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Abstract:

This paper is dedicated to present a wide review study on the recent advantages of

neutrosophic linear diophantine equations and number theory.

We revise the neutrosophic linear diophantine equations, refined neutrosophic Diophantine

equations, and n-refined neutrosophic linear Diophantine equations.

Key words: Neutrosophic number theory, neutrosophic linear diophantine equation, n-refined

neutrosophic integer.
1. Introduction

Neutrosophy is a new generalization of fuzzy logic presented by Smarandache [1-5].
Neutrosophic sets were very useful in the algebraic strudies such as rings [6-12], modules [13-
30], matrices [31-45], and spaces [56-75]. Recently, it is used to deal with Non-Euclidean data
sets using Neutrogeometry [76-90] as well as Turiyam set [91-92]. In this way the applications of

Neutrosophic Number and its equations is indeed required for multi-decision process.
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Neutrosophic number theory is a new research field released by many authors. Where we find a
study of the foundations of neutrosophic number theory [59,73], and refined number theory

[80].

In the literature, the linear Diophantine equations in the neutrosophic systems was studied
firstly by Sankari et. al [4], and then they were generalized to refined and n-refined

neutrosophic integers [79] and its extensive properties [76-80, 90-92].

In this work, we give the interested reader a wide review on recent developments in the field of
neutrosophic number theory, especially the subject of neutrosophic linear Diophantine

equations.

This work may be very useful in future, especially in defining the Turiyam number theory

approaches.

Main Discussion

Definition:

Let Z(I) = {a + bI; a,b € Z} be the neutrosophic ring of integers. The neutrosophic linear Diophantine

equation with two variables is defined as follows:
AX+BY =C;A,B,C € Z(I).
Theorem :

Let Z(I) = {a + bI; a,b € Z} be the neutrosophic ring of integers. The neutrosophic linear Diophantine

equation AX + BY = C with two variables X = x; + x,I,Y = y; + y,I, where
A = a, +a,I, B = by + b,I is equivalent to the following two classical Diophantine equations:
(1) ayx1 + byyy = .

(2) (ag + ax)(xg + x3) + (by + b)) (y1 +y2) = ¢ + o

Proof:
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It is sufficient to show that AX + BY = C implies (1) and (2).

AX + BY = C is equivalent to:

(a; + a,D)(xy + x,1) + (by + b, Dy, + ¥21) = ¢4 + ¢,1, by easy computing we find
layx; + biyi] + a1 x, + ayx; + ayx, + byy, + by, + by, 11 = ¢; + ¢,1, hence

aix; + by, = ¢y, and ayx, + a,x, + ax, + byy, + by, + by, = c;. We can see that we get equation (1).

For equation (2) we take

a X, + a,x, + a,x, + byy, + byy; + by, = ¢, by adding equation (1) to the two sides we obtain
aix; + biy; + a1x, + azx; + azx; + byy, + by, + by, = ¢; + ¢, which implies equation (2)

(ay +a)(c; +x3) + (b + b)) (V1 +¥2) = ¢ + ¢».

The following theorem determines the criteria for the solvability of neutrosophic linear Diophantine

equation.
Theorem:

Let Z(I) = {a + bI; a,b € Z} be the neutrosophic ring of integers. The neutrosophic linear Diophantine
equation AX + BY = C with two variables X = x; + x,I,Y =y; + y,l and A = a; + a,],B = b; + b,l is

solvable if and only if gcd(ay, by) |¢y, ged(ay + az, by + b,) |¢y + c3.

Example:

(a) The neutrosophic Diophantine equation (2 + 2I)X + (3 + 4I)Y = 5 + 5] is solvable, that is because
gcd(2,3) |5, and ged (4,7)|10.

(b) The neutrosophic Diophantine equation (2 + 31)X + (4 + 51)Y = 5 + I is not solvable, since
gcd(2,4) = 2 does not divide 5.

Now, we describe an algorithm to solve a neutrosophic linear Diophantine equation AX + BY = C.

Remark:
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Let Z(I) = {a + bl; a,b € Z} be the neutrosophic ring of integers. Consider a neutrosophic linear
Diophantine equation AX + BY = C with two variables X = x; + x,,Y =y, + y,land A = a; + a,],B =

b; + b,1. To solve this equation follow these steps:

(a) Check the solvability of AX + BY = C by Theorem 3.3 .

(b) Solve a x; + b1y, = ¢;.

(c) Solve (ay + a,)(x; +x3) + (by + b))y, +y2) =1 + ¢,.

(d) Compute x5, y,.

Example:

The neutrosophic Diophantine equation (2 + 2I)X + (3 + 41)Y = 5 + 5/ is solvable.

2x; + 3y, = 5 is a classical linear Diophantine equation. It has a solution x; = 4,y; = —1.

2+2)(x;+x)+B+4)(y,+y,)=5+5,ie4M + 7N =10; M = x; + x,, N = y; + y,. It is a classical

linear Diophantine equation with M, N as variables. It has a solution M = —1,N = 2.

X, =M —x; = =5,y, = N —y; = 3, thus the equation (2 + 2I)X + (3 + 41)Y = 5 + 5] has a solution X =
4—-51Y=—-1+3I.

Definition:

Let Z(13, 1) = {(a, bl;, cL,); a,b,c € Z} be the refined neutrosophic ring of integers. The refined

neutrosophic linear Diophantine equation with two variables is defined as follows:

AX +BY =C;A,B,C € Z(I,, I,).

Theorem:

Let Z(1;,1,) = {(a,bl, cl,); a, b, c € Z} be the refined neutrosophic ring of integers,

AX + BY = C;A,B,C € Z(1;, I,) be a refined neutrosophic linear Diophantine equation, where

X = (x0, %111, %215), Y = Vo, ¥111, ¥212), A = (ag, a1 11, az 1),
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B = (by, b111, b,1,),C = (cq, c111, c31,). Then AX + BY = C is equivalent to the following three Diophantine

equations:

(1) agxg + bgyoe = cy.

(2) (ag + ay)(xg + x3) + (by + b)) (Yo + ¥2) = ¢ + €.

@) (ag+a,+a)(xg+x;+x)+ (g + by + b)Y +y1+¥2) =co+ ¢+ Co.

Proof:

By replacing 4, B, C,X,Y we find

AX = (ag, a1y, az15)(xg, X111, X2 15) =

(agxg, [agx1 + a1xg + a1x, + ayx, + ayxq 1, [agx, + azxg + ayx,11L),

BY = (b, by 11, b,1;) Vo, 111, ¥212)=

(boYo, [boy1 + b1y + b1y + b1y, + byyi 11, [boy2 + by + boy,11y), thus the equation
AX + BY = C implies

(*) apxo + boyo = co. (Equation (1)).

(**) apxz + azXo + azxz + boya + byyo + by, = c3.

(***) apxy + a1x9 + a1 xq + a;x; + azx; + byy; + byyy + biyy + b1y, + by, = c.

By adding (*) to (**) we get (ay + a;)(xg + x3) + (by + b2) (Vo + ¥2) = ¢y + c,. (Equation (2)).

By adding (2) to (***) we get (ag + a; + a;)(xg + x3 + x3) + (bg + by + b))y +y1 +y2) =co+ ¢y + ¢, .

(Equation (3)).

Theorem:

Let Z(14,1,) = {(a,bl;, cl,); a, b, c € Z} be the refined neutrosophic ring of integers,

AX + BY = C;A,B,C € Z(1;, 1) be a refined neutrosophic linear Diophantine equation, where
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X = (xo, 0111, %215), Y = Vo, y110, ¥212), A = (ag, a1 11, az 1),

B = (by, b113, b, 1,),C = (cq, c111, ¢,15). Then AX + BY = C is solvable if and only if:

(a) ged(ay, bo) |co-

(b) ged(ay + ay, by + by) |co + ;.

(c) ged(ag + a4 + az, by + by +by) |cog + ¢4 + ¢,

Example:

(a) Consider the refined neutrosophic linear Diophantine equation

(1,21,,31,). X + (3,31,,81,)Y = (2,41,,1,), we have

gcd(1,3) =1]2, gcd(1 + 3,3+ 8) = gcd(4,11) =1|(2+ 1 =3),

gcd(1+ 2+ 3,3+ 3+ 8) = gcd(6,14) = 2 which does not divide 2 + 4 + 1 = 7, thus it is not solvable.
(b) Consider the refined neutrosophic linear Diophantine equation

(1,21;,31,).X + (3,31, 81,)Y = (2,41,,21,), we have

gcd(1,3) =112, ged(1 + 3,3 +8) = gecd(4,11) = 1|(2+ 2 =4),

gcd(1+2+4+3,3+3+8) =gcd(6,14) = 2| (2 + 4+ 2 = 8). Thus it is solvable.

Remark:

Let Z(I,, ) = {(a, bl;, cL,); a, b, c € Z} be the refined neutrosophic ring of integers,

AX + BY = C;A,B,C € Z(1;, I,) be a refined neutrosophic linear Diophantine equation, where
X = (%9, %111, %, 15), Y = (o, y111, ¥215), A = (ay, a. 14, a, 1),

B = (by, b1, b,1,), C = (cq, ¢1 11, c;15), we summarize the algorithm of solution as follows:
(a) Check the solvability condition.

(b) Solve ayxy + byyy = Cg-
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(c) Solve (ag + az)(xq + x2) + (bo + b2) (Vo + ¥2) = ¢o + 3.

(d) Compute x5, y,.

(e) Solve (ag + a; + ay)(xg + x; + x3) + (bg + by + b)) (Yo +y1 +V2) = ¢y +¢1 + C,.

(f) Compute x4, y;.

Example:

we found that (1,21, 31,).X + (3,313, 81,)Y = (2,41, 21,) is solvable.

We consider x, + 3y, = 2. It has a solution x, = —1,y, = 1.

Wetake (1 +3)(xg +x,) + B +8)(yo +y2) =2+ 2,i.e4M + 11N = 4, M = x, + x,, and
N =y, + ¥, ithasasolution M =1,N =0,thusx, =M —x, =2,y, =N —y, = —1.
The third equationis (1 +2 4+ 3)(xg+x; +x2) + 3 +3+8) Yo +y1 +¥2) =2+ 4+ 2, ie
6S+14T =8;S =xy +x; + x, T =y, + y; + y,. Ithas a solution S = —1,T = 1, thus

X, =8S—xy—x,=-2,y, =T —y, — ¥y, = 1. The solution of

(1,21,,3L,). X + (3,31, 8L,)Y = (2,41,,21,) is X = (-1, -21,,2L,), Y = (1,1, —1,).

Definition:

Let Z,(D=({ty + t;I; + -+« + t,I,; t; € Z} be the n-refined neutrosophic ring of integers. The following

equation

AX+B=C;AB,X,CeZ,(I). Where A =ay + a;l;, +--+aul,,B=by + bil; + -+ bpl,, X = x0 +x11; +
ot xpydy, C=co+cdy + -+ cply

is called an n-refined neutrosophic linear Diophantine equation.

Example :

Let n=3, the following equation is an 3-refined neutrosophic linear Diophantine equation
A—1L —I)X+Q+3L,—4L) =1, + 2L, .

Theorem:
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Let AX + B =C (*); A,B,X,C € Z,(I) be an n-refined neutrosophic linear Diophantine equation. It is

solvable if and only if the following system of classical linear Diophantine equations is solvable.
(1') ApXo + bO =Cp .
(2-) (ag + an)(xo + x,) + (bo + by) = o + ¢y -

(3-) (ao +a, + an—l)(xo +x, + xn—l) + (bo + b, + bn—l) =CoptCp+Cpy.

(n+l-)(ag +a; + -+ a)xg+x;+ - +x,) +(bg+ by +-+by) =co+ ¢, + -+ ¢y
Theorem:
The sufficient and necessary condition of the solvability of Diophantine equation (*) is:

ng(aO' bO) |C0' ng (aO + an, bO + bn)l(CO + Cn)r ng (aO + an + an—1, bO + bn + bn—1)|(Co + Cn +
Cp-1), - gcd(ag +ay + -+ ay, by + by + -+ b)), |(co+ ¢y + -+ cp)-

Example:

Consider the following 3-refined neutrosophic linear Diophantine equation:
(1—L+ L)X+, +2L) =2 -1, + 4.

WehaveeA=1—-1L,+13,B=1,+2,C =1 +4l;,ie.ay=1a, =0,a, =-1,a; = 1.
by =0,by =0,b, =1,b3 =2,c=0,c; =1,¢c, = 0,c3 = 4.

We have : gcd(ay, by) = 110, gc d(ag + as, by + b3) = gcd(2,2) = 2|4, gcd(ag + as + a, by + bs + b,) =
ged(1,3) = 1|4, ged(ag + a; + a; + az, by + by + by + b3) = ged(1,3) = 1|5. This implies that the previous

linear Diophantine equation is solvable.

Now, we find the solution.

The equivalent system is:

aoXxg + by = ¢y, thus x, = 0.(1)

(ap + az)(xg + x3) + (by + b3) = co + c3, thus 2(xy + x3) + 2 = 4.(2)

(ag +a3 +a2)(x0 +X3 +x2) + (bO +b3 +b2) = Co +C3 +C2, thus (XO +X3 +X2) +3=4. (3)
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(a0+a3+a1+a2)(xO+X3+x1+x2)+(b0+b3+b1+b2):Co+C3+C1+Cz,thu5(xO+xl+X3+xZ)+
3=15.(4)

The equation (1) has a solution x, = 0. The equation (2) has a solution x, + x3 = 1, hence x; = 1.

The equation (2), has a solution x, + x5 + x, = 1, hence x, = 0. The equation (4) has a solution x4 + x; +

X3 +x, = 2,hence x; = 1.

The previous discussion means that the solution of the first n-refined neutrosophic linear Diophantine

equationis X =1, + 15 .

Conclusion

In this work, we gave the interested reader a wide review on recent developments in the field of
neutrosophic number theory, especially the subject of neutrosophic linear Diophantine equations.

As a future research direction, we aim to generalize the previous efforts to define and study Turiyam
linear Diophantine equations.
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