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Abstract

Researchers have great interest in working in the fields of fuzzy
algebra and its substructure. Nowadays, the work on fuzzy algebra
has attained the greatest height. Considering the incline algebra in this
study, the concept of the neutrosophic equivalence relation in incline
algebra and its related properties are introduced. Furthermore, the
characteristic function and chain conditions are also analyzed, with
some results.
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Introduction

Zadeh [28] focused on the thoughts of fuzzy sets and their operations. Fuzzy
sets were derived by generalizing the concept of set theory. Fuzzy sets can
be thought of as an extension of classical sets. In a classical set (or crisp
set), the objects in the set are called elements or members of the set. Re-
searchers are evoked with a great welcome to work in the field of fuzzy set
theory, which is developed in different branches of mathematics. Fuzzy sets
are generalized by allowing elements to belong to a given set to a certain de-
gree. Instead of taking characteristic functions in {0, 1}, now by take a new
function valued in [0,1]. Atanassov [2] reveals the idea of intuitionistic fuzzy
sets by including a component called the non-membership function with a
membership function, and Smarandache [19] inserted one more new func-
tion named the degree of indeterminacy or neutrality, which is defined on
three components, namely, (t, i, f) = (truth, indeterminacy, falsity) and
is referred to as the neutrosophic set. This theory, developed by Smaran-
dache [19] in 1999, was extended to the concepts of the classic set and fuzzy
sets in 2005.

Incline algebra was originated by Chinese cybernetics expert Cao Zhiqiang
[3]. Inclines are generalized from the Boolean and Fuzzy algebras; they
found a way to fuse algebras with ordered structures to express the degree
of intensity of binary relations. An incline X is a structure with associative,
commutative, and distributive multiplication such that l+l = l, l+lm = m
∀ l,m ∈ X . It has both a semiring structure and a poset structure. Inclines
are formed from the ideals in a ring or semigroup, as do the topologizing
filters in a ring. Incline theory is established from semiring and lattice the-
ory. Incline algebra in Monograph was introduced by Cao, Z. Q, Kim, and
Roush[3]. In nervous system and automation theory, as well as in many
other fields, incline theories are exposed. Ahn [1] et al. investigated the
structure of the quotient incline. The inquiry into fuzzy equivalence re-
lations was brought by Chakraborty and Das. Murali has reviewed fuzzy
equivalence, congruence relations, and algebraic closure systems in fuzzy
set theory. The formal modeling, reasoning, and computing are crisp, ac-
curate, and deterministic in nature with the new mathematical methods.
But in reality, crisp data is not always part and parcel of the problems
encountered in different fields. As a consequence, various theories, includ-
ing probability, fuzzy sets, and intuitionistic fuzzy sets, have evolved in the
process.
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The merging of fuzzy with different algebraic structures was started by
Rosenfeld[16], which is evoked with huge interest by many authors, and cor-
related algebra with fuzzy sets. Jun[9] was the first to apply the theory of
fuzzy sets to incline algebra and came up with the concepts of fuzzy subin-
cline algebra and fuzzy ideals of incline algebra, et. al. As a motivation,
here in this paper, the fusion of equivalence relations on the neutrosophic
set with incline algebra is considered and provided with the related results.
Also, the chain conditions and characteristic functions are discussed in an
elegant manner.

The work is segmented into the following sections: Section 1 introduces
the work, and Section 2 deals with the fundamental definitions of incline
algebra and fuzzy sets. Section 3 speaks about the idea of the neutrosophic
equivalence relation in incline algebra. Whereas, Section 4 presents the
neutrosophic characteristic ideal and chain condition. Finally, Section 5
concludes about the work.

1. Section 1: Preliminaries

This section reviews some basic facts about incline algebra and fuzzy con-
cepts.

Definition 1.1. [28] A mapping Φ : H → [0, 1] is called a fuzzy set in a
universal set H where Φ(l) is the membership value of l, ∀ l ∈ H.

Definition 1.2. [2] An intuitionistic fuzzy set in H is represented as B =
{l,ΦB(l),ΩB(l)/l ∈ H} where ΦB : H → [0, 1] is a membership function
and ΩB : H→ [0, 1] is a non - membership function satisfying 0 ≤ ΦB(l)+
ΩB(r) ≤ 1, ∀ l ∈ H.

Definition 1.3. [19] An neutrosophic set R is a structure of the form
{l,ΦR(l),ΨR(l),ΩR(l)/l ∈ H} onH with ΦR is truth membership function,
ΨR as indeterminate membership function and ΩR as an false membership
function where ΦR,ΨR,ΩR : H→ [0, 1].

Definition 1.4. [3, 9] A non - empty set (H,+, ∗) is an incline algebra if
∀ l,m ∈ H the following holds,
(i) + is commutative and associative
(ii) ∗ is associative and distributive (both left and right) under +
(iii) l + l = l (idempotent)
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(iv) l + (l ∗m) = l
(v) m+ (l ∗m) = m.

Remarks:
1. Every distributive lattice is an incline algebra. But the converse is not
true in general.
2. An incline is a distributive lattice if and only if l ∗ l = l ∀ l ∈ H.
3. In an incline, the partial order is defined as l ≤ m ↔ l +m = m and
l ∧m = min(l,m) l ∨m = max(l,m) ∀ l,m ∈ H.

Definition 1.5. [3, 10] A subincline of an incline algebra H is a non -
empty subset I of H which is closed under addition and multiplication.

Definition 1.6. [1] A subincline I ofH is said to be an ideal if r ∈ I, s ∈ H
and s ≤ r then s ∈ I.

Definition 1.7. [14] An non-empty subset D ∈M(H×H) is called a fuzzy
equivalence relation on H, where M(H × H) denotes the set of all fuzzy
subsets of H×H if
(i) D(l, l) = sup{D(m,n)|m,n ∈ H},
(ii) D(l,m) = D(m, l),
(iii) D(l, n) ∧D(n,m) ≤ D(l,m),∀ l,m, n ∈ H
And if moreover, it satisfies
(iv) D(l1 + l2,m1 +m2) ∧D(l1 ∗ l2,m1 ∗m2) ≥ D(l1,m1) ∧D(l2,m2),
∀ l1, l2,m1,m2 ∈ H, D is a fuzzy congruence relation on H.

Definition 1.8. [14, 15] A fuzzy subincline(ideal) I of H is said to be fuzzy
characteristic if I(Φ(l)) = I(l)∀ l ∈ H and Φ ∈ Aut(H)

2. Section 2: Neutrosophic Equivalence Relation On Incline
Algebra

This segregation is based on the study of equivalence relation on incline
algebra.

Definition 2.1. Let ß= {ΦE ,ΨE ,ΩE} ∈M(H×H) (M(H×H) is the set of
all neutrosophic subsets of H×H) is said to be a neutrosophic equivalence
relation on H if

(i) ΦE(l, l) = sup{ΦE(m,n)/m,n ∈ H},
ΨE(l, l) = sup{ΨE(m,n)/m, n ∈ H},
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ΩE(l, l) = inf{ΩE(m,n)/m, n ∈ H},
(ii) ΦE(l,m) = ΦE(m, l),
ΨE(l,m) = ΨK(m, l),
ΩE(l,m) = ΩE(m, l),
(iii) ΦE(l, n) ∧ ΦE(n,m) ≤ ΦE(l,m),
ΨE(l, n) ∧ΨE(n,m) ≤ ΨE(l,m),
ΩE(l, n) ∧ ΩE(n,m) ≤ ΩE(l,m) ∀ l,m, n ∈ H

Also, if it satisifies,
(iv) ΦE(l1 + l2,m1 +m2) ∧ ΦE(l1 ∗ l2,m1 ∗m2) ≥ ΦE(l1,m1) ∧ΦE(l2,m2)
ΨE(l1 + l2,m1 +m2) ∧ΨE(l1 ∗ l2,m1 ∗m2) ≥ ΨE(l1,m1) ∧ΨE(l2,m2)
ΩE(l1 + l2,m1 + m2) ∨ ΩE(l1 ∗ l2,m1 ∗ m2) ≤ ΩE(l1,m1) ∨ ΩE(l2,m2) ∀
l1, l2,m1,m2 ∈ H implies that E is a neutrosophic congruence relation on
H.

Theorem 2.2. Let R ∈ M(H),(M(H) is the set of all neutrosophic sub-
sets of H) be a neutrosophic ideal, define a neutrosophic subset AR ∈
M(H×H) by AΦR(l,m) = sup{ΦR(c)/l+c = m+c, c ∈ H}, AΨR(l,m) =
sup{ΨR(c)/l+c = m+c, c ∈ H} ; AΩR(l,m) = inf{ΩR(c)/l+c = m+c, c ∈
H} ∀ l,m ∈ H then AR is a neutrosophic congruence relation on H, AR
is named as neutrosophic relation induced by R.

Proof:
For l,m, n ∈ H

AΦR(l, l) = sup{ΦR(c)/l + c = l + c, c ∈ H}
= sup{ΦR(c)/c ∈ H}

AΦR(m,n) = sup{ΦR(d)/m+ d = n+ d, d ∈ H}
= sup{ΦR(d)/d ∈ H} = AΦR(l, l)

Hence, AΦR(l, l) = sup{ΦR(m,n)/m, n ∈ H}
Also, AΦR(l,m) = AΦR(m, l) ∀ l,m ∈ H
If l + c = n + c & n+ d = m+ d then l + e = m+ e where e = c + d, by
using the Proposition (3.3) in [7]

AΦR(l,m) ∧AΦR(m,n) = sup{ΦR(c)/l + c = m+ c, c ∈ H}∧
sup{ΦR(d)/m+ d = n+ d, d ∈ R}

= sup{ΦR(c+ d)/l + c = m+ c,m+ d
= n+ d; c, d ∈ H}
≤ sup{ΦR(e)/l + e = m+ e, e ∈ H}
= AΦR(l,m)

Let l1, l2,m1,m2 ∈ H, then



780 P. Muralikrishna and Surya M.

AΦR(l1,m1) ∧AΦR(l2,m2) = sup{ΦR(c)/l1 + c = m1 + c, c ∈ H}∧
sup{ΦR(d)/l1 + d = m2 + d, d ∈ L}

= sup{ΦR(l +m)/l1 + c = m1 + c, l2 + d
= m2 + d; c, d ∈ H}
≤ sup{ΦR(e)/(l1 + l2) + e
= (m1 +m2) + e, e ∈ H}
= AΦR(l1 + l2,m1 +m2)

Morever, if l1 + c = m1 + c and l2 + b = m2 + d then
(l1 + c) ∗ (l2 + d) = (m1 + c) ∗ (m2 + d) and so
(l1∗l2)+{(c∗l2)+(l1∗d)+(c, d)} = (m1∗m2)+{(c+m2)+(m1+d)+(c∗d)}
Since (l1 + c) ∗ d = (m1 + c) ∗ d and c ∗ (l2 + d) = c ∗ (m2 + d), we get
(c ∗ l2) + (l1 ∗ d) + (c ∗ d) = (c ∗m2) + (m1 ∗ d) + (c ∗ d)
Since R is a neutrosophic ideal of H,
ΦR((c ∗ l2) + (l1 ∗ d) + (c ∗ d)) = ΦR(c ∗ l2) ∧ ΦR(l1 ∗ d) ∧ ΦR(c ∗ d)
≥ ΦR(c) ∧ ΦR(d)

Hence,
AΦR(l1,m1) ∧AΦR(l2,m2) = sup{ΦR(c)/l1 + c = m1 + c, c ∈ H}∧

sup{ΦR(d)/m2 + d = m2 + d, d ∈ H}
= sup{ΦR(c) ∧ ΦR(d)/l1 + c
= m1 + c, l2 + d = m2 + d, c, d ∈ H}
≤ sup{ΦR((c ∗ l2) + (l1 ∗ d) + (c ∗ d))/l1 + c
= m1 + c, l2 + d = m2 + d, c, d ∈ H}
≤ sup{ΦR((c ∗ l2) + (l1 ∗ d) + (c ∗ d))/
(l1 ∗ l2) + (c ∗ l2) + (l1 ∗ d) + (c, d)
= (m1 ∗m2) + {(c+m2) + (m1 + d)

+(c ∗ d)}
≤ sup{ΦR(e)/(l1 ∗ l2) + e
= (m1 ∗m2) + e, e ∈ H}
= AΦR(l1 ∗ l2,m1 ∗m2)

On combining,
AΦR(l1+ l2,m1+m2)∧AΦR(l1 ∗ l2,m1 ∗m2) ≥ AΦR(l1,m1)∧AΦR(l2,m2)
Similarly, for the intermediate and falsity function.

Theorem 2.3. Considering an idempotent incline H and if E ∈ M(H ×
H) is a neutrosophic congruence relation on H, then the neutrosophic set
KE = (ΦE ,ΨE ,ΩE) ∈ M(H) is defined as KΦE (l) = inf{ΦE(l ∗m, l)/m ∈
H},KΨE (l) = inf{ΨE(l ∗ m, l)/m ∈ H};KΩE (l) = sup{ΩE(l ∗ m, l)/m ∈
H}, ∀ l ∈ H is said to be a neutrosophic ideal of H.
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Proof:
For l,m ∈ H and if l ≤ m then, E is a neutrosophic congruence relation.

KΦE (l) = inf{ΦE(l ∗ n,m)/n ∈ H}
= inf{ΦE(l ∗ (m ∗ n), l ∗m)/n ∈ H}

Since by a lemma 3,17 in [7]
If H is an idempotent incline and if l ≤ m in H then l ∗m = m

≥ inf{ΦE(l, l) ∧ΦE(m ∗ n),m)/n ∈ H}
= inf{ΦE(m ∗ n),m)/n ∈ H}
= KΦE (m)

KΦE (l) ≥ KΦE (m)

Thus, KE is a order reversing.
Since, l + (l ∗m) = l and m+ (l ∗m) = m, implies
KΦE (l ∗m) ≥ KΦE (l) & KΦE (l ∗m) ≥ KΦE (m)
KΦE (l ∗m) ≥ KΦE (l) ∧KΦE (m)

And
KΦE (l +m) = inf{ΦE((l +m) ∗ n, l +m)/n ∈ H}

= inf{ΦE((l ∗ n) + (m ∗ n), l +m)/n ∈ H}
≥ inf{ΦE((l ∗ n, l) ∧ ΦE(m ∗ n),m)/n ∈ H}
= inf{ΦE((l ∗ n, l)/n ∈ H} ∧ inf{ΦE(m ∗ n),m)/n ∈ H}
= KΦE (l) ∧KΦE (m)

where E is a neutrosophic congruence relation
KΦE (l +m) ∧KΦE (l ∗m) ≥ KΦE (l) ∧KΦE (m)
Similarly, KΨE (l +m) ∧KΨE (l ∗m) ≥ KΨE (l) ∧KΨE (m)
And

KΩE (l) = sup{ΩE(l ∗ n, l)/n ∈ H}
= sup{ΩE(l ∗ (m ∗ n), l ∗m)/n ∈ H}
≤ sup{ΩE(l, l) ∧ ΩE(m ∗ n),m)/n ∈ H}
= sup{ΩE(m ∗ n),m)/n ∈ H}
= KΩE (m)

KΩE (l) ≤ KΩE (m)

KΩE (l ∗m) ≤ KΩE (l) or KΩE (l ∗m) ≤ KΩE (m), we get
KΩE (l ∗m) ≤ KΩE (l) ∨KΩE (m)

KΩE (l +m) = sup{ΩE((l +m) ∗ n, l +m)/n ∈ H}
= sup{ΩE((l ∗ n) + (m ∗ n), l +m)/n ∈ H}
≤ sup{ΩE((l ∗ n, l) ∨ΩE(m ∗ n),m)/n ∈ H}
= sup{ΩE((l ∗ n, l)/n ∈ H} ∨ inf{ΩE(m ∗ n),m)/n ∈ H}
= KΩE (l) ∨KΩE (m)
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Theorem 2.4. If R in M(H) is a neutrosophic ideal, then R ⊆ KAR

Proof:
Let l ∈ H, then KAR(l) = (AΦR ,AΨR ,AΩR)(l)
Now,
KAR(l) = (inf{AΦR(l∗m, l)/m ∈ H}, inf{AΨR(l∗m, l)/m ∈ H}; sup{AΩR(l∗
m, l)/m ∈ H})
since l + (l ∗m) = l = l + l

AΦR(l ∗m, l) = sup{ΦR(c)/(l ∗m) + c = l + c, c ∈ H}
≥ ΦR(l)

AΨR(l ∗m, l) = sup{ΨR(c)/(l ∗m) + c = l + c, c ∈ H}
≥ ΨR(l)

AΩR(l ∗m, l) = inf{ΦR(c/(l ∗m) + c = l + c, c ∈ H}
≤ ΩR(l)

KAΦR
(l) ≥ inf{ΦR(l)/m ∈ H}

KAΨR
(l) ≥ inf{ΨR(l)/m ∈ H}

KAΩR
(l) ≤ sup{ΩR(l)/m ∈ H}

KAR = R(l)
i.e.,R ⊆ KAR

Definition 2.5. [7] An element 0 in an incline H is said to be zero if for
any l ∈ H, l + 0 = l = 0 + l and l ∗ 0 = 0 ∗ l = 0

Theorem 2.6. If H satisfies l + 0 = l & l ∗ 0 = 0 ∗ l = 0 ∀ l ∈ H then
KAR ⊆ R for every neutrosophic ideal R of H.

Proof:
It should be noted that (l ∗0)+c = 0+c = c, ∀ c, l ∈ H and ∀ l ∈ H. Now,

KAR(l) = {AΦR ,AΨR ,AΩR}(l)
KAR(l) = (inf{AΦR(l ∗m, l)/m ∈ H},

inf{AΨR(l ∗m, l)/m ∈ H};
sup{AΩR(l ∗m, l)/m ∈ H})

≤ (AΦR(l ∗ 0, l)),AΨR(l ∗ 0, l),AΩR(l ∗ 0, l))
AΦR(l ∗ 0, l) = sup{ΦR(c)/(l ∗ 0) + c = l + c, c ∈ H }

= sup{ΦR(c)/c = l + c, c ∈ H}
= sup{ΦR(c)/l ≤ c, c ∈ H}
≤ ΦR(l)
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Similarly, AΨR(l ∗ 0, l) ≤ ΨR(l) and AΩR(l ∗ 0, l) ≤ ΩR(l)
i.e.,R is order reversing.
KAR ⊆ R.

Definition 2.7. Let R be the family of all neutrosophic ideals of an incline
algebra H and let u, v, w ∈ [0, 1]. Define a binary relation Uu,Vv & Ww on
R such that R1 = (ΦR1 ,ΨR1 ,ΩR1) & R2 = (ΦR2 ,ΨR2 ,ΩR2) in R.

(R1,R2) ∈ Uu ⇔ U(ΦR1 , u) = U(ΦR2 , u)
(R1,R2) ∈ Vv ⇔ V(ΨR1 , v) = V(ΦR2 , v)
(R1,R2) ∈Ww ⇔W(ΩR1 , w) =W(ΩR2 , w)
Clearly, Uu,Vv,Ww are equivalence relations on R

(i) For R1 = (ΦR1 ,ΨR1 ,ΩR1) ∈ R, let [ΦR1 ]Uu [respectively [ΨR1 ]Vv ,
[ΩR1 ]Ww ] denotes the equivalence class of ΦR1 modulo Uu [ΨR1 of Vv,
ΩR1 of Ww]

(ii) ΦR1/Uu [ΨR1/Vv,ΩR1/Ww] denote the system of all equivalence classes
modulo Uu [Vv,Ww], where ΦR1/Uu = {[ΦR1 ]Uu/ΦR1 ∈ R}, respectively,
ΨR1/Vv = {[ΨR1 ]Vv/ΨR1 ∈ R} and ΩR1/Ww = {[ΩR1 ]Ww/ΩR1 ∈ R}.

Let Z be the family of all ideals of R and let u, v, w ∈ [0, 1], now define
a mapping fu, gv, hw from neutrosophic ideal of R to Z ∪ {φ} as

fu[ΦR1 ] = U [ΦR1 , u];
gv[ΨR1 ] = V[ΨR1 , v];
hw[ΩR1 ] =W[ΩR1 , w] ∀ R1 = (ΦR1 ,ΨR1 ,ΩR1) ∈ R
Hence clearly, fu, gv, hw are well defined.

Theorem 2.8. For any u, v, w ∈ [0, 1] the mapping fu, gv, hw are surjective
from R to Z ∪ {φ}.

Proof:
Let u, v,w ∈ [0, 1], since 0∗ = (0, 1) in neutrosophic ideal and is defined as
0(l) = 0 & 1(l) = 1 ∀ l ∈ H, now obviously

fu(0
∗) = U(0, u) = φ,

gv(0
∗) = V(0, v) = φ,

hw(0
∗) =W(0, w) = φ
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Let Z1(6= φ) in Z and let Z∗1 = (ΦZ1 ,ΨZ1 ,ΩZ1) in neutrosophic ideal
R

fu(ΦZ1) = U(ΦZ1 , u) = Z,
gv(Ψ

∗
Z1) = V(ΨZ1 , v) = Z,

hw(Ω
∗
Z1) =W(ΩZ1 , w) = Z

Thus fu, gv, hw are surjective.

Theorem 2.9. Let ΦR/Uu [ΨR/Vv,ΩR/Ww] are the quotient sets and are
equipotent to Z ∪ {φ}, ∀ u, v, w ∈ (0, 1).

Proof:
For u, v,w ∈ (0, 1), let f∼u , g∼v , h∼w : ΦR1/Uu,ΨR1/Vv,ΩR1/Ww to Z ∪ {φ}
is defined by

f∼u [[ΦR1 ]Uu ] = fu[ΦR1 ]
g∼v [[ΨR1 ]Vv ] = gv[ΨR1 ]
h∼w [[ΩR1 ]Ww ] = hw[ΩR1 ] ∀ R1 = (ΦR1 ,ΨR1 ,ΩR1) ∈ R
Now, U [ΦR1 , u] = U [ΦR2 , u]
V[ΦR1 , v] = V[ΦR2 , v]
W[ΩR1 , w] =W[ΩR2 , w], for R1,R2 ∈ R

then R1,R2 ∈ Uu, R1,R2 ∈ Vv and R1,R2 ∈Ww,

[ΦR1 ]Uu = [ΦR2 ]Uu , [ΨR1 ]Vv = [ΨR2 ]Vv and [ΩR1 ]Ww = [ΩR2 ]Ww

Thus, f∼u , g
∼
v , h

∼
w are injective.

Let Z1(6= φ) in Z and Z∗1 = (ΦZ1 ,ΨZ1 ,ΩZ1) in neutrosophic ideal R of H,
f∼u [[Z∗1 ]Uu ] = fu[Z∗1 ] = U [ΦZ1 , u] = Z
g∼v [[Z∗1 ]Vv ] = gw[Z∗1 ] = V[ΦZ1 , v] = Z
h∼w [[Z∗1 ]Ww ] = hw[Z∗1 ] =W[ΩZ1 , w] = Z

And, 0∗ ∈ (0, 1) ∈ R
f∼u [[0

∗]Uu ] = fu[0
∗] = U [0, u] = Z

g∼v [[0
∗]Vv ] = gv[0

∗] = V[0, v] = Z
h∼w [[0

∗]Ww ] = hw[0
∗] =W[0, w] = Z

f∼u , g
∼
v , h

∼
w are surjective.

Theorem 2.10. For u, v,w ∈ (0, 1), a mapping σu,v,w : R→ Z∪{φ} is de-
fined as σu,v,w(R) = fu(ΦR)∩gv(ΨR)∩hw(ΩR) for eachR1 = (ΦR1 ,ΨR1 ,ΩR1) ∈
R is surjective.

Proof:
Let u, v, w ∈ (0, 1) & 0∗ ∈ (0, 1) ∈ R
σu,v,w(0

∗) = fu(0
∗) ∩ gv(0∗) ∩ hw(0∗) = U(0, u) ∩ V(0, v) ∩W(1, w) = φ
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For any R∗ ∈ R, there exists R0∗
= (ΦR0∗ ,ΨR0∗ ,ΩR0∗ ) in R such that

σu,v,w(R
0∗
) = fu(ΦR0∗ ) ∩ gv(ΨR0∗ ) ∩ hw(ΩR0∗ )
= U(ΦR0∗ , u) ∩ V(ΨR0∗ , v) ∩W(ΩR0∗ , w)
= R∗

Remark:
Let us define another relation Gu,v,w on R such that u, v, w ∈ [0, 1]

(R1,R2) ∈ Gu,v,w ⇔ U(ΦR1 , u) ∩ V(ΦR1 , v) ∩W(ΩR1 , w)
= U(ΦR2 , u) ∩ V(ΦR2 , v) ∩W(ΩR2 , w)

where R1,R2 ∈ R thus, the relation Gu,v,w is also an equivalence relation
on R.

Theorem 2.11. For u, v,w ∈ (0, 1), the quotient set R/Gu,v,w is equipo-
tent to Z ∪ {φ}.

3. Section 3: Neutrosophic Characteristic Ideal and Chain
Condition

This part deals with the neutrosophic characteristic ideal and the chain
conditions.

Definition 3.1. IfR be a neutrosophic ideal ofH, τ is a mapping fromH to
H and let us define a mappingRτ ;H→ [0, 1] byRτ (l) = {ΦτR(l),Ψτ

R(l),Ω
τ
R(l)} =

{ΦR(τ(l)),ΨR(τ(l)),ΩR(τ(l))/l ∈ H}.

Theorem 3.2. If R is a neutrosophic ideal of H and τ is an endomorphism
of H, then Rτ is a neutrosophic ideal of H.

Proof:
For l,m ∈ H and R = (ΦR,ΨR,ΩR)

ΦτR(l +m) ∧ΦτR(l ∗m) = ΦR(τ(l +m)) ∧ ΦR(τ(l ∗m))
= ΦR(τ(l) + τ(m)) ∧ΦR(τ(l) ∗ τ(m))
≥ ΦR(τ(l)) ∧ ΦR(τ(m))
= ΦτR(l) ∧ΦτR(m)

Let l≤ m& l+m = m, soτ(m) = τ(l+m) = τ(l)+τ(m)thereforeτ(l) ≤
τ(m)ΦτR(l) = ΦR(τ(l)) ≥ ΦR(τ(m)) ≥ ΦτR(m)Similarly, Ψτ

R(l + m) ∧
Ψτ
R(l ∗m) ≥ Ψτ

R(l) ∧ Ψτ
R(m) &Ψ

τ
R(l) ≥ Ψτ

R(m)Ω
τ
R(l +m) ∨ ΩτR(l ∗m) ≤

ΩτR(l) ∨ ΩτR(m) &ΩτR(l) ≤ ΩτR(m)
Rτ is a neutrosophic ideal of H.
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Definition 3.3. A neutrosophic ideal R = (ΦR,ΨR,ΩR) of H is said to be
neutrosophic characteristic ifΦR(τ(l)) = ΦR(l),ΨR(τ(l)) = ΨR(l),ΩR(τ(l)) =
ΩR(l) ∀ l ∈ H and τ ∈ Aut(H), where Aut(H) is the set of all automor-
phism of H.

Theorem 3.4. R ∈ M(H) be a neutrosophic characteristic ideal of H.
Then each level ideal of R is a characteristic ideal of H.

Proof:
Let R ∈M(H) be a neutrosophic characteristic ideal of H, Ru,v,w, where
u, v,w ∈ Im(R) is a ideal of H
It suffices to show that τ(ΦRu) = ΦRu , τ(ΨRv) = ΨRv , τ(ΩRw) = ΩRw , u ∈
Im(ΦR), v ∈ Im(ΨR), w ∈ Im(ΩR)
Let τ ∈ Aut(H) & l ∈ Ru,v,w since R is a neutrosophic characteristic,
ΦR(τ(l)) = ΦR(l) ≥ u
It follows that τ(l) ∈ ΦRu and hence τ(ΦRu) ⊆ ΦRu

Similarly, for ΨRu ,ΩRu .
Conversely, let m ∈ ΦRu & l ∈ H such that
τ(l) = m then ΦR(l) = ΦR(τ(l)) = ΦR(m) ≥ u, l ∈ ΦRu

m = τ(l) ∈ τ(ΦRu) so that ΦRu ⊆ τ(ΦRu)
Similarly, for ΨR,ΩR.
Ru,v,w is a characteristic ideal of H.

The converse of theorem 4.4 is given in lemma 4.5
Let R be a neutrosophic ideal of H and let l ∈ H then

R(l) = (ΦR(l),ΨR(l),ΩR(l)) = (u, v,w) ⇔ l ∈ ΦRu l /∈ ΦRu1
, l ∈ ΨRv , l /∈

ΨRv1
; l ∈ ΩRw , l /∈ ΩRw1

∀ u1 ≥ u, v1 ≥ v and w1 ≥ w.
It’s obvious.

Theorem 3.5. R be a neutrosophic ideal of H and if each level ideal of R
is characteristic, then R is a neutrosophic characteristic ideal of H.

Proof:
LetR ∈M(R) be a neutrosophic ideal and let l ∈ H, τ ∈ Aut(H) and ΦR(l) =
u,ΨR(l) = v & ΩR(l) = w
By lemma 4.5, l ∈ ΦRu l /∈ ΦRu ∀u1 ≥ u.
It follow τ(ΦRu) = ΦRu .
Thus τ(l) ∈ τ(ΦRu) = ΦRu and so ΦR(τ(l)) ≥ u.
Let ΦR(τ(l)) = u1 and assume that u1 ≥ u, then τ(l) ∈ ΦRu1

= τ(ΦRu1
)
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Since τ is 1− 1 l ∈ ΦRu1
which arries at a contradiction.

ΦR(τ(l)) = u = ΦR(l) also similarly for, ΨR(τ(l)) = v = ΨR(l) and
ΩR(τ(l)) = w = ΩR(l)
This proves that R is a neutrosophic characteristic ideals of H.

Definition 3.6. [16] An incline algebra H is said to have ascending chain
condition with respect to ideal if H contains no infinite proper ascending
chain of ideals
S1S2S3....... Similarly, for the descending chain.

Theorem 3.7. H satisifies the descending chain condition with respect to
ideal and let R is a neutrosophic ideal of M(H) then there is no finite as-
cending sequence of elements of Im(R)

Proof:
Suppose |Im(ΦR)| = ∞ and let {un} be a strictly increasing sequence of
elements of Im(ΦR) then 0 ≤ u1 < u2.... < 1
Now define ΦRu = {l ∈ H/ΦR(l) ≥ uk}, k = 2, 3, ...
then ΦRk

is an ideal of H.
Let l ∈ ΦRk

, Φk(l) ≥ uk > uk−1 implies l ∈ ΦRk−1
Since uk−1 ∈ Im(R), there exists lk−1 ∈ H such that ΦR(lk−1) = uk−1.
Hence ΦRk

⊆ ΦRk−1
Thus, ΦRk

ΦRk−1 and so on.
Will get as, ΦR1ΦR2ΦR3 ..... of ideal of H which goes on.

This is a contradiciton and the same procedure is carried out for other
two components.

Theorem 3.8. If |Im(1)| < ∞ for every neutrosophic ideal 1 of then
satisfies the descending chain condition with respect to ideal.

Proof:
Assuming in a contradiction, that does not satisfies the descending chain
condition with respect to ideal, then there exists a strict infinite descending
chain S0S1S2..... of ideals of H. Now define R ∈

0
() by

χM(l) =

(
r

r+1 : if l ∈ Sr
Sr+1 , r = 0, 1...

1 : if l ∈ ∩∞r=0Sr
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ΨR(l) =

(
r

r+1 : if l ∈ Sj
Sr+1 , r = 0, 1...

1 : if l ∈ ∩∞r=0Sr

ΩR(l) =

(
r

r+1 : if l ∈ Sr
Sr+1 , r = 0, 1...

1 : if l ∈ ∩∞r=0Sr

where S0 stands for
Assume l ∈ Sr

Sr+1 m ∈ Sr
Sr+1 , for r = 0, 1, .. and r0 = 0, 1, 2....

without loss of generality, assume that r ≤ r0 then l+m ∈ Sr & l ∗m ∈ Sr

ΦR(l +m) ∧ΦR(l ∗m) ≥ r
r+1

= ΦR(l) ∧ΦR(m)
If l,m ∈ ∩∞r=0Sj then l+m, l ∗m ∈ ∩∞r=0Sr implies ΦR(l+m)∧ΦR(l ∗

m) = ΦR(l) ∧ ΦR(m)
If l /∈ ∩∞r=0Sr m ∈ ∩∞r=0Sr, then there exists r0 such that l ∈ Sr

Sr+1 .

ΦR(l +m) ∧ΦR(l ∗m) ≥ r0
r0+1

= ΦR(l) ∧ΦR(m)
Similarly, for the other two components and if l ∈ Sr

Sr+1 ,m ≤ l then

m ∈ Sr
Sr+1

ΦR(l) =
r

r+1 ≥ ΦR(m). If l ∈ ∩∞r=0Sr m ≤ l then ΦR(l) = 1 ≥ ΦR(m)

R is a neutrosophic ideal of having an infinite number of different values,
which is a contradiction.

4. Section 4: Conclusion

In this article, the concept of the neutrosophic equivalence relation in incline
algebra is discussed, along with its properties and some results. Also, chain
conditions and characteristic functions are discussed. This also helps to
promote the concept of merging fuzzy and incline theories. Also, this can
be preferred to some other algebraic structures.
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