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Abstract

Most complex problems in the real-world typically involve uncertain,incomplete and indeterminate two-dimen
sional data i.e. information pertaining to the attributes and the periodicity of the problem parameters. To meet
the demand for models that has the ability to handle these information with these characteristics, the introduc-
tion of neutrosophic sets (NSs) was followed by their extension to the complex neutrosophic sets (CNSs). In
this paper, we introduce the concept of Q- complex neutrosophic set (Q-CNS) by extending the ranges of the
membership functions in Q-neutrosophic set (Q-NS) from [0,1] to the unit circle in the complex plane. Q-CNS
plays a key role in the decision making theory, where the extra information provided by the elements of the
Q-set serve in modeling of some decision making problems. Based on this new concept we define the ba-
sic theoretical operations such as complement, equality, subset, union, intersection, Q-complex neutrosophic
product and Cartesian product. Some related examples are also given to enhance the understanding of the
proposed concepts. The basic properties of these operators are also verified with supporting proofs.

Kewords: Complex Neutrosophic Set; Decision Making; Neutrosophic Set; Q-Neutrosophic Set.

1 introduction

The concepts of Q-fuzzy sets (Q-FSs), intuitionistic Q-fuzzy sets (Q-IFSs) and Q-NSs are introduced by many
researchers and were extensively investigated in many algebraic structures. Jun! introduced the notion of Q-
fuzzy subalgebras of BCK/BCl-algebras. Roh et al# studied intuitionistic Q-fuzzy subalgebras of BCK/BCI-
algebras. Kazanci et al® initiated the notion of intuitionistic Q-fuzzification of R-subgroups (subnear-rings)
in a near-ring and investigate some related properties. Solairaju and Nagarajan® reconstructed Q-fuzzy groups
and investigated some of their related properties. Muthuraj et al® introduced and investigated anti Q-fuzzy
group and its lower level subgroups. Nayagam et al® defined the concept of an intuitionistic Q-fuzzy HX group
and defined a new algebraic structure of intuitionistic Q-fuzzy HX group. Sithar Selvam et al.” discussed anti
Q-fuzzy R-closed KU- ideal of KU-algebras and its lower level cuts in detail. Tanamoon et al® established the
notions of Q-fuzzy UP-ideals and Q-fuzzy UP-subalgebras of UP-algebras, and investigated their properties.
Abu Qamar and Hassan” elaborated the concept of Q-NS to provide a way to deal with uncertain, indeterminate
and inconsistent two-dimensional information. They also extended this concept to multi Q-neutrosophic set,
while Thiruveni and Solairaju'” defined neutrosopic Q-fuzzy set and derived the results on neutrosophic Q-
fuzzy subgroups.
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Many researchers incorporated soft set into Q-FS, Q-IFS and Q-NS. Adam and Hassan!' combined the concept
of soft set and Q-FS to introduce the concept of Q-fuzzy soft set. Broumi? presented the notion of the Q-
intuitionistic fuzzy soft set (Q-IFSS), and defined some basic properties and basic operations. Mahmood et
al’¥ introduced the concept of Q-single value neutrosophic soft set, multi Q-single valued neutrosophic set
and defined some basic results and related properties, while Abu Qamar and Hassan* initiated the concept of
the Q-neutrosophic soft set (Q-NSS) and studied the relations between two Q-NSSs.

To represent incomplete, indeterminate, and inconsistent information, Smarandache'>!!® originally gave a con-

cept of NS from a philosophical point of view which is a part of neutrosophy. NS is characterised independently
by a truth-membership function (T-MF), indeterminacy-membership function(I-MF) and falsity-membership
function(F-MF), denoted by T', I, F|, respectively, where the indeterminacy is quantified explicitly. The ranges
of the functions 7, I and F' are subsets of the real standard or nonstandard interval. To constrain them in the
real standard interval [0,1] for convenient science and engineering applications, single-valued neutrosophic set
(SVNS) and its operators were introduced by Wang et al'Z as the sub-classes of the NSs.

However, in some situations where the need to the second variable in the decision process, the description of
objects by NS in terms of membership functions with one variable (dimension) only is not adequate. Ali and
Smarandache!® have heightened the need for extra variable (phase term) to denote two objectives in one set
simultaneously. Subsequently, they extended the NS to CNS which is also a generalisation of complex fuzzy
set (CFS)? and complex intuitionistic fuzzy set (CIFS):2” This model has the capability of handling the dif-
ferent aspects of uncertainty, such as incompleteness, indeterminacy and inconsistency, whilst simultaneously
handling the periodicity aspect of the objects, all in a single set.

A CNS is defined by a complex-valued T-MF which represents uncertainty with periodicity, complex-valued
I-MF which represents indeterminacy with periodicity, and a complex-valued F-MF which represents falsity
with periodicity. Al-Quran and Alkhazaleh®! derived and investigated the relations among the CNSs and used
these relations to describe and handle a real decision-making problem. Ali et al:>? then extended the CNS
to the notion of the interval complex neutrosophic set and applied it to a decision-making problem for the
green supplier selection. Recent years have seen the rapid utilization and usage of CNS in many real life
problems 2328

In this paper, we define Q-CNS, which is basically a CNS defined over a two-dimensional set. Thus, it has
added advantages to CNS by treating a two-dimensional universal set, which makes it more valid in modeling
real-life problems where two-dimensional sets and indeterminacy majorly appear.

2 Preliminaries

In this section, a summary of the literature on Q-FS, Q-IFS, Q-NS, NS and CNS relevant to this paper is
presented.
We begin by recalling the definition of Q-FS, followed by the definitions of Q-IFS and Q-NS.

Definition 2.1. I' A Q-fuzzy set (Q-FS) in a non empty set X is an arbitrary function f : X x Q — [0, 1],
where () is a non empty set and [0, 1] is the unit segment of the real line.

Definition 2.2. Z An intuitionistic Q-fuzzy subset A in a non empty set X is defined as an object of the form

A={<(z,q9);pa(x,q)va(z,q) >: 2 € X, q € Q},
where pp 1 X x Q — [0,1] and vy : X x Q — [0, 1] are the degree of membership and non-membership
of the element (z, q) € X x @, respectively, and for every (z,q) € X x @, 0 < pa(z,q) + va(z,q) < 1.

Definition 2.3. ¥ Let X be a universal set and () be a nonempty set. A Q-neutrosophic set (Q-NS) M in X
and ( is an object of the form

M = {< (:’L‘,Q);T]\,{(l‘,q),I]\/[(.'l?7q),FM($,q) >1T € X7q € Q}a

where Ty Ings Fay @ X x Q —]~0; 17 are the T-MF, I-MF and F-MF, respectively with ~0 < T+ Iy +
Fy < 3T,
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Definition 2.4. 'Y Let X be a universa} set and () be a nonempty set, L be a unit interval [0, 1], n be a positive
integer. A multi Q- neutrosophic set M in X x @ is a set of ordered sequences:

M = {< (fL',q),TM7(1'7q),IM7(1',q),FM1($,q) >:1x € Xaq € Q}a

Vi =1,2,3,...,n, where Ths,, Ing,, Far, 0 X X Q — L™, Vi = 1,2,3, ..., n, are respectively, T-MF, I-MF
and F-MF for each € X and ¢ € @) and satisfy the condition 0 < Ty, + Ins, + Far, <3,V0=1,2,3,...,n

where 7 is called the dimension of M.

Smarandache!® defined the NS as follows.

Definition 2.5. Let U be a universe of discourse, and a neutrosophic set /N in U is defined as:
A={<u;Tn(u);In(u); Fy(u) >;u € U},

where Ty (u), Iy (u) and Fy(u) are T-MF, I-MF and F-MF, respectively, such that T'; I; F' : X —]|0;17]
and 0 < TN(U) + IN(U) + FN(U) < 3+,

Definition 2.6. 17 Let U be a universe of discourse. A single valued neutrosophic set (SVNS) S in U is
defined as:

§= / (T, [, FU)) Ju, u € U,
U

when U is continuous and
n

S =Y (T(U:), I(U:), F(Uy)) /s, wi € U,

i=1
when U is discrete, where T', I, F' : U — |0, 1] are T-MF, I-MF and F-MF, respectively.

Ali and Smarandache!® conceptualized CNS and gave the basic operations in the following three definitions.

Definition 2.7. 8 Let a universe of discourse X, a CNS S in X is characterized by a T-MF Ts(z), an I-MF
Is(x), and a F-MF Fg(x) that assign an element € X a complex-valued grade of Ts(x), Is(z), and Fs(x)
in S . By definition, the values Ts(x), Is(x), Fs(z) and their sum may all within the unit circle in the complex
plane and are of the form, Ts(z) = pg(x).e’*s(®), Ig(x) = qs(x).e7V5(*) and Fs(x) = rg(x).e’s®), each
of ps(x),qs(x),rs(x) and ps(z), vs(x),ws(x) are, respectively, real valued and ps(x), gs(x), rs(z) € [0,1]
such that 0~ < Ps(z) + gs(z) + rs(x) < 3*.

Definition 2.8. 'Y Let A and B be two CNSs, where A is characterized by a complex-valued T-MF T4 (z) =
pa(z).e7#4(®) a complex-valued I-MF I 4 (x) = g4 (z).e7V4(®) and a complex-valued F-MF F4(x) = 74(x).
¢/4(®) and B is characterized by a complex-valued T-MF T (z) = pp(x).e/#5(*), a complex-valued I-MF
Ip(z) = qp(x).e’V2(*) and a complex-valued F-MF Fig(x) = rp(z).e7B (),

We define complement of A, union and intersection of A and B as follows.

1. The complement of A, denoted as ¢(A), is specified by functions:
Teiay(z) = pC(A)(x)_ej#c(A)(x) =14 (z).edCGr—ral))
Le(a) (@) = ey (@)D ) = (1 — qa(x)).e?*7=74(), and

F.a)(z) = rC(A)(:c).e7%<A>(“) = pa(z).elCr—wal@)

2. A is said to be complex neutrosophic subset of B (A C B) if and only if the following conditions
are satisfied:

e Ta(u) <Tp(u)suchthat pa(u) < pp(u) and pa(u) < pp(u),
o T4(u) > Ip(u)suchthat g4(u) > ¢p(u) and v4(u) > vp(u),
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e Fa(u) > Fp(u) such that 74 (u) > rp(u) and wy (u) > wp(u).

3. The union(intersection) of A and B, denoted as AUy (N )B and T-MF T4,y 5 () , I-MF I 4y 5(2),
and F-MF F4(n)p(x) are defined as:
Tavys(@) = [(pa(z) v (N)pp(x))].efra@V(Mus ()
Lays(@) = [(qa(2) A (V)gp(2))].e/ 4@ ve() and
Fauys(x) = [(ra(@) A (V)rp(@))].e?@aontes@),

where V = max and A = min .

Definition 2.9. 18 Let A, be NCNSson X, (n =1,2,...,N),and s (z) = pa, (z).e7"4=(*) be a complex-
valued T-MF, 14, (z) = qa, (2).¢7V4»(*) be a complex-valued I-MF and F4, (z) = r4, (2).e74n(*) be a
complex-valued F-MF. The Cartesian products of A,,, denoted as A; X Ay X ... X Ay, are specified by the
functions:

TA1 XAgX.. X AN (I) = PA; xAsx...x AN (fE)-ej'/LA1XA2X"'XAN($)

= min(pAl (wl)va2 (1'1)7 s PAN (mN)) ejmin('uAl (11)7“142 (m2)7~--w“‘AN(IN))s

IAl X Ao X...X AN (33) = A1 xAsx...x AN (x)-ej'VA”AQX”'XAN ()

= maz(a, (21), 04y (01)s s @y (@), 79000 @) 22 E2) ety (0)),

FA1><A2><...><AN («'E) =TA; xAxXx...xAN (I)ﬁj‘wAlXAzX'”XAN(x)

= maz(ra, (21), 74y (@1), s Tay (2)). 97070 D003 (52) i (22,

3  Q-Complex Neutrosophic Set

Definition 3.1. Let U and @ be two non empty sets. A Q-complex neutrosophic set (Q-CNS) K in U (or a
Q-complex neutrosophic subset of U) is defined as follows.

K ={< (u,q); Tk (u,q), I (u,q), Fx(u,q) >:u € U,q € Q},

where Tk (u, q), Ik (u,q) and Fg (u, q) are complex-valued truth, indeterminate and false membership func-
tions of the form Tk (u, ¢) = Px (u, q)e?* 9 T (u,q) = R (u, q)e?"* ("D Fy(u,q) = Sk (u,q)
eI@r(wa) "each of Px (u,q), Ri (u,q), Sk (u,q) and pug(u, q), vi(u, q), wr (u, q) are, respectively, real valued
and P, Ri, Sk : U x Q@ — [0, 1], such that 0 < Pg(u,q) + Rk (u,q) + Sk (u,q) < 3.

In the Q-CNS above, the sum of the phase terms is naturally restricted to the interval (0, 27|, due to the
periodicity of the complex-valued membership functions, since the imaginary exponential function is periodic
with period 27.

We can write ju(u, q), vi(u, ) and wi,(u, q) as pu(u, q) = dpy,(w, @), vi(u, q) = vy, (u, q) and wy,(u, q) =
dw,.(u,q), where § € (0, 27] is a scale factor that restricts the phase terms p (u, ¢), v (u, ¢) and wg(u, g) to
the interval (0, 27] and since, 11, (u, q), v, (u, ¢) and wy, (u, ¢) may represent the neutrosophic information with
values belong to the interval [0, 1], without loss of generality, in this research, we will consider ¢ equals to 2,
where Tk (u, q), Ik (u,q) and Fg (u, q) are complex-valued truth, indeterminate and false membership func-
tions of the form Tk (u, q) = P (u, q)e?>™ (49 Ty (u,q) = Ry (u, q)e??™ (9 Fr(u,q) = Sk (u, q)
72 (wa) By definition puy, vy, w. : U x Q — [0, 1].
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It is to be noted that Q-CNS is essentially Q-NS characterized by an additional term called the phase term
which is defined over the set of complex numbers. In order to represent any ordinary Q-NS as a Q-CNS,
assume the ordinary Q-NS that is characterized by T-MF ¢y (u, ¢), I-MF @y (u, ¢) and F-MF x(u, q) and
set wr(u,q) = Pk (u,q), wr(u,q) = Ri(u,q), xx(u,q) = Sk (u,q) and the phase terms p(u, q), vk (u, q)
and wg(u, ¢) equal to zero for all u and ¢. From this observation, it is concluded that the amplitude terms in
the Q-CNS are equivalent to the membership functions in the ordinary Q-NS and play the same role of the
membership functions in Q-NS. Further, without the phase terms, the Q-CNS is reduced to the ordinary Q-NS.

It should also be noted that the Q-CNS is a generalization of CNS, CIFS, CFS, SVNS, intuitionistic fuzzy set,
fuzzy set, soft set and classical sets. This means that Q-CNS is an advance generalization to all the existence
methods and due to this feature, the concept of Q-CNS is a distinguished and novel one.

The following example illustrates the above definition of the Q-CNS.

Example 3.2. Let U = {uy, us,us} and Q = {q1, g2} be two non empty sets. Then, K be a Q-CNS in U as
given below:

K = {< (u1,q1);0.3¢727(0-5) 0.9¢727(0-6) 0 572704 > "< (uy, ga); 0.1€727(0-4) 0.7¢727(0-2) (8727 (0-3) >
, < (ug,q1);0.7e727(04) [0 8ei2m(0-9) (. 6727(0-5) > < (ug, qo);0.9¢727(02) (.5¢727(0:3) (. 4727(07) > <
(us, q1);0.5e727(0-1) 0.7¢727(0-3) (.6e727(0-1) > < (ug3,qy); 0.2¢727(08) [0.4¢727(0:3) ,6¢727(0-2) >,

In this part, we define the concept of multi Q-complex neutrosophic set.

Definition 3.3. Let L be a unit interval [0, 1], n be a positive integer. U and () be two non empty sets. A multi
Q-complex neutrosophic set K in U is a set of ordered sequences

IA( = {< (uaq)vTK1 (’U’7q)7IKi(u7 q)7FKL (uaq) >iu e U7q € Q}a

Vi =1,2,3,....,n, where Tk, (u, q) = Px, (u, q)e*™<: (D [ (u,q) = R, (u, q)e?>™ < (D Fy (u,q) =

S (u,q)e? ™5 (WD and Pr Ry, Skt Vs o @ U x Q —s L™ and satisfy the condition 0 <
’L( 7Q) i) @) 1,7MK1’ K K; y

Py, + Ry, + Sk, 3,0 < py, + vy, +wy, <3,¥i=1,2,3,...,m,

where n is called the dimension of K.

The set of all multi Q-complex neutrosophic sets of dimension n in U is denoted by M"™"Q — CNS(U).

Remark 3.4. In the above definition,

1. If n = 1, then the M"Q — CN S isreducedto Q — CNS,
2. Ifn=1,and p = vy = wy = 0, then the M"Q — CN'S is reduced to Q-NS.

Now, we put forward the definition of a zero Q-CNS and the definition of a unit Q-CNS.

Definition 3.5. Let K be a Q-CNS in a non empty set U, then K is said to be zero Q-CNS, denoted by K¢, if
Tk(u,q) =0,Ix(u,q) =1, Fk(u,q) = 1,Vu € U, ¢ € Q, and defined as:

Ko ={< (u,q);0,1,1 >:u e Uqe€Q},

Example 3.6. Consider Example 3.2. Then the zero Q-CNS K is given as:

KCI> - {< (ulaql);ov ]-71 >7 < (ulqu);Ov ]-71 >7 < (U27Q1)§07 ]-71 >7 < (u27QZ)§07171 >7 < (U37Q1)§07171 >
y < (U37Q2)§071a1 >}
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Definition 3.7. Let K be a Q-CNS in a non empty set U, then K is said to be unit Q-CNS, denoted by K, if
Tk (u,q) = 1,1k (u,q) =0, Fx(u,q) = 0,Vu € U, q € Q, and defined as:

Ky ={<(u,q);1,0,0 >:u € U,q € Q},
Example 3.8. Consider Example 3.2. Then the unit Q-CNS K is given as:

K’/} = {< (ulaql); 170a0 >, < (u13q2); 170a0 >, < (u27q1); 170a0 >, < (u27Q2); 170a0 >, < (u37Q1); 170a0 >
, < (U37Q2)§170;0>}'

4 Basic operations on Q-CNS
Each of Q- complex neutrosophic complement, subset hood, union, intersection, product and Cartesian product
is defined below along with some properties and illustrative examples.

The following is the definition of the complement of Q-CNS:
Definition 4.1. Let K = {< (u,q); Tk (u,q), Ix(u,q), Fi(u,q) >: v € U,q € Q} be a Q-CNS in a non

empty set U. Then, the complement of a Q-CNS K is denoted as ¢(K) and is defined by

o(K) ={< (u,q); Ti (u, 9), I (u, q), Fi (u, q) >: u € U, q € Q}, where,

TS (u, q) = ¢ Py (u, q) /2™ (0 = PE (1, q)ed2mi (00) = Sy (u, q)ed2m(1—hi(wa),

I () = (R (1, Q) ™s(0) = R (u, @)™ (40 = (1 = Ry (u, g) )21 =vi(w),

F(u, q) = ¢(Sk (u, q)ej%w;(u,tl)) = 5;{(u,q)ej2w;f(uyq) = Pk (u, q)ej%(l*w;(u,q))_

Example 4.2. Consider Example 3.2. By Definition 4.1, we get the complement of the Q-CNS K as:

o(K) = {< (u1,q1);0.5e727(0-) 0.1¢727(0-4) 0.3¢727(0-6) > < (uy,gp);0.8¢72m(0-6), 0.3¢727(0-8) 0.1¢727(0-7) >

, < (ug,q1);0.6e727(0:6) (,2¢727(0-1) () 7¢72m(0:5) > "< (w9, go); 0.4e727(08) (.5¢727(0:7) (0 9e727(0:3) < (ug, q1);
0.6€j2ﬂ(0'9), 0.3ej27r(0.7), 0.563'271'(0.9) > < (U3, q2)7 0.6€j2ﬂ(0'2), 0.6€j27r(0'7), 0'26]'271'(0.8) >}

Proposition 4.3. Let K be a Q-CNS in a non empty set U. Then c(c¢(K)) = K.

Proof. From Definitions 4.1, we have,
C(K> = {< (uvq)§TIC(<u’q)’I;((ua q),FIC((u,q) >uel,qe Q}»
= {< (u,q); P§(u, q)ej2””kc(“7q), RS (u, q)eﬂ’”’kc(“"?)7 S}f{(u,q)eﬂ’mkc(%q) >:uelUqeQ},

= {< (u,q); S (1, q)ei2 1 =#e(w®) (1 Ry (u, q))e/27 0= | Py (u, q)ei27(1=wr(wa) > 4 € U, q €
Q},

Thus,

C(C(K)) = {< (u’ q)’ S%(u’ q)ej27r(1_u;cc(u)Q))7 (1 — R%(u’ q))ejzﬂ-(l_l’]/cc(uvq))7 PIC(('U/7 q)ejzﬂ-(l_w;cc(u)Q)) >
uelUqeQ},

— (< (u.0): Pr(w. )ed2m0=0=1(w0) (1 (1— R (. )))ei27(1=0=vk(w.0) S (4. ¢)ed2m(1— (1w (1,0))) .
{ (7(])7 K( ,(I) 7( ( K( 7Q))) ; K( 7Q)
ueUqeQ},

= {< () Pic (1, )20 D), Ry (1, o274 (40, Sy (u, q)er7((wd) 1€ Uy € Q)
={< (v, q9); Tk (u,q), Ix(u,q), Fx(u,q) >:u € U,q € Q},
= K. This completes the proof. O
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Now, we put forward the definition of the subset of two Q-CNSs.

Definition 4.4. A Q-CNS A is contained in another Q-CNS Bi.e. A C B, if and only if, Vu € U and q € Q,
the following conditions are satisfied:

1. Ta(u,q) < Tp(u, q) such that Py (u,q) < Pp(u,q) and iy (u, q) < up(u,q),

2. Ia(u,q) > Ip(u,q) such that Ra(u,q) > Rp(u,q) and vy (u, q) > vg(u,q),

3. Fa(u,q) > Fp(u,q) such that Sa(u,q) > Sp(u,q) and w, (u, q) > wy(u,q).
Definition 4.5. For two Q-CNSs A and B in a non empty set U, A is equal to B and it is denoted as A= B, if
and only if A C Band B C A.

We establish the definitions of the union and intersection of two Q-CNSs below.

Definition 4.6. The union of the two Q-CNSs A and B in a non empty set U is denoted as A U, B and the
T-MF T'au,B(u, q), the I-MF L4, 5(u, q), and the F-MF F4y, B (u, q) are defined as:

TAUqB(ua q) = [PA (ua Q) \ PB (U, q)]'ejzw“t;‘ (u7q)VIL,B (u,q))7
IAUqB(ua Q) = [RA (U, q) A RB (U, q)]'ej-QTr(V;(u’q)/\l/;3 (u,q)), and

Fu,(6) = [Sa(u,q) A Sp(u, )] @almn ),

Where V = max and A = min.

Definition 4.7. The intersection of the two Q-CNSs A and B in a non empty set U is denoted as A N, B and
the T-MF T'an, B(u, q), the I-MF I 4, p(u, q), and the F-MF Fan_ p(u, q) are defined as:

TAqu(u,q) = [Pa(u,q) A pB(%q)].ej27r(u;(u,q)w};(u,q))7

Tan, (1, q) = [Ra(u, q) V Rp(u, q)].e/27@a(@@Vrs(wa) and

Fan,8(u,q) = [Sa(u,q) V Sp(u, q)].e727@awa) Ve (wa)

Where V = max and A = min.

Example 4.8. Let U = {uj,us} and Q = {q1, g2} be two non empty sets. Let A and B be two Q-CNSs in U
as shown below:

A={< (ul,ql);O.4ej2”(0‘8),0.96j2”(0'3),0.7ej2”(0'9) >, < (ul,qg);O.2ej2”(0'7),O.Geﬂ”(o'?’),0.5ej2”(0'3) >
, < (ug,q1);0.9¢727(04) (.3¢727(0:5) 0 6e727(0-4) > < (uy, go);0.3e727(05) (.4¢727(0:8) (. 1727(0-9) >

B = {< (u1,q1);0.9¢/2707 0.1e527(04) 0572708 > < (uy, ga);0.6e727(0-8) 0.2¢27(0-4) (. 3¢527(0:5) >
, < (ug,q1);0.7¢727(09) [ 0.4¢727(08) 0 2¢727(0.T) > "< (w4, go); 0.5e727(04) [0.6e727(0-4) (. 7¢727(0-1) >,

Then,

AU,B = {< (ul,ql);O.9ej2”(0'8),O.lej2”(0'3),O.5ej2”(0'8) >, < (ul,qg);O.6ej2”(0'8),O.2€j2”(0'3),O.SejQ’T(O'g) >
< (u2’ Ch); 0.9€j2ﬂ(0'9), 0.363'277(0.5)’ 0'26j27r(0.4) > < (UZ’ Q2); O.5€j2ﬂ(0'5), O.4€j2ﬂ(0'4), 0'16j27r(0.1) >}’

ANGB = {< (u1,q1);0.4e7%27(0-7 0.9e727(0-4) 0 772709 > < (4, g9);0.2¢727(0T) (0.6e727(0-1) (.5¢727(0-5) >
, < (uQ,ql);0.7ej2”(0'4),0.4ej2”(0'8),O.6ej2”(0'7) >, < (uQ,qz);0.36j2”(0'4),0.66j2”(0'8),O.7ej2”(0'9) >}

Theorem 4.9. If A and B are two Q-CNSs in a non empty set U , then the union AUy B is the smallest Q-CNS
which contains both these two sets.

https://doi.org/10.54216/1JNS.200201 14
Received: July 26, 2022 Accepted: January 16, 2023



International Journal of Neutrosophic Science (IJNS) Vol. 20, No. 02, PP. 08-19, 2023

Proof. The proof can be easily stated according to Definitions 4.4 and 4.6. O

Theorem 4.10. If A and B are two Q-CNSs in a non empty set U , then the intersection ANy B is the largest
Q-CNS, which is contained in both of these two sets.

Proof. The proof can be easily stated according to Definitions 4.4 and 4.7. O

Proposition 4.11. Let A, B and C be three Q-CNSs in a non empty set U. Then,

1. ANA=A, AUA=A,
2.AnNB=BNA, AUB=BUA,
3. (AnB)NnC=An(BnNC), (AUB)UC=AU((BUCQ),

Proof. The proof is straightforward by Definitions 4.6 and 4.7. O
Proposition 4.12. Let A, B and C be three Q-CNSs in a non empty set U. Then,

1. (AUB)NC=(ANnC)u(BNCQC),
2. (AnB)UC=(AuC)n(BUCQO).

Proof. Here we only prove part 1. LetA, B and C be three Q-CNSs in a non empty set U and T'4(u, q), 4 (u, q),
Fa(u,q), Tp(u,q),I5(u,q), F(u,q),and Tc(u, q), Ic(u, q), Fo(u, q), respectively, be their complex-valued
T-MFs, complex-valued I-MFs, and complex-valued F-MFs. Then, we have

Tiausyno (U, @) = Praup)ne (u, q).e7 2 avmnc(ha),

= min(Paus(u, q), Po(u,q)).e?" min(H;uB(M,Q),u;(u,q)%

= min(max(Pa(u,q), Ps(u,q)), Pc(u, q)),ej%(min(maX(ulA(u>Q),u35(u7Q))7u,c(u’q))’

= max(min(Pa(u, q), Pe(u, q)), min(Pp (u, q), Pe (u, q))).e?2mmaxmin(uy (u0).1c (w.0) min(us (w,a),pc (w,a)),
= max(Panc (4, ), Panc(u, g)).e727 ™ (anc (00)-tpnc (1),

= Pancyusne) (u, g).¢7Haneyane) (49
= T(AOC)U(BOC)(uv q).

Similarly, on the same lines, we can show it for I yu)nc (4, ¢) and Faup)nc(u, q), respectively.

O
Proposition 4.13. Let A, B be two Q-CNSs in a non empty set U. Then,
1. (AUB)N A=A,
2. (AnB)UA = A.
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Proof. We prove it for part 1. LetA and B be two Q-CNSs in a non empty set U and T4 (u, q), [a(u, q), Fa(u,
q) and T (u, q), In(u,q), Fp(u, q), respectively, be their complex-valued T-MFs, complex-valued I-MFs, and
complex-valued F-MFs. Then, we have

Tauvpnal(u, q) = P(AUB)QA(U,q).ejQTr“zAuB)mA("vq)’

— min(Paop(u, q), Pa(u, q)).e?2™ mn(aos (wa)wa (wa),

— min(max(Pa(u, q), Pr(u, q)), Pa(u, q)).e?2mminmax(us (w0).15 (4,0) 104 (w:0))
= Pu(u, q)ei?™alwa),

=Ta(u,q).

Similarly, on the same lines, we can show it for I 4upyna(u, q) and Faupyna(u, q), respectively.

Proposition 4.14. Let A and B be two Q-CNSs in a non empty set U. Then,

1. ¢(AUB) =c¢(A)Ne(B),
2. ¢(ANB) =c(A)Uc(B).
Proof. (1) Assume that AU B = D andVu € U and g € Q,
To(u, q) = [Pa(u, q) V P (u, q)].e727 (a0 Vip (wa),
Since AU B = D, then we have ¢(A U B) = ¢(D). Hence Yu € U and ¢ € Q,
Th () = [Pa(u,q) V Pp(u, )] .er2m 0 Viis (o),
= [Sa(u, q) A Sp(u, q)].e/2m (1 =Ka ) A0—up (w0)
Suppose that ¢(A) N ¢(B) = E. Hence Vu € U and ¢ € Q,
T (u, q) = [P (u, q) A PG (u, q)).e/2m (i () s (),
= [Sa(u, q) A Sp(u, q)].e/2m((1=#a ) A0=up (w0)

Therefore, ¢(D) and E are the same operators, which implies, T, 4up) (¢, ¢) = Ti(a)ne(B) (U, q), Yu € U and

q€Q.

Similarly, on the same lines, we can show it also holds for the identity and falsity terms. Thus it follows that
¢(AU B) = ¢(A) N ¢(B) and this completes the proof.

(2) The proof is similar to that of (1).

In the following, we will define the Q-complex neutrosophic product of two Q-CNSs.
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Definition 4.15. Let A and B be two Q-CNSs in a non empty set U, and T'a (u, q) = Pa(u, q)eﬂ”“/A(“ﬂ),
IA(U, Q) = RA (’U,, q)€j2ﬂ-uA(U7q)7 FA (’LL, Q) = SA (’LL7 q)ej27'rwA (w,9) and TB (’U,7 (I) = PB (U, q)ejQﬂ'MB (u,q)7

Ig(u,q) = Rp(u,q)e’?™s(®9) Fy(u,q) = Sp(u, q)eﬂm"jg(“’q)7 respectively, be their complex-valued T-
MFs, complex-valued I-MFs, and complex-valued F-MFs. The Q-complex neutrosophic product of A and B
denoted as A o B and is specified by the functions,

Taon(t,q) = Paop (u, q).72™Wacs0) = (P4 (u, q). P (u, q)).eI2(a(wa) g (wa)
Laon (u,q) = Raop(u, q).e72“acs0) = (R (u, q).Rp(u, q)).e727¥a(w:0) v5 (w.0)

Faon(tt,q) = Saop(u,q).e27@aon(w0) = (4 (u, q).Sp(u, q)).eI27@a (wd)wp (wa)

Example 4.16. Consider Example 4.8. By Definition 4.15, we get the a Q-complex neutrosophic product of
A and B as:

AoB = {< (u1,q1);0.36e727(0-56) (,09¢727(0-12) () 35¢527(0-72) > < (4, go);0.12e727(0-56) (), 12¢727(0-12)
0.15e727(0-15) > < (ug, q1);0.63e727(0-36) (0,12¢727(0-40) (0.12¢727(0-28) > < (w4, go); 0.15e727(0-20) (.24
ej27r(0.32)7 0.076_7'271'(0.09) >}_

The following is the definition of the Cartesian product between two Q-CNSs:

Definition 4.17. Let A and B be two Q-CNSs in U and V/, respectively, and T'a (u, q) = Pa(u, q)ejQ’”‘lA(“*q),
IA(U, q) = RA (ua Q)ejQﬁyA(uvq)a FA (U, Q) = SA (U, q)eijA)A (u.q) and TB (U7 q*) = PB (U7 q*)ejQWHB(U7q*)a

Ig(v,q*) = RB(U,q*)ejQ””;(”vq*),FB(v,q*) = Sp(v,q*)el? (47 respectively, be their complex-
valued T-MFs, complex-valued I-MFs, and complex-valued F-MFs. The Cartesian product of A and B, de-
noted by A x B and defined as

A x B ={< (myn);Taxp(m,n), Iaxp(m,n), Faxg(m,n) > m € U x Qandn € V x Q*}, where
m= (u,q), n=(v,¢*)andVm € U x Qandn € V x Q*,

Taxn(m,n) = min(Pa(m), Pg(n)).ed2w min(ua(m).us(m)
Laxp(m,n) = max(Ra(m), Rp(n)).e?2m mn(/a(m)vs(n)

Faxp(m,n) = max(Sa(m), Sp(n)).e/2m max(@a(m)wp(n)

5 Conclusion

The notion of Q-CNS has been defined as a generalisation of Q-NS and CNS. This new model has the ability
to deal with uncertain, incomplete and indeterminate data in two-dimensional space. The basic operations
such as complement, equality, subset, union, intersection, Q-complex neutrosophic product and Cartesian
product have been discussed. The properties of these operations are also verified with supporting proofs. Q-
CNS seems to be a promising new concept, paving the way toward numerous possibilities for future research.
Different algebraic structures of Q-CNS can be investigated. This concept can be also extended to Q-complex
neutrosophic soft set, Q- complex plithogenic set and Q-complex neutrosophic hypersoft set and so on.
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