
International Journal of Neutrosophic Science (IJNS) Vol. 18, No. 04, PP. 223-237, 2022

Interval-Valued Neutrosophic Ideals of Hilbert Algebras
Aiyared Iampan1 ∗, P. Jayaraman2, S. D. Sudha3, N. Rajesh4

1Fuzzy Algebras and Decision-Making Problems Research Unit, Department of Mathematics, School of
Science, University of Phayao, Mae Ka, Mueang, Phayao 56000, Thailand

2,3Department of Mathematics, Bharathiyar University, Coimbatore 641046, Tamilnadu, India
4Department of Mathematics, Rajah Serfoji Government College, Thanjavur 613005, Tamilnadu, India

Emails: aiyared.ia@up.ac.th1;jrmsathya@gmail.com2;
sudhaa88@gmail.com3;nrajesh topology@yahoo.co.in4

Abstract

The concept of interval-valued neutrosophic sets (IVNSs) was first introduced by Wang et al. (Wang, H.;
Smarandache, F.; Zhang, Y. Q.; Sunderraman, R. Interval neutrosophic sets and logic: Theory and applica-
tions in computing. Hexis, Phoenix, Ariz, USA, 2005.). In this paper, the concept of IVNSs to ideals of Hilbert
algebras is introduced. The homomorphic inverse image of interval-valued neutrosophic ideals (IVN ideals)
in Hilbert algebras is also studied and some related properties are investigated.
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1 Introduction and preliminaries

The concept of fuzzy sets was proposed by Zadeh.21 The theory of fuzzy sets has several applications in
real-life situations, and many scholars have researched fuzzy set theory. After the introduction of the concept
of fuzzy sets, several research studies were conducted on the generalizations of fuzzy sets. The integration
between fuzzy sets and some uncertainty approaches such as soft sets and rough sets has been discussed
in.1, 3, 6 The idea of intuitionistic fuzzy sets suggested by Atanassov2 is one of the extensions of fuzzy sets
with better applicability. Applications of intuitionistic fuzzy sets appear in various fields, including medical
diagnosis, optimization problems, and multi-criteria decision-making.11–13 The notion of neutrosophic sets
was introduced by Smarandache17 in 1999 which is a more general platform that extends the notions of classic
sets, (intuitionistic) fuzzy sets and interval valued (intuitionistic) fuzzy sets (see17, 18). Neutrosophic set theory
is applied to various part which is referred to the site

http://fs.unm.edu/neutrosophy.htm.

The concept of Hilbert algebras was introduced in early 50-ties by Henkin and Skolem for some investigations
of implication in intuitionistic and other non-classical logics. In 60-ties, these algebras were studied especially
by Horn and Diego from algebraic point of view. Diego proved (cf.8) that Hilbert algebras form a variety
which is locally finite. Hilbert algebras were treated by Busneag (cf.,45) and Jun (cf.15) and some of their filters
forming deductive systems were recognized. Dudek (cf.9) considered the fuzzification of subalgebras/ideals
and deductive systems in Hilbert algebras.

In this paper, the concept of IVNSs to ideals of Hilbert algebras is introduced. The homomorphic inverse
image of IVN ideals in Hilbert algebras is also studied and some related properties are investigated.
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Before we begin the study, let’s review the definition of Hilbert algebras, which was defined by Diego8 in
1966.

Definition 1.1. 8 A Hilbert algebra is a triplet X = (X, ·, 1), where H is a nonempty set, · is a binary
operation, and 1 is a fixed element of X such that the following axioms hold:

1. (∀x, y ∈ X)(x · (y · x) = 1),

2. (∀x, y, z ∈ X)((x · (y · z)) · ((x · y) · (x · z)) = 1),

3. (∀x, y ∈ X)(x · y = 1, y · x = 1 ⇒ x = y).

The following result was proved in.9

Lemma 1.2. Let X = (X, ·, 1) be a Hilbert algebra. Then

1. (∀x ∈ X)(x · x = 1),

2. (∀x ∈ X)(1 · x = x),

3. (∀x ∈ X)(x · 1 = 1),

4. (∀x, y, z ∈ X)(x · (y · z) = y · (x · z)).

In a Hilbert algebra X = (X, ·, 1), the binary relation ≤ is defined by

(∀x, y ∈ X)(x ≤ y ⇔ x · y = 1),

which is a partial order on X with 1 as the largest element.

Definition 1.3. 7 A nonempty subset I of a Hilbert algebra X = (X, ·, 1) is called an ideal of X if the
following conditions hold:

1. 1 ∈ I ,

2. (∀x ∈ X,∀y ∈ I)(x · y ∈ I),

3. (∀x ∈ X,∀y1, y2 ∈ I)((y1 · (y2 · x)) · x ∈ I).

A fuzzy set21 in a nonempty set X is defined to be a function µ : X → [0, 1], where [0, 1] is the unit closed
interval of real numbers.

Definition 1.4. 10 A fuzzy set µ in a Hilbert algebra X = (X, ·, 1) is said to be a fuzzy ideal of X if the
following conditions hold:

1. (∀x ∈ X)(µ(1) ≥ µ(x)),

2. (∀x, y ∈ X)(µ(x · y) ≥ µ(y)),

3. (∀x, y1, y2 ∈ X)(µ((y1 · (y2 · x)) · x) ≥ min{µ(y1), µ(y2)})

and an anti fuzzy ideal of X if the following conditions hold:

1. (∀x ∈ X)(µ(1) ≤ µ(x)),

2. (∀x, y ∈ X)(µ(x · y) ≤ µ(y)),

3. (∀x, y1, y2 ∈ X)(µ((y1 · (y2 · x)) · x) ≤ max{µ(y1), µ(y2)}).

https://doi.org/10.54216/IJNS.180420
Received: March 19, 2022 Accepted: June 29, 2022

224



International Journal of Neutrosophic Science (IJNS) Vol. 18, No. 04, PP. 223-237, 2022

An interval number we mean a close subinterval ã = [al, au] of [0, 1], where 0 ≤ al ≤ au ≤ 1. The interval
number ã = [al, au] with al = au is denoted by a. Denote by D[0, 1] the set of all interval numbers. In
particular, if ã1 and ã2 are interval numbers, we define the refined minimum and the refined maximum of ã1
and ã2, denoted by rmin{ã1, ã2} and rmax{ã1, ã2}, respectively, as follows:

rmin{ã1, ã2} = [min{al1, al2},min{au1 , au2}],

rmax{ã1, ã2} = [max{al1, al2},max{au1 , au2}].

Definition 1.5. 16 Let ã1 and ã2 be interval numbers. We define the symbols ⪰,⪯, and = in case of ã1 and ã2
as follows:

ã1 ⪰ ã2 ⇔ al1 ≥ al2 and au1 ≥ au2 ,

and similarly we may have ã1 ⪯ ã2 and ã1 = ã2.

In D[0, 1], the following assertions are valid (see19).

(∀ã ∈ D[0, 1])

(
rmax{ã, ã} = ã
rmin{ã, ã} = ã

)
. (1.1)

(∀ã1, ã2 ∈ D[0, 1])

(
rmax{ã1, ã2} ⪰ ã1
ã1 ⪰ rmin{ã1, ã2}

)
. (1.2)

(∀ã1, ã2, ã3 ∈ D[0, 1])
(
ã1 ⪰ ã2, ã3 ⪰ ã2 ⇔ rmin{ã1, ã3} ⪰ ã2

)
. (1.3)

Definition 1.6. 20 An interval-valued neutrosophic set (IVNS) A in a nonempty set X is defined to be a
structure

A = {(x, TA(x), IA(x), FA(x)) | x ∈ X}, (1.4)

where TA : X → D[0, 1], IA : X → D[0, 1], and FA : X → D[0, 1], which are called a truth mem-
bership function, an indeterminacy membership function, and a falsity membership function, respectively.
The intervals TA(x), IA(x), and FA(x) denote the intervals of the degree of membership, indeterminacy, and
non-membership of the element x to the set D[0, 1], respectively, where TA(x) = [T l

A(x), T
u
A(x)], IA(x) =

[I lA(x), I
u
A(x)], and FA(x) = [F l

A(x), F
u
A(x)] for all x ∈ X . Also note that TA(x) = 1 − TA(x) =

[1 − Tu
A(x), 1 − T l

A(x)], IA(x) = 1 − IA(x) = [1 − IuA(x), 1 − I lA(x)], and FA(x) = 1 − FA(x) =
[1− Fu

A(x), 1− F l
A(x)] for all x ∈ X , where (x, TA(x), IA(x), FA(x)) represents the complement of x in A.

We define A = (TA, IA, FA) as the complement of A = (TA, IA, FA). For the sake of simplicity, we shall use
the symbol A = (TA, IA, FA) for the IVNS set A = {(x, TA(x), IA(x), FA(x)) | x ∈ X}.

2 Interval-valued neutrosophic ideals of Hilbert algebras

In this section, we introduce the concept of IVN ideals of Hilbert algebras and investigate some related prop-
erties.

Definition 2.1. An IVNS A = (TA, IA, FA) in a Hilbert algebra X = (X, ·, 1) is called an interval-valued
neutrosophic subalgebra (IVN subalgebra) of X if

(∀x, y ∈ X)

 TA(x · y) ⪰ rmin{TA(x), TA(y)}
IA(x · y) ⪯ rmax{IA(x), IA(y)}
FA(x · y) ⪰ rmin{FA(x), FA(y)}

 . (2.1)
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Definition 2.2. An IVNS A = (TA, IA, FA) in a Hilbert algebra X = (X, ·, 1) is called an interval-valued
neutrosophic ideal (IVN ideal) of X if

(∀x ∈ X)

 TA(1) ⪰ TA(x)
IA(1) ⪯ IA(x)
FA(1) ⪰ FA(x)

 , (2.2)

(∀x, y ∈ X)

 TA(x · y) ⪰ TA(y)
IA(x · y) ⪯ IA(y)
FA(x · y) ⪰ FA(y)

 , (2.3)

(∀x, y1, y2 ∈ X)

 TA((y1 · (y2 · x)) · x) ⪰ rmin{TA(y1), TA(y2)}
IA((y1 · (y2 · x)) · x) ⪯ rmax{IA(y1), IA(y2)}
FA((y1 · (y2 · x)) · x) ⪰ rmin{FA(y1), FA(y2)}

 . (2.4)

Example 2.3. Let X = {1, x, y, z, 0} with the following Cayley table:

· 1 x y z 0
1 1 x y z 0
x 1 1 y z 0
y 1 x 1 z z
z 1 1 y 1 y
0 1 1 1 1 1

Then X is a Hilbert algebra. We define an IVNS A = (TA, IA, FA) as follows:

TA(x) =

{
[0.5, 0.6] if x ∈ {1, x, y, z}
[0.1, 0.2] if x = 0,

IA(x) =

{
[0.3, 0.4] if x ∈ {1, x, y, z}
[0.4, 0.5] if x = 0,

FA(x) =

{
[0.1, 0.2] if x ∈ {1, x, y, z}
[0.2, 0.3] if x = 0.

Hence, A is an IVN ideal of X .

Proposition 2.4. If A = (TA, IA, FA) is an IVN ideal of a Hilbert algebra X , then

(∀x, y ∈ X)

 TA((y · x) · x) ⪰ TA(y)
IA((y · x) · x) ⪯ IA(y)
FA((y · x) · x) ⪰ FA(y)

 . (2.5)

Proof. Putting y1 = y and y2 = 1 in (2.4), we have

TA((y · x) · x) ⪰ rmin{TA(y), TA(1)} = TA(y),

IA((y · x) · x) ⪯ rmax{IA(y), IA(1)} = IA(y),

FA((y · x) · x) ⪰ rmin{FA(y), FA(1)} = FA(y).

Lemma 2.5. If A = (TA, IA, FA) is an IVN ideal of a Hilbert algebra X = (X, ·, 1), then

(∀x, y ∈ X)

 x ≤ y ⇒

 TA(x) ⪯ TA(y)
IA(x) ⪰ IA(y)
FA(x) ⪯ FA(y)

 . (2.6)

Proof. Let x, y ∈ X be such that x ≤ y. Then x · y = 1 and so

TA(y) = TA(1 · y)
= TA(((x · y) · (x · y)) · y)
⪰ rmin{TA(x · y), TA(x)}
⪰ rmin{TA(1), TA(x)}
= TA(x),
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IA(y) = IA(1 · y)
= IA(((x · y) · (x · y)) · y)
⪯ rmax{IA(x · y), IA(x)}
⪯ rmax{IA(1), IA(x)}
= IA(x),

FA(y) = FA(1 · y)
= FA(((x · y) · (x · y)) · y)
⪰ rmin{FA(x · y), FA(x)}
⪰ rmin{FA(1), FA(x)}
= FA(x).

Theorem 2.6. Every IVN ideal of a Hilbert algebra X = (X, ·, 1) is an IVN subalgebra of X .

Proof. Let A = (TA, IA, FA) be an IVN ideal of X . Since y ≤ x · y for all x, y ∈ X , then it follows from
Lemma 2.5 that

TA(y) ⪰ TA(x · y), IA(y) ⪯ IA(x · y), FA(y) ⪰ FA(x · y).

It follows from (2.3) that
TA(x · y) ⪰ TA(y)

⪰ rmin{TA(x · y), TA(x)}
⪰ rmin{TA(x), TA(y)},

IA(x · y) ⪯ IA(y)
⪯ rmax{IA(x · y), IA(x)}
⪯ rmax{IA(x), IA(y)},

FA(x · y) ⪰ FA(y)
⪰ rmin{FA(x · y), FA(x)}
⪰ rmin{FA(x), FA(y)}.

Hence, A is an IVN subalgebra of X .

Theorem 2.7. An IVNS A = (TA, IA, FA) in a Hilbert algebra X = (X, ·, 1) is an IVN ideal of X if and only
if T l

A, T
u
A, F

l
A, and Fu

A are fuzzy ideals of X and I lA and IuA are anti fuzzy ideals of X .

Proof. Since T l
A(1) ≥ T l

A(x), T
u
A(1) ≥ Tu

A(x), I
l
A(1) ≤ I lA(x), I

u
A(1) ≤ IuA(x), F

l
A(1) ≥ F l

A(x), and
Fu
A(1) ≥ Fu

A(x), we have TA(1) ⪰ TA(x), IA(1) ⪯ IA(x), and FA(1) ⪰ FA(x). Let x, y ∈ X . Then

TA(x · y) = [T l
A(x · y), Tu

A(x · y)] ⪰ [T l
A(y), T

u
A(y)] = TA(y),

IA(x · y) = [I lA(x · y), IuA(x · y)] ⪯ [I lA(y), I
u
A(y)] = IA(y),

FA(x · y) = [F l
A(x · y), Fu

A(x · y)] ⪰ [F l
A(y), F

u
A(y)] = FA(y).

Let x, y1, y2 ∈ X . Then

TA((y1 · (y2 · x)) · x) = [T l
A((y1 · (y2 · x)) · x), Tu

A((y1 · (y2 · x)) · x)]
⪰ [min{T l

A(y1), T
l
A(y2)},min{Tu

A(y1), T
u
A(y2)}]

= rmin{[T l
A(y1), T

u
A(y1)], [T

l
A(y2), T

u
A(y2)]}

= rmin{TA(y1), TA(y2)},

IA((y1 · (y2 · x)) · x) = [I lA((y1 · (y2 · x)) · x), IuA((y1 · (y2 · x)) · x)]
⪯ [max{I lA(y1), I lA(y2)},max{IuA(y1), IuA(y2)}]
= rmax{[I lA(y1), IuA(y1)], [I lA(y2), IuA(y2)]}
= rmax{IA(y1), IA(y2)},

FA((y1 · (y2 · x)) · x) = [F l
A((y1 · (y2 · x)) · x), Fu

A((y1 · (y2 · x)) · x)]
⪰ [min{F l

A(y1), F
l
A(y2)},min{Fu

A(y1), F
u
A(y2)}]

= rmin{[F l
A(y1), F

u
A(y1)], [F

l
A(y2), F

u
A(y2)]}

= rmin{FA(y1), FA(y2)}.
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Hence, A is an IVN ideal of X .

Conversely, assume that A is an IVN ideal of X . Let x ∈ X . Then [T l
A(1), T

u
A(1)] = TA(1) ⪰ TA(x) =

[T l
A(x), T

u
A(x)]; hence T l

A(1) ⪰ T l
A(x), [I

l
A(1), I

u
A(1)] = IA(1) ⪯ IA(x) = [I lA(x), I

u
A(x)]; hence I lA(1) ⪯

I lA(x), and [F l
A(1), F

u
A(1)] = FA(1) ⪰ FA(x) = [F l

A(x), F
u
A(x)]; hence F l

A(1) ⪰ F l
A(x). Let x, y ∈

X . Then [T l
A(x · y), Tu

A(x · y)] = TA(x · y) ⪰ TA(y) = [T l
A(y), T

u
A(y)]; hence T l

A(x · y) ⪰ T l
A(y) and

Tu
A(x ·y) ⪰ Tu

A(y), [I
l
A(x ·y), IuA(x ·y)] = IA(x ·y) ⪯ IA(y) = [I lA(y), I

u
A(y)]; hence I lA(x ·y) ⪯ I lA(y) and

IuA(x·y) ⪯ IuA(y), and [F l
A(x·y), Fu

A(x·y)] = FA(x·y) ⪰ FA(y) = [F l
A(y), F

u
A(y)]; hence F l

A(x·y) ⪰ F l
A(y)

and Fu
A(x · y) ⪰ Fu

A(y). Let x, y1, y2 ∈ X . Then

[T l
A((y1 · (y2 · x)) · x), Tu

A((y1 · (y2 · x)) · x)] = TA((y1 · (y2 · x)) · x)
⪰ rmin{TA(y1), TA(y2)}
= rmin{[T l

A(y1), T
u
A(y1)], [T

l
A(y2), T

u
A(y2)]}

= [min{T l
A(y1), T

l
A(y2)},min{Tu

A(y1), T
u
A(y2)}].

Hence, T l
A((y1 · (y2 · x)) · x) ≥ min{T l

A(y1), T
l
A(y2)} and Tu

A((y1 · (y2 · x)) · x) ≥ min{Tu
A(y1), T

u
A(y2)}.

Now,

[I lA((y1 · (y2 · x)) · x), IuA((y1 · (y2 · x)) · x)] = IA((y1 · (y2 · x)) · x)
⪯ rmax{IA(y1), IA(y2)}
= rmax{[I lA(y1), IuA(y1)], [I lA(y2), IuA(y2)]}
= [max{I lA(y1), I lA(y2)},max{IuA(y1), IuA(y2)}].

Hence, I lA((y1 · (y2 · x)) · x) ≤ max{I lA(y1), I lA(y2)} and IuA((y1 · (y2 · x)) · x) ≤ max{IuA(y1), IuA(y2)}.
Also,

[F l
A((y1 · (y2 · x)) · x), Fu

A((y1 · (y2 · x)) · x)] = FA((y1 · (y2 · x)) · x)
⪰ rmin{FA(y1), FA(y2)}
= rmin{[F l

A(y1), F
u
A(y1)], [F

l
A(y2), F

u
A(y2)]}

= [min{F l
A(y1), F

l
A(y2)},min{Fu

A(y1), F
u
A(y2)}].

Hence, F l
A((y1 · (y2 · x)) · x) ≥ min{F l

A(y1), F
l
A(y2)} and Fu

A((y1 · (y2 · x)) · x) ≥ min{Fu
A(y1), F

u
A(y2)}.

Therefore, T l
A, T

u
A, F

l
A, and Fu

A are fuzzy ideals of X and I lA and IuA are anti fuzzy ideals of X .

Theorem 2.8. If A = (TA, IA, FA) and B = (TB , IB , FB) are two IVN ideals of a Hilbert algebra X =
(X, ·, 1), then A ∩B = (TA∩B , IA∪B , FA∩B) is an IVN ideal of X , where

(∀x ∈ X)

 TA∩B(x) = [T l
A∩B(x), T

u
A∩B(x)]

IA∪B(x) = [I lA∪B(x), I
u
A∪B(x)]

FA∩B(x) = [F l
A∩B(x), F

u
A∩B(x)]

 . (2.7)

Proof. Let x ∈ X . Then

TA∩B(1) = [T l
A∩B(1), T

u
A∩B(1)]

= [min{T l
A(1), T

l
B(1)},min{Tu

A(1), T
u
B(1)}]

⪰ [min{T l
A(x), T

l
B(x)},min{Tu

A(x), T
u
B(x)}]

= [T l
A∩B(x), T

u
A∩B(x)]

= TA∩B(x),

IA∪B(1) = [I lA∪B(1), I
u
A∪B(1)]

= [max{I lA(1), I lB(1)},max{IuA(1), IuB(1)}]
⪯ [max{I lA(x), I lB(x)},max{IuA(x), IuB(x)}]
= [I lA∪B(x), I

u
A∪B(x)]

= IA∪B(x),

FA∩B(1) = [F l
A∩B(1), F

u
A∩B(1)]

= [min{F l
A(1), F

l
B(1)},min{Fu

A(1), F
u
B(1)}]

⪰ [min{F l
A(x), F

l
B(x)},min{Fu

A(x), F
u
B(x)}]

= [F l
A∩B(x), F

u
A∩B(x)]

= FA∩B(x).
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Let x, y ∈ X . Then

TA∩B(x · y) = [T l
A∩B(x · y), Tu

A∩B(x · y)]
= [min{T l

A(x · y), T l
B(x · y)},min{Tu

A(x · y), Tu
B(x · y)}]

⪰ [min{T l
A(y), T

l
B(y)},min{Tu

A(y), T
u
B(y)}]

= [T l
A∩B(y), T

u
A∩B(y)]

= TA∩B(y),

IA∪B(x · y) = [I lA∪B(x · y), IuA∪B(x · y)]
= [max{I lA(x · y), I lB(x · y)},max{IuA(x · y), IuB(x · y)}]
⪯ [max{I lA(y), I lB(y)},max{IuA(y), IuB(y)}]
= [I lA∪B(y), I

u
A∪B(y)]

= IA∪B(y),

FA∩B(x · y) = [F l
A∩B(x · y), Fu

A∩B(x · y)]
= [min{F l

A(x · y), F l
B(x · y)},min{Fu

A(x · y), Fu
B(x · y)}]

⪰ [min{F l
A(y), F

l
B(y)},min{Fu

A(y), F
u
B(y)}]

= [F l
A∩B(y), F

u
A∩B(y)]

= FA∩B(y).

Let x, y1, y2 ∈ X . Then

TA∩B((y1 · (y2 · x)) · x) = [T l
A∩B((y1 · (y2 · x)) · x), Tu

A∩B((y1 · (y2 · x)) · x)]

=

[
min{T l

A((y1 · (y2 · x)) · x), T l
B((y1 · (y2 · x)) · x)},

min{Tu
A((y1 · (y2 · x)) · x), Tu

B((y1 · (y2 · x)) · x)}

]
⪰

[
min{min{T l

A(y1), T
l
A(y2)},min{T l

B(y1), T
l
B(y2)}},

min{min{Tu
A(y1), T

u
A(y2)},min{Tu

B(y1), T
u
B(y2)}}

]
=

[
min{min{T l

A(y1), T
l
B(y1)},min{T l

A(y2), T
l
B(y2)}},

min{min{Tu
A(y1), T

u
B(y2)},min{Tu

A(y2), T
u
B(y2)}}

]
= [min{T l

A∩B(y1), T
l
A∩B(y2)},min{T l

A∩B(y1), T
l
A∩B(y2)}]

= rmin{TA∩B(y1), TA∩B(y2)},

IA∪B((y1 · (y2 · x)) · x) = [I lA∪B((y1 · (y2 · x)) · x), IuA∪B((y1 · (y2 · x)) · x)]

=

[
max{I lA((y1 · (y2 · x)) · x), I lB((y1 · (y2 · x)) · x)},
max{IuA((y1 · (y2 · x)) · x), IuB((y1 · (y2 · x)) · x)}

]
⪯

[
max{min{I lA(y1), I lA(y2)},min{I lB(y1), I lB(y2)}},
max{min{IuA(y1), IuA(y2)},min{IuB(y1), IuB(y2)}}

]
=

[
max{min{I lA(y1), I lB(y1)},min{I lA(y2), I lB(y2)}},
max{min{IuA(y1), IuB(y2)},min{IuA(y2), IuB(y2)}}

]
= [max{I lA∩B(y1), I

l
A∩B(y2)},max{I lA∩B(y1), I

l
A∩B(y2)}]

= rmax{IA∩B(y1), IA∩B(y2)},

FA∩B((y1 · (y2 · x)) · x) = [F l
A∩B((y1 · (y2 · x)) · x), Fu

A∩B((y1 · (y2 · x)) · x)]

=

[
min{F l

A((y1 · (y2 · x)) · x), F l
B((y1 · (y2 · x)) · x)},

min{Fu
A((y1 · (y2 · x)) · x), Fu

B((y1 · (y2 · x)) · x)}

]
⪰

[
min{min{F l

A(y1), F
l
A(y2)},min{F l

B(y1), F
l
B(y2)}},

min{min{Fu
A(y1), F

u
A(y2)},min{Fu

B(y1), F
u
B(y2)}}

]
=

[
min{min{F l

A(y1), F
l
B(y1)},min{F l

A(y2), F
l
B(y2)}},

min{min{Fu
A(y1), F

u
B(y2)},min{Fu

A(y2), F
u
B(y2)}}

]
= [min{F l

A∩B(y1), F
l
A∩B(y2)},min{F l

A∩B(y1), F
l
A∩B(y2)}]

= rmin{FA∩B(y1), FA∩B(y2)}.

Hence, A ∩B is an IVN ideal of X .

Corollary 2.9. If A = (TA, IA, FA) is an IVN ideal of a Hilbert algebra X = (X, ·, 1), then A is also an IVN
ideal of X .

Definition 2.10. Let A = (TA, IA, FA) be an IVNS in a Hilbert algebra X = (X, ·, 1). The IVNSs ⊕A,⊗A,
and ⊙A in X are defined as follows: ⊕A = (TA, TA, FA),⊗A = (IA, IA, FA), and ⊙A = (IA, IA, IA).

Theorem 2.11. If A = (TA, IA, FA) is an IVN ideal of a Hilbert algebra X = (X, ·, 1), then ⊕A,⊗A, and
⊙A are IVN ideals of X .
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Proof. Let x ∈ X . Then TA(1) = 1 − TA(1) ⪯ 1 − TA(x) ⪯ TA(x). Let x, y ∈ X . Then TA(x · y) =
1 − TA(x · y) ⪯ 1 − TA(y) ⪯ TA(y). Let x, y1, y2 ∈ X . Then

TA((y1 · (y2 · x)) · x) = 1 − TA((y1 · (y2 · x)) · x)
⪯ 1 − rmin{TA(y1), TA(y2)}
= rmax{1 − TA(y1), 1 − TA(y2)}
= rmax{TA(y1), TA(y2)}.

Hence, ⊕A is an IVN ideal of X .

Let x ∈ X . Then IA(1) = 1− IA(1) ⪰ 1− IA(x) ⪰ IA(x). Let x, y ∈ X . Then IA(x · y) = 1− IA(x · y) ⪰
1 − IA(y) ⪰ IA(y). Let x, y1, y2 ∈ X . Then

IA((y1 · (y2 · x)) · x) = 1 − IA((y1 · (y2 · x)) · x)
⪰ 1 − rmax{IA(y1), IA(y2)}
= rmin{1 − IA(y1), 1 − IA(y2)}
= rmin{IA(y1), IA(y2)}.

Hence, ⊗A is an IVN ideal of X . The proof of ⊙A is similar.

Theorem 2.12. An IVNS A = (TA, IA, FA) in a Hilbert algebra X = (X, ·, 1) is an IVN ideal of X if and only
if for every [s1, s2], [t1, t2], [u1, u2] ∈ D[0, 1], the sets U(TA : [t1, t2]), L(IA : [s1, s2]), and U(FA : [u1, u2])
are either empty or ideals of X .

Proof. Let A = (TA, IA, FA) be an IVN ideal of X and let [s1, s2], [t1, t2], [u1, u2] ∈ D[0, 1] be such that
U(TA : [t1, t2]), L(IA : [s1, s2]), and U(FA : [u1, u2]) are nonempty sets of X . It is clear that 1 ∈ U(TA :
[t1, t2]) ∩ L(IA : [s1, s2]) ∩ U(FA : [u1, u2]) since TA(1) ⪰ [t1, t2], IA(1) ⪯ [s1, s2], and FA(1) ⪰ [u1, u2].

Let x ∈ X and y ∈ U(TA : [t1, t2]). Then TA(y) ⪰ [t1, t2]. It follows that TA(x · y) ⪰ TA(y) ⪰ [t1, t2]
so that x · y ∈ U(TA : [t1, t2]). Let x ∈ X and y1, y2 ∈ U(TA : [t1, t2]). Then TA(y1) ⪰ [t1, t2] and
TA(y2) ⪰ [t1, t2]. Hence, TA((y1 · (y2 ·x)) ·x) ⪰ rmin{TA(y1), TA(y2)} ⪰ [t1, t2] so that (y1 · (y2 ·x)) ·x ∈
U(TA : [t1, t2]). Hence, U(TA : [t1, t2]) is an ideal of X .

Let x ∈ X and y ∈ L(IA : [s1, s2]). Then IA(y) ⪯ [s1, s2]. It follows that IA(x · y) ⪯ IA(y) ⪯ [s1, s2]
so that x · y ∈ L(IA : [s1, s2]). Let x ∈ X and y1, y2 ∈ L(IA : [s1, s2]). Then IA(y1) ⪯ [s1, s2] and
IA(y2) ⪯ [s1, s2]. Hence, IA((y1 · (y2 ·x)) ·x) ⪯ rmax{IA(y1), IA(y2)} ⪯ [s1, s2] so that (y1 · (y2 ·x)) ·x ∈
L(IA : [s1, s2]). Hence, L(IA : [s1, s2]) is an ideal of X .

Let x ∈ X and y ∈ U(FA : [u1, u2]). Then FA(y) ⪰ [u1, u2]. It follows that FA(x · y) ⪰ FA(y) ⪰ [u1, u2]
so that x · y ∈ U(FA : [u1, u2]). Let x ∈ X and y1, y2 ∈ U(FA : [u1, u2]). Then FA(y1) ⪰ [u1, u2] and
FA(y2) ⪰ [u1, u2]. Hence, FA((y1 ·(y2 ·x))·x) ⪰ rmin{FA(y1), FA(y2)} ⪰ [u1, u2] so that (y1 ·(y2 ·x))·x ∈
U(FA : [u1, u2]). Hence, U(FA : [u1, u2]) is an ideal of X .

Assume now that every nonempty sets U(TA : [t1, t2]), L(IA : [s1, s2]), and U(FA : [u1, u2]) are ideals of
X . If TA(1) ⪰ TA(x) is not true for all x ∈ X , then there exists x0 ∈ X such that TA(1) ≺ TA(x0). But
in this case for [s1, s2] = 1

2 (TA(1) + TA(x0)). Then x0 ∈ U(TA : [s1, s2]), that is, U(TA : [s1, s2]) ̸= ∅.
By the assumption, U(TA : [s1, s2]) is an ideal of X and so TA(1) ⪰ [s1, s2], which is impossible. Hence,
TA(1) ⪰ TA(x). If IA(1) ⪯ IA(x) is not true, then there exists y0 ∈ X such that IA(1) ≺ IA(y0). But in
this case for [s′0, s

′′
0 ] =

1
2 (IA(1) + IA(y0)). Then y0 ∈ L(IA : [s′0, s

′′
0 ]), that is, L(IA : [s′0, s

′′
0 ]) ̸= ∅. By the

assumption, L(IA : [s′0, s
′′
0 ]) is an ideal of X and so IA(1) ⪯ [s′0, s

′′
0 ], which is impossible. Hence, IA(1) ⪯

IA(x). If FA(1) ⪰ FA(x) is not true for all x ∈ X , then there exists x0 ∈ X such that FA(1) ≺ FA(x0). But
in this case for [u1, u2] =

1
2 (FA(1) + FA(x0)). Then x0 ∈ U(FA : [u1, u2]), that is, U(FA : [u1, u2]) ̸= ∅.

By the assumption, U(FA : [u1, u2]) is an ideal of X , then FA(1) ⪰ [u1, u2], which is impossible. Hence,
FA(1) ⪰ FA(x).

If TA(x · y) ⪰ TA(y) is not true for all x, y ∈ X , then there exist x0, y0 ∈ X such that TA(x0 · y0) ≺ TA(y0).
Let [t1, t2] = 1

2 (TA(x0 · y0) + TA(y0)). Then [t1, t2] ∈ D[0, 1] and TA(x0 · y0) ≺ [t1, t2] ≺ TA(y0), which
prove that y0 ∈ U(TA : [t1, t2]). Since U(TA : [t1, t2]) is an ideal of X , x0 · y0 ∈ U(TA : [t1, t2]). Hence,
TA(x0 · y0) ⪰ [t1, t2], a contradiction. Thus TA(x · y) ⪰ TA(y) is true for all x, y ∈ X . If IA(x · y) ⪯ IA(y)
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is not true for all x, y ∈ X , then there exist x0, y0 ∈ X such that IA(x0 · y0) ≻ IA(y0). Let [t′0, t
′′
0 ] =

1
2 (IA(x0 · y0) + IA(y0)). Then [t′0, t

′′
0 ] ∈ D[0, 1] and IA(x0 · y0) ≻ [t′0, t

′′
0 ] ≻ IA(y0), which prove that y0 ∈

L(IA : [t′0, t
′′
0 ]). Since L(IA : [t′0, t

′′
0 ]) is an ideal of X , x0 ·y0 ∈ L(IA : [t′0, t

′′
0 ]). Hence, IA(x0 ·y0) ⪯ [t′0, t

′′
0 ],

a contradiction. Thus IA(x · y) ⪯ IA(y) is true for all x, y ∈ X . If FA(x · y) ⪰ FA(y) is not true for all
x, y ∈ X , then there exist x0, y0 ∈ X such that FA(x0·y0) ≺ FA(y0). Let [u1, u2] =

1
2 (FA(x0·y0)+FA(y0)).

Then [u1, u2] ∈ D[0, 1] and FA(x0 · y0) ≺ [u1, u2] ≺ FA(y0), which prove that y0 ∈ U(FA : [u1, u2]). Since
U(FA : [u1, u2]) is an ideal of X , x0 · y0 ∈ U(FA : [u1, u2]). Hence, FA(x0 · y0) ⪰ [u1, u2], a contradiction.
Thus FA(x · y) ⪰ FA(y) is true for all x, y ∈ X .

Suppose that TA((y1 · (y2 ·x)) ·x) ⪰ rmin{TA(y1), TA(y2)} is not true for all x, y1, y2 ∈ X . Then there exist
u0, v0, x0 ∈ X such that TA((u0 · (v0 · x0))) · x0) ≺ rmin{TA(u0), TA(v0)}. Taking [p′, p′′] = 1

2 (TA((u0 ·
(v0 ·x0))) ·x0)+rmin{TA(u0), TA(v0)}). Then TA((u0 ·(v0 ·x0)) ·x0) ≺ [p′, p′′] ≺ rmin{TA(u0), TA(v0)},
which prove that u0, v0 ∈ U(TA : [p′, p′′]). Since U(TA : [p′, p′′]) is an ideal of X , (u0 · (v0 · x0)) · x0 ∈
U(TA : [p′, p′′]), a contradiction. Thus TA((y1 · (y2 · x)) · x) ⪰ rmin{TA(y1), TA(y2)} is true for all
x, y1, y2 ∈ X . Suppose that IA((y1 · (y2 · x)) · x) ⪯ rmax{IA(y1), IA(y2)} is not true for all x, y1, y2 ∈
X . Then there exist u0, v0, x0 ∈ X such that IA((u0 · (v0 · x0)) · x0) ≻ rmax{IA(u0), IA(v0)}. Taking
[p′0, p

′′
0 ] =

1
2 (IA((u0 · (v0 · x0)) · x0) + rmax{IA(u0), IA(v0)}). Then IA((u0 · (v0 · x0)) · x0) ≻ [p′0, p

′′
0 ] ≻

rmax{IA(u0), IA(v0)}, which prove that u0, v0 ∈ L(IA : [p′0, p
′′
0 ]). Since L(IA : [p′0, p

′′
0 ]) is an ideal of X ,

(u0 · (v0 · x0)) · x0 ∈ L(IA : [p′0, p
′′
0 ]), a contradiction. Thus IA((y1 · (y2 · x)) · x) ⪯ rmax{IA(y1), IA(y2)}

is true for all x, y1, y2 ∈ X . Suppose that FA((y1 · (y2 · x)) · x) ⪰ rmin{FA(y1), FA(y2)} is not true for all
x, y1, y2 ∈ X . Then there exist f0, g0, h0 ∈ X such that FA((f0 · (g0 · h0))) · h0) ≺ rmin{FA(f0), TA(g0)}.
Taking [q′, q′′] = 1

2 (FA((f0·(g0·h0)))·h0)+rmin{FA(f0), FA(g0)}). Then FA((f0·(g0·h0))·h0) ≺ [q′, q′′] ≺
rmin{FA(f0), FA(g0)}, which prove that f0, g0 ∈ U(FA : [q′, q′′]). Since U(FA : [q′, q′′]) is an ideal of X ,
(f0 · (g0 · h0)) · h0 ∈ U(FA : [q′, q′′]), a contradiction. Thus FA((y1 · (y2 · x)) · x) ⪰ rmin{FA(y1), FA(y2)}
is true for all x, y1, y2 ∈ X . Hence, A is an IVN ideal of X .

Theorem 2.13. Let B be a nonempty subset of a Hilbert algebra X = (X, ·, 1) and A = (TA, IA, FA) be an
IVNS in X defined by

TA(x) =

{
α0 if x ∈ B
α1 otherwise,

IA(x) =

{
β0 if x ∈ B
β1 otherwise,

FA(x) =

{
θ0 if x ∈ B
θ1 otherwise

for all x ∈ X and αi, βi, θi ∈ D[0, 1] such that α0 ≻ α1, β0 ≺ β1, θ0 ≻ θ1 for i = 1, 2. Then A is an IVN
ideal of X if and only if B is an ideal of X .

Proof. Assume that A is an IVN ideal of X . Since TA(1) ⪰ TA(x), IA(1) ⪯ IA(x), and FA(1) ⪰ FA(x) for
all x ∈ X , we have TA(1) = α1, IA(1) = β1, and FA(1) = θ1 and so 1 ∈ B. Let x ∈ X and y ∈ B. Then
TA(x ·y) ⪰ TA(y) = α1 and then TA(x ·y) = α1. Also, IA(x ·y) ⪯ IA(y) = β1 and then IA(x ·y) = β1 and
FA(x · y) ⪰ FA(y) = θ1; hence, FA(x · y) = θ1. Hence, x · y ∈ B. For any y1, y2 ∈ B and x ∈ X , we get
TA((y1 · (y2 · x)) · x) ⪰ rmin{TA(y1), TA(y2)} = α1, IA((y1 · (y2 · x)) · x) ⪯ rmax{IA(y1), IA(y2)} = β1,
and FA((y1 · (y2 · x)) · x) ⪰ rmin{FA(y1), FA(y2)} = θ1, which implies that TA((y1 · (y2 · x)) · x) = α1,
IA((y1 · (y2 · x)) · x) = β1, and FA((y1 · (y2 · x)) · x) = θ1. It follows that (y1 · (y2 · x)) · x ∈ B. Therefore,
B is an ideal of X .

Conversely, suppose that B is an ideal of X . Since 1 ∈ B, it follows that TA(1) = α1 ⪰ TA(x), IA(1) =
β1 ⪯ IA(x), and FA(1) = θ1 ⪰ FA(x) for all x ∈ X . Let x, y ∈ X . If y ∈ B, then x · y ∈ B and so
TA(x · y) = α1 = TA(y), IA(x · y) = β1 = IA(y), and FA(x · y) = θ1 = FA(y). If y ∈ X\B, then
TA(y) = α2, IA(y) = β2, and FA(y) = θ2 and so TA(x · y) ⪰ α2 = TA(y), IA(x · y) ⪯ β2 = IA(y),
and FA(x · y) ⪰ θ2 = FA(y). Finally, let y1, y2 ∈ X . If y1 ∈ X\B or y2 ∈ X\B, then TA(y1) = α2

or TA(y2) = α2. It follows that TA((y1 · (y2 · x)) · x) ⪰ α2 = min{TA(y1), TA(y2)}. Also, if y1 ∈
X\B or y2 ∈ X\B, then IA(y1) = β2 or IA(y2) = β2. It follows that IA((y1 · (y2 · x)) · x) ⪯ β2 =
rmax{IA(y1), IA(y2)}. If y1 ∈ X\B or y2 ∈ X\B, then FA(y1) = θ2 or FA(y2) = θ2. It follows that
FA((y1 · (y2 ·x)) ·x) ⪰ θ2 = min{FA(y1), FA(y2)}. Assume that y1, y2 ∈ B. Then (y1 · (y2 ·x)) ·x ∈ B and
thus TA((y1 ·(y2 ·x))·x) = α1 = rmin{TA(y1), TA(y2)}, IA((y1 ·(y2 ·x))·x) = β1 = rmax{IA(y1), IA(y2)},
and FA((y1 · (y2 · x)) · x) = θ1 = rmin{FA(y1), FA(y2)}. Hence, A is an IVN ideal of X .
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Definition 2.14. Let A = (TA, IA, FA) and B = (TB , IB , FB) be IVNSs in Hilbert algebras X and Y ,
respectively. The cartesian product A×B = {((x, y), (TA × TB)(x, y), (IA × IB)(x, y), (FA ×FB)(x, y)) |
x ∈ X, y ∈ Y } is defined by

(∀(x, y) ∈ X × Y )

 (TA × TB)(x, y) = rmin{TA(x), TB(y)}
(IA × IB)(x, y) = rmax{IA(x), IB(y)}
(FA × FB)(x, y) = rmin{FA(x), FB(y)}

 ,

where TA × TB : X × Y → D[0, 1], IA × IB : X × Y → D[0, 1], and FA × FB : X × Y → D[0, 1].

Remark 2.15. Let X and Y be Hilbert algebras. We define the binary operation · on X×Y by (x, y)·(u, v) =
(x · u, y · v) for every (x, y), (u, v) ∈ X × Y . Then clearly (X × Y, ·, (1, 1)) is a Hilbert algebra.

Proposition 2.16. If A = (TA, IA, FA) and B = (TB , IB , FB) are IVN ideals of Hilbert algebras X and Y ,
respectively, then the cartesian product A×B is also an IVN ideal of X × Y .

Proof. Let (x, y) ∈ X × Y . Then

(TA × TB)(1, 1) = rmin{TA(1), TB(1)}
⪰ rmin{TA(x), TB(y)}
= (TA × TB)(x, y),

(IA × IB)(1, 1) = rmax{IA(1), IB(1)}
⪯ rmax{IA(x), IB(y)}}
= (IA × IB)(x, y),

(FA × FB)(1, 1) = rmin{FA(1), FB(1)}
⪰ rmin{FA(x), FB(y)}
= (FA × FB)(x, y).

Let (x1, x2), (y1, y2) ∈ X × Y . Then

(TA × TB)((x1, x2) · (y1, y2)) = (TA × TB)((x1 · y1), (x2 · y2))
= rmin{TA(x1 · y1), TB(x2 · y2)}
⪰ rmin{TA(y1), TB(y2)}
= (TA × TB)(y1, y2),

(IA × IB)((x1, x2) · (y1, y2)) = (IA × IB)((x1 · y1), (x2 · y2))
= rmax{IA(x1 · y1), IB(x2 · y2)}
⪯ rmax{IA(y1), IB(y2)}
= (IA × IB)(y1, y2),

(FA × FB)((x1, x2) · (y1, y2)) = (FA × FB)((x1 · y1), (x2 · y2))
= rmin{FA(x1 · y1), FB(x2 · y2)}
⪰ rmin{FA(y1), FB(y2)}
= (FA × FB)(y1, y2).

Let (x1, y1), (x2, y2), (x3, y3) ∈ X × Y . Then

(TA × TB)(((x2, y2) · ((x3, y3) · (x1, y1))) · (x1, y1))
= (TA × TB)(((x2 · (x3 · x1)) · x1)), (y2 · (y3 · y1)) · y1))
= rmin{TA((x2 · (x3 · x1)) · x1)), TB((y2 · (y3 · y1)) · y1))}
⪰ rmin{rmin{TA(x2), TA(x3)}, rmin{TB(y2), TB(y3)}}
= rmin{rmin{TA(x2), TB(y2)}, rmin{TA(x3), TB(y3)}}
= rmin{(TA × TB)(x2, y2), (TA × TB)(x3, y3)},

(IA × IB)(((x2, y2) · ((x3, y3) · (x1, y1))) · (x1, y1))
= (IA × IB)(((x2 · (x3 · x1)) · x1)), (y2 · (y3 · y1)) · y1))
= rmax{IA((x2 · (x3 · x1)) · x1)), IB((y2 · (y3 · y1)) · y1))}
⪯ rmax{rmax{IA(x2), IA(x3)}, rmax{IB(y2), IB(y3)}}
= rmax{rmax{IA(x2), IB(y2)}, rmax{IA(x3), IB(y3)}}
= rmax{(IA × IB)(x2, y2), (IA × IB)(x3, y3)},
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(FA × FB)(((x2, y2) · ((x3, y3) · (x1, y1))) · (x1, y1))
= (FA × FB)(((x2 · (x3 · x1)) · x1)), (y2 · (y3 · y1)) · y1))
= rmin{FA((x2 · (x3 · x1)) · x1)), FB((y2 · (y3 · y1)) · y1))}
⪰ rmin{rmin{FA(x2), FA(x3)}, rmin{FB(y2), FB(y3)}}
= rmin{rmin{FA(x2), FB(y2)}, rmin{FA(x3), FB(y3)}}
= rmin{(FA × FB)(x2, y2), (FA × FB)(x3, y3)}.

Hence, A×B is an IVN ideal of X × Y .

Theorem 2.17. If A = (TA, IA, FA) and B = (TB , IB , FB) are IVN ideals of Hilbert algebras X and Y ,
respectively, then ⊕(A×B),⊗(A×B), and ⊙(A×B) are IVN ideals of X × Y .

Proof. It follows from Theorem 2.11 and Proposition 2.16.

Theorem 2.18. Let A = (TA, IA, FA) and B = (TB , IB , FB) be any two IVNSs in Hilbert algebras X and
Y , respectively. Then A × B is an IVN ideal of X × Y if and only if the nonempty upper [s1, s2]-level cut
U(TA × TB : [s1, s2]), the nonempty lower [t1, t2]-level cut L(IA × IB : [t1, t2]), and the nonempty upper
[u1, u2]-level cut U(FA × FB : [u1, u2]) are ideals of X × Y for all [s1, s2], [t1, t2], [u1, u2] ∈ D[0, 1].

Proof. It follows from Theorem 2.12.

For any fixed interval numbers ã+, ã−, b̃+, b̃−, c̃+, c̃− ∈ D[0, 1] such that ã+ ≻ ã−, b̃+ ≻ b̃−, c̃+ ≻ c̃− and a
nonempty subset G of a Hilbert algebra X , the IVNS

AG

[
ã+, b̃−, c̃+

ã−, b̃+, c̃−

]
=

(
TG
A

[
ã+

ã−

]
, IGA

[
b̃−

b̃+

]
, FG

A

[
c̃+

c̃−

])
in X is defined by for all x ∈ X ,

TG
A

[
ã+

ã−

]
(x) =

{
ã+ if x ∈ G
ã− otherwise,

IGA

[
b̃−

b̃+

]
(x) =

{
b̃− if x ∈ G

b̃+ otherwise,

FG
A

[
c̃+

c̃−

]
(x) =

{
c̃+ if x ∈ G
c̃− otherwise.

Lemma 2.19. 14 If the constant 1 of a Hilbert algebra X = (X, ·, 1) is in a nonempty subset G of X , then the

IVNS AG

[
ã+, b̃−, c̃+

ã−, b̃+, c̃−

]
in X satisfies the condition (2.2).

Lemma 2.20. 14 If the IVNS AG

[
ã+, b̃−, c̃+

ã−, b̃+, c̃−

]
in a Hilbert algebra X = (X, ·, 1) satisfies the condition

(2.2), then the constant 1 of X is in a nonempty subset G of X .

Theorem 2.21. The IVNS AG

[
ã+, b̃−, c̃+

ã−, b̃+, c̃−

]
in a Hilbert algebra X = (X, ·, 1) is an IVN ideal of X if

and only if a nonempty subset G of X is a ideal of X .

Proof. Assume that AG

[
ã+, b̃−, c̃+

ã−, b̃+, c̃−

]
is an IVN ideal of X . Since AG

[
ã+, b̃−, c̃+

ã−, b̃+, c̃−

]
satisfies the

condition (2.2), it follows from Lemma 2.20 that 1 ∈ G. Next, let x ∈ X and y ∈ G. Then TG
A

[
ã+

ã−

]
(y) = ã+.

Hence,

TG
A

[
ã+

ã−

]
(x · y) ⪰ TG

A

[
ã+

ã−

]
(y) = ã+ ⪰ TG

A

[
ã+

ã−

]
(x · y)

https://doi.org/10.54216/IJNS.180420
Received: March 19, 2022 Accepted: June 29, 2022

233



International Journal of Neutrosophic Science (IJNS) Vol. 18, No. 04, PP. 223-237, 2022

and so TG
A

[
ã+

ã−

]
(x · y) = ã+. Thus x · y ∈ G. Next, let x ∈ X and y1, y2 ∈ G. Then TG

A

[
ã+

ã−

]
(y1) = ã+ =

TG
A

[
ã+

ã−

]
(y2). Now,

TG
A

[
ã+

ã−

]
((y1 · (y2 · x)) · x) ⪰ rmin

{
TG
A

[
ã+

ã−

]
(y1), T

G
A

[
ã+

ã−

]
(y2)

}
= rmin{ã+, ã+}
= ã+

⪰ TG
A

[
ã+

ã−

]
((y1 · (y2 · x)) · x)

and so TG
A

[
ã+

ã−

]
((y1 · (y2 · x)) · x) = ã+. Thus (y1 · (y2 · x)) · x ∈ G. Hence, G is an ideal of X .

Conversely, assume that G is an ideal of X . Since 1 ∈ G, it follows from Lemma 2.19 that

AG

[
ã+, b̃−, c̃+

ã−, b̃+, c̃−

]
satisfies the condition (2.2). Next, let x, y ∈ X . Then

Case (1): Suppose x, y ∈ G. Then

TG
A

[
ã+

ã−

]
(x) = ã+ = TG

A

[
ã+

ã−

]
(y),

IGA

[
b̃−

b̃+

]
(x) = b̃− = IGA

[
b̃−

b̃+

]
(y),

FG
A

[
c̃+

c̃−

]
(x) = c̃+ = FG

A

[
c̃+

c̃−

]
(y).

Since G is an ideal of X , we have x · y ∈ G and so

TG
A

[
ã+

ã−

]
(x · y) = ã+, IGA

[
b̃−

b̃+

]
(x · y) = b̃−, FG

A

[
c̃+

c̃−

]
(x · y) = c̃+.

It follows from (1.1) that

TG
A

[
ã+

ã−

]
(x · y) = ã+ ⪰ ã+ = TG

A

[
ã+

ã−

]
(y),

IGA

[
b̃−

b̃+

]
(x · y) = b̃− ⪯ b̃− = IGA

[
b̃−

b̃+

]
(y),

FG
A

[
c̃+

c̃−

]
(x · y) = c̃+ ⪰ c̃+ = FG

A

[
c̃+

c̃−

]
(y).

Case (2): Suppose x /∈ G or y /∈ G. Then

TG
A

[
ã+

ã−

]
(x) = ã− or TG

A

[
ã+

ã−

]
(y) = ã−,

IGA

[
b̃−

b̃+

]
(x) = b̃+ or IGA

[
b̃−

b̃+

]
(y) = b̃+,

FG
A

[
c̃+

c̃−

]
(x) = c̃− or FG

A

[
c̃+

c̃−

]
(y) = c̃−.

It follows from (1.1) that

TG
A

[
ã+

ã−

]
(x · y) ⪰ ã− = TG

A

[
ã+

ã−

]
(y),

IGA

[
b̃−

b̃+

]
(x · y) ⪯ b̃+ = IGA

[
b̃−

b̃+

]
(y),
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FG
A

[
c̃+

c̃−

]
(x · y) ⪰ c̃− = FG

A

[
c̃+

c̃−

]
(y).

Let x, y1, y2 ∈ X . Then

Case(1): Suppose y1, y2 ∈ G. Then

TG
A

[
ã+

ã−

]
(y1) = ã+ = TG

A

[
ã+

ã−

]
(y2),

IGA

[
b̃−

b̃+

]
(y1) = b̃− = IGA

[
b̃−

b̃+

]
(y2),

FG
A

[
c̃+

c̃−

]
(y1) = c̃+ = FG

A

[
c̃+

c̃−

]
(y2).

Since G is an ideal of X , we have (y1 · (y2 · x)) · x ∈ G and so

TG
A

[
ã+

ã−

]
((y1 · (y2 · x)) · x) = ã+,

IGA

[
b̃−

b̃+

]
((y1 · (y2 · x)) · x) = b̃−,

FG
A

[
c̃+

c̃−

]
((y1 · (y2 · x)) · x) = c̃+.

It follows from (1.1) that

TG
A

[
ã+

ã−

]
((y1 · (y2 · x)) · x) = ã+ ⪰ ã+ = rmin{ã+, ã+} = rmin

{
TG
A

[
ã+

ã−

]
(y1), T

G
A

[
ã+

ã−

]
(y2)

}
,

IGA

[
b̃−

b̃+

]
((y1 · (y2 · x)) · x) = b̃− ⪯ b̃− = rmax{b̃−, b̃−} = rmax

{
IGA

[
b̃−

b̃+

]
(y1), I

G
A

[
b̃−

b̃+

]
(y2)

}
,

FG
A

[
c̃+

c̃−

]
((y1 · (y2 · x)) · x) = c̃+ ⪰ c̃+ = rmin{c̃+, c̃+} = rmin

{
FG
A

[
c̃+

c̃−

]
(y1), F

G
A

[
c̃+

c̃−

]
(y2)

}
.

Case(2): Suppose y1 /∈ G or y2 /∈ G. Then

TG
A

[
ã+

ã−

]
(y1) = ã− or TG

A

[
ã+

ã−

]
(y2) = ã−,

IGA

[
b̃−

b̃+

]
(y1) = b̃+ or IGA

[
b̃−

b̃+

]
(y2) = b̃+,

FG
A

[
c̃+

c̃−

]
(y1) = c̃− or FG

A

[
c̃+

c̃−

]
(y2) = c̃−.

It follows from (1.1) that

rmin

{
TG
A

[
ã+

ã−

]
(y1), T

G
A

[
ã+

ã−

]
(y2)

}
= rmin{ã−, ã−} = ã−,

rmax

{
IGA

[
b̃−

b̃+

]
(y1), I

G
A

[
b̃−

b̃+

]
(y2)

}
= rmax{b̃−, b̃−} = b̃−,

rmin

{
FG
A

[
c̃+

c̃−

]
(y1), F

G
A

[
c̃+

c̃−

]
(y2)

}
= rmin{c̃−, c̃−} = c̃−.

Therefore,

TG
A

[
ã+

ã−

]
((y1 · (y2 · x)) · x) ⪰ ã− = rmin

{
TG
A

[
ã+

ã−

]
(y1), T

G
A

[
ã+

ã−

]
(y2)

}
,
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IGA

[
b̃−

b̃+

]
((y1 · (y2 · x)) · x) ⪯ b̃− = rmax

{
IGA

[
b̃−

b̃+

]
(y1), I

G
A

[
b̃−

b̃+

]
(y2)

}
,

FG
A

[
c̃+

c̃−

]
((y1 · (y2 · x)) · x) ⪰ c̃− = rmin

{
FG
A

[
c̃+

c̃−

]
(y1), F

G
A

[
c̃+

c̃−

]
(y2)

}
.

Hence, AG

[
ã+, b̃−, c̃+

ã−, b̃+, c̃−

]
is an IVN ideal of X .

A mapping f : X → Y of Hilbert algebras X and Y is called a homomorphism if f(x · y) = f(x) · f(y) for
all x, y ∈ X . Note that if f : X → Y is a homomorphism of Hilbert algebras X and Y , then f(1) = 1. Let
f : X → Y be a homomorphism of Hilbert algebras X and Y . For any IVNS A = (TA, IA, FA) in Y , we
define the IVNS f−1(A) = (Tf−1(A), If−1(A), Ff−1(A)) in X by

(∀x ∈ X)

 Tf−1(A)(x) = TA(f(x))
If−1(A)(x) = IA(f(x))
Ff−1(A)(x) = FA(f(x))

 .

Proposition 2.22. Let f : X → Y be a homomorphism of a Hilbert algebra X into a Hilbert algebra Y . If
A = (TA, IA, FA) is an IVN ideal of Y , then the inverse image f−1(A) of A is an IVN ideal of X .

Proof. Since f is a homomorphism of X into Y , then f(1) = 1 ∈ Y . By the assumption, TA(f(1)) =
TA(1) ⪰ TA(y) for every y ∈ Y . In particular, TA(f(1)) ⪰ TA(f(x)) for all x ∈ X . Hence, Tf−1(A)(1) ⪰
Tf−1(A)(x) for all x ∈ X . Also, IA(f(1)) = IA(1) ⪯ IA(y) for every y ∈ Y . In particular, IA(f(1)) ⪯
IB(f(x)) for all x ∈ X . Hence, If−1(A)(1) ⪯ If−1(A)(x) for all x ∈ X , and FA(f(1)) ⪰ FA(f(x)) for all
x ∈ X . Hence, Ff−1(A)(1) ⪰ Ff−1(A)(x), which proves (2.2).

Now, let x, y ∈ X . Then

Tf−1(A)(x · y) = TA(f(x · y)) = TA(f(x) · f(y)) ⪰ TA(f(y)) = Tf−1(A)(y),

If−1(A)(x · y) = IA(f(x · y)) = IA(f(x) · f(y)) ⪯ IA(f(y)) = If−1(A)(y),

Ff−1(A)(x · y) = FA(f(x · y)) = FA(f(x) · f(y)) ⪰ FA(f(y)) = Ff−1(A)(y),

which proves (2.3).

Let x, y1, y2 ∈ X . Then

Tf−1(A)((y1 · (y2 · x)) · x)) = TA(f(y1 · (y2 · x) · x))
= TA(f(y1) · (f(y2 · x)) · f(x))
= TA(f(y1 · (y2 · x)) · f(x))
= TA(f(y1 · (y2 · x)) · x))
⪰ rmin{TA(f(y1)), TA(f(y2))}
= rmin{Tf−1(A)(y1), Tf−1(A)(y2)},

If−1(A)((y1 · (y2 · x)) · x)) = IA(f(y1 · (y2 · x) · x))
= IA(f(y1) · (f(y2 · x)) · f(x))
= IA(f(y1 · (y2 · x)) · f(x))
= IA(f(y1 · (y2 · x)) · x))
⪯ rmax{IA(f(y1)), IA(f(y2))}
= rmax{If−1(A)(y1), If−1(A)(y2)},

Ff−1(A)((y1 · (y2 · x)) · x)) = FA(f(y1 · (y2 · x) · x))
= FA(f(y1) · (f(y2 · x)) · f(x))
= FA(f(y1 · (y2 · x)) · f(x))
= FA(f(y1 · (y2 · x)) · x))
⪰ rmin{FA(f(y1)), FA(f(y2))}
= rmin{Ff−1(A)(y1), Ff−1(A)(y2)},

which proves (2.4). Hence, f−1(A) is an IVN ideal of X .
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