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Abstract: Proposed in this study is a modified model for a single-valued neutrosophic hesitant fuzzy
time series forecasting of the time series data. The research aims at improving the previously pre-
sented single-valued neutrosophic hesitant fuzzy time series (SVNHFTS) model by including sev-
eral degrees of hesitancy to increase forecasting accuracy. The Gaussian fuzzy number (GFN) and
the bell-shaped fuzzy number (BSFN) were used to incorporate the degree of hesitancy. The cosine
measure and the single-valued neutrosophic hesitant fuzzy weighted geometric (SVNHFWG) op-
erator were applied to analyze the possibilities and pick the best one based on the neutrosophic
value. Two data sets consist of the short and low-frequency time series data of student enrollment
and the long and high-frequency data of ten major cryptocurrencies. The empirical result demon-
strated that the proposed model provides higher efficiency and accuracy in forecasting the daily
closing prices of ten major cryptocurrencies compared to the S-ANFIS, ARIMA, and LSTM methods
and also outperforms other FTS methods in predicting the benchmark student enrollment dataset
of the University of Alabama in terms of computation time, the Mean Absolute Percentage Error
(MAPE), Mean Absolute Error (MAE), and the Root Mean Square Error (RMSE).

Keywords: cryptocurrency forecasting; student enrollment; fuzzy time series; single-valued
neuromorphic hesitant fuzzy time series

1. Introduction

One of the most contentious and perplexing innovations in the contemporary world
economy has been the quick rise of digital currencies during the past ten years. Crypto-
currency is a subset of the digital currency category [1]. Following the creation of Bitcoin
[2], the peer-to-peer transaction method of one of the most well-known cryptocurrencies
has intrigued investors and experts. Cryptocurrency’s market capitalization has reached
$1500 billion, up 200% since 2008. It has a market capitalization of $961 million, which is
nearly 9% of the overall market value of gold [3]. The most important element pushing
up the market value of cryptocurrencies is the company’s purchase of Bitcoin in numerous
American stock exchanges such as Tesla, Grayscale, and MicroStrategy. This is an obvious
sign of financial institutions or influencers getting involved. As a result, both new and old
investors are interested in cryptocurrencies. Besides, approximately 2000 other types of
cryptocurrencies have been developed and are accessible for public trade. Furthermore,
the price of cryptocurrency has piqued the interest of academics worldwide. The crypto-
currency market is characterized by significant volatility, no trading periods that are
closed, a relatively modest capitalization, and large availability of market data [4]. Be-
cause of the aforementioned characteristics, cryptocurrency prices are volatile and
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fluctuate fast over time, making it impossible to anticipate. As a result, predicting has
proven to be a difficult and important endeavor for scholars.

The modeling and forecasting of financial market systems are growing increasingly
complicated. However, effective forecasting is one of the most crucial components of com-
plicated financial market risk management since it may provide considerable rewards
while lowering investment risks [5]. Many researchers have created various models of
cryptocurrency price dynamics that may be classified into the following categories. The
classical time-series models include the extensively applied AR, MA, ARIMA, SARIMA,
and ARIMAX [6-8]. However, these techniques are ineffective in dealing with the prob-
lem of a non-stationary financial signal, like that in the cryptocurrency market. The other
suggested approach is using machine learning methods that utilize learning sequences in
the data to tackle classification and prediction problems. The degree of approximation
functions’ universality and training speed both affect how well these models work [9],
such as Support Vector Machines (SVM) [10], Fuzzy Logic [11], Long Short-Term Memory
(LSTM) [12], Artificial Neural Network (ANN) [13], etc. According to the results of several
research works involving the prediction of Cryptocurrency prices, models that depend on
training are more effective than traditional models in forecasting the prices of cryptocur-
rencies and their volatility [7,9,14].

The theory of fuzzy time series (FTS) has been a key domain of study to forecast some
variables of interest throughout the year. It can handle a variety of predicting problems
that we meet in our daily lives, such as stock index forecasting [5,15], temperature fore-
casting [15-17], enrollment forecasting [18-20], etc. In 1965, Zadeh was the first to present
the fuzzy set theory [11]. However, when the dataset consists of numerical values rather
than linguistic phrases, the fuzzy set theory might fail. The principle of fuzzy time series
was applied by Song and Chissom [18] along with the prediction algorithm to predict the
University of Alabama’s student enrolment based on the historical dataset. Afterwards,
Chen [19] improved the FTS predicting method by substituting fundamental arithmetic
operations with complex matrix operations. Huarng [20] examined the importance of in-
terval length in the FTS predicting method and introduced heuristics for calculating inter-
val length based on distribution and average. Several other researchers have been moti-
vated by fuzzy time series to contribute to improving the approach to make better the
predicted outcome. Chen [21] proposed a technique for predicting using FTS of high order
in 2002. The projected values obtained from the third-order FTS approach were more ac-
curate than those obtained from the first and second-order FTS models. Yu [22] modified
the interval sizes for the FTS approach to improving prediction performance. In 2007, Liu
[23] introduced a novel forecasting approach based on trapezoidal fuzzy numbers to cre-
ate a better FTS forecasting approach where a fuzzy trapezoidal number rather than a
single point would be the predicted value. Pattanayak et al. [24] presented a neutrosophic
approach based on entropy for high-order fuzzy time series forecasting. The adaptive par-
tition strategy enhances the forecasting capability of the model by more efficiently remov-
ing outliers from the time series. Other researchers have attempted to increase the effi-
ciency of the fuzzy time series method by combining it with other forecasting models
[5,25,26].

However, the theory of fuzzy sets has developed a long way since its inception, with
the addition of hesitancy and indeterminacy to properly describe the membership func-
tion’s uncertainty and ambiguity. In 1986, Atanassov [27] developed the fuzzy set theory
to include intuitionistic fuzzy sets (IFS). Then, Joshi and Kumar (2012) [28] proposed a
concept of intuitionistic fuzzy set (IFS) in time series forecasting to accommodate indeter-
minacy in FTS forecasting. Because IFSs are better than fuzzy sets at dealing with uncer-
tainty and non-determinacy, they are preferred. The theory of hesitant fuzzy set (HFS)
was introduced by Torra and Narukawa [29] in 2009 and Torra [30] in 2010 to represent a
situation when multiple fuzzy sets are used and different membership functions are con-
sidered feasible. Zhu et al. [31] introduced an addition to the hesitant fuzzy set to become
the dual hesitant fuzzy set (DHFS) by using two functions, each of which provides a set



Axioms 2022, 11, 527

3 of 19

of values for membership and non-membership. Bisht and Kumar [32] suggested an HFS-
based FTS forecasting model and said that it outperformed previous methods for forecast-
ing financial time series. In 1999, Smarandache [33] introduced the neutrosophic set (NS),
where indeterminacy is quantified clearly and divided into multiple subcomponents to
better capture ambiguous datasets. However, the neutrosophic set was challenging to ap-
ply. To make it more generally applicable, Wang et al. [34] created SVNS in 2010, allowing
each membership function of truth, indeterminacy, and falsity to only have a specific
value between 0 and 1. Then, an FTS forecasting technique based on single-valued neu-
trosophic sets was proposed by AbdelBasset et al. [35] in 2019, and the triangular mem-
bership function was used to determine truth, indeterminacy, and falsity membership de-
grees. Ye [36] proposed the combination of HFS and SVNS, called the single-valued neu-
trosophic hesitant fuzzy set (SVNHEFES), to catch more of the fuzziness feature of data. In
particular, this technique includes both degrees of indeterminacy and hesitancy. In 2020,
Tanuwijaya et al. [37] introduced a single-valued neutrosophic hesitant fuzzy time series
model (SVNHFTS) by incorporating a degree of hesitancy, and the Gaussian membership
function was used to determine hesitant degrees. The membership function is a function
that illustrates how each input space point is assigned a degree of membership or mem-
bership value that ranges from 0 to 1 [38]. One of the most basic membership functions
created using straight lines is triangular and trapezoidal membership functions. Popular
techniques for defining fuzzy sets include the Gaussian and bell-shaped membership
functions. The fact that these two curves of membership functions benefit from being non-
zero at all instances and spherical is one of the primary explanations [39]. Reddy and Raju
[40] used the Gaussian membership function (GMF) in the COCOMO. They discovered
that it performs better than the trapezoidal function because its intervals show a smoother
transition, and the results are more in line with the real effort.

In this study, we present a novel SVNHFTS approach to enhance the accuracy rates
of fuzzy time series forecasting, called Gaussian and bell-shaped membership functions
based on single-valued neutrosophic hesitant fuzzy time series (GBMF-SVNHEFTS), by
combining several of the hesitancy’s degrees with Gaussian membership function and
bell-shaped membership function using single-valued neutrosophic hesitant fuzzy set
(SVNHES). We use our proposed method to forecast the daily closing price of cryptocur-
rencies. Moreover, we apply a weighted method called the single-valued neutrosophic
hesitant fuzzy weighted geometric (SVNHFWG) operator to rank the options and find the
optimal one based on the neutrosophic value of the time series forecasting based on the
single-valued neutrosophic hesitant fuzzy set (SVNHES) which is a hybrid method pro-
posed by Ye in 2015 to improve forecasted value accuracy.

The rest of this paper is organized as follows. Section 2 provides brief definitions of
triangular, trapezoidal, Gaussian, and bell-shaped membership functions, fuzzy set, FTS,
and SVNHEFS and describes the proposed GBMF-SVNHFTS model. Data and the experi-
mental procedures of the GBMF-SVNHFTS model in this study are presented in Section
3. A comparison between the projected GBMF-SVNHFTS method and existing methods
is discussed in Section 4. Finally, the conclusion of this study is provided in Section 5.

2. Definitions and Methodology
2.1. Definitions

In this section, definitions of triangular, trapezoidal, Gaussian, and bell-shaped mem-
bership functions, fuzzy set, fuzzy time series (FIS), hesitant fuzzy set (HFS), neutro-

sophic set (NS), single-valued neutrosophic set (SVNS), and single-valued neutrosophic
hesitant fuzzy set (SVNHES) are presented as follows:

Definition 1. [41] Let U be the Universe of discourse (UOD) and uelU , Thus,
U=A{u,..,u,}, then a fuzzy set Y in U, such that the membership function of Y has a

membership function f; (u). In mathematical notation, we can write it as
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={{t ).

where ,U?(u) must lie within the range [0,1]. In the other words, Fuzzy set Y on U can
also be expressed as
Hpw) | M) o )

u, u, u

Y=

@)

n

where [l denotes the membership function of the fuzzy set f, , such that 1=1,2,...,n

Definition 2. [42] Let z, z, and z, be real numbers with z < z, < z,. Triangular fuzzy

number Z =(z,,z,,z,) isafuzzy number with membership function:

u—z
(—1), z,Su<z,
(z,~-2)
Z,—U
. (u) = mw) zSusz, 3)
(z3-2,)
0, u<z, u>z,

Definition 3. [23] Let v, v, v, and v, be real numbers with v, <v, < v, <v, . Trapezoidal

fuzzy number V = (v,,v,,v;,v,) isa fuzzy number with membership function:

u—v
(u=v) , vSu<svy,
(VZ vl)
1, v, Sus<v,
u)= 4
My (1) (v, ) “
, VySusvy,
(v, —v3)
0, u<v,uv,

Definition 4. [40] Assuming that the variance and mean are &° and M, Gaussian fuzzy num-
bers have the following membership function:
(<)
O.Z

/’lG(uamaO-):e (5)
Definition 5. [43] Let A determine the curve’s center, P represents the curve’s width and

B is usually positive. Again, the membership function has the features of being smooth and non-

zero at all points. The membership function of bell-shaped fuzzy numbers is

1
ﬂg(“)zﬁ-

1+ ©
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Definition 6. [30] Let U be the UOD and u€ U, then the mathematical object of a hesitant
fuzzy set (HFS) associated with H on U is as follows:

H ={{u, tt,; ) |ue U}, 7)

where w1, (u) is the membership function of the HFS H and the value of w, (u) must lie
within the range [0,1].

Definition 7. [33] Let U be the UOD and u€ U , then a neutrosophic set (NS) associated
with N on U is a mathematical object of the following form:

N:{<M’TN(M)’]N(M)’FN(M)>|ueU}a (8)
where T\ (u), 1, (u) and F, (u) are the degree of truth, indeterminacy, and falsity member-

ship functions, respectively. For every ue U , 0" T, (u)+1, )+ F,(u)<3" and the
value of ~0< T, (u), I, (u), F,(u) <17,

Definition 8. [34] Let U be the UOD and u€ U, then a mathematical object of an SVNS
associated with S on U is as follows:

S ={{u, Ty (u), I(u), Fs(u)) | ue U}, )

where Tg(u),Ig(u) and Fg(u) denote the degree of truth, indeterminacy, and falsity mem-
bership hesitant degrees, respectively, and the values of Tg(u), 14(u) and Fg(u)areasingu-

lar real number between zero and one. Also, these three degrees must satisfy
0<Ts(u)+ I (u)+Fg(u)<3

Definition 9. [37] Let U be the UOD and u€ U, then an SVNHES associated with S on
U is a mathematical object of the following form:

S ={(u, 75 ), I (u), Fy(w)) | ue U} (10)

where fs(u), j s (u) and FS(M) denote the degree of truth, indeterminacy, and falsity mem-

bership hesitant, respectively, and the values of 72 (u), i s (u) and F:g (u) are also singular real
numbers between zero and one with conditions that 0< 8, y,n <1 and 0<S5 +y" +n" <3,

where ye ]N:;(u) ! 56 iS (u) 4 ne F:S(u) 4 7+ = U}’Efs(“)max(}/) 7
o= Uﬁeis(u)max(é)’ and1]” = Uneﬁs(mmax(ﬂ)for ueU.

Definition 10. [36] Let § | (j=L2,...,k) be a collection of SYNHFESs; then, the aggregated
result of the SVNHFWG operator can be explained as:

k
SYNHFWG(S,,5,.,...5) =] [5,”

J=1

k k . 11)
o]

HEL S 15Dy oo Vi€l O ET s, EDy e os Ol TNE Sy TBE fo e E S {{ j=1
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where aj)z(ag+ag+...+a,g)T is the weight vector of Ej(iZ],Z,...,k), and @, >0, Zi:l o, =1.

Definition 11. [36] Let §j (] =1, 2,...,k) be a collection of SVNHFEs; thus, the cosine meas-

ure (cos) between §j (j=L2,....k) and the ideal element s* = <1, 0, 0> can be expressed as:

1
Z Zyjefj 7./

! e g (5
(]jzy/a} y/J +(p] Zé'jefj é‘lJ +[q1 Z’],E/;j U/J

where lj Pjand g, are the numbers of the elements in 1, l'_/. and fj for j=1,2,...,k re-

cos(5,,s") =

spectively, and COS(§].,S*)€ [0,1] for j=1,2,....,k. Then, the comparative cosine measure
laws are shown as follows:
when cos(5,,s") > cos(S,,s ), §, isbetter than §,,as shownby § > §,.
5

when cos(5,,s") = cos(5,,s" ), is equivalent to §,, as shownby 5, ~ 5, .

Definition 12. [35] Let U (¢)(t=...,0,1,2,...) be the UOD in which neutrosophic set n,(t)
for (i=0,1,2,...)are defined. N (t) is given as neutrosophic time series defined in U (t)
of n,(t),n,(t),..., then N(t) is called the neutrosophic time series defined on U ().

Definition 13. [35] If only N(t—=1) causes N(t), ie, N(t—=1)— N(t), this relationship
can be expressed as:

N(@)=N(@-1)oR'(t,t-1) (13)

where R’(t,t —1) denotes the neutrosophic relationship between N(t—1) and N(t). The
first-order NTS model of N (t) is defined by this equation.

Definition 14. [35] N (t) is characterized as a time-invariant NTS if at various t, R'(¢,t—1)
is independent of t, i.e., R'(t,t —1)= R'(t —1,t —2) . Otherwise, it is known as a time-variant
NTS.

2.2. Proposed Model

In this study, we propose the GBMF-SVNHFTS method. The concept of this approach
is explained in this section. This research modified SVNHFTS by incorporating the several
degrees of the hesitancy to increase the accuracy of prediction. We first determine the

UOD of the dataset as U =[U,,U,| with U, =u_ —d, and U, =u,_+d,. The
UOD of the dataset can be determined as:

U = [umin - (umin / 2)’umax - (umax /2)] ’ (14)

where, u . and u__ are the minimum and maximum value, respectively, of the TS

min

data. And, d, and d, values are the half value of u_, and u__, respectively. To de-

fine the fuzzy numbers, the UOD of the time series data can be divided by using Huarng's
(2001) [20] method as:
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u, +d,)—(u,, —d
p: ( max 2) ( min 1), (15)
l
where p isthe number of the fuzzy numbersand ¢ denotes the length of the partition.
For the first level, the triangular membership function is used to compute the triangular

fuzzy numbers (TEN) S, ,S, ,...,S, onthe UOD, which are determined by length of /

as follows:
S, = [t — st —d, + Lot —d +21]
S, = [”mm -d +lu, —d+20u_ —d, +3€]
: : (16)
Sap,] =(u,, +d,-20u,, +d,—lu, +d,]
S, = lu,. +d,—Ctu,, +dy,u, +d,]

For every TEN, the degrees of truth, indeterminacy, and falsity membership func-
tions are computed with the following formula:

x—z
; L, z,Sx<z,
T, (x)= Z3_x, z,Sx<z, (17)
aj f
0, otherwise
%ﬁo'%), 2, —0.50<x<z +0.50
L% z,+0.5(<x<z,
0.5¢
x—z
[Sa, (x)= 0.5; , z,<x<z,+0.5¢ (18)
W’ 2,+0.50<x<z,+0.5¢
0, otherwise
Z —_—
26 , z,Sx<z,
Fy (=172, n<x<z (19)
1, otherwise

The Gaussian membership function is used to compute the Gaussian fuzzy numbers

(S' by = [ U, o ]) to generate hesitancy values where y and O are the mean and stand-

ard deviation, respectively. The standard deviation ( O ) is defined as
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O-§a, =L§aj /4,l2ln(10), j=12,3,....,p, where Ls],, denotes the length of the

J
Gaussian fuzzy numbers. Note that we apply the same partition length for every triangu-

lar fuzzy number ( p ) [37]. Therefore, the triangular fuzzy numbers can be transformed
into their corresponding Gaussian fuzzy numbers as:

Sb = umin _dl +£’L
' 4./21n(10)

Sy, =ty —d, +20 L}

‘“‘“ "4,/21n(10)

(20)

e
Il

Uy byl
T 4 21n(10)

$ =|u +d,—2L
v 4,21n(10)

For every Gaussian fuzzy number, the degrees of truth, indeterminacy, and falsity
membership functions are computed with the following formula:

Y
I;, (x)=exp [—%} (21)
(x—u)’
ng‘/ (X) =1- exp(—T] (22)
2
x-[w-osn [0 )
n
0.9999 exp| — . . x<u—050 1@
202 In(10)
(x—u)’ In(2) In(2)
1. (0)=d1—exp| 2L | y—05¢ < 0.5¢
5, (¥)=1-exp (o | H mi0) AT Ny P
s,
2
(x—[,u+0.5€ 1111((120))]}
n
0.9999 exp| — . x> u+050 02
207, In(10)

The SVNHES of the first partition method is created by combining the membership
value calculated from the TEN and that from the GFN. At the second level, we apply the

trapezoidal fuzzy numbers (TPFN) ‘§c| 9‘§c2 ,...,S'C on the UOD and which are deter-
mined by length of ¢ as follows:
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S’q = [umm -d -l —d,u . —d+lu.  —d+ 25]
S, =t =yt —dy + Lty —d, +20,u, —d, +3(]
: (24)
S, =t ¥y =3 U +dy =200, +dy—Lu,, +d, ]
S, =ty +ds =20, +dy = Lu, +dyuy, +d, + ]

For every TPFN, the degrees of truth, indeterminacy, and falsity membership func-
tions are computed with the following formula:

X—V
; L,y <x<v,
1: V2 <x< V3
TS‘C (X): v o—x (25)
4 7 v, Sx<v,
0, otherwise
w, v —0.50<x<v, +0.5/
%, V4050 < x < v, +0.5¢
x—(v,+0.5¢)
Iy (x)= + v, +0.5/ < x<vy+0.5¢ (26)
W, v +0.50< x < v, +0.5/
0, otherwise
v —
2 TR Vv, Sx<v,
05 V2 <x< V3
e ()= e 27)
e v, Sx<v,
/
1, otherwise

The bell-shaped membership function (BSMF) is used to compute the bell-shaped
fuzzy numbers (BSFN) (S~ = [ u,p, B ]) to generate hesitancy values, where p is the

width of the curve and [ is the constant number. Here, the width of the curve ( p)is
defined as p = ¢/4 and the constant () is set to 2. Therefore, the bell-shaped fuzzy

numbers can be transformed into their corresponding trapezoidal fuzzy numbers and the
degrees of truth, indeterminacy, and falsity membership function for each of the TPFN
can be computed with the following formula:
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1.

1
TS, (x)z 28
14| X4 (28)
P
F. (x)=1 !
S, - e
1+ |F =4 (29)
P
1
0.9999 7> X<U-p
1+ x_(;u_p)
P
1
15,, (x)=40.9999 - 7> M—pSx<u+p (30)
/ 141X = H=p)
)
1
0.9999 7 X2U+p
14X w+p)
o,

The SVNHES of the second partition method is created by combining the member-
ship value calculated from the TPFN and that from the BSFN. The cosine measure and
SVNHFWG operator proposed by Ye [36] are applied to rank the possibilities and choose
the optimal one based on the neutrosophic value. The two SVNHEFSs from the first and
the second partition levels are combined into one SVNHES by using the SVNHFWG op-
erator from Equation (11), while the weights of the triangular (@) and trapezoidal

(@, ) membership functions can be calculated by using Equation (31) below:

L,
W=, =12
L (31)

i=1

where L. denotes the length of each partition level of membership function i.

To obtain the neutrosophic value of the sample data, the cosine measures are calcu-
lated using Equation (12), and the maximum value is selected to be the neutrosophication
of the data. Then, we generate the neutrosophic logical relationship groups (NLRGs) us-
ing the neutrosophic value of the time series data to construct the neutrosophic logical

relationships (NLRs). The generated NLR is S; — 5, . S; denotes the SYNHFS on time
t—1 and S, denotes the SVNHEFS on time ¢.

The forecasted values at time # will be calculated by using two rules [37] as follows:
In the initial time #=1, F(¢) is defined on actual value

If §; —S,, verify the NLRG of this S, as:
1. If NLRG of S ; isempty, the F(#) is the average value of the midpoint of S Iz
2. IfNLRG of S ; isone-to-one, the F(¢) is the average value of the midpoint of S,

3. If NLRG of S ; is one-to-many, the F(¢) is the average of the midpoint of

S o S e S k, based on the following formula:
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F(f) = Skl +Sk2 +...+Sk"
()= " , (32)

where 7 is the number of midpoints and F is the forecasted value at time ¢.

Lastly, to determine the effectiveness of the proposed model, mean absolute percent-
age error (MAPE), mean absolute error (MAE), and root mean square error (RMSE) are
applied to evaluate the performance of a prediction method. The following error measures
are defined as:

Ai_Fi

MAPE = (1 3

n o

JXIOO, (33)

i

MAE:lZn]A,. —F|, (34)

niz

RMSE = [-3 (4, ~EY, )
n o

where A denotes the actual values, F denotes the forecasted values, and 7 denotes
the number of predicted values.

Algorithm 1. Pseudo code for the GBMF-SVNHEFTS technique.

Determine the UOD of sample data

Define the length of the partition (¢ ) and the fuzzy numbers ( p ).

For i=1 to n

For j=1 to p

First partition method using TFN and GFN.

compute {7, .7y {1, oty o f oty ol
Second partition method using TPFN and BSFN.
Compute {{TSO (‘xi)’ng_ (xi)} ,{Igﬁ_ (x,), 15,,, (‘xi)} ,{Fgﬁ_ (x,), ngv (xx)}} .

Calculate the weights (@,) of the first and second partition methods.

Combine all two-partition methods into one SVNHFS by using SVNHFWG
Calculate the cosine measures and select the maximum value to be the neutrosophic
value.

End for

End for

Establishing neutrosophic logical relationship groups (NLRGs) — Sk1 ) Skz yenns Skn

Applying the deneutrosophication process to generate the predicted values.

3. Data and Experimental Results

In this part, we used the suggested hesitancy degrees with the Gaussian membership
function and bell-shaped membership function based SVNHFTS model (GBMEF-
SVNHFTS) for forecasting the annual student enrollments of the University of Alabama
during 1971-1992 of Song and Chissom [18]. We used this dataset to replicate the forecast-
ing results in Song and Chissom [18] and compared their results with our forecasting re-
sults obtained from the GBMF-SVNHEFTS. Then, we applied our method to predict the ten
major cryptocurrencies consisting of Bitcoin (BTC), Ethereum (ETH), Cardano (ADA), Bi-
nance Coin (BNB), Dogecoin (DOGE), Solana (SOL), Ripple (XRP), Polygon (MATIC),
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Polkadot (DOT), and Litecoin (LTC). The data from 17 August 2017 to 30 June 2022 were
retrieved from www.yahoo.finance.com (accessed on 11 July 2022). To implement the
model, we choose the MATLAB R2020a program. The following sub-section describes the
GBMF-SVNHFTS model’s experimental techniques for this study.

3.1. Forecasting the University of Alabama’s Student Enrollments

Since the introduction of fuzzy time series forecasting by Song and Chissom [18] in
1993, the University of Alabama’s student enrollment data from 1971 to 1992 has been
utilized to evaluate the effectiveness and precision of nearly all innovative FTS prediction
methods. Note that we aim to compare the performance of our method with the previous
methods of Gupta and Kumar [44], Abdel-Basset et al. [35], Tanuwijaya et al. [37], Patta-
nayak, Panigrahi, and Behera [45], Gautam and Singh [46], and Pant and Kumar [26] using
the same dataset, thus only in-sample forecasting is conducted.

We also evaluate our GBMF-SVNHFTS forecasting method using this dataset. We
want to test the accuracy of our suggested model and compare it to other FTS approaches.
In the proposed model, the Gaussian and bell-shaped membership functions of the
SVNHFTS technique are modified to enhance model performance. However, the NLRGs
are constructed using all the variables in the datasets, and each data point’s forecasted
outcomes are evaluated for accuracy. Figure 1 depicts the outcome of the forecasted val-
ues, while Table 1 presents the forecasted values from all methods for comparison. To test
the forecasting methods, mean absolute percentage error (MAPE), mean absolute error
(MAE), and root mean square error (RMSE) were computed. Table 2 presents the results
of the evaluation of the proposed models. Note that the conclusions reached in
[26,35,37,44-46] are based on their published calculations.

19,055
« 18,055
g
= 17,055
516,055
K 15,055
14,055
13,055
ENRIELERRRARI IR IR BRI
NN NI NI NI NI o NIt NI NI < (i< SR e (it SR e St< NIc Site < NG NS \
R T e TR o R o R o R e R e R o B o R o TR o TR o TR o TR o TR o B o B o B o R o R e I
Year
—— Actual ®— Gupta and Kumar Abdel-Basset, et al.

Tanuwijaya, et al. —®—DPattanayak etal. —®—Gautam et al.

—&—Pant and Kumar —@— GBMF-SVNHFTS

Figure 1. A graph showing the forecasted values of the historical enrollment data from the GBMF-
SVNHFTS method and other FTS methods from 1971 to 1992.

Table 1. A comparison of the forecasted results of the other FTS methods with the proposed GBMEF-
SVNHETS.

Guptaand Abdel-bas- Tanuwijaya, Pattanayak Gautam et Pantand Ku- GBMF-

Year Actual Kumar set, et al. etal. etal. al. mar SVNHFTS
1971 13,055 13,055 13,055 13,055 13,055 13,055 13,055 13,055
1972 13,563 13,680.75 13,650 13,560 13,637 13,423 14,116.78 13,584
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1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991
1992

13,867
14,696
15,460
15,311
15,603
15,861
16,807
16,919
16,388
15,433
15,497
15,145
15,163
15,984
16,859
18,150
18,970
19,328
19,337
18,876

13,844.43 13,950 13,860 14,120 13,668 14,495.2 13,784
14,951.36 14,850 14,760 14,408 14,648 15,252.34 14,584
15,532.34 15,450 15,360 15,195 15,383 15,629.45 15,384
15,533.19 15,450 15,560 15,712 15,309 15,630.49 15,384
15,533.19 15,450 15,560 15,635 15,546 15,630.62 15,384
15,533.19 15,450 15,510 15,786 15,309 16,008.66 15,784
16,298.77 16,950 16,860 15,918 16,748 16,765.52 16,784
17,113.79 17,150 17,060 16,406 17,178 16,764.74 17,584
17,113.79 17,150 17,060 16,466 17,178 16,386.18 16,384
16,298.77 15,450 15,360 16,190 15,383 15,629.64 15,384
15,533.19 15,450 15,560 15,698 15,309 15,629.33 15,384
15,533.19 15,450 15,510 15,731 15,309 15,252.47 15,384
15,532.34 15,600 15,510 15,550 15,546 15,252.6 15,584
15,532.34 15,600 15,510 15,559 15,546 16,007.97 15,584
16,298.77 16,950 16,860 15,982 16,748 16,765.16 16,784
17,113.79 17,150 17,060 16,433 17,178 17,521.8 17,584
18,741.35 19,050 18,960 17,366 18,962 18,277 .4 18,984
19,190.44 19,350 19,260 17,967 19,208 18,656.25 19,384
18,972.15 19,050 19,110 18,230 19,208 18,656.14 19,084
18,972.15 19,050 19,110 18,236 18,593 18,278.09 19,084

Table 2. A comparison of all three loss functions between the proposed GBMF-SVNHFTS method
and other FTS methods.

L Abdel- T i- BME-

088 Gupta and bde .anuw1 Pattanayak Gautam et Pant and G
No. Func- Basset, et jaya, et SVNHFT

] Kumar et al. al. Kumar

tion al. al. S
1 RMSE 431.6441 342.6880 342.4142 7719586  347.8933 403.6428 255.7675
2 MAPE 2.0390 1.4477 1.3282 3.4617 1.4563 1.8700 1.0812
3 MAE 335.7829 238.9048 220.7143 596.6667  239.4762 310.2510 178.4286

3.2. Forecasting the Daily Closing Prices of Cryptocurrencies

At the time of this writing, the cryptocurrency market has recently seen the worst
decline of any financial market in the world in December 2021. As a result, the data was
extremely volatile. To see the performance of the proposed GBMF-SVNHEFTS forecasting
technique in time series data for the financial sector, we applied it to predict the closing
prices of ten major cryptocurrencies with the biggest market capitalization. The descrip-
tive statistics of ten cryptocurrencies are shown in Table 3. To compare the prediction
ability of the GBMF-SVNHFTS forecasting technique, we also produced a prediction us-
ing the classical ARIMA model [7-9], the Sugeno-type ANFIS(S-ANFIS) model [47], and
the LSTM model [12]. The training data for our proposed GBMF-SVNHFTS model was
the first 70% of the sample, and the latter 30% was used as an out-of-sample dataset for
testing the model. We note that a one-step-ahead forecast was used in the out-of-sample
forecast.

Table 3. Ten cryptocurrencies’ data.

Code Cryptocurrency = Minimum Maximum Mean SD
BTC! Bitcoin 3154.95 67,566.828  19,438.948 17,559.793
ETH 2 Ethereum 84.308296 4812.0874  1099.7384 1244.7025
BNB 3 Binance Coin 4.33615 675.6841 135.5693 187.8482
ADA? Cardano 0.023961 2.96,8239 0.498853 0.655996

SOL ¢ Solana 0.515273 258.9343 56.09372 66.25342
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XRP 2 Ripple 0.139635 3.37781 0.538938 0.380388
DOT ¢ Polkadot 2.875028 53.88173 21.28313 12.51053
MATIC 4 Polygon 0.003141 2.876757 0.552638 0.728662
DOGE 2 Dogecoin 0.001038 0.684777 0.059302 0.103257
LTC! Litecoin 23.46433 386.4508 103.5294 64.65184

Note: “SD” denotes the standard deviation. “1” denotes sample period from 17 August 2017 to 30
June 2022, “?” denotes sample period from 9 November 2017 to 30 June 2022, “3” denotes sample
period from 18 December 2017 to 30 June 2022, “4” denotes sample period from 28 April 2019 to 30
June 2022, “>” denotes sample period from 10 April 2020 to 30 June 2022 and “*” denotes sample
period from 20 August 2020 to 30 June 2022.

To evaluate the forecasting technique, the mean absolute percentage error (MAPE),
mean absolute error (MAE), and root mean square error (RMSE) were computed. Table 4
shows the results of our model evaluation and comparison with other methods. Further-
more, we also compared the computation time of the GBMF-SVNHFTS method with the
existing models, as shown in Table 5.

Table 4. A comparison of all three loss functions between the proposed GBMF-SVNHFTS method
and existing methods. (Out-of-sample forecasts).

Index Model RMSE MAPE MAE
GBMEF-SVNHEFTS 1148.676 0.017 1.723
BIC Sugeno-ANFIS 4900.229 0.050 4.964
ARIMA (3,2,3) 1700.625 0.029 2.876
LSTM 2614.332 0.047 4.668
GBME-SVNHETS 92.979 0.021 2.058
ETH Sugeno-ANFIS 386.704 0.094 9.355
ARIMA (1,1,1) 139.652 0.038 3.759
LSTM 367.153 0.084 8.357
GBMF-SVNHFTS 12.274 0.019 1.921
BNB Sugeno-ANFIS 112.046 0.232 23.167
ARIMA (2,2,2) 22.240 0.039 3.929
LSTM 46.114 0.097 9.680
GBMEF-SVNHETS 0.060 0.030 3.016
ADA Sugeno-ANFIS 0.395 0.127 12.673
ARIMA (2,0,1) 0.087 0.044 4.373
LSTM 0.338 0.147 14.702
GBMEF-SVNHETS 0.056 0.044 4.433
XRP Sugeno-ANFIS 0.074 0.055 5.480
ARIMA (4,0,4) 0.063 0.044 4.377
LSTM 0.074 0.052 5.209
GBMF-SVNHFTS 0.007 0.011 1.138
DOCE Sugeno-ANFIS 0.135 0.622 62.168
ARIMA (2,1,2) 0.022 0.052 5.178
LSTM 0.101 0.257 25.732
GBMF-SVNHFTS 8.441 0.035 3.474
LTC Sugeno-ANFIS 11.426 0.043 4.348
ARIMA (2,1,2) 10.858 0.041 4.099
LSTM 12.014 0.043 4.300
GBMF-SVNHFTS 4.263 0.028 2.804
SOL Sugeno-ANFIS 9.418 0.085 8.455
ARIMA (2,1,2) 7.004 0.048 4.757

LSTM 12.919 0.065 6.475
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GBMEF-SVNHFTS 1.422 3.841 1.037
DOT Sugeno-ANFIS 2.509 7.428 1.701
ARIMA (2,1,2) 1.665 4.428 1.196
LSTM 2.077 5.240 1.478
GBMEF-SVNHFTS 0.072 0.037 3.705
Sugeno-ANFIS 0.524 0.172 17.186
MATIC ARIMA (2,1,2) 0.095 0.049 4.869
LSTM 0.153 0.062 6.191
Table 5. A computation time comparison between the proposed GBMF-SVNHFTS method and ex-
isting methods. (sec.).
Models BTC ETH BNB ADA XRP DOGE LTC SOL DOT MATIC
N 1779 1695 1656 1695 1695 1695 1779 812 579 1160

GBMF-SVNHFTS 51

Sugeno-ANFIS 65
ARIMA 124
LSTM 187

52 55 41 38 94 40 23 20 36
56 89 64 54 50 49 54 52 42
62 58 65 93 52 87 76 87 93
151 150 185 150 207 162 64 49 99

Note: “N” denotes the amount of each cryptocurrency data.

4. A Forecasting Performance Comparison between the Proposed GBMF-SVNHFTS
Method and Other FTS Techniques

The performance in predicting the historical data of the University of Alabama’s stu-
dent enrollments of the suggested GBMF-SVNHFTS forecasting technique was compared
with those of the others proposed by Gupta and Kumar [44], Abdel-Basset, et al. [35],
Tanuwijaya, et al. [37], Pattanayak, Panigrahi, and Behera [45], Gautam and Singh [46],
and Pant and Kumar [26]. The suggested GBMF-SVNHFTS method has the lowest RMSE,
MAPE, and MAE of all the compared FTS models, at 255.7675, 1.0812, and 178.4286, re-
spectively. This means the GBMF-SVNHFTS model has higher accuracy in forecasting
student enrollment data than the competing FTS techniques.

Table 4 shows the comparison of the suggested GBMF-SVNHFTS technique with the
S-ANFIS method, as well as the ARIMA method and the long short-term memory (LSTM)
method, using three loss functions for performance evaluation. To forecast the daily clos-
ing prices of ten major cryptocurrencies and compare the results with actual data, we
trained the model’s parameters for the S-ANFIS method and built the model’s structure
using the Neuro-Fuzzy. For the ARIMA method, we utilized the best fit order to the train-
ing dataset and reviewed the residual errors to generate predictions, and compared the
outcomes to the test set. In the long short-term memory (LSTM) model, we utilized the
Adam optimizer to acquire the neural network parameters, which included two hidden
layers, 0.5 dropout, and 200 epochs. To illustrate the out-of-sample performance of all
methods, we plot the out-of-sample forecast results in Figure A1.

Moreover, Table 5 shows the computation time results of our method compared to
the LSTM, the Sugeno-ANFIS, and the ARIMA methods to illustrate the better perfor-
mance of our suggested GBMF-SVNHEFTS technique on the cryptocurrency dataset. Our
technique took the least time in all of the selected ten cryptocurrency datasets except for
the DOGE coin, which came as the third best in the least amount of time. Likewise, the
proposed GBMF-SVNHFTS method was found to result in the lowest RMSE, MAPE, and
MAE of all of the ten major cryptocurrency data series compared with the long short-term
memory (LSTM) model, S-ANFIS method, and ARIMA method. This indicates that the
GBMF-SVNHFTS approach has more efficiency and accuracy in predicting the daily clos-
ing prices of ten major cryptocurrencies than the other methods considered in this study.
Furthermore, the ARIMA method is the second-best model among all compared methods
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for providing the second-best results of all three loss functions of the data from all 10
major cryptocurrencies.

5. Conclusions

This paper aimed to propose a technique to increase the accuracy in time series fore-
casting since the predictability of the existing FTS techniques has been observed to be not
high enough. In our research, we created a single-valued neutrosophic hesitant fuzzy time
series forecasting model by combining several of the hesitancy’s degrees. The Gaussian
membership function and the bell-shaped membership function were utilized to incorpo-
rate the degree of hesitancy to better represent the data movement’s unpredictability, re-
sulting in better forecasting accuracy. The cosine measure and the single-valued neutro-
sophic hesitant fuzzy weighted geometric (SVNHFWG) operator were used to rank the
options and find the optimal one based on the neutrosophic value. We have also demon-
strated the efficacy of our GBMF-SVNHFTS method over other fuzzy time series tech-
niques generated from enhanced fuzzy sets.

Two data sets consisting of the short and low-frequency time series data of student
enrollment and the long and high-frequency data of ten major cryptocurrencies were used
to examine the performance of our method. Using student enrollment as the test data, the
results of the comparisons demonstrate that the proposed model is more effective than
other FTS models. Moreover, we applied our proposed GBMF-SVNHFTS method to the
daily closing prices of the cryptocurrency dataset, which is quite unpredictable, and we
compared the outcome to other time series techniques. According to the comparison re-
sults, the proposed GBMF-SVNHFTS model outperforms all other time series models in
terms of computation time, RMSE, MARE, and MAE. It makes the suggested method
more effective at forecasting the future of volatile datasets than other time series tech-
niques. It is recommended that the next study may improve the accuracy of the suggested
method by using other types of membership functions or incorporating the meta-heuristic
optimization algorithms. Furthermore, the next study may utilize our proposed model for
application to other types of datasets, such as stock prices, interest rates, gold, etc. We also
suggest applying the belief function approach [48] to improve the prediction interval of
the GBMF-SVNHFTS model. Applying this model to predict the histrogram-valued data
is also porposed [49].
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Figure Al. The forecasted values from the testing data of ten major cryptocurrency prices from the
GBMEF-SVNHEFTS and other time series techniques.
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