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Abstract: Real-life structures always include indeterminacy. The Mathematical tool which is well-known in dealing with
indeterminacy is Neutrosophic. Smarandache proposed the approach of Neutrosophic sets. Neutrosophic sets deal with uncertain
data. The notion of Neutrosophic set is generally referred to as the generalization of intuitionistic fuzzy set. In 2022, S. Pious
Missier, A. Anusuya and J. Martina Jency introduced and studied the concepts of Neutrosophic generalized regular star closed

N *—closed) sets and Neutrosic generalized regular star (N _gr*-open) sets in Neutrosophic topological spaces and
(¥ 0or g g wdT*=0p phic topological sp

studied some of their properties and characterizations as well as analyzed the relationships between these newly introduced sets
and the already existing neutrosophic sets. In this paper, we introduce the notions of N , gr*-compact spaces,

N, or*-Lindelof space, countably N , gr*-compact spaces, N , gr¥*-connected spaces, N , gr¥-separated sets,
N —Super-gr*-connected spaces, N, -Extrem ely —gr¥*-disconnected spaces, and
N -Strongly —gr*-connected spaces, N _gr*-Regular spaces, strongly N _gr*-Regular spaces,

N gr*-Nomn al spaces, and strongly N _ gr*-N omn al spaces by using N , gr*—open sets and N , gr*-closed sets

in Neutrosophic topological spaces. We study the basic properties and fundamental characteristics of these spaces in
Neutrosophic topological spaces.
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star closed (N eugr"‘—closed) sets and Neutrosic generalized

1. Introduction regular star (N o gr*—open) sets in Neutrosophic topological

Many real-life problems in Business, Finance, Medical spaces and studied some of their properties and
Sciences, Engineering, and Social Sciences deal with  characterizations as well as analyzed the relationships between
uncertainties. There are difficulties in solving the uncertainties  these newly introduced sets and the already existing
in data by traditional mathematical models. There are neutrosophic sets. In this paper, we introduce the notions of
approaches such as fuzzy sets, intuitionistic fuzzy sets, vague
sets, and rough sets, Nano sets, micro sets which can be
treated as mathematical tools to avert obstacles in dealing with ~ countably N o gr *-compact spaces, N ., gr*-connected
ambiguous data. But all these approaches have their implicit  spaces, N gr*-separated sets,
crisis in solving the problems involving indeterminant and
inconsistent data due to the inadequacy of parameterization
tools. Molodtsov introduced the soft set theory. Smarandache N, —E xtrem ely —gr¥*-disconnected spaces, and
studies neutrosophic sets as an approach to solving issues that N  -Strongly —gr*-connected spaces,
cover unreliable, indeterminacy, and persistent data. .
Applications of neutrosophic topology depend upon the
properties of neutrosophic closed sets, neutrosophic interior  spaces, N ,or*-Nom al spaces, and strongly
and closure operators, and neutrosophic open sets. In 2022, S.
Pious Missier, A. Anusuya and J. Martina Jency introduced * ) ) )
and studied the concepts of Neutrosophic generalized regular N w9 —closed sets in Neutrosophic topological spaces.

N, gr*-compact spaces, N ,gr*-Lindelof space,

N, —Super-gr*-connected spaces,

N _or*-Regular spaces, strongly N  gr*-R egular

N, gr*-N om al spaces by using N , gr*—open sets and
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We study the basic properties and fundaments characteristics
of these spaces in Neutrosophic topological spaces.

2. Preliminaries
Definition 2.1. Let X be a non-empty fixed set. A
neutrosophic set (brieﬂy N, —Set) P is an object having a
P= {(x,,up (x),O'P (x),yp (x)> 1xe X}, where
of

form

tp(x)-represents  the  degree membership,

op (x)—represents the degree of indeterminacy, and
Vp ( x) - represents the degree of non-membership.

Definition 2.2. A neutrosophic topology on a non-empty
set X is a family
satisfying (i) Oy, 1y, €Ty. (ii) GNHeT,
G, HeT,, (iii) |JG, eT, for

jeJ

every{Gj:jeJ}gTN.Then the pair (X,TN)is called a

T, of neutrosophic subsets of X

for every

neutrosophic topological space
(brieﬂy, N, -Top —Space). The elements of T, are
called neutrosophic open (brieﬂy N, —open) sets in X. A
N, —set 4 X

(briefly N, —closed) set if and only if its complement A

in is called a neutrosophic closed

isa N  —open set.

Definition 2.3. Let (X,T,) bea N -Top—Space and
A bea N —set. Then

(i) The neutrosophic interior of A4, denoted by N, /nt(A)is

the union of all N —open subsets of A.

(ii) The neutrosophic closure of 4 denoted by N, CI(A)is

the intersection of all N, —closed sets containing A.
Definition 2.4. Let 4 be a
N, —Top—Space (X, T, ). Then 4

of

is said to be a

N, -subset a

(i)neutrosophic regular (brieﬂy N, -R egu]ar) open set
if A=N_ [N, Cl(4)] (i)

closed

neutrosophic  regular

(brieﬂy N, -R egu]ar) set if A=

N wCl[N m[nz(A)]. Clearly N ., -Regular open sets and
N ., “Regularclosed sets in (X,T,) are complements of

each other.
Definition 2.5. Let (X,T,) bea N -Top—Space and

A bea N -set of X. Then A is said to be a neutrosophic
(briefly N, g-closed) if
N euCI(A)QG whenever AC G and G is N, —open set

generalized  closed set

E-ISSN: 2732-9941

33

Raja Mohammad Latif

in (X,T,). The complement of a N _ g—closed set is called
a N  g-open setin (X,TN).

Definition 2.6. Let (X,T,) bea N -Top—Space and
A bea N -set of X. Then A is said to be a neutrosophic
generalized regular star closed (resp. N, gr* —closed) set if
N, reg-Cl(A)c G AcG G
N ,,g-open setin (X,T,).

whenever and is

The complement of a N  gr¥*-closed set is called a
neutrosophic star

(briefly N, gr* -open) setin (X,T,).

generalized regular open

The family of all N ,,gr* -open (resp. N ,,gr* —closed) in
N, -Top—Space  (X,T,) by
N ,,gr*-O(X,Ty) (resp. N, gr*-C(X,Ty)).

Definition 2.7. Let (X,T,) bea N, -Top—Space and
A be a N, -set of X. Then (l) the neutrosophic

generalized regular star closure of A4 is denoted and defined

by:N,gr*-Cl(A)=N{FeN ,or*C(X,T,) & ACF}.

a is denoted

(ii ) the neutrosophic generalized regular star interior of A4
is denoted and defined by:
N, or*-Int(A)=U{GeN ,gr*-O(X,T,) & GSA}.

Theorem 2.8. Every N —closed (resp.N , —open)
setina N -Top—Space (X,T,) isa N ,gr*-closed
(resp. N, gr* -open) setin (X,T,).

Theorem 2.9. In a N -Top—Space (X,T,)we have
the following conditions.

(i) 0, and 1, are N ,gr¥-open setsin (X,T,).

(ii) The intersection of any two N, gr*-closed sets is
N ,,or* —closed setin (X, T, ).

(iii) The union of any two N, gr*-open sets is
N ,,gr* -opensetin (X,T,).

Theorem 2.10. Let (X,T,) be a N -Top—Space.
Then for any N ,, -subsets 4 and B of X, we have

(i) N or* —Int(A) cAcCN gr* —CI(A)

(i) 4
N, gr* -Int(A4)= A.

(iii) A is N ,gr*-closedset in X if and only if
N, qr*-Cl(A4)=A.

(iv) N, gr* -Int[N W —Int(A)] =N, gr*-Int(A4).
(V) N, gr*CI[ N, or* CI(A4)|=N ,gr*-CI(4).
(

(4) (B)

is N _,or*-openset in X if and only if

Vi) If Ac B,then N gr* -Int

eu

c N gr*-Int

eu
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Vii) If A< B,then N, qr* -CI(A) = N, qr* CI(B)
viii) (N, gr* ~CI(4)) =N, gr* ~Int(A°)
iX) (N,,gr* ~Int(A4)) =N, gr* -Cl(4)
X) N, gr*-nt(0, )=

(i
(
(Xl) gr* —Cl( )
(
(
(

(vi
(

1

N eu

v, N,or* —Int(l

N o )
Nm:)

1

N eu

, N or* —Cl(l

eu

0,
ON(,,,
Xii) N, gr* -Int(ANB) <
or* -Int(A)N ,,gr* ~Int(B)

Xiii) N, gr*-Cl(4)UN ,gr* -Cl(B) =
N, or* —CZ(AUB)

Xiv) N ,gr*-Int(A)UN ,,gr* -Int(B) =
N, gr*-Int(AUB)

(Xiii) N, gr*-CI(ANB) <

N, gr*-Cl(4)NN ,gr* -CI(B)
Definition 2.11. A function f:(X,TN)

called a N, gr*-continuous function if

N

(& ll

- (Y, O'N) is
f_l(B) is a
N ,,gr* -open (resp. N ,,gr* —closed) setin X, for every
N, —open (resp. N , —closed) set B in Y.
Definition 2.12. A function f': (X,TN)

called a N, gr*-rresolute function if

- (Y ,Oy ) is
i (B) is a
N or*-open (resp. N, or* —closed) setin X, for every
N ,gr*-open (resp. N, gr* —closed) set B in Y.

3 Neutrosophic Generalized

Regular Star Compact Spaces
In this section, we introduce N , gr* -compact space,

N, gr* -Lindelof space, and countably

N ,,gr* -compact and their basic

properties and characterizations.
Definition 3.1. A collection {4 :ie/} of N, -open

(resp. N, gr* -open)
(X,Ty) is called a N -open (resp.N ,gr*-open)
cover of a subset B of X if BC U{/L :iel} holds.
Definition 3.2. A subset B of a N
(X Ty ) be
(resp. N, gr* -compact) relative to (X, T, ), if for every
{4 tiel } of
gr* -open) subsets of (X ,T N) such that

space investigate

sets in a N —Top-Space

-Top —Space

is said to N ,, —compact

collection N, —open

(resp. N

eu
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BCU{
that BcU{4 :iel,}.

el } there exists a finite subset ] of 1 such

Definition 3.3. A subset B of a
N, “Top —Space (X ,TN) is called N , —compact
(resp N ,,gr* —compact) if B is N, -compact

(resp. N ,or* —Compact) as a subspace of X.

Theorem 3.4. A N _gr*-closed subset of a
N ,or*-compact (X,T,) is N ,gr*-compact

relative to (X, T, )

Proof. Let 4 be a N _gr*—closed subset of a

(X,Ty). A°
N ,gr*-open in (X,T,). Let s ={4 :iel} be a
N or*-open cover of 4 by N, gr*-open subsets of
(X,T,). Then 5*=5 U{AC} isa N gr*-open cover of

=(UJ_4)u4
gr* —compact and hence S * is reducible
to of (X, TN)
X=4U4 ...U4 U4, 4 eScs~*

A=4 U4, .....U4 . Thusa N ,gr*-open cover S of
Y| A

gr* —compact  space Then is

(X,Ty).
(X,Ty) is N

That is By hypothesis

eu

a finite subcover say

Then

contains finite  subcover. Hence is

gr* —compact relative to (X, T, ).

a

Theorem 3.5.

N, gr¥* -compact

A N (X,TN) is

if every family of

-Top —Space
if and only

N, gr* —closed sets of (X, T, ) having finite intersection

property has a non-empty intersection.
Proof. Suppose (X,TN) is

{4 :iel} bea family of N, gr*—closed sets with finite
ﬂ 4 =¢. Then
—4)=X. Thus

N ,,or*-compact. Let

intersection

X~ ﬂie]

the cover {X —A4 :iel} is a N, qgr*-open cover of

property.  Suppose

A =X. This implies LJiE

(X Ty ) Then  the N ,gr*-open  cover
{X—A7. :ie]} has a finite subcover say {X—A7. :ie]O}
for some finite subset [, of [. This implies
X = X4 . L
Uielo ( A ), which implies

X - Ui% (X—4)=¢ which implies ﬂido A =@. This
contradicts the assumption. Hence ﬂid/L. # ¢@. Conversely,
suppose (X ,TN) is not N gr*-compact. Then there

existsa N , gr*-open cover of (X,TN) say {G :iel}

Volume 3, 2023



PROOF
DOI: 10.37394/232020.2023.3.6

having no finite subcover. This implies for any finite
subfamily {Gi:i=1,2,...,n}of {G,.:iel}, we have

UG # X, which implies X —(J' G =X —X,which
N (X-G)=.
{X—Gl. :ie]} of N _gr*-closed sets has a finite

intersection property. Also, by assumption

mid(X—Gi);t ¢ which implies X_UielGi #¢ so that
\U,.,G # X. This implies {G,:ieI} is not a cover for

(
(
(

(X,T,) isa N, gr*-compact.

implies Then the family

This contradicts the fact {Gi el } is a cover for

X,Ty).
X,T,). Therefore a N, gr*-open cover {G,:iel} of
X, Ty)

has a finite subcover {G,- :i=1,2,...,n}. Hence

Theorem 3.6. The image of a N , gr*-compact space

under a N, gr* -rresolute mapping  is

N ,,or* -compact.

Let be

f:(X,TN) —)(Y,O'N)
gr* —rresolute mapping from a N , gr* -compact

Proof.
N

eu

a

space (X,TN) onto a N, gr*-Top -Space (Y,o, ). Let
{A; :ie]} be a N, gr*-open cover of (Y,0, ). Then
{f_l(A].):ieI} isa N _qgr*-open cover of (X,T,),
f N ,, gr* -irresolute. (X,T,)
N ,,gr* -compact, the N, ogr*-open
{f_l(zi.):iel} of (X,TN) has a finite subcover

(7 (4):i=12,m).

f(X)=U:l=1A7., that is Y=U:l=1A7.. Then
{AI,AZ,...,AW} is a finite subcover of {A7 :ie]} for
(Y,0,). Hence Y isa N, gr* -compact space.

Definition 3.7. (X,Ty)

countable

since is As is

cover

Therefore X = LJLI f (Ai )

Then

A N, -Top-Space is

N gr¥ if

eu

countably —-compact every

N, gr* -open cover of (X, T, ) has a finite subcover.
Definition 3.8. A N _, -Top-Space (X,T,) is said to

be N or*-Hausdorff if whenever Xapy and Y, o

are distinct points of (X,T,), there exist disjoint
N, ogr*-open sets 4 and B of X such that X pr) €A

and Y )eB.

r,s,t
Theorem 3.9. Let (X,T,) bea N -Top-Space and
(Y , GN) be a If

N, gr*-Hausdorft  space.
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f:(X,Ty)—>(Y,0,) is N, gr*-rresolute injective
mapping, then (X, T, ) is N, gr* -HausdorfT.
Proof. Let x

and Y be any two distinct

a.p.y) r,s.t)

N, -points of (X,T,). Then f (x(a,p.y)) and
f (y(m’t)) are distinct N, —points of (¥,o, ), because
f

there are

is injective. Since (Y,o) is N ,qgr*-Hausdorff,
disjoint N ,gr*-open sets G and H in
(Y,UN) containing f(x(a,ﬁ,y)) and f(y(r’s’t)) respectively.
Since / is N, gr*-rresolute and G[)\H =¢, we have
! (G) and 1 (H) are disjoint N _ gr* -open sets in

(X,TN) such that Xapy) € ! (G) and
Virsa) € [ (H) Hence (X,TN) is
N gr* -Hausdorff.

Theorem 3.10. If f:(X,Ty)—>(Y,0)is
N ,or*-rresolute and  bijective  and if X is

N ,or*-compact and Y is N ,gr*-Hausdorff, then
 isa N ,,gr* -homeomorphism.

Proof. We have to show that the inverse function g of f is
N gr*-rresolute. For this we show that if A is
N gr¥*-open in (X,TN) then the pre-image g_l(A) is
N, gr*-open in (Y,o0,). Since the N, gr*-open
(Or N or* -Closed) sets are just the complements of

N gr*-closed and

o (resp. N or* —open)
g_l(X—A)zY—g_1 (A) We

N, gr*-rresolute mapping of g is equivalent to: if B is

subsets,

see that the
N, gr* —closed in (X, T, ) then the pre-image g~ (B) is
N ,or*—losed in Y. To prove this, let B be a
N, gr* —closed subset of X. Since g is the inverse of f,
we have g_l(B) f (B), hence we have to show that

f(B)isa N ,gr*—closed setin Y. By theorem 3.4, B is

N ,,gr* -compact. By Theorem 3.6, implies that f'(B) is

N, or* -copmpact. Since Y is N ,gr*-Hausdorft
space implies that f'(B) is N, gr* ~closed in (¥,0).
Definition 3.11. A N _, -Top -Space (X, T, ) is said to
be N gr*-Lindelof space if every N , gr* -open cover
of (X ,TN) has a countable subcover.
Theorem 3.12. Every N ,gr¥*-compact space is a

N, or*-Lindelof space.
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Proof.Let (X,T,) be N, gr*-compact. Let
{4 :iel} bea N gr*-open cover of (X,TN).Then
{AL. :iel} has a finite subcover {A,. :i:1,2,...,n}, since
(X ,TN) is N gr*-copmpact. Since every finite
subcover is always a countable subcover and therefore,

{Al. :i:1.2,...,n} is countable subcover of {Al. :ie[} for
(X,TN ) Hence (X,TN ) is N, gr* -Lindelof space.
Theorem 3.13. The image of a N , gr* -Lindelof space

under a N, gr* -rresolute mapping is
N ,, or* -Lindelof.
Proof.Let f:(X,TN)—>(Y,O'N) be a

N, gr*-rresolute mapping from a N , gr* -Lindelof
space (X,TN) onto a N, -Top-Space (Y,o,). Let
{4:iel} bea N,
{fﬁl(Ai):ieI} isa N, gr*-open cover of (X,T,),
f (X4.Ty)
N gr* -Lindelof, N, or*-open
{f‘l(Ai):ieI} of (X,TN) has a countable subcover

gr*-open cover of (Y,GN). Then

since is N gr*-rresolute. As is

the cover

{fﬁl(Ai):ieIO} for some countable subset [, of I.

X = Uielo f_l (Ai)

f(X)ZY:U,-ez A;, that is {Al.:ielo} a countable

Therefore which implies

subcover of {A[ :iel} for (Y,O'N). Hence (Y,O'N) is
N ,,or*-Lindelof space.

Theorem 3.14. Let (X ,TN) be N gr*-Lindelof and
countably N , gr* —copmpact space. Then (X ,TN) is
N ,,gr* -copmpact.

Proof. Let {4 :iel} be a N ,gr*-open cover of
(X,TN). Since (X,TN) is N, gr*-Lindelof space.
Hence {4, :iel} has a countable subcover {A,T ne N}.
Therefore, {A[” ‘ne N} is a countable subcover of
(X,Ty) and {4, :neN}isasubfamily of {4 :i e} and
SO {147 :neN} is a countable N , gr*-open cover of
(X,Ty) since (X,T,) s

Again countably

N, gr¥* -copmpact, {A;,, :neN} has a finite subcover
{4, :k=1,2,..n} is a
(X,TN).Hence

{An k= 1,2,...,n}. Therefore

finite subcover of {Al. el } for

(X,T,)is N, gr* -copmpact space.
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Theorem 3.15.

N _ gr* -copmpact

A N -Top-Space is

if if

(X,T,)

and only every basic

N, gr*-open cover of (X, T, ) has a finite subcover.

Proof. Let (X ,TN) be N gr*-copmpact. Then every

N _ gr¥*-open cover of (X ,TN) has a finite subcover.
Conversely, suppose that every basic N , gr* -open cover
of (X,T,) has a finite subcover and let C={G, : A e A} be
any N gr*-open cover of (X,Ty). If B = {D, :a e A}
is any N _ gr*-open base for (X,TN), then each G, is
union of some members of B and the totality of all such
members of B evidently a basic N ,gr*-open cover of
(X , Ty ) By hypothesis this collection of members of B has

a finite subcover, {D :i:1,2,...,n}. For each D, in this

finite subcover, we can select a G, from C such that

D, cG,. It follows that the finite subcollection

{Gl =1, 2,...,n}, which arises in this way is a subcover of

C.Hence (X,TN) is N gr*-copmpact.

eu

4. Neutrosophic Generalized
Regular Star Connected Spaces

In this section, we introduce and study the notions of
* *
N, gr* —connected spaces, N, gr* -separated sets,

N _, —Super-gr* —connected spaces,
N, —Extrem ely-gr* -disconnected ~ spaces,  and
N _, —-Strongly —gr* —connected spaces in

N _, -Top —Spaces.

Definition 4.1. A N -Top-Space (X, T, )
N, gr* —disconnected if there exist N , gr* -open sets
A, B in X, A#0,,,, B#0,,, suchthat AUB=1,,, and
ANB=0,,. If (X,T,) is not N ,gr*-disconnected
then it is said to be N ,, gr* —-connected.
Theorem4.2. A N -Top-Space (X,T,)

N _ gr*-connected space if and only if there exists no

is

is

nonempty N gr*-opensets U and V in (X ,TN) such
that U =V°.

Proof. Necessity: Let U and V be two N, gr*-open
sets in (X, T, ) such that U#0,,, V #0,, and U=V°.

Therefore V¢ is a N _gr*-closed set. Since
U#0,,,V #1,,. This implies V¥ is a proper
N, —subset which is bothN ,gr*-open set and
N, or*—losed set in X. Hence X is not a
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N, gr*-connected space. But this is a contradiction to our
hypothesis. Thus, there exist no nonempty N , gr* -open
sets U and V in X, suchthat U=V°.

Let U be both N _gr*-open
N or*-closed set of X such that U#0,,,U=#1,,.

Sufficiency: and

Now let V'=US. Then V is a N ,or*-open set and

V#1,,. This implies U“=V=#0,,,which is a
contradiction to our hypothesis. Therefore X is
N gr* -connected space.

Theorem4.3. A N -Top-Space (X,T,) s

N _ gr* —connected space if and only if there do not exist
N, -subsets U and V in X such that

v=[n,g*Cl(U)]

nonempty

U=re,

and
U =[N e —CI(V)]C.

Proof. Necessity: Let U and V' be two N  —subsets of
(X,TN) such that U=0,,, V=#0,, and U=re,

V= [N W —CI(U)]C and U= [N Wr* —CZ(V)]C .
Since [N wIr* —CZ(U)]C and [N WL —CZ(V)]C are
X, U and V
N ,or*-open sets in X. This implies X
which
Therefore, there exist no nonempty N , gr* -open sets U

and V in X, such that U=V°, Vz[N Eugr*—Cl(U)]C

% .
N ,or*-open sets in so are

is not a

N, gr*-connected space, is a contradiction.

and U =[N Wr* —CI(V)]C.
Sufficiency: Let U be

N, or*-closed set in X such that U #0,,, U=#l,,.

both N, gr*-open and

Now by taking ¥ =U® we obtain a contradiction to our
hypothesis. Hence X is N gr* —connected space.

Theorem 4.4. Let [ :(X.T,)—(Y,oy)

N _ gr* -rresolure surjection

eu

be a

X be

N, gr* —connected. Then Y is N ,gr* —connected.

and

Proof. Assume that Y is not N ,gr*-connected, then
there exist nonempty N , gr*-open sets Uand V in Y
such that UUV =1,,and UNV =0,,,. Since
mapping, A=f1" (U);tON,
B=f_1(V);é0Neu, which are N gr*-open sets in X
and /T (U)US(V)=/"(1ye)=1ye> which implies
AUB=1,,. Also /(U)NS"(V)=/"(0y)=0pe
which ANB=0 Thus, X

is

%
N, gr* —rresolure

implies New is
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N, or* -disconnected, which is a contradiction to our
hypothesis. Hence Y is N _ gr* -connected.

Definition 4.5. Let 4 and B be nonempty N _ -subsets
ina N, -Top-Space (X,T,). Then 4 and B are said
be N gr* -separated if
[N, or*Cl(4)|NB=4N[N ,gr*-CI(B)]=0,,
Remark4.6. Any two disjoint non-empty N , gr* —closed

to

sets are N , gr* -separated.
Proof. Suppose 4 and B
N ,gr*—closed sets. Then [N WwIr* —CZ(A)] NB=
AN[N ,,gr*~CI(B)]=ANB=0,,. This shows that A
and B are N , gr* —separated.

Theorem 4.7. (i)  Let B be
N, gr* -separated N _, -Top —Space
(X,TN) and Cc A, DcB. Then C and D are also
N, gr* -separated.

are disjoint non-empty

4

of a

and two

subsets

(ii) Let Aand B be both N, gr* —separated subsets of a
N, -Top-Space (X,T,) and let H=ANB" and
G=B A . Then H and G are also N, gr* —separated.
Proof. (i) Let 4 and B be two N, gr*-separated sets
N, —Top -Space (X,Ty). Then
[N, or*Cl(4)]NB=0,, =AN[N ,gr*-CI(B)].

in

Since Cc4Ad and DcB, then
N ,gr*-Cl(C)c N, gr*-CI(A) and
N ,gr*-Cl(D)c N ,gr*-CI(B). This implies that,

[N, or*-CI(C)|NDc [N, gr*~CI(4)|NB=0,,
[N ,,gr*-CI(C)]ND=0,,.
[N war® —Cl(D)]ﬂCg [N Wr® —CZ(B)]ﬂA =0,,,
and hence [N, gr*-CI(D)|NC=0,,. Therefore C and

D are N , gr* -separated.
(ii) Let 4 and B be both N, gr* -open subsets of X.

and  hence Similarly

Then A€ and B¢ are N, gr* —closed sets. Since H < B,
then N, gr*-CI(H)c N ,,qgr*-CI(B)=B° and so
N, or*-CI(H)NB=0,,. Gc B,
[N, or*CI(H)|NG<[ N, gr*-CI(H)|NB=0,,.

Thus, we have [N, gr*-CI(H)]NG=0,,. Similarly,
[N,or*CI(G)JNH=0,,. Hence H and G are

N, gr* —separated.

Since then
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A and B of a
N, or* -separated if

Theorem 4.8. Two N _ -subsets
N ., =Top -Space (X,T,) are
and only if there exist N , gr* -opensets U and Vin X
that AcU, BcV and AﬂVz()Ngu
BNU =0y,

Proof. Let 4 and B be N, gr*-separated. Then
AN[N ,,gr*-CI(B)|=0,,, =BN[N ,or*-CI(4)].
Let V' =(N era -CI(A))C and U:(N 0 9r* —CZ(B))C.
Then Uand V are N gr*-open sets in X such that
AcU, BV and ANV =0,,, and BNU =0,,,.
Conversely, let U and V' be N _gr*-open sets such that
AcU,BcVand ANV =0,,, BNU =0,,,. Then
AcV and BCU and V' and U€ are N, gr* —losed.
This implies N , gr* —CZ(A) c N _or* —CI(VC) =V°c

such and

B and N ,gr*-CI(B)c N, gr* -CI(U)=U  c 4°.
Thatis, N ,,gr* -Cl(A4) <= B and N, gr*-CI(B)c A4 .
So  AN[N,gr*-CI(B)]=0,, =[N ,qr*-CI(4)]NB.
Hence 4 and B are N , gr* -separated.

Theorem 4.9. Every two N  gr*-separatedsets are
always disjoint.
Proof. Let 4 and B be N ,gr*-separated. Then

AN[N ,or*CI(B)|=0,, =[N, gr*-CI(4)|NB.
Now, ANBc AN [N e o —CI(B)] =0,,,- Therefore
ANB=0, and hence 4 and B are disjoint.
Theorem 4.10. A N -Top -Space (X,T,)
N, gr* —connected if and only if 4UB=#1,,,, where 4

is

and B are N _ gr* -separated sets.

Proof. Assume that (X,T,) is N, gr*-connected

space. Suppose AUB=1,,, where A4 and B are
N gr* -separated sets. Then
[N ,,or*CI(4) |NB=AN[N ,gr*-CI(B) ]|=0,,.

Since Ac N, gr*-CI(A), we have
ANBc [N W™ —CI(A)] NB=0,,. Therefore

N, ogr*Cl(Ad)cB =4 and
A° =B. Hence A=N , gr* —CI(A)
B=N , gr*-Cl(B). A B

N, gr* —closed sets and hence 4=B" and B= A" are

N, gr*-Cl(B) <
and
and

Therefore are

disjoint N, gr* —-open sets. Thus 4#0,,,, B#0,,, such
that AUB=1,, and A(1B=0,,, A and B

are
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N, gr*-open sets. Thatis X isnot N , gr* —connected,
which is a contradiction to X is a N gr* -connected
1

N gr* -separated sets.

space. Hence is not the wunion of any two

Neu

Conversely, assume that 1, is not the union of any two

N  ogr*-separated  sets. Suppose X is  not
N, gr* —connected. ThenAUB=1,,,, where 4#0,,,,
B+#0,, such that A(B=1,,, A4 and B are

N ogr*-open sets in X. Since Ac B¢ and Bc A°,
[N ,,or*CI(4) [NB< B NB=0,,
AN[N ,or*CI(B) ] AN A =0,,,. Thatis 4 and B

N, or* -separated sets. This is a contradiction.

and

are
Therefore X is N _ gr* -connected.

Definition 4.11. A N -Top -Space (X,T, )
if
N  -Regular-gr*-open set 4 in X suchthat 4#0,
and A#l,,. A N -Top-Spaces (X,T,) is called

is

N, —Super-gr* —disconnected there exists a

N, —Super-gr* -connected if X is  not
N, —Super-gr* —disconnected.
Theorem 4.12. Let (X.Ty) be a

N, —Top —Space. Then following assertions are equivalent:
(i) X is N, —Super-gr* -connected.

(ii) For each N, gr*-open set U #0,,, in X, we have
N gr*=Cl(U) =1,

(iii) For each N, gr* —closed set U #1,,, in X, we have
N gr*-Int(U)=0,,,.

(iv) There do not exist N, gr* -open subsets U and V in
(X,Ty).suchthat U#0,,, V#0,, and UcV".

v ) There do not exist N , gr* -open subsets U and V in
X,Ty), U#0,,, V#0,,,
=(N ,,qr*=CI(U))  and U =(N ,gr*-CI(V))".

(vi) There do not exist N, gr* —closed subsets U and ¥V
(X,T,), U=l

V= (N W —Im‘(U))C and U = (N W Ir* —]nt(V))C.

such that

eu

in such  that V1.,

Neu >

Proof. (1) = (ii) :  Assume that there exists a
N gr*-open set A#0,, such that
N, gr*-Cl(A4)#1y,. Now take

B=N  gr* —Int[N 0, 9r* —CI(A):I. Then B is a proper
N, -Regular-gr*-open set in X which contradicts
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that X

N eugr* _Cl( ) Neu*
(ii)=(iii): Let A#1y, bea N ,gr*-closedset in X.

is -Super-gr* -connected. Therefore

Then A is N gr*-open setin X and 4 #0
N, gr*-Cl(A%) =1y,

New HENCE

hypothesis, and  so

by

N, gr*=Cl(AS)=(N ,or* ~lnt(4)) =1y,
implies that N  gr* —Int(A) =0,,.-

This

(iii)=>(iv): Let 4 and B be N ,gr*-open sets in X
A#0,,#B and AcB®. Since B¢

X and B=#0,, implies
BcilNeu,we obtain Neugr*—]nt(Bc)zoN. But, from

Ac BS, 0y, #A=N ,qgr*-Int(A4) c

such that is

N or*—losed set in

el —Int(BC) 0,,,>» which is a contradiction.

(1V):>(i): Let 0y 2A#1,,, be
N ., ~Regular-gr* -open set in X. Let
B=(N w9 —CI(A))C. Since

N or* —Int[N W™ —CZ( )] =

N, gr* -lnt[N ,gr*~Cl(N , gr* -Cl(4))° J

=N ,or* —Int[N W9 —Int(N e —CZ(A))T
N gr* —Int(AC) = [N e o —CI(A)]C =B. Also we get
B#0,,,, since otherwise, we have B =0,,, and this implies
( Wr* =Cl(4)) =0
aTT* Cl(A) =1y,

A=N ,gr* —Int[N War* =Cl( A4
(1y,)=1,..
contradiction. Therefore B#0, and A< B. But this is a
(iv). (X.Ty)
N ,, —Super-gr* —connected space.

(i)=(v):

(X,TN) such that 4#0,,, # B, Bz[N eugsCl(A):lc,

New- That implies

That

)]=

That is A=1,,, which is a

shows that

N gr*-Int

eu

contradiction to Therefore is

Let 4 and B be N _gr*-open sets in

Az[N WL —CI(B)]C. Now
N, gr* —Int[N w9 —CZ(A)] =N, or* —Int(Bc) =

[N ,or*-Cl(B)] =4,

A#0, ~and A#l,,, since if A=l then
1, =[N, or*=I(B)]". This implies
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N gr*-Cl ( )
implies that 4 is proper N ,

vor BUut B#0,, . Therefore A#1,,
. ~Regular-gr* -open set in
(X , Ty ) which is a contradlctlon to ( ) Hence ( ) is true.
(v)=(i): Let 4 be N,
(X,T,) such that A=N  qgr* —Int[N eia —CI(A)]

-Regular—-gr* -open set in

and 0, #A#1,, . Now take B:[N 0 9r* —CI(A)]C. In
this B#0 B
N ., set (X,TN).

case  we get and is

Neu
-Regular-gr* -open in
B=[N,gr*-Ci(4)]

(v, gr* -CI(B)]C -

and

| or*CI(N ,gr* Ci(4 CJ

N gr* —Int|: r*-CI(A C}

N gr* —Int[ N War* =Cl(4 ):I A.  But this is a
contradiction. Therefore (X.Ty) is
N _, —Super-gr* -connected space.

(v)=(vi): Let A and B be two

N -Regular-gr*-closed sets in (X,TN) such that

A#1,, #B, B=[N ,qgr*-Int(4)],

C

sets in

A=[N ,gr*~Int(B)] . Take C=4" and D=B",
N, “Regular-gr*-open
(X,T,) with C#0,,#D, D=[N gr*-Int(C)] ,

and D become

C= [N 5, 9r* —Int(D):lc , which is a contradiction to (V)
Hence (Vi) is true.
(Vi) = (V): It can be easily proved by the similar way as in

(V):>(Vi).

Definition 4.13. A N, -Top-Space (X,T,) is said

to be N _ —Extremely-gr*-disconnected if the
N gr* —closureof every N, gr*-open set in (X,T,)
is N ,gr*-open setin X.

Theorem 4.14. Let (X,T,) be a N —Top -Space.

Then the following statements are equivalent.
(i) X is N, -E xtrem ely -gr* -disconnected space.

(ii) For each N, gr*—losed set 4, N, qgr*-Int(A) is

N, gr* —closed set.
(iii)

N gr¥ —CZ(A) = [N W™ —CZ(N W™ —CI(A))CT.

For each

N, gr* -open set A,
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(iv) For each N ,gr*-open sets A and B with
N, qr*-Cl(A4)=B",

N, gr*-Cl(4)= [N e —Cl(B)]C.

Proof. ()= (ii): Let 4 be any N ,gr*—closed set in
(X,T,). Then A° is N, gr*-open set. So (i) implies
N, gr* -Cl(A°) =[N, gr* ~Int(4) |

N, gr*-Int(A)

that is

N ,or*-open  set. Thus is
N, gr*—losed setin (X,T,).

(ii)=>(iii): Let 4 be N ,gr*-open set. Then we have

[N War* CI(N , gr* —CZ(A))CT

Since A is

W
[N w9 —CI(N e o —Im‘(AC ))} .
N gr*-open set. Then A is N 2 9r* —closed set. So,
by (ii) N gr* —Int(AC) is N gr*—losed set. That is

N, or* —CI[N Wwar® —Int(AC)} =
(4)) |
[ g =i et =t (4°)) | =
[N WG * =Int AC)T
N,,gr* 'CZ(A) which

C
(4)=] (3 Lor*=ci(a)) ] -
(iii)=(iv): Let4 and B be any two N, gr*-open sets
(X,TN)such Neugr*—Cl(A)zBC. Then

C

N gr*-Cl =

eu

[N e —Cl(

N, or* —]nt(Ac). Hence we

obtain implies that

N gr*-Cl

eu

N gr¥—Cl

eu

in that

(i) = N arCI(A)=[ 0 arr =i are-ci(4)) |

c
:[N Lar -CI(BC)CJ ~[v ar*c1(B)]".
(iv)=(i): Let 4 be any N ,,gr*-open setin (X,T,).
Let B=[N,,gr*~Cl(4)] . Then N ,gr*~Cl(4)=B".
Then (iv) implies N _ gr¥ —CZ(A) =[N Wgr® —CI(B)]C.
Since N ,,gr*-CI(B) is N, gr* —closed set, this implies
that N, gr* —CZ(A) is N gr*-open set. This implies
(X,Ty)
N, —E xtrem ely -gr* —disconnected space.

Definition 4.15. A N -Top-Space. (X,T,)
N _ -Strongly —gr* -connected, if there does not exist

that is

is
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any nonempty N , gr* —closed sets 4 and B in X such
that AN B=0,,,

Theorem 4.16. Let f:(X,TN)—)(Y,GN) be a
N, or*-rresolute  surjection and X  be a
N  -Strongly —gr* -connected space. Then Y s
N, —Strongly -N , gr* —connected.

Proof. Assume that Y is not

N, -Strongly-N , gr* —connected, then there exist
nonempty N , gr*—closedsets Uand V in Y such that
U=0,,, V#0,, ad UNV=0,,. f
N, gr* —rresolute mapping, A= (U)#0,,.

B=f"'(V)#0,,, which are N , gr* —closed sets in X

Since is

and [ (U)NSf(V)=/"(0y,)=0y,> which implies
ANB=0,,. Thus, X is not
N, -Strongly —gr* -connected, which is a

N -Strongly —gr* -connected. Hence it follows that

this is contradiction to our hypothesis. Consequently Y is
N ,, —Strongly -gr* -connected.

5. Neutrosophic Generalized
Regular Star Topological Spaces
In this section, we define N , gr* -R egular spaces and
by
N, gr* —closed

Strongly —N , gr* -R egular spaces using
and sets in

*
N ,,or*-open  sets

N, -Top —Spaces. We study their basic properties and

characterizations.
Definition 5.1. A N, -Top-Space (X,7,) is said to

be N gr*-Regular if for each N  gr*—closed set 4

and a N, -point Xapy) & A, there exist disjoint
N _or*-open sets U and V  such that
ACU, x, 5, €V.

Theorem 5.2. Let (X,7, ) bea N, —=Top —Space. Then
the following statements are equivalent:
(i) Xis N ,gr*-R egular.

(ii) For every x, €X and every N gr*-open set

Bor)

G containing X there exists a N gr* -openset U

a,B.y)’
such that Xapr) € UcN ,or* —CZ(U) cG.

(iii) For every N _ gr¥*—closed set F/, the intersection of
all N

eu

exactly F.

gr* —closed N , gr* -neighbourhoods of F is
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(iv) For any N -set 4 and a N ,gr*-open set B
such that A(1B#0,,,, there exists a N _ gr* -open set U
such that ANU #0,,, and N ,,gr* -CI(U) < B.

Neu

(V) For  every  non-empty N, —set A and
N, or*—closed set B such that 4(1B=0,,,, there exist
disjoint N gr*-open sets Uand V  such that

ANU #0,,, and BC V.
Proof. (i)=> (ii): Suppose X is N, gr*-Regular. Let
X

wpy) €X andlet G bea N, gr*-open set containing

Xapr) Then X(aﬂﬂ,y)éGC and G°is N gr* —closed.

Since X is N ,,gr*-Regular, there exist N ,, gr* -open
sets U and V' such that UMV =0, and X, €U,

G'cV. It that UcV cG
Neugr*—Cl(U)gNeugr*—Cl(Vc):VcgG. That is
)eUgngr*—CZ(U)gG.

follows and hence

X
(a.Bor
(ii)=(iii): Let F be any N ,gr*-closed set and
X(qp.y) € - Then F¢is N ,gr* -open and X eF°.

a.p.y a.p.y)

w9r*-open set U such
)eUgNeugr*—Cl(U)gFC. Thus

By assumption, there exists a N

that x(a, 5y

Fc(n,q*=Cl(U)) cU”. U*
N gr*—losed and N gr*-neighbourhood of F

Now is

va
all N gr*—losed N , gr*

eu

which does not contain Xapr) So, we get the intersection of

-neighbourhoods of F to be
exactly equal to F'.

(iii) :(iv):

*
N ,,or*-open set.

Suppose  A(1B#0,, ad B is

Let x(a’m)eAﬂB. Since B is

N, gr*-open, B is N, gr* —closed and Xa.p.7) ¢ B

(iif),

N ,gr* -neighbourhood ¥ of B¢ such that Xy EV-

By using there exists a N, gr*—losed,

Now for the N, gr*-neighbourhood ¥ of B€, there
existsa N, gr* -open set G such that B c G V. Take
U=V Thus U is a N _,gr*-open set containing
Xpy)- Also ANU #0,,, and N, gr* ~(U)c G <B.

(iV):>(V): Suppose A4 is a non-empty set and B is a
N, or*—closed set such that A(1B=0,,,. Then B¢ is
N, gr*-open setand A(\B #0,,,. By our assumption,
there exists a N ,gr*-open U such that A(N\U #0,,,

and N or* —CZ(U)QBC. Take
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V=(Neugr*—Cl(U))c. Since N, gr*-CI(U) s

N gr*—losed, V is N gr*-open. Also BV and
UNV N ,g*-CI(U)N(N ,gr* -CL(U)) =0,

(v)=(i): Let S be N, gr* ~losed setand x,, , , &S5.

a,B.7)
Then Sﬂ{x(a’ﬂ’y)}=0Neu. By (v),there exist disjoint

N  ogr*-open sets U and V such that
Uﬂ{x(a’ﬂ,y)} #0,, and ScV. Thatis U and V are
disjoint N , gr*-open sets containing X p, and S
respectively. This proves that (X Ty ) is

N, gr* -R egular.

Corollary 5.3. Let (X,7,)be a N -Top-Space.
Then the following statements are equivalent:

(i) Xis N ,gr*-R egular.

(ii) For every x )eX and every N  gr¥*-open set

a.p.y

G containing X, , , there exists a N, gr*-open set U

By
)eUgngr*—Cl(U)gG.

such that Xapy

(iii) For every N gr*—losed F, the intersection of all
N, —closed, N -neighbourhoods of F is exactly F.

(iv)Forany N, -set 4 anda N, —open setB such that
ANB# 0w
ANU #0,,,and N, gr*-CI(U) < B.

there exists a N, gr* -open set U such that

(V) For every non-empty N, -set 4 anda N, —closed
B that A B=0,,,,there
N ,gr*-open sets Uand V such that AU #0, and
BcV.

Proof. Since every N , —openset is N, gr¥*-openand

follows from Theorem 5.2.
Theorem 5.4. A

N gr*-Regular if and only if every Xa

set such exist disjoint

N ., =Top -Space (X,zy)
€X and

is

By)
containing

14

every N _ gr*-neighbourhood N Xa.p.0)*

1 *
there exists a N  gr*-open set such that

Xopy) EVEN,,gr* -CI(V)< N.

Proof. Let X bea N gr*-Regular space. Let N be

any N _ gr* -neighbourhood of Xapr) Then there exists

B
a N _gr*-open set G such that Xapy) € G c N. Since

G is N _gr*-closed set and x(a’ﬂ’y)eéGC, by

definition there exist N , gr*-opensets U and V such

G°cU and X eV and UNV=0,, so that

a.B.y)

Volume 3, 2023



PROOF
DOI: 10.37394/232020.2023.3.6

V cU€. It follows that
Neugr*—Cl(V)gNeugr*-Cl(Uc)zUc. Also
G cU implies U‘cGcN. Hence

Xopy) EVEN,gr* ~(V)< N. Conversely, suppose for
every X, ;) € X and every N  gr* -neighbourhood N

containing X there exists a N, gr*-open set V

a.pr)’
eVe N, gr*CI(V)cN. Let F be

such that X py)

any N _gr*-closed set and X, &F. Then
Xapy) € F€. Since F¢ is N _,gr*-open set, FCis
N _ gr*-neighbourhood  containing Xapy) BY

hypothesis there exists a N , gr*-open set V' such that
)eVand N or* —CI(V)gFC. This implies that

Xapr

FQ(N W —CZ(V))C. Then (N wIr® —Cl(V))C is a
N  gr*-open set containing F. Also
48 (N L, 9r* —CI(V))C =0,,. Hence (X,z,) is

N gr*-R egular.
Theorem 5.5.

N gr*-Regular if and only if for each N , gr* —closed
F of

A is

N, ~Top -Space (X,z7,)

set X and each Xapy) € F€, there exist
N, gr*-open sets U and V of X such that x, , €U
FcV

[N, ar*-CI(U) N[N, gr* CI(V)]=0,,.

Proof. Suppose (X,zy) is N, gr*-Regular. Let F

and and

bea N, gr*—losed setin X and x, ; ,&F. Then there
U V

Ha.p7)

exist N, gr¥-open sets and such that

yeU,,,.» FeV and U, V=0, This

) N [N ., gr* -CZ(V)] =0,,. Also

X
(a.B.y ap)

U
("(

implies that

N or* —Cl(V)
¢ qr*=CI(V).

is a N_gr*—closed set and

a.B.y) (X’ TN)
N, gr*-Regular, there exist N , gr* -open sets G and

H of X such that x, , € G, N, gr*-Cl(V)c H and

GNV =0,. This implies [N, gr*-CI(G)]NH<
| N, or*=CI(H) |NH = H N H =0y, Take U=G.

x( Since is

Now U and V are N, gr*-open sets in X such that
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Xapy) € U and FcV. Also
[N WIr® —Cl(U)] ﬂ[N WwIr® —CI(V)} c
[N,,gr*-CI(G)|NH =0,,,

Conversely, suppose for each N , gr* —closed set F of X
and each x, , ) €F €, there exist N, gr* -open sets U

and V of X such that x(a’ﬂ,y)eU and FcV and

[N,gr*=CI(U) N[N ,gr*-CI(V)]=0,,.
UNv e[, gr*Cl(U) N[N, gc* -C1(V)]=0,,,
Therefore UV =0,,. This proves that (X,z,) is
N or*-R egular.

Theorem 5.6. Let fI(X,TN)—)(Y,GN) be a bijective

function. If / is N  gr¥*-rresolute, N A gr*-open and

Now

Xis N gr*-Regular, then ¥ is N , gr* -R egular.
Proof. Suppose (X,7,) is N, gr*-Regular. Let S be
any N ,qgr*-closed set in ¥ such that y, ,&S. Since

fis N ,gr*-rresolute, /7' (S) is N ,qgr*—closed set

in X. Since / is onto, there exists Xap.7) € X such that

Vi) =f(x(a’ﬂ’7)). Now f(x(a,ﬂ’y))zy(r,t’x) ¢ S implies
that X, 5., gf (S). Since X is N, gr*-Regular,
there exist N , gr*-open sets U and V' in X such that
eU, (S and UNV=0,,.
wp.7) that f(x(a’ﬁ’y))e f(U) and
! (S) cV implies that S gf(V). Also UNV =0,
f(UNV)=0,, which
FU)Nf(V)=0y,. Since f
mapping, f(U) and f(V) are disjoint N , gr* -open

x(a’ﬁ’y) Now

X eU  implies

implies  that implies  that

1 *
is a N _gr*-open

sets in Y containing i and S respectively. Thus Y is

719
N, or*-R egular.
Theorem 5.7. Let (X,7,) be a N, gr*-Regular
space. Then

(i) Every N _gr*-openset in Xis a union of
N, or* —closed sets.

(ii) Every N, gr*-closedsetin X is an intersection of
N, ogr* -open sets.

Proof. (1) Suppose X is N  gr*-Regular. Let G be a
N or*-open set and Xapy) € G. Then F=G° is

N ,gr*—losed set and x g¢F. Since X s

a,B.7)
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N gr*-Regular, there exist disjoint N , gr* -open sets

U and V in X such that x eU and FcV.
Xa.pr (@.8.7) Na.pr
Since U NF <V, nv=0,,, we have
CF°=G. Take ¥V, =N, or* —CZ(U )
Ha.p.7) (X((,,/,ny)) e Ha.py)

Then V, ~is N gr* —closed set and VX( ) NV =0,.
Now F <V implies that Vewrn NFc Ve

Ha.By

SV =0y, It

follows that Xapy) € VX( o S F¢=G. This proves that

G=U{V iX eG}. Thus G is a union of
Napy) " (@:Boy)

N, gr*-closed sets. (i) Follows from (i) and set

theoretic properties.
Theorem 5.8. f:(X,zy)—>(Y,0y)

" . _ L
N, or*-continuous and N , —closed injection from a

Let be a
N ., -Top-Space (X,r,) into a N -Regular space

(Y,GN). If every N _gr*-—closed set in X s
N, —closed, then X is N , gr*-R egular.

Proof. Let x,, €X and 4 bea N, gr*—closed set

B7)
in X such that X(a.p.) ¢ A. Then by assumption, A4 is
N, —closed in X. Since f is N, —closed, f(4)isa
N , —closed set in Y such that f(x(a’ﬁ,y))ef(A). Since
Y is N ,, —R egular, there exist disjoint N ,, —open sets G
and H in Y such that f(x(a’ﬂ’y))eG and f(A)gH.
f_l(G) and £ (H)

are disjoint N , gr*-open sets in X containing X

Since f is N gr* -continuous,

a.B.7)
and A respectively. Hence X is N, gr* -R egular.
Theorem 5.9. Let f:(X,7,)—>(Y,0y)

N _, —continuous, N _ gr* -open bijection

be
of

N -Regular space X intoa N -space Y and if every
Y Yis

a

a

N gr* —closedset in is N, —closed, then

N ,,or* -R egular.

Proof. Let y,, €Y and B bea N, gr*—closed set in

r,t,s)

Y such that Viras) ¢ B. Since f is a bijection. So there

exists a unique point €X  such that

Napr)
f(x(a’ﬂ’y))=y(r,ljs). Then by assumption, B s

/
bijection, f'(B) is a N, -closed set in X such that

N, —closed in Y. Since is a N —continuous

Xa.p.7) %fﬁl(B). Since X is N _ —-Regular, there exist

disjoint N —-open sets G and H in X such that
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Xapy) € G and ! (B) c H. Since / is
N  ogr* -open, f (G) and f (H ) are  disjoint
N, gr*-open sets in Y such that

f(x(aﬁ’y))zy(r’,’s) ef(G) and B gf(H). Hence Y is
N ,,or* -R egular.

Definition 5.10. A N _, -Top -Space (.X,z, ) is said to
be if
N, gr*~losed set 4 and a point x,, , ) & A, there exist

N gr* for  each

eu

strongly -R egular

disjoint N —open sets Uand V' such that AcU and

Xapy) € V.
Proposition 5.11.

(i)

N ,,or*-R egular spaceis N , gr* -R egular.

Every strongly
(ii)Every strongly N , gr*-Regular space is strongly
N ., —Regular.

Proof. (i) (X.zy)
N or*-Regular. Let F be a N gr*—closedset and

Suppose is strongly

Xap.7) ¢ F. Since X is strongly N  gr*-Regular, there
U and V such that x

(a.p7)
and /' V. Since every N , —open setis N , gr¥*-open,

exist disjoint N , —open sets eU

so Uand V are N _ gr* -open sets. This implies that X is
N ,,or* -R egular.

(ii) This can be proved similarly as (1)

Definition 5.12. A N -Top -Space (X , TN) is said to
be strongly* N , gr*-Regular. if for each N ,, —closed
set A4 and a point Xapy) & A, there exist disjoint

N, gr*-opensets U and V suchthat ACU, x, , €V

Proposition 5.13. Every

(X.zy)

N, or*-R egular

N, —Top -Space is strongly*

N, or* -R egular.
Proof. Suppose (X ,z-N) is N, ogr*-Regular. Let F be

a N, -closed set and x,, €F. Then F s

N, or*-closed. Since X is N _,gr*-Regular, there
Uand V such that
) €U and F V. This implies that X is strongly*

exist disjoint N _ gr*-open sets

X p
N ,,or* -R egular.
Theorem 5.14.Let(.X,7, ) bea N, =Top —Space. Then

the following statements are equivalent:
(i) X is strongly N, gr* -R egular.
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(ii) For every x., ; € X and every N, gr*-open set

B

G containing X there exists a N , —open set U

a.B.r)’
such that X, , €U CN «Cl(U)cG.

(iii) For every N gr¥*—closed set F, the intersection of
all N, —closed, N , —neighbourhoods F is exactly F.
(iv)Forany N, -set 4 anda N, gr*-open set B such
that ANB#0 e » there existsa N —open set U such that
ANU #0,,, and N, CI(U) < B.

(V) For every non-empty N , =set 4 and N, gr* —closed
set B such that A(NB=0 v there exist disjoint N, —open

sets U and V suchthat AU #0,,, and BC V.

Proof. (1) = (ii) : Suppose X is  strongly
N, gr*-Regular. Let x,, €X and let G be a
N, gr*-open set containing Xpy) Then X, . & G
and G is N _ogr¥*-closed. Since X s

N, gr* R egular, there exist N ,, —open sets U and V
such that UNV =0 and X, , € U, G°cV. It

Neu
that UcVvecG
N, Cl(U)eN,Cl(re)=r‘ca.
eUcN CI(U)cG.

and hence

That

follows
is
Xapor)
(ii) = (iii) : Let

¢ F.  Then

F be a N _gr*-—losed set and

Ma.p.7) F¢ is N LOr¥-open set and

€ F©. By assumption, there exists a N « —open set

yeUCN CI(U)c FC.  Thus

X

U

a,B.7)

such that x(a’ 5

Fc(n euCZ(U))C cU° Now U® is N —closed,
N, —neighbourhood of F which does not contain

Xpy)- S0, the intersection of all N —closed,

N ,, —neighbourhoods of F is exactly F.
(iii) = (iv): ANB#0,, B
N ,or*-openset. Let Xapy) € AN B. Since B is

Suppose and is

a.B.y
N ,gr*-open, B is N, gr*losed and x,, & B".
By (iii),
N ,, —neighbourhood ¥ of B¢ such that X ) & V. Now

using there exists a N —closed,

for the N —neighbourhood ¥ of B¢, there exists a
N, -open set G such that B c G V. Take U =V°.

Thus U is a N, -open set containing X Also

ANU #0,,,and N, CI(U)c G = B.

a.B.y)’
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(iv):>(v): Suppose A4 is a non-empty set and B is
N, gr*—closed set such that 4 B=0,,. Then B is

N, gr*-open set and A()B “20 veur BY OUr assumption,
there existsa N _, —open set U such that A(\U #0,,, and

N,,Cl(U)c B v=(n,CrU)).
N ,CI(U) is N —closed, V is N —open. Also

Take Since

BcVand UNYV N, CLU)N(N,,CHU)) =0,

(v)=(i): Let S be N, gr* —losed setand x,, , , &S.

Bor)
Then S {x(a,ﬁ’y)} =0y, By (V),there exist disjoint

N ., —open sets Uand V such that U ﬂ{x(a’ ﬁ’y)} #0,,,

and ScV. Thatis Uand V are disjoint N , —open sets

containing Xa and S respectively. This proves that

B.y)
(X Ty ) is strongly N, gr* -R egular.

Theorem 5.15. A N, -Top-Space. (X,zy)
N ,,or*-R egular if and only if for each N , gr* —closed

is

set Fof X andeach X, ) € F€, there exist N _, —open
sets U and V of X such that Xa.p.7) eU and FcV and
N LCHU)NN LCU) =0,

Proof. Suppose (X ,TN) is strongly N , gr*-R egular.
Let F be a N, gr*—losed set in Xand x,,  &F.
Then there exist N , —open sets Ux(a,,;,}/) and V' such that

)EU , FcV and Ux( /,)ﬂVZONeu' This

X,
( Xa.pr)

a.p.y

implies that U(x( NN, CI(V)=0,. Also N ,CI(V) is

aﬂ#”

a N, —closed set and Since

(X.zy)
N, —open sets G and H of X such that x, , ,€G,
N, CI(V)cH GNV =0,,. This
N, C(G)NHcN ,CI(H)NH=H"NH=0,,.
Take U=G. Now U and V are N, —open sets in X
that s EU FcV. Also
a.B.y)

N, CI(U)NN CI(V)eN ,CI(G)NH =0,,,.
N, CI(U)NN ,CI(V)=0y,.

Conversely, suppose for each N  gr* —closed set F of X

Xapr) N L,uCZ(V).

is strongly N gr*-Regular, there exist

and implies

such x( and

Thus

and each Xapy) € FC, there exist N o —Open sets U and

V of X P eU and FcCV
a, ,}/)

N, CI(U)NN ,Cl(V)=0,,.

such that X and

Now
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unven, C(U)NN,CI(V)=0
UNV =0y,

N ,,or* -R egular.
Theorem 5.16. A N

New Therefore

This proves that (X R TN) is strongly
-Top -Space. (X TN) is strongly
N gr*-Regular if and only if every pair consisting of a
N, —compact set and a disjoint N  gr* —closedset can
be separated by N , —open sets.

Proof. Let (X , TN) be strongly N gr* -R egular and let
A bea N —compact set,and Bbea N  gr* —closed set
that AN B=0,,. X

N, gr*-R egular, for each x € A, there exist disjoint

such Since is  strongly

a.B.r)
N, —open  sets U, and V. such that
Ha.By) Xa.p.7)
Xapr) €Y50pp° By, - Obviously,

{UX(”M Xy € A} isa N, —open covering of 4. Since

A is N, —compact, there exists a finite set /' < 4 such

ACU{ eF}

and

(a.ﬂ,y) € F}

U and

that

Xa.p.7) “Xa.pr)

Bgﬂ{Vx

(M/):x(a,ﬂ’y)eF} Put U= U{

Nap7)
Then
UNv =0,.
p) € U(r’s

This

and V= ﬂ{V V are

o) X p) eF}.

N, —open sets in X. Also

eUNV, then X,z
evVcV,

(rsl‘

which

Otherwise, if

P for some Xrs0) € F

Xa.p)

and X py) implies that

x(ﬂl,ﬂl) € U"(;»_.\,x) ﬂ V"(r,u) ’
Ux(r 5.1) ﬂ V:‘(

sets containing 4 and B respectively.
Conversely, suppose every pair of a
N _, —compact set and a disjoint N , gr* —closed set can

be N Let Fbe
N, gr*—closed set and x,, &F. Then {x(a’ﬁ,y)} is

is a contradiction to

- =¢. Thus U and V are disjoint N, —open

consisting

separated by w —Open  sets. a

N, —compact set of X and {x(a,ﬁ,y)}ﬂF:ONw. By our

N, —opensets U and
eUand F V. This proves that X is

assumption,

V such that x , ,

strongly N, gr* -R egular.
Corollary 5.17.

there exist disjoint

If Xis a strongly N _gr*-R egular

eu

space, A is a N _, —compact subset of X and Bis a
N ,or*-open set containing A, then there exists a
N ., —Regular open set v such that

AcV <N euCl(V)gB.
Proof. Let X be strongly N , gr*-R egular and let 4 be

a N, —compactset, and B be N ,gr*-openset with
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AcB. Then B is N _gr*-closed set such that

B°NA4=0,,. Since Xis a strongly N ,gr*-R egular
space, then there exist disjoint N ,, —opensets G and H
such that AcG and B cH. Take
V=N,In|N,ClIG)]. Then
N,Cl(V)=N,Cl| N, (N ,Cl(G)) |

N euClLN euCl(G)J =N euCl(G). Since G is a
N, -open set and GcN_CI(G), we have

G=N eu]nt(G) C N m[ntl:N mCI(G)J =V. This implies

that N Cl (G) <N, C (V) It follows that
N, CI(V)=N,CI(G) and
N, nt| N, CI(V)|=N,Int| N CI(G)| =V. Thus
Vis N _, -Regular open. Now
AcG=N ,mnt(G)c N, Int| (N, CI(G))|=V. This
implies that AcV and
N, Cl(V)=N ,CI(G)cH =B implies that

AcV <N euCZ(V)gB
Theorem 5.18. Let f:(X

function. If /
Xis strongly N gr*-Regular,

Ty ) - (Y, oy ) be a bijective
is N gr*-rresolute, N -open and
then Y is strongly
N or*-R egular.

Proof. Suppose (X , TN) is strongly N, gr*-R egular.
Let S bea N, gr*—losed setin Y such that y, . &S.
/ ()

N ,,or*—losed set in X. Since / is onto, there exists

eX such  that Virss) :f(x(a,ﬂ,y)).

. . . .
Since is N gr*-rresolute, is

x(aq £.7) Now

4 ("(aw))
X
w —Opensets U and V' in X such that Xapr)

f_l(S)gV and UﬂV:ONeu' NOW x(a,ﬂ’}/)

)Ef(U) and /7'(S)cV implies that
Sc f(V). Also UNV =0,,, implies that £ (UNV )=

FU)Nf(¥)=0
f(U)and

« —Opensets in Y containing i

I -1
Viig €S implies that X, , & f (S).

there exist

eU,

Since

N

is strongly N gr*-Regular.

eU implies

that [ (x(a’ 5.7)

which implies that Since f is a

f(V) are

) and S respectively.

N
N

e —OpEN mapping, disjoint

r,t,s

Thus Y isstrongly N gr* -R egular.
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6. Neutrosophic Generalized
Regular Star Normal Spaces

In this section, we introduce N , gr* -Normal and strongly

N gr*-Normal spaces and study their properties and

characteristics.

Definition 6.1. A N, -Top -Space (X,T,) is said to
be N _or*-Normal if for any two disjoint
N ogr*—losed sets A4 and B, there exist disjoint

N gr*-open sets U and V suchthat AcUand BCV.
Theorem 6.2. Let (X , TN) bea N, —Top -Space. Then

the following statements are equivalent:

(a) X is N, gr*-N ormal.

(b) For every N, gr*-closed set 4 in X and every

U
14

there exists a

that

N  or*-open set containing 4,

N ,or*-open set such
N, gr*-Cl(V)cU.

(c) For each pair of disjoint N, gr* —closed sets 4 and B

containing A4

in X, there exists a N gr*-openset U containing A4

such that [N wIr* —CI(U)] NB=0,,,.

(d) For each pair of disjoint N , gr* —closed sets 4 and
B in X, there exist N _ gr*-open sets U and V
containing A and B respectively that
[N or*ClU) N[N, g% (V)] =0y,

Proof. (a)=(b):
containing the N, gr* —closed set 4. Then B=UC is a
X
N gr*-Normal, there exist disjoint N , gr* -open sets

V- and W containing A and B respectively. Then

N ,,gr*-CI(V) is disjoint from B. Since if Viras) € B, the

such
Let U be a N _gr*-open set

N, or*—losed set disjoint from 4. Since is

set W isa N, gr* -open set containing Viras) € B disjoint

r,t,_)')
from V. Hence N, gr*-CI(V)cU.

(b):>(c): Let 4 and B be disjoint N , gr* —closed sets
in X. Then Bisa N gr*

eu

-open set containing 4. By
(b), there exists a N , gr*-open set U containing A4
N gr* —Cl(U)gBC.

such that

Hence [N e —CI(U)] N B=0,,,. This proves (c)
()= ()
in X. Then by (c), there exists a N, gr*-openset U
containing A such that [N WwIr® —CI(U)] (B =0,. Since
N, gr*-CI(U) B

: Let Aand B be disjoint N _ gr* —closed sets

eu

is N _gr*—losed, and
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N, gr*-CI(U) are disjoint N, gr*—closed sets in X.
Again by (c), there exists a N  gr*-open set V
B [N, or*=CI(U)]N
[N W —CI(V)] =0,,, This proves (d).

(d)=1(a): Let 4 and B be disjoint N, gr* —closed sets

containing such  that

in X. By (d), there exist N , gr* -open sets U and V

containingg A4 and B  respectively that
[N, g -CI(U) N[N, or* CI(V)]=0,, Since
UﬂVg[N eugr*—Cl(U)]ﬂ[N eugr*—Cl(V)], U and

V' are disjoint N , gr*-open sets containing 4 and B

such

respectively. Hence the result of (a) follows.
Theorem 6.3. (X,Ty)
N, gr* -Normal if and only if for every N , gr* —closed

A N, —-Top-Space is

set I and N gr*-open set W containing F', there

exists a N _ogr*-open set U such  that

FcUcN ,gr*-Cl(U)cW.
Proof. Let (X,T,) be N, gr*-Normal. Let F be a
N gr*—losed set and let W be a N

F. Then F we disjoint
N, gr* —closed sets. Since X is N, gr*-Normal, there

gr* -open set

eu

containing and are

exist disjoint N gr*-open sets U and V' such that

FcUand WE V. Thus FcU VS cW. Since VE is
N gr* —closed,

N, gr*Cl(U)c N, gr*-CI(V)=V" cw.
FcUcN ,gr*ClI(U)cW.
Conversely, suppose the condition holds. Let G and H be

SO

Thus

two disjoint N, gr* —closed sets in X. Then H€ is a
N, gr*-openset containing G. By assumption, there
U that

Since

1 *
exists a N _gr*-open  set such

GcUcN ,ogr*-Cl(U)c H". U

eu iS
N ,gr*-open and CI(U) is N ,gr*-closed. Then

(N W —CI(U))C is N ,,gr* -open. Now
N or*-Cl(U)c H® implies
Hc (N e —CI(U))C . Also we have

un(

N gr¥—Cl

eu

N gr*-Cl

eu

C
(V) =
(U)ﬂ(N wIr® —CZ(U))C =0,,- That is U
and (N W™ —CZ(U))C are disjoint N , gr*-open sets

and H respectively. This shows that
(X,T,)is N, gr* -Normal.

containing G
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Theorem 6.4. Let (X,T,) bea N, —Top —Space. Then
the following statements are equivalent:

(a) X is N ,gr*Nomal

(b) For any two N, gr*-open sets U and ¥ whose
union is 1,,,,there exist N , gr* —closed subsets 4 of U
and B of V suchthat AUB=1,,,.

Proof. (a):>(b): Let U and V betwo N  gr*-open
setsina N _,gr*-Nom al space X suchthat UUV =1,.
Then U€ and V¢ are disjoint N _,gr* —closed sets. Since
X then disjoint
N, gr*-opensets G and H such thatU =G and

VEcH. Let A=G“ and B=H®. Then 4 and B are
N, gr* —closed subsets of U and V respectively such that

AUB= 1,,,- This proves (b)
(b)=>(a): Let 4 and B be disjoint N ,,gr* —closed sets

is N _or*-Nomal there exist

in X. Then A° and B¢ are N _,gr*-open sets whose
union is 1y,,. By (b), there exist N, gr* —closed sets E
and F such that £ A, F B and EUF =1,,,. Then
E€and F€ are disjoint N _, gr*-open sets containing A
and B respectively. Therefore X is N , gr* -Nom al

Definition 6.5. A N, -Top -Space (X, T, ) is said to
be strongly N  gr*-Nomn al if for every pair of disjoint
N, —closed sets 4 and B in X, there are disjoint

N gr*-open sets U and V' in X containing 4 and B
respectively.
Theorem 6.6. Every N  gr*-Nom al space is strongly

N, gr*Nomal
Proof. Suppose X is N gr*Nomal Let 4 and B
be disjoint N _, —closed sets in X. Then 4 and B are
N, or*—losed in X. Since X is N ,gr*-Normal,
there exist disjoint N | —open sets U and V containing A
and B
N  gr* -open set.

respectively. Since every N, —open set is

U v
N  or*-opensets in X. This implies that X is strongly

Therefore and are
N, gr*Nomal

Theorem 6.7. Let (X,T,) bea N, —Top —Space. Then
the following statements are equivalent:
(a) X isstrongly N, gr* Nomal

(b) For every N —closed set F in X and every

N -open set U containing F, there exists a
. .

N ,or*-open set V  containing F  such that
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N gr* —CZ(V) cU. (c) For each pair of disjoint
N, -closed sets 4 and B in X, there exists a
N ,or*-open set U containing A4 such that

N, r*—Cl(U)ﬂB=0Neu.
Proof. (a)=(b): Let U bea N —open set containing
N, —closed set F. Then H=U"isa N o —Closed set
disjoint from F. Since X is strongly N , gr* -Normal,
V and W
containing F and H respectively. Then N  gr* —C/ (V) is
eH,

there exist disjoint N _ gr*-open sets

disjoint from H, since if Y the set Wis a

ritss)
N ,or*-open set containing Viraos) disjoint from V.
Hence N, gr*-CI(V)cU.

(b)=(c): Let 4 and B be disjoint N _, —closedsets
inX. Then B isa N . —Openset containing 4. By (b),
there exists a N, gr* -open set U containing 4 such that
N, gr*-Cl(U)c B°.

N ,,gr*-Cl(U)NB=0,,. This proves (c).
(c)=(a):Let 4 and B be disjoint N, gr*—closed sets

Hence

in X. By (c), there exists a N, gr*-open set U
containing A such that [N e —CI(U)] NB=0,,,.Take

c
(N W™ —CI(U)) .
N  ogr*-open sets containing 4 and B respectively. Thus

V Then U and V are disjoint

X isstrongly N gr* -\ ormal.

Theorem 6.8. Let (X,T,) bea N, —Top —Space. Then

the following statements are equivalent:
(a)

(b) For any two N —open sets U and V' whose union is

X isstrongly N  gr* -N ormal.

eu

1, there exist N , gr* —closed subsets 4 of Uand B of
V such that AUB=1,,,.

Proof. (a)=(b): Let U and ¥ be two N, —open
sets in a strongly N  gr*-Normal space X such that
UUV =1,,,. Then U and V' are disjoint N ,, —closed
sets. Since X is strongly N , gr* -Normal, then there exist
disjoint N _,gr* -open sets G and H such that U € G
and VS c H. Let A=G° and B=HC. Then A and B
are N, gr* —closed subsets of U and V respectively such
that AUB=1,,,.

(b):>(a): Let A and B be disjoint N, —closed sets in
X. Then A4° and B are N -open sets such that
A“UBC =1,,. By (b), there exist N , gr* —closed sets
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G and H such that G A, H < B and GUH=1N.

Then G¢ and H€
containing 4 and B respectively. Therefore, X is strongly
N, gr* -Normal

are disjoint N _gr¥*-open sets

7. Conclusion

Topology is an important and major area of mathematics, and
it can give many relationships between other scientific areas
and mathematical models. Recently, many scientists have
studied the N _, —set theory, which is initiated by Molodtsov
and easily applied to many problems having uncertainties
from social life. In the present work, we have continued to
study the properties of N _, —Top —Spaces. We introduced the

of types of
N ,, —cconnectedness, N ,, ~Regular

idea new N, —compactness,

spaces, and

N, —Normal spaces defined in terms of N , gr*-openand
N ,or*—closed sets in a N —Top-Space (X,TN)

namely, N gr*-compact spaces,

N, gr*-Lindelof spaces, N, gr*—compact

eu

countably

spaces, N ,or*-connected spaces, N , gr*-cseparated

sets, N _, —Super-gr* -connected
N, —Extrem ely —gr* —disconnected

N, —Strongly -gr* —connected spaces,

spaces,
spaces, and
N, gr*-R egular
spaces, strongly N , or*-Regular spaces, N  gr*-Normal
spaces, and strongly N gr*-Normal spaces. Also, several

of their topological properties are investigated. Finally, some
effects of various kinds of N, —functions on them are
studied. and have established several interesting properties.
Because there exist compact connections between N , —sets
and information systems, we can use the results deducted from
the studies on N, —Top-Spaceto improve these kinds of
connections. We see that this research work will help
researchers enhance and promote further study on the
N, -Topology to carry out a general framework for their
applications in practical life.
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