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Abstract

The concept of interval-valued neutrosophic sets (IVNSs) was first introduced by Wang et al. (Wang, H.;
Smarandache, F.; Zhang, Y. Q.; Sunderraman, R. Interval neutrosophic sets and logic: Theory and applica-
tions in computing. Hexis, Phoenix, Ariz, USA, 2005.). In this paper, the concept of IVNSs to ideals of Hilbert
algebras is introduced. The homomorphic inverse image of interval-valued neutrosophic ideals (IVN ideals)
in Hilbert algebras is also studied and some related properties are investigated.
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1 Introduction and preliminaries

The concept of fuzzy sets was proposed by Zadeh?!' The theory of fuzzy sets has several applications in
real-life situations, and many scholars have researched fuzzy set theory. After the introduction of the concept
of fuzzy sets, several research studies were conducted on the generalizations of fuzzy sets. The integration
between fuzzy sets and some uncertainty approaches such as soft sets and rough sets has been discussed
inl3° The idea of intuitionistic fuzzy sets suggested by Atanassov® is one of the extensions of fuzzy sets
with better applicability. Applications of intuitionistic fuzzy sets appear in various fields, including medical
diagnosis, optimization problems, and multi-criteria decision-making '3 The notion of neutrosophic sets
was introduced by Smarandache!” in 1999 which is a more general platform that extends the notions of classic
sets, (intuitionistic) fuzzy sets and interval valued (intuitionistic) fuzzy sets (see!”'8). Neutrosophic set theory
is applied to various part which is referred to the site

http://fs.unm.edu/neutrosophy.htm.

The concept of Hilbert algebras was introduced in early 50-ties by Henkin and Skolem for some investigations
of implication in intuitionistic and other non-classical logics. In 60-ties, these algebras were studied especially
by Horn and Diego from algebraic point of view. Diego proved (cf®) that Hilbert algebras form a variety
which is locally finite. Hilbert algebras were treated by Busneag (cf.2 and Jun (cf) and some of their filters
forming deductive systems were recognized. Dudek (cf?) considered the fuzzification of subalgebras/ideals
and deductive systems in Hilbert algebras.

In this paper, the concept of IVNSs to ideals of Hilbert algebras is introduced. The homomorphic inverse
image of IVN ideals in Hilbert algebras is also studied and some related properties are investigated.
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Before we begin the study, let’s review the definition of Hilbert algebras, which was defined by Diego® in
1966.

Definition 1.1. ® A Hilbert algebra is a triplet X = (X,-,1), where H is a nonempty set, - is a binary
operation, and 1 is a fixed element of X such that the following axioms hold:
1. (Vz,ye X)(x-(y-x)=1),

2. (Vo,y,z € X)((w- (y-2) - ((m-y) - (z-2)) = 1),

3. (Ve,ye X)(z-y=1Ly-z=1=2=y).

The following result was proved in.”

Lemma 1.2. Let X = (X, -, 1) be a Hilbert algebra. Then

L (VzeX)(z-z=1),
2. (Ve e X)(1-z=u),
3. (VeeX)(z-1=1),
4 (Voy,ze X)z-(y-2) =y (x-2)).

In a Hilbert algebra X = (X, -, 1), the binary relation < is defined by
(Vo,ye X)z<yez-y=1),
which is a partial order on X with 1 as the largest element.

Definition 1.3. " A nonempty subset I of a Hilbert algebra X = (X,-,1) is called an ideal of X if the
following conditions hold:

1. 1€,
2. Vexe X,Vyel)(z-yel),

3. (Ve e X,Vy1,y2 € I((y1 - (y2 - x)) - € I).

A fuzzy set*! in a nonempty set X is defined to be a function p : X — [0, 1], where [0, 1] is the unit closed
interval of real numbers.

Definition 1.4. 1 A fuzzy set 4 in a Hilbert algebra X = (X, -, 1) is said to be a fuzzy ideal of X if the
following conditions hold:

L (Vo e X)(u(1) > p(x)),
2. (Vo,y € X)(p(z - y) = p(y))s

3. (Vz,y1,y2 € X)(u((y1 - (y2 - @) - ) > min{u(yr), u(y2)})

and an anti fuzzy ideal of X if the following conditions hold:

L (Vo € X)(u(1) < p(x)),
2. (Vo,y € X)(pu(x-y) < p(y)),
3. (Vz,y1, 92 € X)(u((y1 - (y2 - @) - ) < max{u(y1), u(y2)})-
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An interval number we mean a close subinterval @ = [a', a"] of [0, 1], where 0 < a! < a* < 1. The interval
number @ = [a!,a"] with a' = a* is denoted by a. Denote by D]0, 1] the set of all interval numbers. In
particular, if a7 and a» are interval numbers, we define the refined minimum and the refined maximum of a3
and ay, denoted by rmin{d1, a»} and rmax{dy, da }, respectively, as follows:

rmin{dy, d>} = [min{a},ab}, min{a¥, a%}],
rmax{dy, dy} = [max{a!, a}}, max{a®,a¥}].

Definition 1.5. 19 et ¢ and d5 be interval numbers. We define the symbols >, <, and = in case of a; and a3
as follows:
dy = dy < a) > adland a¥ > ay,

and similarly we may have a1 < ds and a1 = as.

In DJ0, 1], the following assertions are valid (see’).

(Va € D[0,1)) ( rmax{a,a} = a ) . (1.1)

rmin{a,a} = a

. rmax{d,da} > a1
(Vay,dy € D[0,1]) ( G = tmin{dy. ) ) : (1.2)
(V(fl,(fg,cfg S D[O, 1]) ( dl t dg,dg t dg = rmin{dl,dg} t dQ ) . (13)

Definition 1.6. 2% An interval-valued neutrosophic set (IVNS) A in a nonempty set X is defined to be a
structure

A:{(Z‘,TA(LE),IA(.%),FA(J})) ‘.’L‘EX}, (1.4)

where T4 : X — D[0,1],14 : X — DI0,1], and F4 : X — DIJ0,1], which are called a truth mem-
bership function, an indeterminacy membership function, and a falsity membership function, respectively.
The intervals T4 (), [4(x), and F4(z) denote the intervals of the degree of membership, indeterminacy, and
non-membership of the element z to the set D0, 1], respectively, where T4 (z) = [Ty (z), T4 (z)], Ia(x) =

[Iy(x),I%(x)], and Fa(z) = [Fly(z), F4(z)] for all z € X. Also note that Ty(z) = 1 — Ta(z) =
L= Th(2),1 = Th(o)], Ta(w) = 1 - La(x) = [I - Ii(2),1 — I4(x)]. and Fa(z) = 1 — Fa(z) =
[1—FY(x),1— F4(x)] forall z € X, where (x, T (x), Ia(x), Fa(z)) represents the complement of 2 in A.

We define A = (T4, 14, Fa) as the complement of A = (T4, L4, F4). For the sake of simplicity, we shall use
the symbol A = (T4, 14, Fy4) for the IVNS set A = {(x,Ta(z), [a(x), Fa(x)) |z € X}.

2 Interval-valued neutrosophic ideals of Hilbert algebras

In this section, we introduce the concept of IVN ideals of Hilbert algebras and investigate some related prop-
erties.

Definition 2.1. An IVNS A = (T4, 4, F4) in a Hilbert algebra X = (X, -, 1) is called an interval-valued
neutrosophic subalgebra (IVN subalgebra) of X if

Ta(z - y) = rmin{T4(2), Ta(y)}
(Ve,y € X) | Ia(z-y) Xrmax{la(z),Ia(y)} . 2.1
Fa(z-y) = rmin{Fa(x), Fa(y)}
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Definition 2.2. An IVNS A = (T4, 14, F4) in a Hilbert algebra X = (X, -, 1) is called an interval-valued

neutrosophic ideal (IVN ideal) of X if

Ta(1) = Ta(z)

(VJTEX) IA(l)jIA(x)

Fyu(1) = Fa(z)

Ta(x-y) = Ta(y)

(Vz,y € X) | La(z-y) = 1a(y)

Fa(z-y) = Faly)

Ta((yr - (y2 - @) - ) = rmin{Ta(y1), Ta(y2)}

(Vo,y1,92 € X) | Lal(y1- (y2-2)) - @) 2 rmax{la(y1), [a(y2)}
Fa((y1 - (y2-2)) - ) = rmin{Fa(y1), Fa(y2)}

Example 2.3. Let X = {1, x,y, z,0} with the following Cayley table:

-1 z y =z 0
111 =z y 2 0
z|1 1 y =z O
y|1l =z 1 2z =z
z|1 1 y 1 y
o1 1 1 1 1

Then X is a Hilbert algebra. We define an IVNS A = (T4, I 4, F4) as follows:

__J [0.5,0.6] ifzxe{l,zy,z2}
Ta(w) = { 0.1,0.2] ifz =0,

[ [03,04] ifze{l,z,y, 2}
Laz) = { 0.4,0.5] ifx =0,

_ [ [0.1,0.2] ifxe{l,z,y,z}
FA(”C)_{ 0.2,0.3] ifz=0.

Hence, A is an IVN ideal of X.
Proposition 2.4. If A = (Ta, I, Fa) is an IVN ideal of a Hilbert algebra X, then

Ta((y ) -x) = Ta(y)
(Vo,ye X) | Ta((y-z)-x) 2 La(y)
Fa((y-z)-x) = Fa(y)

Proof. Putting y; = y and yo = 1 in (2.4)), we have
Ta((y - ) @) = rmin{Ta(y), Ta(1)} = Ta(y),

Ta((y - o) -z) 2rmax{la(y), 1a(1)} = La(y),
Fa((y-x)-z) = rmin{Fa(y), Fa(1)} = Fa(y).

Lemma 2.5. I[f A = (T4, 4, Fy) is an IVN ideal of a Hilbert algebra X = (X, -, 1), then

Ta(x) 2 Ta(y)
Ve,ye X) | z<y=4( Ia(z)

Proof. Letx,y € X be such thatx < y. Thenz -y = 1 and so

Ta(y) Ta(1-y)

Ta(((z-y) - (z-y)) - y)
rmin{Ta (z - ), Ta(x) }
rmin{T4(1),Ta(z)}
TA((E),

1Y 1y
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Iay) = I1a(1-y)
= La(((z-y)-(x-y))-y)
= 1“maX{IA(ﬂlj y), La(x)}
=< rmax{Ia(1),Ia(z)}
= la(z),

Faly) = Fa(l-y)
= Fa(((z-y)-(z-y)-y)
= rmin{F4(z - y) Fa(z)}
= tmin{Fa(1), Fa(z)}

FA(x)

Theorem 2.6. Every IVN ideal of a Hilbert algebra X = (X, +,1) is an IVN subalgebra of X.

Proof. Let A = (Ta,14,F4) be an IVN ideal of X. Since y < z -y for all z,y € X, then it follows from
Lemma [2.3]that
Taly) = Ta(z - y), 1a(y) 2 La(z - y), Faly) = Fa(z - y).

It follows from (2.3) that

Ta(y)

rmin{Ts(z - y), Ta(z)}
rmin{7T4(z), Ta(y)},
Ta(y)

rmax{l4(x - y),Ia(x)}
rmax{/4(z), La(y)},

Fa(y)
rmin{Fa(z - y), Fa(z)}
rmin{Fa(x), Fa(y)}.

Hence, A is an IVN subalgebra of X. O

TA(LE . y)

Y 1Y 1Y

Ta(z - y)

IATA LA

Fy(x-y)

Y 1Y 1Y

Theorem 2.7. An IVNS A = (T'a, L4, F4) in a Hilbert algebra X = (X, -, 1) is an IVN ideal of X if and only
if TA, T4, qu, and F}{ are fuzzy ideals of X and If4 and I’} are anti fuzzy ideals of X.

Proof. Since TA( ) > TA( ), Th(1) > Ti(w), I,lq(l) < IA( ), 14(1) < If(x

(z), F4(1) > Fj(z), and
FX(l) > FIZ‘( ) we have TA( )>‘ TA( ) IA( )_ ]A(Jr),and FA(l) > FA(.Z') Let

z,y € X. Then

Ta(z-y) = [Th(z y), Tz y)] = [Th(y), THH)] = Ta(y),

Ia(z-y) = [T4(z-y), I5(z-y)] 2 [T4h(y), I4(y)] = La(y),
Fa(z-y) = [Fh(z y),Fi(z-y)] = [Fi(y), F5(y)] = Fa(y).
Let x,y1,y2 € X. Then

Tallyr (y2-x)-2) = [Th(lyr-(y2-x)-2), T5((y1- (y2 - 2)) - x)]
- [min{Ti;(yl)»Tﬁ;(yz)} min{ T} (y1), T (y2)}]
= mmin{[T} (11), T4 (1)), [T (y2), T4 (y2)]}
= mmin{Ta(y1), Ta(y2)},

Ia((r - (w2 -2) - 2) = [Iy((vr- (w2 ) - 2), I5((y1 - (y2 - @) - )]
= [maX{IA(y1)7 I (y2)}, max{T% (y1), 14 (y2)}]
= rmax{[I(y1), I (v1)], [T} (y2), T4 (y2)]}
= rmax{la(y1),la(y2)},

Fal(yr-(y2-2)-x) = [Fi((yr-(y2-2))-2), F{((y1- (y2 - 2)) - z)]
= [mln{FA(yl), 5?(! 2) b, min{ F{(y1), Fi{ (y2)}]

Fl
3 y
rmin{ [F (y1), Fi (y1)], [Fh (y2), F (y2)]}
rmin{Fa(y1), Fa(y2)}.
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Hence, A is an IVN ideal of X.

Conversely, assume that A is an IVN ideal of X. Let x € X. Then [TA(I),TZ(I)] = Tu(l) = Ta(x) =
[Ti;(x),TZ(x)]; hence T4 (1) = Th(x), [I5(1), I4(1)] = 1a(1) < La(z) = [[4(x), I4(2)]; hence T} (1) <
Iy(x), and [F(1), F{(1)] = Fa(l) = Fa(z) = [F}(2), F4(z)]; hence F}(1) = Fli(z). Letz,y €
X. Then [T} (x - ), Ti@ - y) = Ta(w - y) = Taly) = [Th(y), TA(y)]; hence T (x - y) = T)(y) and
Ti(z-y) = Th(y), [IA(%‘ y), [4(z-y)] = La(z-y) < La(y) = [T} =

I (z-y) < I§(y), and [Fly (z-y), F4(z-y)] = Fa(z-y) = Fa(y) = [FA( ) FA( )J; hence F) (z-y) = Fiy(y)
and F'¥(z -y) = F4(y). Letz,y1,y2 € X. Then

[Th((y1 - (y2-2)) - 2), TE((y1 - (y2 - x)) - )]

~

( 1)} [TA(Z/2) Tu(yz)]}
(min{T% (y1), T4 (y2) }, min{T% (y1), T4 (y2) }]-

Hence, T ((y1 - (y2 - @)) - &) > min{T} (1), T4 (y2)} and T{((y1 - (y2 - 2)) - @) > min{T4(y1), T4 (y2)}-
Now,

[Ta((y1 - (g2 - @) - ), I5 (w1 - (2 @) - @)]

I
—
z
=
=
bS
<
-
S
<
S8
—

La((yr - (y2 - 2)) - 2)
rmaX{IA(yl) Ta(y2)}

rmax{ [T} (y1), I“( s [T (y2), T (y2)]}
(max{Ty(y1), T’y (y2)}, max{T%(y1), I4(y2)}]-

Elence’ Iy ((yr - (y2 - @) - ) < max{I(y1), I (y2)} and T4 ((y1 - (y2 - 2)) - ) < max{T4(y1), [ (y2)}.

[Fi((yr - (y2 - @) -2), F§((y1 - (y2 - 2)) - @)]

1l

Fa((yr- (y2-2)) - x)
rmin{ Fa(y1), Fa(y2)}

rmin{[F} (y1), F (y1)], [Fly (y2), F5 (y2)]}
min{F} (y1), Fly(y2)}, min{ F (y1), F5 (y2)}].

Hence, I ((y1 - (y2 - ) - ) > min{F} (y1), Fy (y2) } and Fi((y1 - (2 - @) - 2) > min{ F} (1), Fi (y2)}-
Therefore, Ty, T4, F,, and F} are fuzzy ideals of X and I'; and I are anti fuzzy ideals of X. O

oy

Theorem 2.8. If A = (Ta,Ia,Fa) and B = (T, Ip, Fg) are two IVN ideals of a Hilbert algebra X =
(X,-,1), then AN B = (Tanp, laus, Fang) is an IVN ideal of X, where

Tanp(z) = [TimB(x), TXQB(x)]
(Vo€ X) | Lus(e) = [Ty (@), Tip@)] |- @7
Fanp(z) = [FAQB(LC), FXQB(x)]

Proof. Letx € X. Then

Tanp(1)

[ T

[Thnp(z
Tanp(z )

Taup(1) Iy (1), 14,

[ Bl

[max{I} (1), I5(

[maX{IA( )s fg(a:
[Ty (), T4 p(

Taus(x),

8
=3

([ [ N 1|

Fsnp(1)

[Fhnp(z
Fanp(x).
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Letz,y € X. Then

TAmB(m : y)

[ I D T

Iyup(z-y)

[ PN |

FAmB(v’U : y)

I D

Let z,y1,y2 € X. Then

~

TarB((y1 - (y2- 7)) -

Laup((y1- (y2- 7)) - @)

FarnB((y1- (Y2 - 2)) - )

[TAOB(:E Y), Tinp(z - y)]
Fﬂln{TA(I y) (z-y)}, mlH{TA(I ), Tp(z - y)}]

Tl
B

min{T% (y), Th(y)}, min{T%(y), T5(y)}]

[Thnp (), TAmB( )]

Tans(y),

[IAUB(x Y), T4y (93 )]

[max{I’,(x - y) B(x-y)}, max{I4(z - y), [E(z-y)}]

[max{T’,(y), I5(y ) ymax{I}(y), I5(y)}]

[Lhop (), IAUB( )l

IAUB(y)

[FAmB(QU Y), Finp (z-y)]

[min{ F (x - y) Fp(z-y)}, min{F4(z - y), F(x - y)}]

min{F} (y), F5(y)}, min{ F¥(y), F4(y)}]

[F,lamB( ) FAnB(Z/)]

FAmB(y)

= [TAmB((yl (y2-2)) - 2), Tinp((y1 - (y2 - ) - )]
_ [ min{Th (1 (y2-2)) - @), Th((1 - (y2 - x)) - @)}, }

| min{T%((y1 - (y2-2)) -2), TE((y1 - (y2 - @) - @)}

min{min{T% (y1), T (y2) }, min{Th(y1), T (y2)}},

= | min{min{T% (1), T4 (y2)}, min{T5 (v1), T (y2) } }
_ [ min{min{T} (1), T (1) }, min{ T} (y2), Tj; (y2) } },

I min{miH{TA(yl)’TZé( 2) b, min{T% (y2), T5(y2) } }
= [mm{TAmB(yl) TA B( 2)} mln{TAmB(y ), T,lamB(ZIZ)}]
= tmin{Tans(1), Tans(y2)},

_ maX{IA((yl (yz 96)) $)7Ifg((y1'(y2'$))'$)}7]
| max{I3((y1- (y2-2)) ), I5((y1 - (y2-2)) - 2)}
o | max{min{Z}(y1), T4 (y2) }, min{I 5 (y1), I5 (y)} },
= | max{min{Z%(y1), [4(y2)}, min{I3 (1), [35(y2) } }
_ [ max{min{Z}y (y1), I (y1) }, min{Z% (y2), I3 (y2)} },
| max{min{7l}(y1), [3(y2) }, min{I% (y2), I}5(y2)}}
= [max{lp(y1), Ihn B(yQ)} max{I4p 1), I4p(y2)}]
= rmax{lanp(y1),lans(y2)},
= [FAnB((yl (y2-2)) - 2), Finp ((yl (y2 - 2)) - )]
_ [ min{FL((y1 - (y2- @) - 2), Fp((y1 - (y2 - x))'x)},]
| min{F%((y1 - (y2 - 2)) - @), FB((yl (y2-@)) - 2)}
| min{min{F}(y1), F4(y2)}, min{F5(y1), F5(y2)} },
— | min{min{F}(y1), F3{(y2)}, min{F5(y1), F(y2) }}
_ [ min{min{F}(y1), F5(y1) }, min{F}y (y2), F5(y2) }},
min{min{F% (y1), Fj5(y2) }, min{ F{(y2), F5(y2) } }
[min{FﬁmB(yl) F,lamB(yQ mln{FAmB( 1), Fme(yg)}]

)}
rmin{ Fang(y1), Fans(y2)}-

Hence, AN B is an IVN ideal of X.

Corollary 2.9. If A =
ideal of X.

Definition 2.10. Let A =
and ®A in X are defined as follows: A =

Theorem 2.11. If A =
®A are IVN ideals of X.
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Proof. Letx € X. Then Ta(1) = 1 — T4(1) = 1 —Ta(x) < Ta(z). Letz,y € X. Then Ty(z - y) =
1-Ty(x-y) 21 =Ta(y) 2 Taly). Letz,y1,y2 € X. Then

Tal(yr - (y2- 7)) - @) 1= Ty (51 - (y2- @) @)
1 —rmin{T4(y1), Ta(y2)}
rmax{1 — Ta(y1),1 — Ta(y2)}
rmax{T’(y1),Ta(y2)}.

A

Hence, ®A is an IVN ideal of X.

Letz € X. Then T(1) =1 —1I4(1) = 1—Ia(z) = Ia(z). Letz,y € X. Then I4(x-y) =1—Ia(z-y) =
1—I4(y) = Ia(y). Letx,y1,y2 € X. Then

La((yr- (y2-2))-2) = 1= Lal(y1 - (y2- @) - )
1 —rmax{la(y1),1a(y2)}
rmin{l — Ia(y1),1 — Ta(y2)}

rmin{7Z4(y1), La(y2)}.

Iyl

Hence, ® A is an IVN ideal of X. The proof of ®A is similar. OJ

Theorem 2.12. AnIVNS A = (Ta, L4, F4) in a Hilbert algebra X = (X, -, 1) is an IVN ideal of X if and only
if for every [s1, sa], [t1, 2], [u1, ue] € D[0, 1], the sets U(T4 : [t1,t2]), L(I4 : [s1,82]), and U(F4 : [u1,us])
are either empty or ideals of X.

Proof. Let A = (T, 14, Fa) be an IVN ideal of X and let [s1, s3], [t1,t2], [u1,u2] € D[0,1] be such that
U(Ta : [t1,t2]), L(I4 : [s1,82]), and U(F4 : [u1,us]) are nonempty sets of X. Itis clear that 1 € U(T}y :
[tl,tg]) n L(IA : [81, 82]) N U(FA : [ul,u2]) since TA(l) t [tl,tg], IA(l) j [Sl, 52], and FA(l) t [Ul,’UQ].
Letz € Xandy € U(T4 : [t1,t2]). Then Ta(y) = [t1,t2]. It follows that Ta(z - y) = Ta(y) = [t1,1t2]
sothat x -y € U(Ty : [t1,t2]). Letz € X and y1,y2 € U(Ta : [t1,t2]). Then Ta(y1) = [t1,t2] and
T4(y2) = [t1,t]. Hence, Ta((y1 - (y2-x)) - ) = rmin{Ta(y1),Ta(y2)} = [t1,t2] sothat (y1 - (y2-z)) -z €
U(T4 : [t1,t2]). Hence, U(T4 : [t1,t2]) is an ideal of X.

Letz € X andy € L(I4 : [s1,82]). Then I4(y) < [s1,82]. It follows that T4(x - y) < Is(y) =< [s1,s2]
sothat z -y € L(I4 : [$1,82]). Letx € X and y1,y2 € L(Ia : [s1,82]). Then I4(y1) = [s1,s2] and
Ia(y2) = [s1, s2]. Hence, La((y1 - (y2- ) - 2) = rmax{la(y1),La(y2)} = [s1,s2] sothat (y1 - (y2-2)) 2 €
L(I4 :[s1,s2]). Hence, L(I4 : [s1,s2]) is an ideal of X.

Letx € X andy € U(Fy : [ug,us]). Then Fa(y) = [u1, uz]. It follows that Fa(z - y) = Fa(y) = [u1, uz]
sothatz -y € U(F4 : [ur,uz]). Letx € X and y1,y2 € U(F4 : [u1,uz]). Then Fa(y1) = [u1,us] and
Fa(y2) = [u1, ug]. Hence, Fa((y1-(y2-@))-x) = rmin{Fa(y1), Fa(y2)} = [u1, ug] so that (y1-(y2-2))-x €
U(F4 : [u1,uz]). Hence, U(F4 : [u1,uz]) is an ideal of X.

Assume now that every nonempty sets U (T4 : [t1,t2]), L(I4 : [s1,$2]), and U(F4 : [ug,us]) are ideals of
X. If T4(1) = T4(x) is not true for all z € X, then there exists xg € X such that T4(1) < Ta(zo). But
in this case for [s1, so] = (Ta(1) + Ta(z0)). Then zg € U(Ta : [s1,52]), thatis, U(Ta : [s1,s2]) # 0.
By the assumption, U (T4 : [s1, S2]) is an ideal of X and so T'4(1) > [s1, s2|, which is impossible. Hence,
T4(1) = Ta(x). If T4(1) = Ia(x) is not true, then there exists yo € X such that I4(1) < I4(yo). Butin
this case for [s(, s§] = 5(Za(1) + La(yo)). Thenyo € L(Ia : [sf, sq]), thatis, L(14 : [s),sg]) # 0. By the
assumption, L(I4 : [s(, sy]) is an ideal of X and so I4(1) =< [s(, si], which is impossible. Hence, 14(1) <
I4(z). If F4(1) = Fa(x) is not true for all € X, then there exists xg € X such that F'4 (1) < Fa(zg). But
in this case for [u1, us] = $(Fa(1) + Fa(zo)). Then zg € U(F4 : [u1, us)), thatis, U(F4 : [u1, us]) # 0.
By the assumption, U(F4 : [u1,ug]) is an ideal of X, then Fi4(1) *= [uq,usg], which is impossible. Hence,
Fa(1l) = Fa(x).

If Ta(x - y) = Ta(y) is not true for all z,y € X, then there exist 2o, yo € X such that T4 (xo - yo) < Ta(yo)-
Let [tl, tQ] = %(TA(Z‘O . yo) + TA(yo)). Then [tl,tg] € D[O, 1] and TA(l‘o . yo) < [tl,tg] =< TA(yo), which
prove that yo € U(T4 : [t1,t2]). Since U(T4 : [t1,12]) is an ideal of X, xo - yo € U(T4 : [t1,t2]). Hence,
Ta(zo - yo) = [t1,12], a contradiction. Thus T4 (x - y) = Ta(y) istrue forall x,y € X. If [4(z - y) < Ia(y)
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is not true for all z,y € X, then there exist zo,yo € X such that T4 (xo - yo) > La(yo). Let [t(,t5] =
2(Ta(zo - yo) + La(yo))- Then [ty, ty] € D[0,1] and T4 (o - yo) > [th,tg] = La(yo), which prove that yo €
L(I4: [t},ty]). Since L(I4 : [tg,t)]) is anideal of X, zg-yo € L(14 : [ty, ty]). Hence, Ia(xo-yo) < [t6, 0],
a contradiction. Thus I4(x - y) = Ta(y) is true for all x,y € X. If Fu(x - y) = Fa(y) is not true for all
z,y € X, then there exist 2o, yo € X such that Fa(z-yo) < Fa(yo). Let [u1, us] = 1 (Fa(zo-yo)+Fa(yo))-
Then [u1,us] € D0, 1] and Fa(xo - yo) < [u1,u2] < Fa(yo), which prove that yo € U(F4 : [u1,us]). Since
U(Fy : [u1,uz)) is an ideal of X, g - yo € U(Fa : [u1,uz]). Hence, Fa(zo - yo) = [u1,us), a contradiction.
Thus Fa(x - y) = Fa(y) is true forall x,y € X.

Suppose that T4 ((y1 - (y2 - x)) - ) = rmin{Ta(y1), Ta(y=2)} is not true for all x, y1,y> € X. Then there exist
g, v, Zo € X such that Ta((uo - (vo - 20))) - 2o) < rmin{Ta(ug), Ta(vo)}. Taking [p',p"] = 3(Ta((uo
(vo-x0))) o) +rmin{Ta(uo), Ta(vo)}). Then Ta((ug - (vo-x0)) o) < [p,0"] < rmin{T4(ug),Ta(vo)},
which prove that ug,vo € U(Ta : [p/,p"]). Since U(T4 : [p',p"]) is an ideal of X, (ug - (vo - ®g)) - xo €
4 [p',p"]), a contradiction. Thus T4((y1 - (y2 - @) - ) = rmin{T4(y1),Ta(y2)} is true for all
x,9y1,y2 € X. Suppose that I4((y1 - (y2 - ©)) - ) =< rmax{la(y1),La(y2)} is not true for all z,y;,y2 €
X. Then there exist ug,vg, g € X such that 4 ((ug - (vo - o)) - o) > rmax{la(ug),la(vp)}. Taking
4] = H(Ta((o - (v 0)) - 0) + rmvax{a (o), Tav0)}). Then Lo - (v - 20)) - 20) > Iy, i) =
rmax{Ia(uo), I4(vo)}, which prove that ug, vy € L(I4 : [p},pj]). Since L(IA [p6,Py]) is an ideal of X,
(uo - (vo - x0)) - o € L(14 : [pp, pg]), a contradiction. Thus L4((y1 - (y2 - x)) - x) < rmax{IA(yl), Ta(y2)}
is true for all x, y1,y2 € X. Suppose that Fa((y1 - (y2 - )) - ) = rmin{F4(y1), Fa(y2)} is not true for all
z,Y1,y2 € X. Then there exist fo,go, ho € X such that FA((fO . (go . ho))) . ho) < rmin{FA(fO),TA(go)}.
Taking ¢, ¢”] = (Fa((fo-(90-ho)))-ho)-rmin{ Fa(fo), Fa(g0)}). Then Fa((fo-(go-ho))-ho) < [d'>q"] <
rmin{F4(fo), Fa(go)}, which prove that fo,g90 € U(F4 : [¢’,q"]). Since U(F4 : [¢',¢"]) is an ideal of X,
(fo-(g90-ho))-ho € U(Fa :[q,q"]),acontradiction. Thus Fa((y1 - (y2-2)) - x) > rmin{Fa(y1), Fa(y2)}
is true for all z, y1,y2 € X. Hence, A is an IVN ideal of X. O

Theorem 2.13. Let B be a nonempty subset of a Hilbert algebra X = (X,-,1) and A = (Ta, I, Fa) be an
IVNS in X defined by
TA($):{QO lfI’EB

«y otherwise,

IA() {50 lfoB

B1  otherwise,

_ 00 lffﬂ €B
Fa(z) = { 01 otherwise

Sforall x € X and o, B;,0; € D|0,1] such that ag > 1, fo < P1, 6o > 01 fori = 1,2. Then A is an IVN
ideal of X if and only if B is an ideal of X.

Proof. Assume that A is an IVN ideal of X. Since T4 (1) > Ta(x), Ia(1) <X I4(x), and Fa(1) > Fa(z) for
all z € X, we have T4(1) = a1, [a(1) = By, and Fa(l) =601 andso 1 € B. Letz € X and y € B. Then
Ta(z-y) = Ta(y) = a; and then Ty (2 -y) = aq. Also, [a(z-y) =< Ia(y) = p1 and then I4(x-y) = 1 and
Fa(z -y) = Fa(y) = 61; hence, Fa(x - y) = 6. Hence, x - y € B. For any y1,y2 € B and z € X, we get
Tal(ys - (42 - o)) - 2) = tmin{Ta (91), Ta(y2)} = @, La((ys - (92 -)) ) =< rmax{ La(ya), La(y)} = B,
and Fa((y1 - (y2 - ) - ) = rmin{Fa(y1), Fa(y2)} = 01, which implies that Ts ((y1 - (y2 - ©)) - ) = aq,
Ta((y1 - (y2-x)) - ) = By, and Fa((y1 - (y2 - x)) - ) = 6;. It follows that (y; - (y2 - z)) - © € B. Therefore,
B is an ideal of X.

Conversely, suppose that B is an ideal of X. Since 1 € B, it follows that T4 (1) = oy > Ta(z), Ia(1) =
B1 X Ia(x), and Fa(l) = 61 = Fa(z) forallz € X. Letx,y € X. If y € B, thenz -y € B and so
Ta(x-y) = a1 = Ta(y), Ia(zx - y) = 1 = Is(y), and Fa(z -y) = 61 = Fa(y). If y € X\B, then
Ta(y) = a2, 1a(y) = Bo, and Fa(y) = 62 and so Ta(z - y) = as = Ta(y), La(z - y) = B2 = La(y),
and Fy(x - y) »= 03 = Fa(y). Finally, let y1,y2 € X. If y; € X\B or yo € X\B, then T4(y1) = as
or Ta(y2) = ag. It follows that Tu((y1 - (y2 - @) - ) = as = min{Ta(y1),Taly2)}. Also, if y; €
X\B orys € X\B, then I4(y;) = B2 or Ia(y2) = Ba. It follows that T4((y1 - (y2 - 7)) - z) = B2 =
rmax{la(y1),la(y2)}. fy1 € X\Borys € X\B, then Fa(y1) = 02 or Fa(y2) = 65. It follows that
Fa((y1-(y2-2)) ) = 0 = min{Fa(y1), Fa(y2)}. Assume thaty1,y» € B. Then (y1-(y2-7)) -z € B and
thus Ta((y1-(y2-2))-2) = a1 = rmin{Ta(y1), Ta(y2)}, La((y1-(y2-2))-x) = f1 = rmax{La(y1), La(y2)}.
and Fa((y1 - (y2 - x)) - ) = 01 = rmin{F4(y1), Fa(y2)}. Hence, A is an IVN ideal of X. O
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Definition 2.14. Let A = (T4, 4, F4) and B = (Tp,Ip, Fg) be IVNSs in Hilbert algebras X and Y,
respectively. The cartesian product A x B = {((z,y), (Ta X T)(z,y), Ia x Ip)(z,y), (Fa x Fg)(z,v)) |
x € X,y € Y} is defined by

(TA X TB)(xvy) = rmin{TA(x)’TB(y)}
(V(z,y) e X xY) | (Ia xIp)(z,y) =rmax{ls(x),I5(y)} ,
(Fa x F)(z,y) =rmin{Fa(x), Fp(y)}

where Ty x T : X XY — D[0,1], Ix x Iz : X x Y — D[0,1],and F4 x Fg : X x Y — DI0,1].

Remark 2.15. Let X and Y be Hilbert algebras. We define the binary operation - on X x Y by (z,y) - (u,v) =
(z - u,y - v) for every (z,y), (u,v) € X x Y. Then clearly (X x Y, -, (1,1)) is a Hilbert algebra.

Proposition 2.16. If A = (T4, I, Fa) and B = (Tg, I, F) are IVN ideals of Hilbert algebras X and Y,
respectively, then the cartesian product A X B is also an IVN ideal of X X Y.

Proof. Let (z,y) € X x Y. Then

(Ta x Tp)(1,1) rmin{T4 (1), T5(1)}
rmin{Ta(z), Ts(y)}
(TA X TB)( 73/)7

rmax{I4(1),Ip(1)}
rmax{la(z),I5(y)}}
(Ia x Ig)(z,y),

(
rmin{F4 (1), Fp(1)}
rmin{F4(z), Fp(y)}
(FA X FB)( 7y)

Iy

(In x Ip)(1,1)

Al

(Fa x Fp)(1,1)

Iy

Let (z1,22), (y1,y2) € X x Y. Then

(Ta x Tp)((w1,22) - (y1,92)) = (Ta x Tp)((w1 - 11), (22 1))
rmin{Ta(x1 - y1), Te(x2 - y2)}
rmin{T4(y1), T(y2)}

(Ta x Tg)(y1,y2),

I

(Ia x Ig)((x1,22) - (y1,92)) (Ia x Ip)((w1 - y1), (22 - y2))

)
rmaX{IAE 1-y1), Ip(z2 - y2)}
)

x
rmax{l4(y1), I(y2)}
(IA X IB (ylayQ)a

(Fa x F)((x1-y1), (w2 - y2))
rmin{ Fa(z1 - y1), Fp(z2 - y2)}
rmin{Fa(y1), F(y2)}

(Fa % FB)(y1,92)-

PN

(Fa x Fp)((x1,22) - (y1,92))

Iyl

Let (z1,y1), (2, y2), (x3,y3) € X x Y. Then

(Ta x Tp)(((z2,92) - ((z3,y3) - (21,91))) - (T1,91))
= (Ta x Tp)(((22 - (23~ 21)) - 21)), (y2 - (Y3 - 91)) -
= rmin{Ta((z2 - (z3-21)) - 1)), Te((y2 - (y3-y1)) - v1))}
= rmin{rmin{T4 (x2), Ta(z3)},rmin{Ts(y2), Ts(ys) } }
= rmin{rmin{7T4 (x2), T (y2) },rmin{T4(x3), Tr(y3)}}
=rmin{(Ts x Tg)(x2,y2), (Ta x T)(zs,y3)},

(Ia x IB)(((w2,y2) - (3, 93) - (x1,91))) - (z1,91))

= (Ia x Ip)(((z2 - (3 - 21)) - 1)), (y2 - (Y3 - ¥1)) - ¥1))
=rmax{la((22 - (z3-71)) 21)), Ip((y2 - (y3-y1)) - 11))}
< rmax{rmax{l4(x3), La(x3)},rmax{Iz(y2), I5(y3)}}
= rmax{rmax{l4(z2), [5(y2)},rmax{la(z3), I5(y3)}}
= rmax{(/a X Ig)(22,y2),(Ia X Ip)(x3,y3)},

Y1)
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(Fa x Fp)(((z2,92) - ((z3,3) - (21,41))) - (21,91))
(Fa x Fp)(((z2 - (3 - 21)) - 21)), (y2 - (Y3 - y1)) - y1))
rmin{Fa((z2 - (z3 - 21)) - 21)), Fe((y2 - (Y3 - 91)) - y1))}
rmin{rmin{F4 (z2), Fa(x3)}, rmin{Fp(y2), F5(ys)}}

rmin{rmin{ ¥4 (z2), Fp(y2)}, rmin{ Fa(z3), Fs(y3)}}
= rmin{(Fa x Fg)(22,y2), (Fa x Fp)(x3,y3)}.

Hence, A x BisanIVNideal of X x Y. O

[y

Theorem 2.17. If A = (Ta,14,Fa) and B = (Tp,Ip, F) are IVN ideals of Hilbert algebras X and Y,
respectively, then ®(A x B), (A x B), and (A x B) are IVN ideals of X x Y.

Proof. 1t follows from Theorem [2.11]and Proposition [2.16] O

Theorem 2.18. Let A = (T4, 1, Fa) and B = (T, Ig, F) be any two IVNSs in Hilbert algebras X and
Y, respectively. Then A x B is an IVN ideal of X X Y if and only if the nonempty upper [s1, sa]-level cut
U(Ta x Tp : [s1,82]), the nonempty lower [ty,ta]-level cut L(I4 X Ip : [t1,t2]), and the nonempty upper
[, us]-level cut U(Fy X Fp : [u1,us]) are ideals of X x Y for all [s1, s3], [t1, t2], [u1, us2] € D[0,1].

Proof. 1t follows from Theorem [2.12} O

For any fixed interval numbers at,a~,b",b~,ét,é~ € D[0,1] such that a™ = a~, bt = b=, &" = ¢~ and a
nonempty subset GG of a Hilbert algebra X, the IVNS

R S ~ - +
gla’t, b=, ¢ _ (g la G |b G |
R N G R )

in X is defined by for all x € X,

76 Bf} (x):{ aJ_r ifz € G

a~ otherwise,
b- b~ ifzed
16 |2 =< 7
A Lﬁ] (z) { bT  otherwise,
=+ PN
c ¢ et ifreG
Fa {E} () = { ¢~ otherwise.

Lemma 2.19. # [f the constant I of a Hilbert algebra X = (X, -, 1) is in a nonempty subset G of X, then the

olat, b=, & . . .
IVNS A% |_ " -7 __| in X satisfies the condition 2.2).
a

) )

at. b, &t
Lemma 2.20. @ [f the IVNS A® [ft’ 13 ’ C} in a Hilbert algebra X = (X, -, 1) satisfies the condition
a

3 )

(2:2), then the constant 1 of X is in a nonempty subset G of X.

ot b, et
Theorem 2.21. The IVNS AC [E" b C} in a Hilbert algebra X = (X,-,1) is an IVN ideal of X if

a-, bT, é
and only if a nonempty subset G of X is a ideal of X.

at b~ &t st b~ &t
(}_’ l~)+’ S_} is an IVN ideal of X. Since A® F_’ l~)+’ ?_] satisfies the
a-, bT, ¢ ¢

Proof. Assume that A [ ;
a ) 9

e
condition (2:2), it follows from Lemmal2.20|that 1 € G. Next,letz € X andy € G. Then T§ {g_] (y)=a".

Hence, re [gq (2-y) = TG {N_} (y) =a* =TS {Zi} (z-9)
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S+ “+
and so TY [g] (z-y)=a". Thusz -y € G. Next, letz € X and y1,y2 € G. Then T§ [g} (y1) =at =

75 [0 va). Now,

16 2] ) 2) : Zz{{iﬁ’m .75 27| o)}
— &t
= 17 2] o)

o+
and so T'§ {g] ((y1- (y2-z))-x) =a". Thus (y1 - (y2 - x)) - & € G. Hence, G is an ideal of X.

Conversely, assume that G is an ideal of X. Since 1 € G, it follows from Lemma [2.19] that

R
AG [Z_: g+z g_} satisfies the condition (2.2). Next, let z,y € X. Then

Case (1): Suppose z,y € G. Then

Since G is an ideal of X, we have z - y € G and so

16 [ @ =a g ] wn=b g [T eon = et

It follows from (T-1) that o {5] (o-y) = a* & & = TG {ﬂ W),
1§ [ﬂ (@-y)=b"<b =1Y B;] (¥),
F§ [gf] (z-y)=c" =&t =F§ F_] (v)

It follows from (L.I) that

TS Bf] (z-y)=a =T¢ Bf] (),
1§ [H (x-y) 2ot =1§ [H ),
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FS {f] (z-y) =& =F§ [ﬂ (y)-

Let x,y1,y2 € X. Then

Case(1): Suppose y1,y2 € G. Then

* (1) = & — F§ ﬂ (32).

78 | ] (- 000 = =t = rminga %) = vin {7 77| 0.7 | 7] 60}
19 [H (- a) -2 =5 2 = (b7 = 15 H (1), 1§ m ()}
P[] (e o)) = = =m0} = rmin { 7| ). 75 || )}

Case(2): Suppose y; ¢ G or y2 ¢ G. Then

TS [ZT (y1)=a” or T {Eﬁ] (y2) =a",

Therefore,

16 [ ) = = o {25 [ .75 [ o}
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1§ H (G- 0) = 5 = e { 1 [Z+ .15 |1 oo}
Fg [ZT (g1~ (y2-2)) - @) =& =rmm{F§ F (1), F& F] (yz)}
Hence, AC Bf Z; ﬂ is an VN ideal of X. 0

A mapping f : X — Y of Hilbert algebras X and Y is called a homomorphism if f(z -y) = f(z) - f(y) for
all z,y € X. Note that if f : X — Y is a homomorphism of Hilbert algebras X and Y, then f(1) = 1. Let
f :+ X — Y be a homomorphism of Hilbert algebras X and Y. For any IVNS A = (T4, 4, F4) inY, we
define the IVNS fil (A) = (Tf—l(A), If—l(A), Ff—l(A)) in X by

Ty1ay(z) =Ta(f(2))
(Ve e X) | Ipray(x)=1I1a(f(z) |.
Friay(z) = Fa(f(2))

Proposition 2.22. Let f : X — Y be a homomorphism of a Hilbert algebra X into a Hilbert algebra Y. If
A = (Ta,I4,Fa)isanIVN ideal of Y, then the inverse image f~1(A) of A is an IVN ideal of X.

Proof. Since f is a homomorphism of X into Y, then f(1) = 1 € Y. By the assumption, T4(f(1))

1) =
Ta(1) = Ta(y) forevery y € Y. In particular, T4 (f(1)) = Ta(f(x)) forall z € X. Hence, Tj-1¢4y(1) =
Ty-1(a)(z) forall x € X. Also, 1a(f(1)) = 1a(1) =X I4(y) for every y € Y. In particular, 14(f(1)) -_<
Ig(f(w)) forall x € X. Hence, It-1(4)(1) 2 Iy-1(4)(x) forall z € X, and Fa(f(1)) = Fa(f(z)) fora
x € X. Hence, Fy-1(4)(1) = Fp-1(4)(x), which proves (2.2).
Now, let z,y € X. Then
Ty ay(@-y) =Talf(z-y) = Talf(z) - f(y)) = Talf(¥) = Tp-1(a) (),
Iy (@-y) = La(f(z - y)) = La(f(2) - f(y)) 2 La(f(Y)) = L) (),
Frawy(@-y)=Falf(z-y) = Fa(f(x)- f(y) = Fa(f(y)) = Fr-1(a)(y),
which proves 223).
Let x,y1,y2 € X. Then
Tray (- (y2-2)) @) = Ta(f(yr- (2 @) 7))
= Talf(y1) - (fy2 - 2)) - f(=))
= Ta(f(yr- (y2 ) - f(x))
= Talf(y1-(y2- 30)) x))
= rmlﬂ{TA( (v1)), Ta(f(y2))}
= mmin{Ts-1ay(y1), Tr-1(a)(y2)}
Iy (v (y2-2)-2)) = La(f(y1-(y2-2) 2))
= La(f(y) - (fy2- 7)) - f(2))
= La(f(yr- (y2- ) f(2))
= La(f(yr- (y2- 7)) - 7))
= rmax{Za(f(y1)), La(f(y2))}
= rmax{lp-1.4)(y1), [r-1(a)(y2)},
Fraay((wa-(y2-2)-2)) = Fa(f(y1-(y2-2) 2))
= Falf(y) - (f(y2-2)) - f(2))
= Fa(f(yr-(y2-2)) - f(2))
= Fa(f(y1-(y2- 7)) 2))
= mmin{Fa(f(y1)), Fa(f(y2))}
= rmin{Fp-104y(y1), Fr-10a)(42)},
which proves (2.4). Hence, f~1(A) is an IVN ideal of X. O
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