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Abstract. In this paper, the notion of M BJ-neutrosophic ideal for K U-algebra is introduced
and its properties are investigated. Also, a condition for an M B.J-neutrosophic subalgebra to
be an M BJ-neutrosophic ideal and converse part of a KU-algebra are discussed.
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1. Introduction

The fuzzy set was introduced in 1965 by Zadeh [10] and the intuitionistic fuzzy set was introduced
by Atanassov in 1983. Prabpayak and Leerawat [5, 6] introduced a algebraic structure called
KU algebras and also examined ideals and congruences. In addition, homomorphism, quotients
and isomorphisms in KU algebras. The concept of the neutrosophic set was developed by
Smarandache [7, 8, 9]. In 2017, Bijan Davvaz et al. [1] investigated the neutrosophic ideal of
the KU-neutrosophic algebras.

Mohseni et al. [3] introduced the generalization of neutrosophic set called M B.J-neutrosophic
set with My, By, and Jy, as the truth, the indeterminate and the false membership functions,
respectively. Also, M BJ-neutrosophic subalgebras in BCK/BCI-algebras and investigated
related properties.

In [2], the notion of M BJ-neutrosophic sets is introduced and applied to KU-algebras.
Also, a characterization of M B.J-neutrosophic subalgebra is provided with KU-algebra and
Homomorphic inverse image and translation of M BJ-neutrosophic subalgebra in KU-algebra
are discussed.

In this paper, we apply the notion of M BJ-neutrosophic sets to ideals of KU-algebras and
investigate several properties. We provide a condition for an M B.J-neutrosophic subalgebra to
be an M BJ-neutrosophic ideal and converse part of a KU-algebra are discussed.

2. Preliminaries

We let L(7) be the class of all algebras with type 7 = (2,0). A KU-algebra [5, 6] on a system
P = (P,0,0) € L() satisfies

(KU1) (ko1 © koz2) © ((ko2 © kos) © (ko1 © kos)) = 0,

KU2) ko100 =0,

KU3) 0¢ ]4}01 = k‘()l,

KU4) ko1 ¢ ko2 = 0 & ko2 © ko1 = 0 implies ko1 = ko1,

(
(
(
(KU5 k()l <o ]{501 = 0, A k01, k'()g, kog e P.

)
)
)
)
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Also a binary relation < by putting kg1 < koo < ko2 © ko1 = 0, V ko1, koo € P.
In a KU-algebra P, the following hold:

(KUY") (ko2 © ko3) © (ko1 © koz) < (ko1 © koz),
(KU2') 0 < ko,

(KU3') ko1 < ko2, ko2 < ko1 implies koi = ko2,
(KU4') ko o ko1 < kor.

Theorem 2.1 [4] In a KU-algebra P, the following axioms are satisfied: V ko1, ko2, ko3 € P,
(i) ko1 < ko2 imply ko2 © ko3 < ko1 © ko,
(ii) ko1 © (ko2 © ko3) = ko2 © (ko1 © ko3), ¥ ko1, ko2, ko3 € P,

(iii) ((k‘og fo k‘01) <& /{01) S k‘og,

(iV) (((k()Q <o k’[)l) <o ]{701) <o k()l) = (kog <o k()l).

Definition 2.1 [5, 6] A non-empty subset S of a KU-algebra P is called a KU-subalgebra of
Pifli1 0l € SV i1, lag €8S.

Definition 2.2 [5, 6] A subset S of a KU-algebra P is called an ideal of P if it satisfies the
following:

(I1) 0 e S,

(12) (V ko1, koo € P) (kol o koo € S, kor € S = ko1 € S)

Definition 2.3 [5, 6] A subset S of a KU-algebra P is called a closed ideal of P if it is an ideal
of P which satisfies:

(V k01€P)(k01ES=>O<>]{?01€S). (1)

A closed subinterval [ = [17,17] of I, where 0 < I~ < [T < 1 and [I] denotes the set of
all interval numbers. Consider two interval numbers loy := [, lq;] and lo2 = [Igy,g5]- Let us

define as refined minimum and refined maximum (briefly, re min and re max) of two elements
in [I], then

remin{lor, lp2} = [min{ly;, oy}, min{lg;, gz H,

re max{l~01, l~02} = [max{ly;, !}, max{larl, 15“2}],

Let P be a nonempty set. A function L : P — [I] is called an interval-valued fuzzy (in
short, IV F) set in P. Let [I]” denotes the set of all IV F sets in P. For every L € [I]” and
k € P, L(k) = [L(k),L"(k)] is called the degree of membership of an element k to L, where
L™ : P — Iis a a lower fuzzy set in P and L™ : P — I an upper fuzzy set in P, respectively.
We denote L = [L~, LT].

Definition 2.4 [8] Let P be a non-empty set. A neutrosophic set (NS) in P is of the form:
L= {(k; Lr(k), Li(k), Lp(k))|k € P}

where Ly, Ly, Lr : P — [0,1] is a truth, an indeterminate and a false membership function. We
use the symbol L = (Lp, Ly, Ly).
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Definition 2.5 [3] Let P be a non-empty set. By an M BJ-neutrosophic (briefly, M BJ-N) set
in P is of the form

L= {(k; Mr(k), BL(k), JL(K)) |k € P}

where Mj, and J;, are fuzzy sets in P called a truth and a false membership functions and B I
is an IVF set in P called an indeterminate interval-valued membership function. We use the
symbol £ = (Mp, Br, Jr).

Definition 2.6 [2] Let P be a KU algebra. An M BJ-N set £ = (ML,BL, Jr) in P is called
an M B.J-neutrosophic subalgebra of P (briefly, M BJ-NSA(P)) if it satisfies:

M, (lo1 ¢ lo2) > min {My,(lo1), M1 (lo2)}
(Vlol,loz S P) BL(l01<>l02) >~ Temin{BL(lm),BL(log)} (2)
Jr(lo1 ¢ lo2) < max {Jr(lo1), Jr(lo2)}

3. M BJ-neutrosophic Ideals of KU-algebras 3
Definition 3.1 Let P be a KU-algebra. An M BJ-N set L = (My, By, Jr) in P is called an
M BJ-neutrosophic ideal of P (briefly, M BJ-NI(P)) if it satisfies:

Mp(0) = Mg (lo1)
(V lo1 € P) BL(O) - BL(Z(H) (3)
Jr(0) < Jr(lor)

and

Mp(lo1) > min{Mp(lo2 © lo1), M (lo2)}
(V l()l, loz S P) BL<Z()1) = re min{BL(lgg o lgl), BL(y)} . (4)
Jr(lor) < max{Jr(lo2 ¢ lo1), Jr(lo2)}

An MBJ-NI L = (ML,BL, Jr) of a KU-algebra P is said to be closed if

Mp(ln©0) > Mp(lo1)
(V lo1 € P) BL(l01 <>0) - BL(l01) (5)
Jr(lo1©0) < Jr(lor)

Example 3.1 Consider a set P = {0g, ag, b, c¢} with the binary operation ¢. Table 1 defined
the following operation. Then

Table 1:
& 06 ag b6 Cg d6
06 06 as bs cg ds
ag 0s 0 bs cg ds
be 06 as 0O c5 cCp
ce 06 06 0bg O bg
ds 0s 0 0O O Og

(P,,0) is a KU algebra.

Table 2:
P Mp(l) Br(l) Ju)
0 0.8 [0.4,0.9] 0.2
ag 0.7 [0.3,0.8] 0.3
be 0.5 [0.2,0.6] 0.7
Cg 0.3 [0.1,0.5] 0.5
dg 0.3 [0.1,0.5] 0.7
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Let £ = (ML,BL,JL) be an M BJ-N set in P as in Table 2. It is a closed M BJ-NI(P) of
KU-algebra.

Proposition 3.1 Let P be a KU-algebra. Then every MBJ-NI L = (ML,BL,JL) of P
satisfies,

My, (lor) = min {Mj,(lo), M (los) }
log o lor <log = ¢ Br(lpr) = rmin{Br(lo2), Br(lo3)} (6)
Jr(lo1) < max{Jr(lo2), Jr(lo3)}

for all lg1, lp2, loz € P.

Proof. Let lg1,lp2,lo3 € P be such that lye ¢ lg1 < lps. Then
M, (loz2 © lo1) = min{ M (lo3 © (loz © lo1)), Mr(lo3)} = min{M(0), M (lo3)} = ML (lo3),
Br(lp2 ¢ lo1) = remin{ By, (loz © (loz ¢ lo1)), Br.(lo3)} = re min{B1,(0), Br,(lo3)} = Br(lo3),
and
Jr(lo2 0 lo1) < max{Jr(loz o (lo2 ¢ lo1)), Jr(lo3)} = max{JL(0), Jr(lo3)} = Jr(lo3)-

It follows that
M, (lo1) > min{Mr,(loz ¢ lo1), Mr(lo2) } = min{ M (lo2), M (lo3)},

BL(lgl) > re min{BL(log olo1), BL(ZOQ)} =re min{BL(log)7 BL(log)},
and
Jr(lo1) < max{Jr(lo2 ¢ lo1), Jr.(lo2)} = max{Jr(lo2), Jr(lo3)}

This completes the proof.
Theorem 3.1 Every M BJ-N set in a KU-algebra P satisfying (3) & (6) is an M BJ-NI(P).

Proof. Let £ = (Mp,By,J;) be an MBJ-N set in P satisfying (3) & (6). Note that
(log & 101) o lg1 < lpo for all lo1,lp2 € P. Tt follows from (6) that

M (lp1) > min{Mr,(loz ¢ lo1), Mr(lo2) },

BL(Z(H) = re min{BL(loz olo1), BL(log)},
and
Jr(loy) < max{Jr(loz o lo1), Jr(lo2) }-
Therefore £ = (My, Br, Jp) is an MBJ-NI(P).

Theorem 3.2 Given an M BJ-N set L = (ML,BL,JL) in a KU-algebra P, if (Mg, Jr) is an

intuitionistic fuzzy ideal (IFI) of P and B; & Bg are fuzzy ideals of P, then £ = (M, By, Jr)
is an MBJ-NI(P).
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Proof. It is sufficient t.s.t B 1, satisfies
(V lo1 € P)(BL(0) = Br(lo1)) (7)

and

(V 101, log S P)(BL(lgl) i re min{BL(log < 101), BL(ZOQ)}). (8)

For any lo1,lo2 € P, we get

Br(0) = [B;,(0), B{ (0)] = [Bf (lo1), B (lo1)] = Br(lo1)
and
Br(lor) = [By (lo1), B} (lo1)]
>~ [rnin {BZ (ZQQ o l01) , BE(ZDQ)} ,min {BZr (l02 o 101) , Bz(log)}]
= remin { [BZ (l02 < 101) s BZ (log < lgl)] , [BZ (102), Bz(lgg)]
= remin {BL (log <& l01) s BL(lOQ)}
Therefore £ = (My, By, J) is an MBJ-NT of P.
If L= (Mp,Br,J)is an MBJ-NI of a KU-algebra P, then
[Bf (lo1), Bf (lo1)] = Br(lo1) = remin {BL (lo2 © lo1) 7BL(ZOZ)}
= remin { [BZ (102 3% l01) ,Bz‘r (log & l()l) 5 [BZ (log), Bg(log)] }
= [min {BZ (l02 < 101) y B; (log)} ,min {BIJC (log 3% l01) s Bzr(log)}]

for all lp1,lpe € P. It follows that BZ(ZOI) > min{BZ(log <o 101),Bg(l02)} and Bz—(l()l) >
min{ B} (lp2 © lo1), Bf (lp2)}. Thus B; and B are fuzzy ideals of P. But (My,Jy) is not
an IFI of P in Example 3.1. Therefore the converse of Theorem 3.2 is not true.

Given an M BJ-N set L = (M, B, Jr) in a KU-algebra P, we consider the following sets.

U(Mp;ty) == {lor € P | Mp(loa) > t1},
U (BL; [Cl,C2]) = {501 € P | Br(lo1) = [Cl,Cz]}
L(Jp;te) :=={lon € P | Jp(lo1) < 2},

where t1,t2 € [0,1] and [(1, (2] € [I].

Theorem 3.3 An M BJ-N set L = (M, B, Jr) in a KU-algebra P is an M BJ-NI(P) iff the
non-empty sets U(Mp;t1),U(Br;[C1,2]) and L(Jr;t2) are ideals of P for all ¢1,t2 € [0,1] and
1, ¢o] € [I].

Proof. Suppose that £ = (ML,BL,JL) is an MBJ-NI of P. Let ti,t € [0,1] and
[C1,Co) € [I] 2 U(Myp:ty),U(Byr; [C1, Ca]) and L(Jy; ta) are non-empty. Obviously, 0 € U(Mp;t1)N
U(B;L; [C1,¢2]) N L(JL;te). For any ¢, k,p,q,m,n € P,if kot € U(Mp;t1),k € U(Mp;t1),qop €
U(BL; [Cl,CQ]), qeU (BL; [(1,@]), nom e L(UL;tz) and n € L(JL;tg), then

My () > min{My, (kot),Mp(k)} > min{ti, 41} =t

B (p) = remin {BL(Q Op),BL(Q)} = remin{[C1, G2, [C1, 2]} = [¢1, G2
Jr(m) <max{Jr (nom),Jr(n)} < min{te,ta} = to
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and so 1t € U(Mp;t1),p € U(Bp;[C1, o)) and m € L(Jp;t2). Therefore U(Mp;ty),U(Br; [C1,C2))
and L(Jp;t2) are ideals of P. )

Conversely, assume that U(Mp;t1),U(Br;[C1,¢2]) and L(Jp;te) are ideals of P for all
t1,t2 € [0,1] and [(1, C2] € [I]. Assume that My (0) < M (p), BL(0) < Br(p) and JL(0) > Jp(p)
for some p € P. Then 0 ¢ U(Mp; My (p NNU(Br; Br,(p))NL(J1; Jo(p)), which is a contradiction.
Hence M, (0) > My (1), BL(0) = Br(¢) and J.,(0) < Jp(¢) for all v € P. If

M, (po) < min{Mz(qo < po), Mr(qo)}

for some pg,qy0 € P, then gy o pyg € U(Mp;ty) and g9 € U(Mp;ty) but pg & U(Mp;tg) for
to := min{ My (qo ¢ po), M(q0)} = a contradiction. Thus M (p) > min{M/(q < p), M(q)}
for all p,q € P. Similarly, we can show that Jr(p) < max{Jp(¢ < p),Jr(¢)} for all p,q € P.
Suppose that BL(po) =< remln{BL(qo © o), BL(qo)} for some pg,qo € P. Let BL((JO o py) =
(01, p2], Br(a0) = [p3, pa] and B (po) = [(1,Co]- Then

[C1, G2] < remin{[p1, p2], [p3, pa]} = [min{p1, p3}, min{pz, ps}]

and so (1 < min{p1, p3} and (o < min{pz, p4}. Taking

[V1,72] := % (BL (po) + remin {BL (g0 ©po), Br (QO)})
implies that B
[v1,72] = 5 ([C1, G2] + [min {p1, p3} , min {p2, pa}])

2
[; (¢1 +min{p1, ps}), % (G + min {po, 94})] :

It follows that 1

min{py, p3} > 71 = 5(@ + min{p1, p3}) > G
and 1

min{pz, pa} > 72 = (G2 +min{pz, pa}) > Ca-

Hence [min{py,ps}, min{ps,ps}] = [y,72] = [(1,¢2) = Br(po), and therefore py ¢
U(Br;[71,72]). On the other hand,

Br(qo© po) = [p1, p2] = [min{py, p3}, min{pz, pa}] = [11,72]
and R
Br(qo) = [ps, pa] = [min{p1, p3}, min{pa, pa}] = [y1,72],
that is, goopo, qo € U(Br; [y1,72]) = a contradiction. Thus Br(1) = remin{ By (kot), B(k)}
for all ¢,k € P. Consequently £ = (M, By, Jr) is an MBJ-NI(P).

Theorem 3.4 Given an ideal H of a KU-algebra P, let £ = (M, By, J;,) be an MBJ-N set
in P,

o t7 if.€e H, ~ B [pl,pg] ifte H, B ty if L € H,
My (1) = { 0 otherwise , Bu() = { [0,0] otherwise , Jo) = 1 otherwise (9)

where ¢ € (0,1],2 € [0,1) and p1,p2 € (0,1] with p; < p2. Then £ = (ML,BL,JL) is an
MBJ-NI of P> U(Mrg;t1) =U(Br;[p1,p2]) = L(JL;t2) = H.
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Proof. Let lg1,lp2 € P. If lpg ¢ lp1 € H and lgo € H, then lp; € H and so

Mip(lor) = t1 = min {My, (lo2 0 lo1) , Mr(lo2) }
Br(lo1) = [p1, p2] = remin {[p1, p2], [p1, p2]} = remin {BL(ZOQ o lo1), BL(ZOQ)}
JL(Z(H) = tQ = max {JL (102 <>l01) s JL(ZOQ)} .

If any one of lp2 © lo1 and lpz is contained in H, say log © log € H, then My (lo2 ¢ lo1) =
t1, Br (log ¢ lo1) = [p1,p2], Jr (lo2 ¢ lo1) = t2, Mr(lo2) = 0,Br(lo2) = [0,0] and J(lp2) = 1.
Hence

ML(l()l) 2 0= min{tl,()} = min {ML (102 fod l01) ,ML(ZOQ)}
B’L(Zgl) > [0,0] = remin{[p1, p2] ,[0,0]} = remin {BL (lp2 © lo1) ,BL(ZOQ)} ,
JL(l(n) <l1= max{tg, 1} = maX{JL (log <>l01) s JL(ZOQ)} .

If ZOQ <>l01,l02 ¢ H, then ML (l02<>l01) =0 = ML(log),BL (l02<>l01) = [0,0] = BL(ZOQ) and
JL (log < l[)l) =1= JL(log). It follows that

ML(l01) >0= HllIl{0,0} = min {ML (log < l01) ,ML(ZOQ)} s
Br.(lo1) = [0,0] = remin{[0,0], [0,0]} = re min {BL (loz o lo1) ,BL(ZOQ)}
JL(Z(H) S 1= max{l, 1} = max{JL (log & lOl) y JL(ZOQ)}
It is obvious that ML(O) 2~ ML(Z()l),BL(O) >~ BL(lm) and JL(O) < JL(lm) for all lp; €

P. Therefore L = (Mp,Byr,J) is an MBJ-NI(P). Obviously, we have U(Mp;t;) =
U(BL; [p1, pal) = L(Ji; t2) = H.

Theorem 3.5 For any non-empty subset H of P, let £ = (ML,BL, Jr) be an M BJ-N set in
Pof(9). If L= (Mp,Byr,J)is an MBJ-NI of P, then H is an ideal of P.

Proof. O‘pviously, 0€ H. Let Iy, l~02 €eP>olpoly € H&lpp € H. Then ML(l02 <>l01) =1 =
Mi(lo2), Br.(lo2 ¢ lor) = [71,72) = Br(lo2) and Jr(lp2 ¢ lo1) = t2 = Jr(lp2). Thus

M, (lor) > min{ M, (lo2 © lo1), Mr(lo2)} = t1,
Br(lo1) = remin{Br,(lo2 ¢ lo1), Br.(lo2) } = [71,72],

Jr(lor) < max{Jr(lo2 ¢ lo1), Jr(lo2)} = to,
and hence lgp; € H. Therefore H is an ideal of P.

Theorem 3.6 In a KU-algebra, every M BJ-NI is an M BJ-NSA.

Proof. Let £ = (ML,BL, Jr) be an M BJ-NI of a KU-algebra P. Since ly; ¢ (lp1 ¢ lo2) < lp2
for all lp1,lpe € P, it follows from Proposition 3.1 that

M, (lo1 © lp2) > min{ M7, (lo1), Mr1(lo2)},

Br(loy ¢ lo2) = remin{Br,(lo1), Br.(lo2)},
Jr(lo1 ¢ lo2) < max{Jr(lo1), Jr(lo2)}

for all lp1,lpo € P. Hence £ = (ML,BL, Jr) is an M BJ-NSA of a KU-algebra P.
The converse of Theorem 3.6 may not be true as seen in the following example.
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Example 3.2 Consider a KU-algebra set P = {05, as, b, c5 } with the binary operation ¢. Table
3 defined the following operation. Then

Table 3:
fod 05 as b5 Cs
05 05 as bs cs5
as 05 05 as cs5
bs 05 05 05 c5
cs 05 as bs Os

Table 4:
P Mp(l) Br(l) Ju(l)
05 07 [03,0.8 02
as 0.3 [0.L,0.5] 0.6
bs 0.1  [0.3,0.8 0.4
es 05 [0.1,05 0.7

Let £ = (ML,B’L, Jr) be an M BJ-N set in P as in Table 4. Then it is an M BJ-NSA(P) but
it is not an M BJ-NI(P) since

By (as) # remin{By (bs o as), Br,(bs)}.

Theorem 3.7 Let £ = (M, By, Jr) be an MBJ-NSA of a KU-algebra P satisfies (6). Then
L= (Mp,Br,Jr) is an MBJ-NI of P.

Proof. For any Iy € P, we get
M, (0) =M, (lo1 ¢ lo1) > min {Mp(lo1), Mr(lo1)} = My (lo1)
BL(O) = BL (l[n <>l01) > re min {BL(Z(H), BL(Z(H)}

=Tre min { [BZ (l01), Bg(l()l)] 5 [BZ (l01), Bg(l()l)] }
= By (lov), Bf (lo1)] = Br(lor),

and
Jr(0) = Jr, (lo1 ¢ lo1) < max {Jr(lo1), Jr(lo1)} = Jr(lor)

Since (l02 < lOl) O l01 < l(]z for all l01, ZOQ € P, it follows from (6) that

M, (lor) > min {M7p, (lp2 o lo1) , Mr(lo2) }
BLUOl) i re min {BL (102 o 101) ,BL(ZOQ)}
Jr(lor) < max {Jr, (lo2 ¢ lo1) , Jr.(lo2)}

for all lgy,lgo € P. Therefore £ = (ML,BL, Jr) is an MBJ-NI of P.
Definition 3.2 An MBJ-NI L = (M, By, Jr) of a KU-algebra P is said to be closed if
(V l()l € P)(ML(Z[H <>0) > ML(Z(H),BL(Z(H <>0) ~ BL(l()l), JL(lm 00) < JL(Z()l)). (10)

Theorem 3.8 In a KU-algebra, every closed M BJ-NI is an M BJ-NSA.
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Proof. Let £ = (M, By, J1) be a closed MBJ-NT of a KU-algebra P. Using (KU5), (4), (5)
and (2.1), we have

M, (lo1 © lo2) = min{ M (lo2 © (lo1 © lo2)), ML (lo2)} = min{ My, (lo1 © 0), ML (lo2)}

> min{ My, (lp1), M1 (lp2)},
Br(loy © loz) = remin{ B (loz © (lo1 ¢ loz2)), Br(lo2)} = re min{ B (lp1 ¢ 0), Br(lp2)}
> remin{Br,(lo1), Br.(lo2)},

and

JL(lmOlog) < maX{JL(l()QO(lOlOZOQ)), JL(ZOQ)} = max{JL(l01<>O), JL(ZOQ)} < maX{JL(l01), JL(ZOQ)}

for all loy, loz € P. Hence £ = (My, By, Ji) is an MBJ-NSA(P).
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