)
In, = (37.3904,—27.683)
v, = (26.6834,—108.483)
In, = (40.2732,12.717)
In, = (42.2146,53.117)
In, = (32.5076,—47.883)
9n, = (75.2184,275.317)
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The modified Neutrosophic residuals are presented as;

Y, — ¥, = [10,16] - (28.6248, ~88.283) = (~18.6248,104.283)

Y, - ¥, =5 (37.3904,-27.683) = (~32.3904, 32.683)

Y, — Y, = 7—(26.6834,~108.483) = (~19.6834,105.483)

Y, - ¥, = (12,14) - (40.2732,12.717) = (0.717,-28.2868)

Vs — 95 = (15,20) - (42.2146,53.117) = (~22.2146,~24.4799)

Ys - Js = 6 —(32.5076,~47.883) = (~26.5076,53.883)

Y, - ¥, = (120,190) - (75.2184, 275.317) = (~155.317,114.7816)

3.2 Deneutrosophication

We now execute Deneutrosofications, which will convert the neutrosophic data into classical data by taking the
midpoint of each set, as we have overcome the indeterminacy problem.This is outlined in the Table 3 below:

Table 3. Deneutrosopicated Values

Midpoint of Neutrosophic Predicted Value Midpoint of Neutrosophic Residual
-18.9026 -5.9026

53.5888 -48.5888

7.70605 -0.47255

75.9819 -62.9819

97.62495 -80.12495

41.2957 -35.2957

227.0198 -72.0198

By substituting the set representations of the coefficients "a" and "b" with their respective midpoints, this
approach also converts the neutrosophic least-squares line into a classical least-square line.

The equation §, =(24.742,-31.723)+(20.2, 2.1931)~ X, becomes

Yy =—3.5+11.19655- X,
The residuals of Neutrosophic Sum of Squares (RNSS), is represented by RNSS;
RNSS =>(yy —9) =2V > —a, 2y, —by = (42.8291)2 +... +(—20.2677)2 =5007.996396

Similarly, the expression for the Neutrosophic Total Sum of Squares, is

(Zy)’ (245,188)’

N

NTSS =3 (Y = Vu ) =Yy - —(36679,15362) — (35957.6939,14137)

We now compute the Neutrosophic Coefficient of Determination (NCD), using:

RNSS 1 5007.99639%6 _(5007.996396 5007.996396

R\ =1- - '
NCD 35057.6930 = 14137

= j=(0.8607,0.6458)
NTSS (35957.6939, 14137)
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Thus, the neutrosophic approximate linear relationship between x and y accounts for between 86% and 65% of
the sample variation.

After Deneutrosophication, we obtain a perfect linear relationship between variable and response showing that
the indeterminacy in the data has been resolved. This ensures the data is how commensurate with classical
modelling that will lead to lowered bias in estimates.

A Lineor = 1,000
25000 ///
200.00
150,00
S

100.00
50.00

0o

-100.00 oo 100 00 0000 00D 40000
X

Fig. 1. Test of Correlation after Deneutrosophication of variables

3.3 Principal component analysis following deneutrosophication

Using Bartlett's Test of Sphericity, the degree of the variables' interdependence is determined as shown in Table
4. Given that the null hypothesis variables are uncorrelated then, it is assumed that the population matrix is an
identity matrix. The Bartlett's Test in the table above yielded a Chi Square value of 1741.892 with a DF of 406
and significance set to 0.00000. The null hypothesis is rejected, thus that the correlation matrix cannot be an
identity matrix.

The significance demonstrates that our correlation matrix for our measured variables considerably deviates from
an identity matrix, in accordance with the idea that the matrix should be treated as factorable. This confirms that
the available data are more than adequate for the Bartlett's sphericity test.

Table 4. KMO and Bartlett's Test

Kaiser-Meyer-Olkin Measure of Sampling Bartlett's Test of Sphericity

Adequacy

0.806 Approx. Chi-Square df Sig.
1741.892 406 .000

Table 5. Comparison of Parallel Analysis (Monte Carlo PA Output) and Kaiser’sEigenvalue > 1 Rule

Factor  Random order from parallel analysis Eigen value from PCA Decision
1 2461511 20.265 Accept
2 2.333521 6.506 Accept
3 2.235278 5.913 Accept
4 2.154729 5.226 Accept
5 2.077648 4.752 Accept
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Factor Random order from parallel analysis Eigen value from PCA Decision
6 2.012439 4.473 Accept
7 1.945982 3.757 Accept
8 1.889200 3.476 Accept
9 1.830679 3.363 Accept
10 1.783094 3.093 Accept
11 1.729416 2.851 Accept
12 1.684089 2.708 Accept
13 1.633839 2.586 Accept
14 1.589818 2.328 Accept
15 1.547742 2.270 Accept
16 1.506302 2.099 Accept
17 1.465871 1.856 Accept
18 1.429441 1.795 Accept
19 1.395169 1.719 Accept
20 1.354644 1.657 Accept
21 1.316386 1.551 Accept
22 1.283549 1.467 Accept
23 1.247764 1.420 Accept
24 1.215083 1.184 Reject
25 1.183768 1.170 Reject

A 25-factor divergence from linearity was caused by the associated Eigen values, as can be seen by looking at
the Scree plot result in Fig. 2. This test concludes that 25criteria should be considered in the analysis of the data.
However, this approach is renowned for its component of subjectivity. Factors must only be preserved if their
eigenvalues are greater than 1, according to the Kaiser's eigenvalue >1 criterion. In order to do that, 17
components was suggested by Kaiser's Eigenvalue approach. When these methods are contrasted with the
parallel analysis method, a better choice is made.

With 189 observations and 70 components indicator variables, parallel analysis was carried out. The default
setting for the percentile Eigen value was set to 95 and 100 correlation matrices were generated. The Eigen
values extracted from the data set were compared with the correlation matrices of the parallel analysis that were
produced randomly. The factors that met the threshold for retention were those Eigen values (from the data set)
above those of the Monte Carlo PA Output. In order to do that, 23 factors were approved and kept as shown in
Table 5 and Table 6.

Scree Plot

Eigenvalue
e

1T 4 T 10 13 16 19 22 25 28 31 34 37 40 43 456 49 52 55

Component Number

Fig. 2. Scree plot test
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Multiple extraction techniques, including the Scree Test, Kaiser Criterion, and parallel analysis, were used to
prevent over- and under-extraction problems. Kaiser's Eigen value larger than 1 rule and the Scree Test
recommended keeping 17 and 25 factors respectively when used in isolation. But the parallel analysis method
which makes decision by considering the decision made by the Kaiser's Eigen value recommended preserving
23 elements. Studies in the past that contrasted the three approaches to determining the number of elements to
Compared to the Scree test and Kaiser's Eigen value, researchers discovered that the parallel analysis'
conclusions were more reliable. PCA with 23 components was therefore imposed.

Rotation was used to create a solution that is more comprehensible, streamlined, and frugal by maximizing high
item loadings and minimizing low item loadings. Orthogonal Varimax, the most popular rotation approach, was
employed to create uncorrelated factor structures. By increasing the size of the large loadings and decreasing the
size of the minor loadings inside each component, it aims to reduce the complexity of the components. About
20.3% of the overall variance is explained by the first component. Additionally, the second factor accounts for
6.5% of the variance in all 21 other factors. The 23 variables together explained around 87.1% of the variance as
outlined in Table 6.

Table 6. Total Variance Explained after using Multiple Extraction Approaches

Total Variance Explained

Component Initial Eigenvalues Extraction Sums of Squared Loadings
Total % of Cumulative Total % of Cumulative
Variance % Variance %
1 11.146 20.265 20.265 11.146 20.265 20.265
2 3.579 6.506 26.771 3.579 6.506 26.771
3 3.252 5.913 32.684 3.252 5.913 32.684
4 2.874 5.226 37.910 2.874 5.226 37.910
5 2.614 4.752 42.662 2.614 4.752 42.662
6 2.460 4.473 47.135 2.460 4.473 47.135
7 2.066 3.757 50.892 2.066 3.757 50.892
8 1.912 3.476 54.367 1.912 3.476 54.367
9 1.850 3.363 57.730 1.850 3.363 57.730
10 1.701 3.093 60.823 1.701 3.093 60.823
11 1.568 2.851 63.673 1.568 2.851 63.673
12 1.489 2.708 66.381 1.489 2.708 66.381
13 1.422 2.586 68.968 1.422 2.586 68.968
14 1.281 2.328 71.296 1.281 2.328 71.296
15 1.249 2.270 73.566 1.249 2.270 73.566
16 1.154 2.099 75.665 1.154 2.099 75.665
17 1.021 1.856 77.521 1.021 1.856 77.521
18 .988 1.795 79.317 .988 1.795 79.317
19 .946 1.719 81.036 .946 1.719 81.036
20 912 1.657 82.693 912 1.657 82.693
21 .853 1.551 84.244 .853 1.551 84.244
22 .807 1.467 85.711 .807 1.467 85.711
23 781 1.420 87.132 .781 1.420 87.132

The Rotated Component Matrix results from Table 7 indicate strong loadings for variables that account for the
notable variance explaining the discrepancy in basic student performance between private and public schools.
To manage the pupil-characteristic variations component of this mismatch, eight pupil variables were found. To
put it another way, favourably influencing these variables can put students in a position where they can respond
appropriately and exhibit high levels of performance. Ten different, but controlled, teacher traits can improve
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BECE scores if they are handled. But it was also discovered that five elements could influence administrative
and logistical factors.

Table 7. Rotated Component Matrix

Component

1 2 3
Influence of Private Home Tutor 0.888
Well organised, disciplined with time management due to school culture that  0.895
translates into academic life
I always want to be in class 0.864
My teacher pays attention to everyone especially pupils with special needs 0.930
Prep Time Culture 0.851
Class competition 0.893
Engages in Holiday Classes 0.610
Pupil well managed and supervised at home by parents to focus on 0.881
academics as a continuity from school
Religious denomination 0.943
My teacher provides me with enough learning activities 0.678
Enhanced parent-teacher relationship 0.701
I do perform well in school because my teacher teaches well 0.662
My teacher treats everybody equally in the class 0.844
My teacher is always regular in school 0.695
My teacher gives me prompt feedback for my class exercises 0.784
Sex of Class Teacher 0.852
meaningfully communicates progress clearly to parents and learners 0.885
Identifies and remediates learners’ difficulties or misconceptions 0.876
CondusiveTeaching /Learning treatment 0.922
Daily Quality Supervision of Head teacher and Teacher by superiors 0.956
Timely Provision of Books and learning materials by Parents/Stakeholders 0.940
for Pupils
Type of School 0.804
Concern and parents’ support parents towards their Pupils’ Academic Output 0.885

According to Table 8, student characteristics account for approximately 31% of the overall variance causing
achievement inequalities between basic students in private and public schools. Given that this factor has the
largest variance score of all the pupil factors, teachers must devote enough attention to students with a range of
academic abilities, as can be seen from the table. According to the second leading variance score, when
students are well-organized, disciplined with time management because of school culture that translates into
their academic lives, it puts them in the best possible position to make personal decisions that enhance their
academic life. Thirdly, basic school children are substantially more likely to perform better in the BECE
examination due to the effect of home tutors.

Table 8. Variance Explained by Pupil Characteristics

Pupil Factor Variance Explained (%0)
My teacher pays attention to everyone especially pupils with special needs  4.211901
Well organised, disciplined with time management due to school culture 4.053388
that translates into academic life

Class competition 4.044331
Influence of Private Home Tutor 4.021686
Pupil well managed and supervised at home by parents to focus on 3.989983
academics as a continuity from school

I always want to be in class 3.912992
Prep Time Culture 3.854116
Engages in Holiday Classes 2.762645
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Total Variance Explained 30.85104

Table 9. Variance Explained by Teacher Characteristics

Teacher Factor Variance Explained (%0)
Religious denomination 4.27077686
meaningfully communicates progress clearly to parents and learners 4.008099174
My teacher provides me with enough learning activities 3.07061157

I do perform well in school because my teacher teaches well 2.99814876
Identifies and remediates learners’ difficulties or misconceptions 3.967338843
Sex of Class Teacher 3.858644628
My teacher treats everybody equally in the class 3.822413223
My teacher gives me prompt feedback for my class exercises 3.550677686
Enhanced parent-teacher relationship 3.17477686
My teacher is always regular in school 3.147603306
Total Variance Explained 35.86909

According to Tables 9, 10 qualities of teachers are to blame for the BECE achievement gaps between
students in private and public schools. The sum of these characteristics accounts for around 36% of the
variance overall, which is the highest of the three key elements determined to regulate the discrepancies. The
teacher's religious affiliation is the main element contributing to the unpredictability of the teacher-factor. It
indicates that religious discipline has some bearing on how instructors carry out their duties. The second
important teacher-related feature is that parents are more likely to take action to raise their children's
achievement when teachers meaningfully and clearly communicate progress to parents and students. Thirdly,
when teachers Identify and remediate learners’ difficulties or misconceptions it can positively affect their
performance in BECE.

Table 10. Variance Explained by Administrative-Logistic Characteristics

Administrative Logistic Factor Variance Explained (%6)
Concern and parents’ support parents towards their Pupils’ Academic 4.329653

Output

Timely Provision of Books and learning materials by 4.25719
Parents/Stakeholders for Pupils

CondusiveTeaching /Learning treatment 4.175669

Daily Quality Supervision of Head teacher and Teacher by superiors 4.008099

Type of School 3.641256

Total Variance Explained 20.41186777

Table 11. Reduced Two-Way Deneutrosophic PCA Model for Between-Subject Effects

Dependent Variable Type I1l Sum of Squares  Mean Square F P-Value
Teacher Factor 1.956 2.616 12.373 .001
Pupil Factor 2.925 2.249 10.637 .000
Administrative-Logistic 1.396 1.073 5.076 .007
Factor

Int. Teacher-Pupil 2.106 0.692 3.275 .013

Int. Teacher-Admi 1.696 0.556 2.632 .036

Df SS MS, Residuals 185 39.11 0.2114
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Table 10's inferences show that there are five administrative-logistical factors that together account for around
20% of the overall variance that governs achievement inequalities. The most important component of this
component is the timely provision of books and educational resources for students by parents and other
stakeholders. The second most important component of this component is the favourable teaching and learning
treatment or infrastructure. The daily quality oversight of the head teacher and teachers by superiors
is the third important component of this component that, if managed properly, can raise performance levels in
BECE.

The Teacher factor, Pupil factor, Administrative-Logistic component, as well as the interaction
effects between Teacher-Pupil and Teacher-Administration, were statistically significant (p< 0.05) as shown in
Table 11.

4 Discussion

Overall, the study concluded that the three elements—student factors, teacher factors, and administrative-
logistic factors—are what cause differences in BECE performance between students in public and private basic
schools. The overall variance explained by these three factors was around 87%, with the teacher factor
accounting for the highest variation—roughly 36%—while the student and administrative-logistic
factors each explained 31% and 20% of the total variance respectively. The finding attributed a
difference of about 13% to causes of performance disparity to random effects not explained
specifically. Some part of this unexplained variation maybe due to some interaction effects
between factors which was not addressed by the neutrosophic-PCA method. The ability of a follow-up modeling
approach such as generalized linear mixed effect model in a future work will help to explain the interaction
component from the 13% percent which will allow us to comprehend the true variation resulting from the
random effect, which is not directly determined by the factors taken into account in the data scope of this
investigation.

To ascertain whether the independent variables, which included the Teacher factor, Pupil factor, Administrative-
Logistic factor, and two interacting effects, had a meaningful impact, a two-way neutrosophic ANOVA test was
conducted. According to the outcome, all independent variables were statistically significant (p <.05) in relation
to students' BECE performance.

5 Conclusions

This research work sought to use Neutrosophic-Principal Component combined technique to identify and
explain the factors that are responsible for the prevailing achievement gaps that is yet to be fully elucidated in
scientific literature. We identified student factors, teacher factors, and administrative-logistic factors to be
responsible for the achievement disparities in BECE performance between students in public and private basic
schools; explaining respectively 36%, 31% and 20% of the total 87% variability. A two-way Neutrosophic
ANOVA test additional interaction factors such as Teacher-Pupil and Teacher-Administrative Logistic factors
are part of the remaining 13% variability that was attributed to random effects by the Neutrosophic PCA
approach. We recommend for researchers to use Neutrosophic PCA where the opinions of respondents are to be
studied; in order to reduce the biasness that may arise from indeterminacy in responses. Further research may
formulate Generalised Linear Mixed Effect model with structural and random parameters as a follow-up
approach to our Neutrosophic-PCA approach to explore the exact variability attributable to interactive factors
and random effects that were unobserved.
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