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Neutrosophic complex numbers are a novel interesting generalization of classical complex numbers. This study aims to study the
neutrosophic complex infinite rings, where we classify those rings as direct products by using classical complex field C. Also, this
work introduces full solutions for 18 Kandasamy-Smarandache open problems concerning these structures, as well as the group of
unit’s famous problem, where the group of units (invertible elements) of a neutrosophic complex ring will be classified as a direct

product of two classical groups of units.

1. Introduction

Neutrosophy, as a new kind of generalized logic that deals
with indeterminacy in nature, reality, and the human mind,
found its way into pure mathematics. A lot of neutrosophic
algebraic structures were defined and studied in a wide range
such as neutrosophic topological groups and sets [1, 2],
neutrosophic rings, neutrosophic graphs and homomor-
phisms [3, 4], and neutrosophic vector spaces [5, 6].

In [7], Smarandache and Kandasamy introduced the
neutrosophic complex numbers as an interesting generalized
structure of the classical complex numbers, by adding an
element with logical property (Indeterminate I) to the field
C.

Their work has generalized the concept of classical
complex numbers into neutrosophic rings [8], and they
proposed 150 open problems concerning substructures and
factorization properties in these complex neutrosophic
structures.

In this study, we aim to continue their efforts and to
suggest a classification of neutrosophic complex infinite
rings by finding isomorphisms between these neutrosophic
structures and the corresponding classical structures. Also,
we use these isomorphisms to suggest solutions for 18

problems of Kandasamy-Smarandache
troduced in [7].

problems in-

2. Preliminaries

In this section, we present the basic definitions that are
useful in this research.

Definition 1 (see [7]). Let C({ZUI))={a+bl+ci +
idI | a,b,c,d € Z}; then,

(1) An integer complex neutrosophic group under
addition

(2) An integer neutrosophic complex monoid com-
mutative monoid under multiplication
(3) An integer neutrosophic complex commutative ring

with a unit of infinite order under addition + and
multiplication x

Definition 2 (see [7]). Let S={(a;;)|a;; € C(CZUD));
1<i, j<n} be a collection of nxn complex neutrosophic
integer matrices. S is a ring of nxn integer complex
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neutrosophic ring of infinite order and is noncommutative.
has zero divisors, units, idempotents, subrings, and ideals.

Definition 3 (see [7]). Let C({QUI)) ={a+bi+cl+
idI | a,b,c,d € Q}; then,

(1) C({QUI)) is a rational complex neutrosophic ring
that has no zero divisors

(2) C({QUI)) is a rational complex neutrosophic field

Definition 4 (see [7]). Let C(Z,)={a + bigla,b € Z,,ip be
the finite complex modulo number such that
i = n- 1, n < co}; we define iy as the finite complex modulo
number. C(Z,) is the finite complex modulo integer

numbers.

Definition 5 (see [8]). A Smarandache ring (S-ring) is de-
fined to be a ring A, such that a proper subset of A is a field
with respect to the operations induced. By proper subset, we
understand a set included in A different from the empty set,
from the unit element if they were existed and from A.

3. Results

3.1. Problem 1 and Problem 2

Problem 1. Can C({ZUI)) be a Smarandache ring?

The answer is no. We give a proof.

We suppose that C({ZUI)) is a Smarandache ring;
then, there is a proper subset ACC(Z UI), such that A has
a field structure with respect to multiplication on
C({ZUTI)). Consider an arbitrary elementn = a + bl + (c +
dli, a,b,c,d € Z, in A; since A is an Abelian group under
addition, we can see that r - x € A for every r € Z; thus, A
has infinite cardinality.

It is well known that the minimal field of infinite car-
dinality is the field of rationales Q; hence, the field A has
a characteristic zero (A contains an isomorphic image of Q).

The field A has only two principal ideals {0} and A;
hence, A = {a+ bl + (c+dI)i). It is probable that A has
a unity different from 1, and we will prove that the identity of
A must be 1.

For this goal, we suppose that m = x + yI + (z + tl)i is
the identity of A and different from 1.

We have m-n=mn; thus, [a+bl + (c+dD)i][x+ yI+
(z+tDil=a+bl+ (c+dI)i, and we get (a-x—c-2)+
I(a-y+b-x+b-y)+a-zi+li(a-t+b-z+b-t+c-xi+
Ii(c-y+d-x+d-y)+1 (—c-t-d-z-d-t)=a+bl+
(c +dI)i; this implies (a-x—c-2)+(a-z+c-x)i+I(a-
y+b-x+b-y—-c-t-d-z-d-t)+Ii(a-t+b-z+ b-t+
c-y+d-x+d-y)=a+ci+bl+dI i hence,

Ma+ci=(a-x—c-z2)+(a-z+c-x)i
2)a-y+b-x+b-y-c-t-d-t-d-z=b
B3)a-t+b-z+b-t+c-y+d-x+d-y=d

From equation (1), we get the following two equivalent
equations.
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)a=a-x-c-z
(ii)c=a-z+c-x

We multiply (i) by ¢ and (ii) by a to obtain

)a-c=a-c-x-c’z

(ii)a-c=a’z+a-c-x; we compute (ii)—(i);
0 = a’z + ¢’z = z(a? + ¢?); thus, z = 0, that is be-
cause a*+c?#0 so that x = 1. By putting z =0
and x = 1 in equations (2) and (3), we obtain the

result.

(iii)a-y+b+b-y—-c-t—d-t=>b; hence, y(a+b)-
t(c+d)=0.

(ivia-t+b-t+c-y+d+d-y=d; hence, y(c+d)+
t(a+b)=0.

We multiply equation (iii) by (a + b) and equation (iv)
by (c+d), and then, we add them to obtain
y-[(a+ b+ (c+d)?] = 0; hence, y = 0, and then, t = 0 so
that m = 1.

The previous discussion implies that QCA; thus,
Q<cC(ZUI) which is a contradiction; thus, A cannot be
a field and C({ZUI)) is not a Smarandache ring.

Problem 2. 1s M = {(ay,a,); a;,a, € C(ZUI))} under (x)
a Smarandache semigroup?

The answer is yes, and we give a proof.

We have to search for a proper subset A of M, where A
has a group structure.

It is easy to see that Z (I) € C({Z UI)), so if we take the
group of units in the ring Z(I), which is equal to
U(Z(I)) ={1,-1,1 -2I,-1 + 21}, it will be a subgroup of
the semigroup C({ZUI)); hence, the direct product
U(Z())xU(Z(I)) is a subgroup contained in the
semigroup M; thus, M is a Smarandache semigroup.

4. Neutrosophic Complex Rings as
Direct Products

This section is devoted to solve Problems 3-11.

Problem 3. Obtain some interesting results enjoyed by

(a) Neutrosophic complex reals
(b) Neutrosophic complex modulo integers

(c) neutrosophic complex rationales

The best answer we can obtain is to classify those rings
as direct products of classical algebraic rings. This desired
classification can help in many other problems.

Theorem 1. Let C((RUI)) be the neutrosophic complex
ring of reals; then, C({(RUI)) = C(I).

Proof. 1t is clear that the neutrosophic ring C(I) is con-
tained in C({RUI)). Conversely, suppose that x =a+
bl +ci+di I € C((RUI));then, x = (a+ci)+I(b+di) €
c(.

Thus, our proof is complete. O
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Theorem 2. C({(RUI)) =CxC.

Proof. We shall prove that there is a ring isomorphism
between C(I)andC x C.
We define

(x,x+y), x,y €C.

f:C(I) — CxC, f(x+yl) =

(a) f is well defined: suppose that a+bl = x+ yI;
a,b,x, y € C; this implies a = xandb = y. Hence,
(a,a+b)= (x,x+y), 1e, f(a+bl) = f(x+ yl).

(b) f isbijective: it is clear that f is a surjective function.
On the contrary, we assume that f(x+
yI) = f (a+bl); thismeans (a,a+b) = (x,x+ y);
thus, a = xandb = y.

(c) f is a ring homomorphism: we take m=a+
b, n=c+dl €eC(I); then, m+n=(a+c)+ (b+
d)I and m-n=a-c+I(a-d+b-c+b-d) so that
fm+n)=(a+ca+c+b+d)= (a,a+b)+ (c
c+d)=f(m)+ f(n) and f(m-n)= (a-c,a-c+
a-d+b-c+b-d)=(a-c,(a+b)(c+d)) = (a,a+
b)- (c,c+d) = f(m)- f(n).

Thus, f is an isomorphism and the proof holds. |

Problem 4. Can C({RUI})) have irreducible polynomials?
The answer is no, and we give a proof.

Since C({RUI))=CxC, then C(({RUI))[x]=
C x C[x], i.e., for each polynomial P(x) in C({RUI))[x],
there is a corresponding polynomial with form (g (x), h(x))
in C x C[x]; if p(x) is not irreducible in C ((RUI))[x], then
one of g(x),h(x) at least is irreducible over the field of
complex numbers C, which is not possible, that is because C
is an algebraically closed field.

The following theorem classifies C ({QUI)).

Theorem 3. Let C({QUI)) be the neutrosophic complex
ring of rationales; then, C({QUI)) = Q(i) x Q(i), where
Qi) = {a + bi; a,b € Q} is the algebraic extension of the field
Qbyi.

Proof. We define f: C({QUI)Y) — Qi) xQ(i); f(a+

bi+ (c +di)]l = (a+bi, (a+bi)+ (c +di))), where
a,c,b,d € Q. We have

(@) f is well defined: suppose that a+bi+

(c+di)] =x+yi+ (z+ )] then,

a=x,b=y,c=z andd =t.
(b) f is abijective map: it is similar to that of Theorem 2.

(c) f is a ring homomorphism: consider two arbitrary
elements m=a+bi+ (c+di)landn=x+ yi+
(z + ti)I, and we have

fm+n)=([a+bi+a+yi, [(c+di)+(z+ti)+(a+bi)+(x+ yi)]) = f(m) + f(n)
f(m-n)=f([(a+bi)- (x+ yi)] +1[(a+Dbi)(z+ti) + (c +di) (x + yi) + (c + di) (z + ti)]) (1)
- ([(a+bi)(x + yi)], [(a +bi) - (x+ yi) + (a+bi)(z+ti) + (c+di) (x + yi) + (c + di) (z + ti)]) = f(m) - f(n)

Remark 1. By the same argument, we can write
CKzZuD) = Z(i) x Z(i), i.e.,, C({ZUI)) can be classified
as a direct product of the ring Z (i) = {a + bi; a,b € Z} with
itself.

By our classification results, we can answer many other
open problems.

Problem 5. Is C({QUI)) a field? Is it a prime field?

The answer is mno, that is because, since
C({QUTI)) = Qi) x Q(i), we can find that it is not a field
since the element x = (1,0) € Q(i) x Q(i) and it is not
invertible; hence, its inverse isomorphic image 1 — I is not
invertible in C ({(QUI)). Thus, C ({QU I)) cannot be a field.

Problem 6. Determine the irreducible polynomials over

C{QuD).

O

It is really a hard problem, but by using the fact
C({QUI))=Q)xQ(i), we can find all irreducible
polynomial over C({QUI)).

Let P(x) be any polynomial defined over C({QUI));
then, it has a corresponding polynomial (g,h) in
(Q (7)) x Q1)) [x]. It is sufficient to compute its isomorphic
image (g, h).

If one of g, h is irreducible at least over Q (7); then, p(x)
is irreducible over C({QUI)).

Example 1. Let p(x)=X?>+ (1+ (1 +)DX +1+ (5-1)I,
where X = x; + x,I; x;,x, € Q(i), be a polynomial defined
over C({QuUID)).

The corresponding isomorphic polynomial of p(x) is

n(xp,x,) = f(p(x) = f(X*)+ fFA+@+DD) - f(X)+ f(1+(5-i)I)
:(xf, (%, +x2)2) +(1L,241) - (x,x; +x,) + (1,6 1) 2)

:(xf+x1+1, (xl+x2)2+(2+i)(x1+x2)+6—i).



We get the following two equivalent polynomials:
gx) =2 +x, + Lh(x, %) = (% +x)% + (2+i) (x; +
X,) + 6 —i; it is clear that g is irreducible over Q(i); thus,
p(x) is irreducible over C({QUI}).

Problem 7. Find irreducible polynomials in C({Z UI))[x]?
Is every ideal in C({ZUI})) principal?

The first part of Problem 7 can be solved in a similar way
of Problem 6, just by taking the isomorphic corresponding
polynomial since C({ZUI)) = Z (i) x Z(i).

Example 2. Let p(x)=X>+ (1+ (1 +))X + 1+ (5-i),
where X = x; + x,I, x,,x, € Z(i), be a polynomial defined
over C({ZUI)).

The corresponding isomorphic polynomial of p(x) is

n(x,%,) = f(p(x) = f(X*)+ fA+1+ D)D) - f(X)
+ f(1+(5-9I)
. (xf, (%, + xz)z) +(1,2+41) - (x,x, +x,) (3)
+(1,6 —1i) =(xf +x,+1, (x, +x2)2
+(2+1) (% +x,) +6—1).
We get the following two equivalent polynomials:
g(x) = %7+ + 1, h(xp, x,) @
= (x,+ %) +Q2+1)(x,+x,) +6—i.
It is clear that g is irreducible over Z (i); thus, p(x) is
irreducible over C({ZUTI)).

Problem 8. Can one say for all polynomials with complex
neutrosophic coefficients C({RUI}) is algebraically closed?
The answer is yes. That is because C({(RUI)) = C xC,
and C is algebraically closed; thus, C({RUI)) is an alge-
braically closed ring, i.e., each root of any polynomial with
coeflicients from C({(RUI)) is from C({RUI)).
ab ); a-d-c-b+0anda,b,c,d €
cd
C({ZUI))} a group? Is G simple?
The answer is no. G is not even a group; we take

Problem 9. Is G = {(

( ; i ) € G; its inverse is not in G; thus, G is not a group.
Problem 10. Is C({Z UI)) a unique factorization domain?

The answer is no. We clarify our claim in the following
discussion.

We have C({ZUI)) = Z (i) x Z(i); it is easy to see that
(1,0) = (1,2)(1,0) = (1,3) - (1-0), i.e., Z(i) x Z(i) is not
a unique factorization domain; hence, C({ZUI)) is not
a unique factorization domain.

Problem 11. Can C({RUI)) be a principal ideal domain?
The answer is no. It is sufficient to prove that C({(RUI))
has zero divisors.
We have C((RUI))=CxC and (1,0)- (0,1) = (0,0)
so that C x C is not a principal ideal domain because it has
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zero divisors; thus, C({(RUI)) is not a principal ideal
domain.

5. Other Open Problems

This section is devoted to study Problems 12-18.

Problem 12. Can any geometrical interpretation be given to
the field of neutrosophic complex numbers C({QUI))?

The answer is no. However, there is an algebraic in-
terpretation of C({QUI)) We describe it by the following
theorem.

Theorem 4. Let C({QUI)) be the complex neutrosophic
ring of rationales. Then, it can be considered as an algebraic
extension of the neutrosophic ring Q(I) with degree two.

Proof. We have P(x) = x* + 1 is a monic polynomial over
Q(I); we shall prove that it is irreducible over Q(I).
Suppose that p(x)= (x+a+bl)(x+c+dl), a,b,c,
deQthen,P(x)=x?+x(a+bl+c+d)+a-c+I(a-d+
b-c+b-d); hence, a+bl+c+dl=0anda-d+b-c+
b-d=0anda-c=1sothata+c=0(*)andb+d =0.
We get from (%) a=-c thus, —a® =1, which is
a contradiction since a € Q. Thus, p(x) is irreducible. P (x)
has a root m = i; hence, the ring [Q(I)] (i) is an algebraic
extension of Q(I) Q(I) with a degree equal to deg (P) = 2.1t
is clear  that [QD]G) = {x+yi; x,y e Q(D} =
{a+bl +ci+dil;ab,c,de Q}=C({QUI)). O

Problem 13. Let V = {(a;,a,,as,a,); a; € C((QUI)), +} be
a group.
(i) Define an automorphism #: V. — V so that kery is
a nontrivial subgroup.
() Is V=CHQUIY)xC({QU IY)xC({QUI)) x
cKQuD)?

(i) is not possible since every group automorphism needs
to be a bijective map; hence, its kernel will be trivial.

Question (ii) is easy and clear, that is because V' is defined
to be the direct product of C({QU I)) with itself four times.

Problem 14. Let M = {( %

a
a ai >; a; € C((QUI))} be

a semigroup under multiplication.

(i) Prove M is an S-semigroup.

(ii) Is M commutative?

(iii) Find at least three zero divisors in M.
(iiv) Does M have ideals?

(v) Give sub-semigroups in M which are not ideals.

(a) We define A= g 2);xeC(<QUI>)},
where A is a proper subset of M, and it is,
clearly, an abelian group. Thus, M is an S-

semigroup.
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(b) No, it is not. Since matrices over Q do not
commute, and Q is contained in C({QUI)).

(¢) Take X = 8(1) Y = gg ,andz =
(3 O)' It is easy to see that x-z =y -z = 0;

thus, x, y,andz are zero divisors.

(d) Take S = {( o ZD; ab,c,d ¢ C((QUI))},

where S is a subgroup with respect to addition.

x y _(al bl )
. t)EMand_<cI dI)éS,We

have m-n € S; thus, S is an ideal and M has

Letm =

ideals. ab
(e) We define S, = c d

QM) S, = {(z Z), a,b,c,d e Q}.Thesetwo

sets are semigroups with respect to multipli-
cation, but they are not ideals clearly.

sa,b,c,d e

Problem 15. Let

a, a, da;
a, ad: a

S= 4 5 T g eC ul)),+
ow e e eciQu)
a, a;, a

1 %12
(i) Find subgroups of S.

(ii) Can S have ideals?
(iii) Can S have idempotents?
(iv) Can S have zero divisors?

We summarize the answer as follows:

(i) Consider that (H;+) is a
(C({QuI)),+) and

subgroup of

a, a, a3
a a a .
M= 475 " g, € Hy 1<i<12 p; then,
a a a
7 8 9

Ay 911 912
S has the following property:
For every x, y € M, we have x — y € M; hence, M is
a subgroup of S. All subgroups will have the same
form.

(ii) The answer is no. That is because the multiplication
is not defined on §; thus, it is not even a ring.
(iii) No, for the same reason.

(iv) No, for the same reason.

ay a4y .
a, a, ), a; € C((QUI))} be
a semigroup under product.

Problem 16. Let V =

(i) Is V commutative?
(ii) Can V have idempotents?
(iii) Does V have a semigroup which is not an ideal?

(iv) Can V have zero divisors?

(v) Give an ideal in V.
(vi) Is V a Smarandache semigroup?

(vii) Is V a Smarandache semigroup?
The answer is

(i) No, it is not, since matrices over Q do not commute
and Q is contained in C({QUI))

01

ab .
Cd),a,b,c,deQ]» is

a semigroup that is not an ideal

. 11\ (-1-1\_ (00
(1V)Yes,wehave(I I>'(I I)_<O 0)

(ii) Yes, for example, take x = ( I 0)

(iii) Yes, the set S=

. _ | al bIY\
(v) Consider S = o dl),a,b,c,dEC«QUD)}»
and it is an ideal in V
(vi) Yes, \% contains the set

S= {(i Z), a-d-c-b+0anda,b,c,d € Q},
which is a group with respect to multiplication

(vii) Yes, \% contains the set
S = {(g 2); a#0anda € Q]», which is an Abe-
lian group with respect to multiplication

Problem 17. What are the advantages of using the algebraic
structure C({(RUI))?

Problem 18. Give some uses of this complete algebraic
structure C({(RUTI)).

Problems 17 and 18 are solved partially, that is because
C({RUI}) is being classified as a direct product of the
complex field C with itself according to Theorem 3.

6. Group of Units’ Problem

A well-known problem in the theory of rings is to describe
the group of units under multiplication for a ring R. We will
solve this famous problem in the case of
C({RUI}»),C({QUI}),C({ZUI}), by using classification
properties.

Theorem 5. The group of units of the ring C((RUI)) is
U=C*xC".

Proof. Since C({(RUI))=CxC, then U =U(C) xU(C),
but C is a field; hence, U(C) = C*. Thus, the proof is
complete. O

Theorem 6. The group of units of the ring C({QUI)) is
U= (Q@)" x (QU)"

Proof. Since C({QUI)) =Q) xQ(>), then
U=UQ@)xU(Q(()), but Q) is a field; hence,
U (Q(i)) = (Q(i))". Thus, the proof is complete. O



Theorem 7. The group of units of the ring C({ZU1I)) is U=
Zy X Ly X 2y X 2.

Proof. Since C({ZUI)) = Z (i) x Z(i), then U = U (Z (i)) x
U(Z (i), but U(Z (i) ={1,-1,i,—i} = Z, x Z,; thus, U=
Zy X Zy X Zy X Z,. O

7. Conclusions

In this study, we have built some algebraic isomorphisms
between neutrosophic complex structures and their corre-
sponding classical structures. Also, we have used these
isomorphisms to present a full solution to 18 open problems
proposed by Smarandache and Kandasamy concerning the
algebraic structure of infinite rings of neutrosophic complex
numbers.

On the contrary, we have applied these isomorphisms to
determine the classification of the group with units of these
rings as a direct product of well-known classical groups.

As a future research direction, we aim to solve many
other Smarandache-Kandasamy open problems about
neutrosophic complex rings.
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