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Abstract.

The study was conducted to introduce the concept of a bipolar neutrosophic subgroup and establish
some of its basic properties and characterizations. Also present a similar application to the
fundamentals of group theory. Which provides important background in this concept.
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1- Introduction

To deal with uncertainty based on many complex systems like biological, behavioral and chemical
etc. Zadeh [1] introduced the idea of concept fuzzy set as a constructive tool to handle
uncertainties in many real applications. The traditional fuzzy set is characterized by the
membership value or the grade of membership value. However, sometimes it may be difficult to
assign the membership value for a fuzzy set. Consequently the concept of interval valued fuzzy
set [2] was employed to solve the uncertainty of grade of membership value. In some real life
problems in expert system, belief system, information fusion and so on, we must consider the truth-
membership as well as the falsity-membership for proper description of an object in uncertain,
ambiguous environment. Intuitionistic fuzzy set introduced by Atanassov [3] is appropriate for
such a situation. neutrosophy concept was defined in 1999 by Smarandache [4] to deal with -
indeterminate information and inconsistent information which exist commonly in real situations.
In other words, "It is a branch of philosophy which studies the origin, nature and scope of
neutralities, as well as their interactions with different ideational spectra” [4]. In the neutrosophic
set, a truth-membership, an indeterminacy-membership, and a falsity-membership are represented
independently. The concept of neutrosophic set generalizes the above mentioned sets from
philosophical point of view. From scientific and engineering point of view, the definition of
neutrosophic set was specified by Wang et al. [5] which is called single valued neutrosophic set.
The single valued neutrosophic set is a generalization of classical set, fuzzy sett and para-
consistent set etc. Neutrosophic - set that is characterized - algebraic and topological directions
(see [6-11]. Rosenfeld [12] studied the - concept of fuzzy subgroups in 1971 and then so many
contributions were made on these main direction. Palaniappan et al. [13] gave the definition of
intuitionistic L-fuzzy subgroup and studied some of its properties. In this study, we define a bipolar
neutrosophic subgroup and give some of its properties. And study the so-called level subgroups of
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a bipolar neutrosophic subgroup. Moreover, we examine homomorphic image and preimage of a
bipolar neutrosophic subgroup.

2- Preliminaries

In this section, we recall some definitions and basic results of neutrosophic set which will be used
throughout the paper.

Definitionl [14]. A neutrosophic set A on U is A =< Ty(x),I4(x), F4(x) >;x € U, where
Ty(x), 1,(x),Fy(x): A - ]—0,1%[and -0 < T,(x), [, (x), F4(x)<n3*.

Definition 2 [14]. Let N; and N, be two neutrosophic sets on E. Then,
1— N;,NN, =<min (TN1 (x), Ty, (x)) , max (IN1 (x), Iy, (x)) , max (FN1 (x), Fy, (x)) >,

2— N; UN, =< max (TN1 (x), Ty, (x)),min (IN1 (), Iy, (x)) ,min (FN1 (x), Fy, (x)) >,

Definition 3 [15]. A bipolar neutrosophic set A on U is A =< T, (x), L, ¥ (x), F, (%),
Ty~ (%), 1,7 (x), Fy~(x) >;x € U} where T, (x), 1,* (x), F, " (x): A - [0, 1] and T, (x), 1, (x),
F, (x):A - [-1,0].

The positive membership degree T,*(x),I,*(x),F,*(x) denotes the truth membership,
indeterminate membership and false membership of an element xe X corresponding to a bipolar
neutrosophic set A and the negative membership degree T, (x), 14~ (x), E4~ (x) denotes the truth
membership, indeterminate membership and false membership of an element xe X to some implicit
counter-property corresponding to a bipolar neutrosophic set A.

3- Main Result

In this section, we present a novel defnition of a bipolar neutrosophic group. In addition, we
define the level set of the bibolar neutrosophic set.

Definition 4. Presume that G is a group. A bipolar neutrosophic subset is A = {<
Ty (), L, (%), Fy* (%), Ty~ (%), 1,~ (%), F4 " (x) >;x € G}, of Gis called

a bipolar neutrosophic subgroup of G if the following axioms are satisfied:
(1) Ta* (xy) = min(T," (), Ta* (),

Q)T ) 2T (%)

(3) Ia* (xy) < max(I,* (x),Io* (¥)),

@ LG <LT®
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(5) Fa™ (xy) < max(F," (%), FA™ (),

6) FaA"(x™) <FoA" ()

(7) Ta~(xy) < max(T,~ (%), Ta~ (),

@) Ta ) <Ty” (¥

(9) Iy~ (xy) = min(I,~ (%), 15~ (),

(10) I~ 21" ®

(11) Fo~(xy) = min(Fo™ (x), FA~ (¥)),
(12) Fo,~(x™1) = F,~ (x) wherex,y € G.

Proposition 1. The intersection of the finite set of bipolar neutrosophic subgroups is a bipolar
neutrosophic subgroup.

Proof. We only verify (3) and (4) axioms in Definition 4, as the other axioms are well-known.
3) [N 1, 1(xy) = inf[ly,* (x, ¥)],

< sup[max(ly,* (), I, ()],

= max[sup(ly,* (x)),sup (Iy,* )],

= max|[[n 1, *1(x), [N L, 1],

4) [N 15,7171 = sup [Iy," x7H)],

< supla, ™ (%),

=[N 14,7 1X).

wherei=1, 2, ..., n. Hence, the proposition is claimed
Proposition 2. Let A be a bipolar neutrosophic subgroup of G.
Q)T (™) =T, () and T, " (x) < T, " (e),

@) LT =1 () and I, (x) = 1,7 (e)

B) " (x™) = F4*(x) and Fy " (x) = F,™ (e),

BT, () =T, () and T, (x) = T, (e),
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(5) L~ (x™ ) =1~ () and [~ (x) < I, (e)

(6) Fu (x™1) =F,~(x) and Fy ™ (x) < F4™ (e),

where x € G and e is an identity of G.

Proof. We only explain (4), as the other cases are widely known. Suppose that x € G , then
Tom ) =T, (D) 2T, (") 2T, ()

therefore T, (x) = T, (x™1).

Also, we can proveT, (x) = T, (e),

L7 (&) =1~ (ex™h) 2 min(ly~ (), I~ (x™D) = I, ().
Proposition 3. Let A be a bipolar neutrosophic subgroup of G.
(D) TA*(x™) =Ta"(e) and T, " () = Ta* (),

@ LT x ) =1 (@ and [, (y) = A7)

(3) Fa™(yx ") =Fa"(e) and F,* (y) = FA" (),

ATy~ (x ) =Ty (e)and T,™(y) = Ty~ (%),

BG) A" (yx™D) =1 (e)and [, (y) =1, (¥)

(6) Fa"(yx™') = Fpo (e) and Fo ™ (y) = Fo~ (%),

where X,y € G and e is an identity of G.

Proof. We only explain (2), as the other cases are widely known. Presume that x,y € G and e is
an identity of G. then

LX) =1, (x ),

< max(l,* (yx~Y), I+ (1)),
= I,* (x).

On the other hand,

LY =1 (Gy™),y),

< max(I,* (xy™D), LT ),

=1L, (). Thus I, " (y) = 1,7 (x).
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Proposition 4. Any two bipolar neutrosophic subgroups that are union do not form a bipolar
neutrosophic subgroup.

Proposition 5. Let G, be acyclic group with order p (p is a prime), then A is a bipolar neutrosophic
subgroup of G, if the following is held:

TA\"X) = T," (M) 2 TR (0) , [,7x) = [,"(1) <1,7(0) and Fo"(x) = Fo,"(1) < T,"(0)
TA" () =Ta (DT, (0), [, ® =1, (1)=1,7(0) and Fy"(x) = F, (1) = F,(0) for
all x € G, and x # 0.

Proof. Assume the above conditions are satisfied, then all axioms in Definition 4 are verified, so

A'is a bipolar neutrosophic subgroup of G,,. Conversely, for any x # Oand y # 0, inG,, it holds
that x = my, and y = nx where m, n are integers. Therefore, we have

TATG) 2 TA ") 2T " ®) , & S 7@ < R and FAT(x) < Fof () < Ta " (%)
TASTaA STa ®, 1A= 14 (y) =L ®)andFy~(x) = Fo™(y) = F,~(x). The
proposition is claimed.

Level Subgroups

We define the terminology level set of the bipolar neutrosophic subset.

Definition 5. Let A is a bipolar neutrosophic subset of B. For @ € [0,1],a” € [—1,0],

Aga- = {< Ty OO T (), Fy (), Ty~ (), I~ (), Fa () >x €G: T, () 2 a0, (x) < a,
F,f()<a Ty (x)<a,l,7(x)=a ,F (x) > a is labeled as a level subset of A.

Example 2. Consider the classical groupz; = {0,1,2} under addition modulo 3. We define a
bipolar neutrosophic subgroup A of z; as follows:

A={<0,090.1,0.3,-08,-0.2,-0.1 >,< 1,0.4,0.6,0.7,—-0.6,—0.8,—0.7 >,
< 2,0.4,0.6,0.7,-0.8,—0.9,—0.8 >}.
Let « = 0.5 and a~ = —0.5, then by Definition5 we get a level subset of A as follows:

Ag o~ ={<0,09,0.1,0.3,—-0.8,—0.2,—0.1 >}. Since T, " (0) = 0.9 = 0.5, I, " (x) = 0.1 < 0.5,
F,(0)=03<05,T, (0)= —0.8< -0.5,1,7(0) = -0.2>-0.5,F~(0) = —0.1 > —0.5.
Then A, ,-is a subgroup of G.

Theorem 1. Presume that G is a group with identity e and A is a bipolar neutrosophic subgroup
of G, then the level subset A, ,-, for « € [0,1],a™ € [-1,0],
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T,"(e)=a,l,"(e)<a, F,5(e)<a,,Ti (e)<a,l, (e)=a ,F (e) =a is asubgroup
of G.

Proof. Clearly, 4, .- is nonempty. Suppose that x, y € A, - then
T, () >a L, P (x)<a, F,f(X)<a,, Ty (xX)<a I, (x)=a ,F(x)=>a
TS zall"<a F,FO)<aT, () <a ;7 ()=a"and F-(y)2a.

Since A is a bipolar neutrosophic subgroup of G, then the axioms (1), (3), and (5) in Definition 4
are satisfied. This leads to

T oy > a, Lt (xy)<a, F,t(ey)<a, T (xy) <a™, I, (xy)=a,and F(xy) > a".

Hence < xy, Ty " (xy), I, " (xy), Fa " (xy), Ta~ (xy), Ly~ (xy), Fy~ (xy) >; € Ag o~ >. Also, since A
neutrosophic subgroup of G, then the axioms (2), (4), and (8) in Definition 1.

are satisfied, and this leadsto T, " (x ™ ) > o, L, ' (x ™ D <a, F,(x D) <a, T, (x™H) <
a, I, (x1)>a", and F~(x1) > a~. This means

<x LT, D) LT, ET (o), T (0D, L (7Y, By (7)) > € A o~ > Therefore,
Ag o~ 1s asubgroup of G.

Theorem 2. Presume that G is a group with identity e and A be a Bipolar neutrosophic subset of
G, such that A, o~ is a subgroup of A for all « € [0,1],a™ € [-1,0], ,and a <

T,"(e),a=>1,"(e), a =F,"(e), T, (e)<a~,l, (e) =a",F (e) = a~, Aisabipolar
neutrosophic subgroup of G.

Proof. Suppose that a, b € G with A(a) = a = (aya;~) and A(b) = a = (ay, a,~). Then,

a €Ay - andbEAy o e, Ty (@) =a,l, (@ <ay, Fy7(a)<ay, T, (a) <

a; (@)= a7, F (@) =a;” and T,7(b) = ay, 1,7 (b) < ay, F,7(b) < ay, Ty~ (b) <

a, [, (b) 2 a,”, F~(a) 2 a,” . Assume a; < a, and a;~ < a,~ . Then, follows, A,,,,- €
Agia-- SO0 € Ay q,- - Thus a, b € Ay 4,-, and since A, ., - is asubgroup of G, by hypothesis,

ab € Ay q,~- Thus T, (ab) = @; = min (TA+(a),TA+(b)), L, (ab) < a; =

max (IA+(a),IA+(b)), F,"(ab) < a; = max (FA+(a),FA+(b)), T, (ab) <
al‘:max(TA_(a),TA_(b)), I,"(ab) = a;” = min(IA_(a),IA_(b)), and F,~(ab) = a;” =
min(F,~(a), F,~(b)). Then, suppose that a € G, and let A(a) = a, then a € A, 4, - Since
Ay - isasubgroup, a™* € Ag,,,-. Therefore, T,"(a™) 2 a,," (@) < a, F,"(a™') <«
Ty (@) <a, 7 (a)=>a,and F (a™!) = a~,and hence T, (a™?) =

T, (@), (@) < L7 (@), Fif (@) <F (@),T, () < Ty (@),

6
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L, (@) =1, (a), and F~(a™1) > F,” (a). Therefore A bipolar neutrosophic is subgroup of
G.

Theorem 3. Let X,, X, be the classical groups and g: X; — X, be group homomorphism. If Ais a
bipolar neutrosophic subgroup of X;, then the image of A, g( A)is a bipolar neutrosophic
subgroup of X,,.

Proof. Let A be a bipolar neutrosophic subgroup over X;, and y,, y, € X5, if g71(4)(y,) = 0,
or g~1(4)(y,), thenitis obvious that g (A) is a bipolar neutrosophic subgroup of X,. Let us assume
that there existx;, x, € X;, such that g(x,) =y, and g(x,)=y,. Since g is a group
homomorphism,

Ty (9(y0¥2 ™) =y p,mtogo Ta” (1) 2 Ty (g, x270),

L (g(y1y:™) =Vy. v, 1=g(x) L () = 17 (g, x7h),

Fat(9(y1,727D) =Ay,y,-12g Fa” (1) < Fi¥(xq,x,7h),

T (@(Y1u,Y2™") =My 1200 Ta” (0) < Tu™ (g, x,71),

L (@(yuy2™D) =Ay p,-1ogen Ia” () < 17 (x,x,7h),

Fom(9(y1,Y27 1) =Vy, y-1=ge0 Fa~ (0) = Fg~ (%71,

By using the above inequalities let us prove that

gAY,y 2 g A gD (). g(A) (y1,y, ™),

= @(Ta") 0y, 9L vy, 9(Fa ™) (v, y2 D, g (M) (v, y2 7, 9Ua7)
(y1,¥2" ), 9FE ) (v, y27 D),

= (VT )V LTEAFT (), AT, (A 170, VE~ (X)),

> Tyt (g, 070, L (g, 7Y, Fa b (g, 7)), T ™ (g, 070, L™ (g, 071, Fa ™ (x4, 2,7 1)),

> (T4 " (1) A TA+(x2)v L) AL (), Ea () VE, T (), Ta~ () V Ty~ (x2), I~ (xq) v
Ly~ (), Fy~ () ANy~ (),

= (TA+(x1)'IA+(x1)'FA+(x1)' Ta~ (x1), Iy (x1), F4a~ (x)) A (TA+(x2)rIA+(x2):FA+(x2);
Ta~ (x2), 14~ (x2), 4~ (x2)),
This is satisfied for each x,, x, € X;with g(x;) = y; and g( x,) = y,, then it is obvious that

g (yuy:™ )
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> (Vy,mgoep) Ta' ) Vy, =g Ta " Ay 2 g Fat (01, Ay imgepy Ta” Ay =)

1,™ (xq), Vy=gte) Fa~ (1)) A (Vy,=g(xy) TA+(x2)'Vy2=g(x2) IA+(x2)'Ay2=g(x2) Fy"(xy),
Ayy=ge) Ta~ (2D, Nyy=gae) Ia™ (X2), Vy,=gxy) Fa™ (X2)),

= (Q(TA+)( Y1), 9(1A+)( 3’1)’9(FA+)( Y1), 9T ) (¥1,), 9Ua7) (¥1), g(EL D (y)) A
(Q(TA+)( Y2), 9(1A+)( YZ);Q(FA+)( Y20, 9(Ta ) (Y2, ), 9Us7) (¥2), 9(Fa7)(y2))

= g(A)(y) A gA)(y2).

Hence the image of a bipolar neutrosophic subgroup is also a bipolar neutrosophic subgroup.

Theorem 4. Let X, X, be the classical groups and g: X; — X, be group homomorphism. If B is
bipolar neutrosophic subgroup of X,, then the preimage g~1(B) is bipolar neutrosophic is
subgroup of Xj;.

Proof. Let B abipolar neutrosophic subgroup over X,, and x,, x, € X;, since g is group
homomorphism, the following inequality is obtaind.

g (B)(x1, x27")

=Tp" (g (1,227, 15" (g (1, %27 1)), Fa (g(xy, 2271, Ty~ (g(xy, %27, Iy~ (g (g, 2271,
Fp~(g(x1,% 7).

2T (g(x ) AT g(x2™D), I (g(x DI AI* g (x2™), Fp " (g(x)) V Fa " (g (x271),
Ts (g(x)) VTs"g(x2™1), I~ (g(x))VIs~g (%271, Fs~ (g(x1)) AF4™ (g (x271),
=Tp" (g(x1), 15" (g(x1)), Fa"(g(x1), Ta™(g(x1), Iy~ (g(x1), Fa~ (g(x1)) A
Ts*(g(x2), 157 (9(%2)), Fa™(g(x2), Ta™(g(x2),1a” (g ( x2), Fa~ (g( x2)). Therefore

g~ 1(B) is bipolar neutrosophic subgroup ofX;.

4- Conclusions

The mathematical branches have recently found it useful and important to study neutrosophic sets.
The definition of a bipolar neutrosophic group and its theory have been introduced by the author
of this paper as an extension of a neutrosophic group. Also, we discussed normality of a bipolar
neutrosophic subgroup of a classical group and studied its image and preimage under a group
homomorphism.
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