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Abstract

The main objective of this study is to introduce a neutrosophic A/ — subalgebra (ideal)
of L-algebras and to investigate some properties. It is shown that the level-set of
a neutrosophic A/ —subalgebra (ideal) of an L-algebra is its subalgebra (ideal), and
the family of all neutrosophic N —subalgebras of an L-algebra forms a complete
distributive modular lattice. Additionally, it is proved that every neutrosophic A/ —ideal
of an L-algebra is the neutrosophic N —subalgebra but the inverse of the statement
may not be true in general. As the concluding part, some special cases are provided
as ideals which are particular subsets of an L-algebra defined due to A/—functions.
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1 Introduction

L-algebras which are defined in the light of the quantum Yang-Baxter equation are
introduced, and studied in details by Rump in [13, 14]. For the readership, we can list
the popular examples of L-algebras as Hilbert algebras, locales, (left) hoops, (pseudo)
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MV-algebras and 1-group cones. In the existing literature, it is shown that algebraic
structures of Lucasiewicz’s logic are MV-algebras (see [2, 4]), and also, the paper [9]
illustrates that the category of MV-algebras is equivalent to abelian lattice ordered
groups (briefly, 1-groups) with a strong order unit. In the sequel, in [13], L-algebras
with a natural embedding into the negative cone of an 1-group are introduced, and this
results in Dvurecenskij’s non-commutative generalization and Mundici’s equivalence
between M V-algebras and unital Abelian I-groups. Furthermore, pseudo-MV algebras
and Bosbach’s noncommutative bricks are characterized as L-algebras in [16], and it
is underlined that an L-algebra is purposed as an interval in a lattice-ordered group
if and only if it is semiregular with a smallest element and a bijective negation. We
refer to readers the recent paper [15] which provides examples of L-algebras in logic,
geometry, measure theory, and topology to polish potential for application. Also, we
cite the papers [3, 5, 20, 21] as related studies on L-algebras in this field. For example,
authors of [20] focus on the relationships between basic algebras and L-algebras, and
then Yang and Wu represents orthomodular lattices as L-algebras in [21]. Moreover,
specific properties of L-algebras are studied in the brand new papers [3, 5]. For further
reading, we suggest the references there in.

The fuzzy set theory is first introduced by Zadeh as a generalization of the set theory
in [22]. The notions truth (t) (membership) function, and positive meaning of informa-
tion in the fuzzy set theory make the investigation of negative meaning of information
reasonable. Consequentially, Atanassov introduced the intuitionistic fuzzy set theory
as a generalization of the fuzzy set theory together with truth (t) (membership) and the
falsehood (f) (nonmembership) functions (see [1]). Subsequently, Smarandache intro-
duced the neutrosophic set theory for generalizing the intuitionistic fuzzy set theory in
[17, 18], and employ the indeterminacy/neutrality (i) function with truth and falsehood
functions. Therefore, neutrosophic sets are constructed by three components (¢, i, f)
(see [23]). It should be pointed out that the neutrosophy notion has been applied to the
algebraic structures such as BCK/BClI-algebras, BE-algebras, strong Sheffer stroke
non-associative MV-algebras, and Sheffer stroke Hilbert algebras. We refer to [6-8,
10-12, 19] as the corresponding literature.

The organization of the paper is as follows: the next section is devoted to presen-
tation of essentials on L-algebras. In the third section, the setup of the main results
is provided, and outcomes of the paper are presented with illustrative examples. The
results of the manuscript are new and novel, therefore, contribute the ongoing theory
of pure mathematics regarding L-algebras.

2 Preliminaries

In this section, basic definitions and notions about L-algebras and neutrosophic
N —structures are presented.

Definition 1 [13] An L-algebra is an algebra (L; —>, 1) of type (2, 0) satisfying

CLHhx —x=x—>1=1,1— x =1,
L) x—y)—x—2)=Q( —>x)— O — 2),
L3) x — y=y — x=1limpliesx =y,
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forallx,y,z € L.

Lemma 1 [13] Let (L; —, 1) be an L-algebra. Then the relation < defined by
x<ye=x—y=1
is a partial order on L. Also, 1 is the greatest element of L.

Lemma2 [16] Let (L; —>, 1) be an L-algebra. Then the following statements are
equivalent:

I.y<x—y,
2. x <yimpliesy — z <x — zandz — x <z — y,

forallx,y,z € L.

Definition 2 [13] Let (L; —, 1) be an L-algebra. Then a subset K of L is called an
L-subalgebraifx — y,y —> x € K, forallx, y € K.

Definition 3 [13] Let (L; —>, 1) be an L-algebra. Then a subset I of L is called an
ideal if the following hold for all x, y € L:

an lel,

(I2) x,x — y el impliesy € I,

(I13) x € I implies (x — y) —> y € 1,

(I4) x € I impliesy — x,y —> (x —> y) € I.

Definition 4 [6] F (A, [—1, 0]) denotes the collection of functions from a set A to
[—1,0] and an element of F (A, [—1, 0]) is called a negative-valued function from
A to [—1, 0] (briefly, N'—function on A). An A —structure refers to an ordered pair
(A, f) of A and N'—function f on A.

Definition 5 [8] A neutrosophic N —structure over a nonempty universe A is defined

A
by Ay = =
(Tn, In, FN)  (In(a), IN(a), Fy(a)) ' ' ,
are N/—function on A, called the negative truth membership function, the negative

indeterminacy membership function and the negative falsity membership function,
respectively.
Every neutrosophic A/ —structure Ay over X satisfies the condition

:a € A} where Ty, Iy and Fy

(Va € A)(=3 = Ty(a) + In(a) + Fn(a) = 0).

3 Neutrosophic A/ —structures

In this section, neutrosophic N —subalgebras and neutrosophic A —ideals of L-
algebras are given. Unless otherwise specified, L states an L-algebra.

Definition 6 A neutrosophic A/ —subalgebra Ly of an L-algebra L is a neutrosophic
N —structure on L satisfying the condition

@ Springer



ANNALI DELL'UNIVERSITA’ DI FERRARA

Fig.1 Hasse diagram of L in 1
Example 1

Table 1 Cayley table of a binary
operation —> on L in Example

1 X 1 y 1

min{Tn(x), Tn(¥)} < Tn(x —> y),

In(x — y) <max{Iy(x), In(y)} )
and

Fy(x — y) < max{Fy(x), Fy(y)},

forall x,y € L.

Example 1 Consider an L-algebra L where L = {x, y, 1} with the Hasse diagram in
Fig. 1 and a binary operation —> on L has the Cayley table in Table 1.

X Yy
(=0.5,-0.4, -0.8)" (—0.6, 0.5, —0.8)°

Then aneutrosophic A/ —structure Ly = {

on L is a neutrosophic A —subalgebra of L.

=)
0,—-1,-1)

Definition 7 Let Ly be a neutrosophic A/ —structure on an L-algebra L and 7, p, o
be all elements of [—1, 0] such that —3 < 7w 4+ p + p < 0. For the sets

Ti ={xeL:m <Ty)},
Iy :={x e L:Iyx) < p}

and
Fy:={xeL:Fykx) <o},

theset Ly(mw,p,0)  ={x €L :m <Tnkx), In(x) < pand Fy(x) < o} is called
the (7, p, o) —level set of Ly. Also, Ly(r, p, o) =T NIy N Fy.

Theorem 3 Let Ly be a neutrosophic N'—structure on an L-algebra L and 7, p, o be
any elements of [—1, 0] which implies =3 < 7w 4+ p + 0 < 0. If Ly is a neutrosophic
N —subalgebra of L, then the nonempty level set Ly (1, p, o) of Ly is an L-subalgebra
of L.
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Proof Let Ly be a neutrosophic A/ —subalgebra of L and x, y be any elements of
Ly(m, p,0), for @, p,o0 € [—1,0] which implies =3 < 7 4+ p + o < 0. Then
7 < Tn(x), In(y); IN(x), IN(y) < p and Fyn(x), Fn(y) < o. Since

7 <min{Ty(y), Ty(x)} < Ty(y — x),
In(y — x) < max{Iy(y), INn(x)} < p
and
Fy(y — x) <max{Fy(y), Fn(x)} < o,

for all x,y € L, it is obtained that y — x € T7, II’\),, Fy. Thus, y — x €
i N If\’, N Fl‘\’, = Ly(m, p,0). Hence, Ly (7, p, o) is an L-subalgebra of L. O

Theorem 4 Let Ly be a neutrosophic N'—structure on an L-algebra L and TF; , [ 1’\7, and
F]‘\’, be L-subalgebras of L, forall w, p, o € [—1, 0] which implies =3 < w+p+o0 <
0. Then Ly is a neutrosophic N'—subalgebra of L.

Proof Let T;\,T, I]'(\), and F§, be L-subalgebras of L, for all w, p, o € [—1, 0] which
implies —3 < 7w + p 4+ o < 0. Suppose that

m = Ty(y — x) <min{Ty(y), Ty (x)} = m2,
p1 =max{Iy(y), IN(xX)} < I(y — x) = p

and

o1 = max{Fy(y), Fy(x)} < F(y — x) = 02.

1 1 1
Ifr = E(m +m2), 0= E(m +m), 0 = 5(01 +o02) € [—1,0),thenm| <7 < 72,

p1 <p <prando; <o < o0p.Thus, x,y € Ty, I,’\),, Fybuty — x ¢ TY, I,’\),, Fy
which is a contradiction. So, min{7Ty (x), Tn(y)} < Tn(x —> ), IN(x —> y) <
max{/y(x), In(y)} and Fy(x — y) < max{Fy(x), Fx(y)}, forall x,y € L.
Hence, Ly is a neutrosophic N —subalgebra of L. O

Lemma5 Let Ly be a neutrosophic N'—subalgebra of an L-algebra L. Then
In(x) = Tn(1), In(1) = IN(x) and Fy(1) < Fn(x), (2)

forany x € L.

Proof Let Ly be a neutrosophic N —subalgebra of L. Then it follows from (L1) that
Ty (x) = min{Ty (x), Tn(¥)} = Tn(x —> x) = Tn(D), IN(1) = IN(x — x) =
max{/y(x), Iy(x)} = In(x) and Fy(1) = Fy(x —> x) < max{Fn(x), Fy(x)} =
Fy(x), forall x € L. m|

The inverse of Lemma 5 is generally not true.
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Fig.2 Hasse diagram of L in 1

Example 2 / \

X v
0

Table 2 Cayley table of a binary . 0
operation —> on L in Example
2

—_ = = O
S = o= =
= = = =

- =
—_ = = e

Example 2 Consider an L-algebra L where L = {x, y, z, 1} with the Hasse diagram
in Fig. 2 and a binary operation —> on L has the Cayley table in Table 2 [5].

Then a neutrosophic N —structure Ly = Y U -
(=0.7, =0.51, =0.1) (=0.07, —0.83, —=0.77)

:u e L—{y}{ on L satisfies the condition (2) but it is not a neutrosophic A/ —subalgebra
of L since max{Fn(x), Fy(0)} = —0.77 < —0.1 = Fn(y) = Fn(x —> 0).

Lemma6 Let Ly be a neutrosophic N'—subalgebra of an L-algebra L. If there exists
a sequence {u,}in L such thatlim,_, oo Tn(u,) = Oand lim,— o In(u,) = —1 =
lim, o Fn(up), then Ty(1) =0and Iy(1) = —1 = Fy(1).

Proof Let Ly be a neutrosophic A —subalgebra of L. Suppose that there exists a
sequence {u,} in L such that lim,_, o Ty (4,) = 0 and lim,,_, o In(u,) = —1 =
lim,— o0 Fy (un). Since T (up) < Tn(1), IN(1) < In(un) and Fy(1) < Fn(uy)
from Lemma 5, we have that

0= lim Ty(uy) < lim Ty(1) = Ty(1) <0,
n—-0o0 n—-o0

-1 <Iy()= lim Iy(l) < lim Iy(u,)=—1
n—-oo n—-oo
and
—1 < Fy(l) = lim Fy(l) < lim Fy(u,) = —1.
n—-oo n—oo
Therefore, Ty (1) =0 and Iy (1) = —1 = Fy(1). O
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Lemma7 A neutrosophic N'—subalgebra Ly of an L-algebra L satisfies Ty (x —

) <Tn(y), IN(y) < IN(x —> y) and FN(y) < Fy(x —> y), forall x,y € L if
and only if Ty, Iy and Fy are constant.

Proof Let L y be aneutrosophic A/ —subalgebra of L suchthat Ty (x —> y) < Tn(y),
In(y) < In(x — y) and Fy(y) < Fy(x — y), for any x,y € L. Since
Ty() = Tn(x — x) < Tn(x), In(x) < INn(x — x) = In(1) and Fy(x) <
Fy(x — x) = Fy(1) from (L1), we get from Lemma 5 that Ty (x) = Ty (1),
In(x) = Iy(1) and Fy(x) = Fy(1), for all x € L. Hence, Ty, Iy and Fy are
constant. Conversely, it is obvious since Ty, Iy and F) are constant. O

Definition 8 A neutrosophic A/ —structure Ly on an L-algebra L is called a neutro-

sophic N —ideal of L if it satisfies the following conditions for all x, y € L:

(NI1) Tn(x) < Tn(1), In(1) = IN(x) and Fy(1) < Fn(x),

(NI2) min{Ty(x), Tn(x —> )} < Tn(¥), IN(y) < max{ly(x), Iy(x —> y)} and
Fy(y) = max{Fy(x), Fy(x — y)}

(NI3) Tn(x) = Tn((x — y) — y), IN((x — y) — y) = Iy(x) and
Fy((x — y) — y) < Fn(x),

(NK4) Ty(x) = min{Ty(y — x),In(y — @ —> y)}, max{In(y —
x), IN(y — (x — y)} = In(x) and max{Fy(y —> x), Fy(y —
(x — )} = Fy().

Example 3 Consider the L-algebra L in Example 1. Then a neutrosophic N —structure

X y 1
LN= 5 )
0, —1,-0.4)" (=1, —0.17,0)" (0, —1, —0.4)

on L is a neutrosophic N —ideal of L.

Lemma8 Let Ly be a neutrosophic N'—structure on an L-algebra L. If Ly is a
neutrosophic N'—ideal of L, then

x <yimplies Tn(x) < Ty(y), In(y) < Iny(x)
and Fy(y) < Fy(x), (3)

forany x,y € L.

Proof Let Ly be a neutrosophic N'—ideal of L and x < y. Since x —> y = 1 from
Lemma 1, it follows from (NI1) and (NI2) that Tx(x) = min{Ty(x), Ty (1)} =
min{Ty(x), Tn(x —> y)} < Tn(y), In(y) < max{ly(x), In(x — y)} =
max{/y(x), In()} = Iy(x) and Fy(y) = max{Fy(x), Fn(x —> y)}
max{Fy(x), Fy(1)} = Fy(x), forany x, y € L. O

However, the inverse of Lemma 8 does not usually hold.

Example 4 Consider the L-algebra L in Example 2. Then a neutrosophic A/ —structure

a 0

Ly ={—7F—F=:ael—-{0}}U I satisfies th
v =6, o7 " O U003 01, 0.3y} O sauisties the
condition (3) but it is not a neutrosophic A/ —ideal of L since min{Ty (x), Ty (x —>

0)} = min{Ty(x), Tn(¥)} =0 > —0.03 = Ty (0).
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Lemma9 Let Ly be a neutrosophic N'—ideal of an L-algebra L satisfying y < x —
v, forall x,y € L. Then

In(x — y) < Ty((x — y) —> y),
In((x — y) — y) S IN(x —> y)
and
Fn((x — y) — y) < Fn(x —> y)

if and only if

In(x — y) — 2) < In(y — 2) — (x —> 2)),

IN(GY —2) — (x — 2)) < IN((x — y) — 2)
and

Fy(y — 2) — (x — 2)) < Fn((x — y) — 2),

forallx,y,z € L.

Proof Let Ly be a neutrosophic N —ideal of L. Suppose that

Tn(x — y) < Ty(x — y) — ¥),
In((x — y) — y) < In(x —> y) and
Fy((x — y) — y) S Fn(x — y)

for any x,y,z € L. Since y < x —> y and z < x —> z from Lemma 2 (1), we
have from Lemma 2 (2) that (x — y) — 7z <y —> 2z <y — (x — z) and
y— (x —>2)— (x — 7)) < (y — z) —> (x —> 2). Then it follows
from Lemma 8 that

In((x — y) — 2) In(y — (x — 2))

<
< ITn((y — (x — 2))
— (x — 2))
< In((y —2) — (x — 2)),
IN((y —2) — (x —2) = IN((y — (x — 2))
— (x — 2))

IN(y — (x — 2))

INIA

IN((x — y) — 2)
and similarly,

FN((y — 2) — (x —2)) < Fy(y — (x — 2))
— (x — 2))
< Fy(y — (x —2)
=<

Fy(x — y) — 2),
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forallx,y,z € L.
Conversely, assume that

In((x — y) — 2) < TN((y — 2) — (x — 2)),

IN(Y — 2) — (x — 7)) = INn((x — y) — 2)
and

Fn((y —2) — (x — 2)) < Fn((x — y) — 2),

for any x, y, z € L. By substituting [x := 1], [y := x] and [z := y] in the assumption,
simultaneously, it is obtained from (L.1) that

Tn(x — y) =Tn(1 — x) — )
<TIN(x — y) — (1 — )
=Tn((x — y) — ),

In((x — y) — ) = INn((x — y) — (1 —> y))

=In((d—x) —y)

=In(x — )
and
Fn((x — y) — y) = Fn((x — y) — (1 —> )
< v —x) — )
=Fy(x — ),
forall x,y € L. 0O

Theorem 10 Let Ly be a neutrosophic N —structure on an L-algebra L and 7, p, o
be any elements of [—1, 0] which implies —3 < m+p+0o < 0.If Ly is a neutrosophic
N —ideal of L, then the nonempty (, p, o)-level set Ly (r, p, o) of Ly is an ideal
of L.

Proof Let Ly be a neutrosophic A/'—ideal of L and Ly (7, p, o) # @, form, p, o €
[—1, O] which implies —3 < 7 4+ p + 0 < 0. Assume that x € Ly(m, p, o). Since
7 < Tn(x) < Tn(l), IN(1) < In(x) < pand Fy(1) < Fy(x) < o from (NI1), it
follows that 1 € Ly(m, p, o). Suppose that x,x — y € Ly(m, p,0). Since 7 <
ITnx),m <Tn(x — y), INx) < p,INx — y) < p, FN(x) <0, FNn(x —
y) < o, itis obtained from (NI2) that # < min{Ty(x), Tvn(x — y)} < Ty (),
In(y) = max{Iy(x), INn(x —> y)} < p and Fy(y) < max{Fy(x), Fn(x —>
v)} < o.Thus, y € Ly(w,p,0). Let x € Ly(m, p,0). Since 7 < Ty(x) <
In((x —> y) — »), IN((x —> y) —> y) = INy(x) = p and Fy((x —>
y) — y) < Fy(x) < o from (NI3), we get that (x — y) — y € Ly (m, p, 0).
Also,y — x,y — (x —> y) € Ly(w, p,0)sincenr < Ty(x) < min{Ty(y —
x), Tn(y — (x — y)tmax{Iy(y — x), IN(y — (x — y)} = In(x) = p
and max{Fy(y — x), Fy(y — (x —> y))} < Fy(x) < 0. Hence, Ly(7, p, o)
is an ideal of L. O
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Theorem 11 Let Ly be a neutrosophic N —structure on an L-algebra L and
T;\,T, 11'(\),, F]‘\’, beideals of L, forallx, p, o € [—1, 0l whichimplies —3 < m+p+0o <
0. Then Ly is a neutrosophic N —ideal of L.

Proof Let Ly be a neutrosophic A/ —structure on L and TZ, I 1‘\),, F ;\’, be ideals of
L, for all w, p, 0 € [—1,0] which implies —3 < 7 4+ p + o < 0. Suppose that
Ty(1) < Ty (x), In(x) < In(1) and Fy(x) < Fy(1), forsome x € L. If 7 =

%(TN(x)—i—TN(l)), 0= %(IN(x)—i—IN(l)) ando = %(FN(x)+FN(1)) are elements
in[—1,0),thenTy(1) <7 < Tn(x), IN(x) <p < Iy(D)and Fy(x) <o < Fy(1).

Hence, 1 ¢ T3, 116, F;\} which is a contradiction with (I1). So, Ty (x) < Tn(1),
In(1) < Iy(x) and Fy(1) < Fy(x), for all x € L. Assume that

m = Tn(y) < min{Tn(x), Tn(x —> y)} = m2,
p1 = max{Iy(x), In(x —> y)} < IN(y) = p2,

and

o1 =max{Fy(x), Fy(x — y)} < Fn(y) = 02.

! 1 ’ 1 ’ 1
Ifr = E(m +m),p = E(m—l—pg) ando = 5(01 +07) areelementsin [—1, 0), then

’ ’ ’ / ! /
0
T <m <m,pl<p <ppando] <o < oo Thus,x,x — y e T , Iy, Fy,

buty ¢ T , 1 ,’\), , F}‘\’, , which is a contradiction with (12). Thereby,

min{Ty (x), Ty(x — y)} < Tn(y),
In(y) < max{Iy(x), In(x —> y)}

and
Fn(y) < max{Fy(x), Fy(x — y)}

for all x,y € L. Suppose that 7, = Ty(x — y) — y) < Ty(x) = mp,
Pa = IN(x) < IN((x —> y) —> y) = pp and 0, = Fy(x) < Fy((x —>
y) — y) =op. lfx = 5 (T + ), p = 5 (pa + pp) and o = 5(0a + o)
are elements in [—1,0),ﬂthen T, < 7T < T, Pa < ,0" < pb”and 0, < 0 <
op. Hence, x € T;\} ,I;\),,F}‘\’, but (x — y) — y ¢ Tﬁ ,I}@,Fl‘\’,,whichisa
contradiction with (I3), and so, Ty (x) < Ty ((x — y) — y), IN((x — y) —>
y) < Iy(x) and Fy((x — y) — y) < Fy(x), for all x,y € L. Assume that
Ty = min{Ty(y —> x), In(y — (x —> y)} < In(x) = 7y, pu = IN(x) <
max{Iy(y — x), IN(y — (x — y)} = pyand oy, = Fy(x) < max{Fy(y —>

x), Fy(y — (x — y)} = op. If 7% = E(ﬂu + m), pF = E(pu + py) and

1
ot = 5(0" + oy) are elements in [—1,0), then 7, < 7* < 7y, Py < P* < pPo
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and 0, < 0™ < o,. Thus, x € TI(,T*,I]‘\),*,F]‘\’,* buty — x,y — (x — y) ¢

Tl’\f*, If\),*, Fl‘\’,*, which is a contradiction with (I4), and so, Ty (x) < min{Ty(y —
x), In(y —> (x —> y)}, max{In(y — x), IN(y — (x —> y))} < In(x) and
max{Fy(y — x), Fn(y — (x — y))} < Fn(x), for all x, y € L. Therefore,
Ly is a neutrosophic N —ideal of L. O

Theorem 12 Let Ly be a neutrosophic N'—ideal of an L-algebra L. Then

x <y —> zimplies min{Tn (x), Ty (y)} < Tn(2),
In(z) < max{Iy(x), In(¥)}
and Fy(z) < max{Fy(x), Fn ()}, 4)

forallx,y,z € L.

Proof Let Ly be a neutrosophic N'—ideal of L and x < y — z. Then
min{7y (x), Ty ()} < min{Tn(y), Tn(y —> 2)} = Tn(2), In(2) = max{Iy(y),
IN(y — 2)} = max{In(x), In(y)} and Fy(z) < max{Fn(y), Fy(y — 2)} =<
max{Fy(x), Ix(y)} from Lemma 8§ and (NI2). O

Theorem 13 Let L be an L-algebra suchthatx < (x — y) —> yandx <y — x,
for all x,y € L, and let Ly be a neutrosophic N —structure of L satisfying the
condition (4). Then Ly is a neutrosophic N'—ideal of L.

Proof Let L be an L-algebra such that x < (x — y) — yandx < y —> x, for
any x, y € L, and let Ly be a neutrosophic A/ —structure of L satisfying the condition
(4). Then

(NI1): Sincex <1 =x —> 1from(L1), we have from the condition (4) that Ty (x) =
min{Ty (x), Ty(x)} < Tn(1), In(1) < max{Iy(x), IN(x)} = In(x) and
Fy(1) <max{Fy(x), Fy(x)} = Fy(x), forallx € L.

(NI2): Since x < (x —> y) —> 1y, it follows from the condition (4) that
min{7Ty (x), Ty(x —> )} < Ty(y), In(y) < max{Iy(x), In(x —> y)}
and Fy(y) < max{Fy(x), Fy(x — y)},forall x,y € L.

(NI3): Sincex < (x — y) — y=1— ((x — y) —> y) from (L1), it is
obtained from the condition (4) and (NI1) that Ty (x) = min{Tn (x), Ty (1)} <
In((x —> y) — y), IN((x —> y) —> y) = max{Iy(x), IN(1)} = In(x)
and Fy((x — y) — y) < max{Fy(x), Fy(1)} = Fn(x),

(NI4) Sincex <y — x =1 — (y —> x) from (L1), we get from (NI1) and the
condition (4) that

Ty (x) = min{Ty (x), Ty (1)}
<Ty(y — x)
=min{Ty(y — x), Tn(1)}

min{Ty(y — x), Tn(y — (x —> y)},
max{/y(y — x), In(y — (x —> ¥))}
= max{Iy(y — x), In(1)}
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=IN(y — X)
< max{/y(x), Iy(1)}
= In(x)

and

max{Fy(y — x), Fn(y — (x —> y))}
= max{Fy(y — x), Fy(1)}

=Fy@Hy — x)
< max{Fy(x), Fy(1)}
= Fy(x),
for all xiy € L.
Therefore, Ly is a neutrosophic N —ideal of L. O

Theorem 14 Let (L; —> 1, 11)and (K, —> g, 1) be L-algebras, f : L —> K bea
K

surjective homomorphism and Ky = ﬁ be a neutrosophic N'—structure
N, IN, I'n
L

on K. Then Ky is a neutrosophic N'—ideal of K if and only ifKI{, =7 is
(Ty. Iy, Fy)

a neutrosophic N'—ideal of L where the N —functions TAJ;, 115’ FZ{; L — [—1,0]

on L are defined by Ty (x) = Ty (f (), 1}, (x) = In(f (x)) and F}} (x) = Fy(f(x)),

for all x € L, respectively.

Proof Let (L; —>,1;) and (K, —>g, lg) be L-algebras, f : L —> K be a
K

surjective homomorphism and Ky = W be a neutrosophic A/ —ideal of K .
N, IN, I'n

Then T} (x) = Tn (f(x)) = Tw(a) < Tv(Ix) = Tn(f(1) = T (p), 1L (11) =
IN(f(L) = In(k) < In@) = In(F(x)) = I{;(x) and F{j(11) = Fx(f(11)) =
Fn(lg) < Fy(a) = Fx(f(x)) = F},(x), forall x € L. Also,

min{T{ (x), T (x — 1 )}
=min{Ty(f(x)), Tn(f(x —>L ¥))}
min{Ty (f(x)), In(f(x) — & f(¥)}
min{Tn (a), Ty(a — g D)}
Ty (b)
=Tn(f(»)
=Ty,
1) = In(f (")
=In(b)
<max{Iy(a), In(a —>k b)}

IA
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max{/y(f(x)), In(f(x) —k f(¥)}
max{Iy(f(x)), INn(f(x —>L )}
= max{l}, (x), I}, (x —>1 y)},

and similarly, FZC(y) < max{FIC(x), Flf;(x —> y)}, forall x, y € L. Moreover,

T (x) = Ty (f(x))
=Tn(a)
<Ty(a—k b) —k b)
= Tv(f(X) —k FO)) —k f()
= Tn(f((x —L y) —1 Y))
=T ((x — 1 y) —1 ),

H(xr —1y) — 1 y) = IN(f((x —1 ¥) —>1 Y)
=In((f(x) —k
SO —k f()
=Iy((a —k b) —k D)
< Iy(a)
= In(f(x)
= I} (),

and similarly, F} ((x —> 1 y) —>1 y) < F},(x), forall x, y € L. Besides,

T () = T (f (%))
=Ty(a)
<min{Ty (b —k a),
Tn(b —k (a —k D))}
= min{Ty (f(y) —>& (X)),
Tn(f () — & (F(x) —x FO)))
=min{Ty(f(y —> X)),
In(f(y — 1 (x — 1 Y))}
= min{T (y —> x),
Ty —1 (&« — 1 )},
max{I},(y —>1 ), I}, (y —1 (x —>1 y)}
= max{In(f(y —>1 X)),
IN(f(y — 1 & — L )N}
= max{Iy(f(y) —>k f(0)),
IN(f () —k (F(x) — & FG)))
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=max{Iy(b —k a),
In(b —>k (@ —k D))}

< In(a)

= IN(f(x))

= [ (x),

and similarly, max{F,{;(y —> x),F/{;(y — (x — 1 )} < F,{;(x), for all
L

(T 1. Fi)
Conversely, let K 1{, be a neutrosophic A'—ideal of L. So, Ty(a) = Ty(f(x)) =
T (x) < T (1) = Ty(f(11) = Tn(g). In(g) = In(f(11) = [{(11) <

() = Iy(f(x)) = Iy(a) and Fy(1g) = Fy(f(11)) = FL(11) < Fj(x) =
Fn(f(x)) = Fn(a), for all a € K. Moreover,

x, y € L. Therefore, K 1{; = is a neutrosophic N —ideal of L.

min{7y(a), Ty(a —> g b)}
=min{Ty (f (x)), Tn(f(x) — & ()}
= min{T{ (), T} (x —1 )}
< T,{;(y)
=Tn(f(»)
= Tn(b),

In(b) = In(f ()
=1l
< max{I},(x), [} (x —>1 y)}

= max{Iy(f(x), IN(f(x) —k f(YN}

=max{ly(a), In(a —>k b)},
and similarly, Fy (b) < max{Fn(a), Fy(a — g D)}, forall a, b € K. Besides,

Tn(a) = Ty(f(x))
=T (x)
< T{((x —>1y) —>LY)
=TIn(f((x —Ly) —LY)
=Tn((f(x) —k fF() —k fO)
=Ty((a —k b) —k D),
Iy((a —k b) —k D) = IN((f(x) —k
fO)) —k fO)
=IN(f((x —>LY) —°L )
= I ((x —1y) —>L )
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<1l
= In(f(x))
= In(a),

and similarly, Fy((a —k b) —k b) < Fn(a),foralla, b € K. Also,

Ty(a) = Ty(f(x))
=T} (x)
< min{T} (y —>1 x),

T (v — 1 (x —L )}
=min{Tn(f(y —>L X)),
In(f(y —1L (x —L Y}
=min{Tn(f(y) —«k f(x)),
In(f(y) —k (f(x) —k fFON}
=min{Ty (b —k a),
In(b —k (@ —>k b))},
max{Iy(b —k a), IN(b —k (a —k D))}
=max{In(f(y) —«k f(x)),
IN(f(y) —k (f(xX) —k fO))}
=max{Iy(f(y — 1 x)),
IN(f(y —1L (x — L Y))}
= max{I}(y —>1 x),
I,C(y — L (x —>1 y)}
< i)
= In(f(x))
= In(a),

and similarly, max{Fy(b —k a), FN(b —k (a —k b))} < Fn(a), for all
a, b € K. Thereby, K is a neutrosophic A/ —ideal of K. O

Theorem 15 Every neutrosophic N —ideal of an L-algebra L is a neutrosophic
N —subalgebra of L.

Proof Let Ly be a neutrosophic A/ —ideal of L. Since

min{7Ty (x), Tn (y)}
< min{min{Ty(y — x), Tn(y — (x —> y)}, Tn(y)}
<min{Tny (), Tn(y — (x —> y))}

<Tn(x —>y),
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In(x —> y) < max{Iy(y), IN(y — (x —> y))}
< max{max{/y(y — x),

In(Gy — (x — )L In(0)}
<max{Iy(x), In()},

and similarly, Fy(x — y) < max{Fy(x), Fy(y)} from (NI2) and (NI4), it is
obtained that L is a neutrosophic N —subalgebra of L. O

The inverse of Theorem 15 is mostly not true.

Example 5 Consider the L-algebra L in Example 2. Then a neutrosophic A/ —structure

u
Ly = U u e L—{0 Li t hi
¥ = 079.0.—023) ot -1 o) ¢ {O}on Lisaneutrosophic
N —subalgebra of L butitis not a neutrosophic N'—ideal of L since Ty (0) = —0.79 <

—0.1 = min{Ty(x), Tn (¥)} = min{Ty (x), Tn(x —> 0)}.

Lemma 16 Let Ly be a neutrosophic N —ideal of an L-algebra L. Then the subsets
Lry ={x e L: Tnkx) =Ty}, Ly, = {x € L : Inkx) = In()} and
Lpy ={xeL: Fy(x)=Fn(1)}of L areideals of L.

Proof Let Ly be a neutrosophic A'—ideal of L. Then 1 € Lty, Ly, LF,. Assume
thatx,x — y € L1y, L1y, Lry. Then Ty(x) = Ty (1) = Tn(x —> y), In(x) =
In(1) = Iy(x — y) and Fy(x) = Fn(1) = Fy(x —> y). Since

Ty (1) = min{Ty (x), Tn(x —> »)} = Tn(y),
In(y) = max{Iy(x), IN(x —> y)} = IN(])

and
Fy(y) < max{Fy(x), Fn(x —> y)} = Fy(1)

from (NI2), it is obtained from (NI1) that Tn(y) = Ty (1), In(y) = Iy(1) and
Fy(y) = Fn(1).So,y € L7y, Ly, LF,. Suppose that x € Lr,, Ly, LF,. Since
In(1) = Ty(x) < Tn((x — y) — »), In((x — ) — y) < In(x) =
In(l) and Fy((x — y) — y) < Fy(x) = Fy(1) from (NI3), it follows from
(NI1) that Ty ((x —> y) —> y) = Tn(D), IN((x —> y) —> y) = Iy(1) and
Fn((x — y) —> y)Fn(1), which imply that (x — y) —> y € L7, Ly, LF,.
Also, Ty (1) = Ty (x) < min{Ty(y —> x), Ty(y —> (x —> y))}, max{Iy(y —
x), In(y — (x —> y)} < In(x) = In(1) and max{Fy(y —> x), Fn(y —>
(x — y))} < Fn(x) = Fy(1) from (NI4). We get from (NI1) that min{7y (y —>
x), Tn(y — (x — y)} = In(1), max{Iy(y —> x), In(y — (x — y))} =
In(1) and max{Fy(y —> x), Fn(y —> (x —> y))} = Fn(1), and so, Tn(y —>
X)=TyQy — & — ) =Tn), IN(y — x) = IN(y — (x — ¥)) =
Iy(1)and Fy(y — x) = Fy(y — (x —> y)) = Fy(1).Hence,y — x,y —>
(x — y) € L1y, Ly, Lpy. Therefore, L7, L1, and L, areideals of L. O
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Definition 9 Let L be an L-algebra. Define the subsets

LY :={xeL:Tyu) < Tyx)}
Ll;\; ={xeL:Iykx)<Iynu)}

and
LY :={x eL:Fy(x) < Fy(us)}

: u
of L, forall u;, u;, uy € L. Moreover, u, € Ly, u; € L\ anduy e L}/ .

Example 6 Consider the L-algebra L in Example 1. Let

—-0.7,ifa=1 -1l ifa=x
Ty(a) = {O, otherwise In(a) = { 0, otherwise,
=021, ifa=y _ o
Fr(a) = { —0.69, otherwise, =Y "= !

and u y = x. Then

Ly ={aeL:Tn(y) < Tn(@)} = {x, y},
LY ={aeL:Iy( <Iy()}=L

and
Ly =f{aeL:Fy(@) < Fy)} = {x, 1}.

Theorem 17 Let u;, u; and u g be any elements of an L-algebra L. If Ly is a neutro-
sophic N'—ideal of L, then Lx, Lﬁ and LMNf are ideals of L.

Proof Let u;, u; and u s be any elements of L and Ly be a neutrosophic N —ideal
of L. Since Ty (u;) < Tn(1), In(1) < In(u;) and Fy(1) < Fyn(uy) from (NII),
it follows that 1 € L'fv’, L';\ﬁ, L’;\,f. Assume that x,x —> y € L?V’, Llf\}, Llfvf. Since
Ty@ue) < Tnx), Tnu) < Tn(x —> y); In(x) < In(u;), IN(x —> y) < In(u;)
and Fy(x) < Fy(uy), Fy(x — y) < Fy(uy), it is obtained from (NI2) that
Ty () < min{Ty(x), Ty(x — y)} < Tn(y), In(y) < max{Iy(x), IN(x —
M} < In(w;) and Fy(y) < max{Fy(x), Fn(x —> y)} < Fy(u;), which imply
that y € LY, LY, L’;\,f. Suppose that x € LY, LY, Llfvf. Since Twn (u;) < Ty(x),
In(x) < In(u;) and Fy(x) < Fn(u ), we have from (NI3) that Ty (u;) < Ty (x) <
In((x — y) — ), INn((x —> y) —> y) < IN(x) = In(u;) ang Fn((x —
y) — ¥) < Fy(x) < Fy(u;).Hence, (x —> y) —> y € Ly, L', L,/ . Moreover,
In(ue) < Ty(x) < min{Ty(y —> x), In(y — (x —> y)}, max{In(y —
x), INn(y — (x — y)} < In(x) < Iy(u;) and max{Fny(y — x), Fn(y —
(x — )} < Fn(x) < Fn(uy) from (NI4). Thus, y — x,y — (x —> y) €

Ly, LY, L;i,f. Therefore, L, LY, LMNf are ideals of L. O
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Example 7 Consider the L-algebra L in Example 1. For a neutrosophic N'—ideal Ly =
X y 1
{(—0.7, —-0.2,0)" (=0.3,-0.8, —1)" (=0.3, —0.8, —1)

l,u; =y,uy =x € L, the subsets

} of L and elements u; =

L’;\; = {a eL: TN(I) = TN((J)} = {y’ 1}7
L% =laeL:Ix@ < vy} = (. 1)

and
={ael:Fy@ <Fyx)}=L

of L are ideals of L.

Theorem 18 Let u;, u; and uy be any elements of an L-algebra L and Ly be a
neutrosophic N —structure on L. IfLu’ Lu‘ and LN are ideals of L, then

Ty(z) <min{Ty(x), Ty(x —> y)} = Tn(2) < Tn(y),

max{/y(x), IN(x — )} < IN@) = IN(QY) < IN(2)
and

max{Fy(x), Fy(x — y)} < Fy(2) = Fn(y) < Fy(2),

(&)

forallx,y,z € L.

Proof Let u;,u; and uy be any elements of L and Ly be a neutrosophic
N —structure on L. Suppose that L', L and L)/ are ideals of L, and Ty (z) <
min{Ty (x), Tyn(x —> y)}, max{IN(x) IN(x —> y)} < Iy(z) and max{Fy (x),
Fy(x — y)} < Fy(z), forany x,y,z € L. Since x,x —> y € LY, Lﬁ,Lu'f
in which u; = u; = uy = z, it follows from (I2) that y € LY, LY LN where
uy =u; =uy =z.Then Ty(z) < Tn(y), In(y) < Iy(z) and FN(y) < Fy(z), for
allx,y,z € L. O

Example 8 Consider the L-algebra L in Example 2. Let

—0.92,ifa =0, x
Ty(a) = —0.1, otherwise,
—0.53, ifa =1
In(a) = —1,  otherwise,
) -03,ifa=0,y
Fy(a) = —0.4, otherwise,

andu; = y,u; = 1 uy = x € L. Then the ideals
={y, 1}, LY =Land L} = {x, 1}

of L satisfy the condition (5). However, Ly (Ty, In, Fy) is not a neutrosophic
N —ideal of L since Iy(a) < Iy(1),foralla € L — {1}.
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4 Conclusion

In this research, neutrosophic N —subalgebras, neutrosophic N —ideals and level-
sets of neutrosophic A/ —structures on L-algebras are proposed. First, we observe
that the level-set of a neutrosophic A —subalgebra (ideal) of an L-algebra is an L-
subalgebra (ideal), and the converse of the statement always holds. Next, we show
that the family of all neutrosophic N\ —subalgebras of an L-algebra forms a complete
distributive modular lattice. The particular cases at which A/—functions are constant
have been examined, and some properties of neutrosophic A —ideals of an L-algebra
are obtained. Furthermore, we get a neutrosophic A —ideal of an L-algebra from that
of another L-algebra by employing a surjective homomorphism. Also, we highlight
that every neutrosophic N —ideal of an L-algebra is the neutrosophic A/ —subalgebra
however the inverse may not hold. To finalize, we show that the subsets Lr,, Ly, and
L, of an L-algebra are ideals for its neutrosophic N —ideal, and illustrate that the
subsets L'fv’, L]”\; and L’;Vf of an L-algebra are ideals for a neutrosophic N —ideal and
any elements u,, u;, u y of this algebraic structure.

As the continuiation of this research, we would like to focus on plithogenic struc-
tures of L-algebras.
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