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Abstract

This work is dedicated to classifying the general n-refined neutrosophic ring by building a ring isomorphism and
the direct product of the corresponding classical rings with itself. On the other hand, we use the classification
property to solve the problem of n-refined neutrosophic computing of Eigen values and Eigen vectors of an n-
refined neutrosophic matrix. Also, it will be applied to solve n-refined linear systems and models.

Keywords: n-refined neutrosophic ring; n-refined neutrosophic matrix; neutrosophic eigen value;
neutrosophic eigen vector.

1. Introduction

Neutrosophic logic as a new branch of mathematical philosophy has an impact in many fields of human
knowledge. We see a lot of applications of Smarandache's work [7] in algebra, analysis, matrix computing, and
geometry [1-6,8-15].

The structures of n-refined sets were studied by many researchers around the world, especially in n-refined
matrix theory and computing [16].

In this work, we build a ring isomorphism between an n-refined neutrosophic ring and (n+1) copies of the direct
product of the classical corresponding ring itself. This classification will lead to many strong solutions for
computing eigen values and eigen vectors for an n-refined neutrosophic matrix, which may be very useful in

engineering, and statistics [13].
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Also, we apply this isomorphisms to get a solution for the linear system\model of n-refined neutrosophic

equations.

For definitions and properties of n-refined neutrosophic rings see [19].
2. Main Discussion
Definition

Let R, (1) ={ag + a. [, + -+ a,l,; a; € R} ={a, + X, a;I;; a; € R} be an n-refined neutrosophic ring,
we define the n-refined AH-isometry as follows:
f:R,(I) > R"™1 =R X R..XR (n+1times);

n
f(a0 +Z ai1i> =(ag,ap+a; +--+ay,ay+a,+as++ay..,a +a,)
i=1

:(ao'Z}Lo Ay, Xieq ai'Z?il,Z ai, -, 11'1#:1,...,11—1 ai)

Theorem

Let f be the n-refined neutrosophic AH-isometry defined above, then:
a) f is well defined mapping.
b) f is a bijection.
c) fisaring isomprphism.
d) R,(I) = R"1,

proof.

a) Assumethatx =x, +X%, xLi=y=y,+X; ¥l €R,(I), hence x; = y;foralli =1,2,...,n
Thisimplies xo = yo, Xizo % = Xizo Yo Xiz1 % = Xiz1 Vi Xizt.n-1 X = Mizt.n-1 Vi
thus f(x) = f(¥).

b) First of all, f is injective that is because:

Let x=xo+ X, x;l; €kerf, hence f(x)= 0gn+1 =(0,0,..,0), so that x, =0, X, x; =0,
t1 X =0,.,%% a1 X =0,thusx; =0foralli =1,2,..,nand kerf = {0}.
Now, we must prove that f is surjective. For this purpose, we take an arbitrary element (xg, x4, ..., X,) € R,(I).
There exists x = xo + (x; — x,)I + (x; —x3) 1 + -+ (g — xp ) oq + +(xp — x0) 1.
Such that f(x) = (xq, x4, X5, ..., Xz, hence f is surjective.
c) f preserves addition clearly. It remains to prove that f preserves multiplication.
We use induction on n the index of R, (I).
If n = 0, the assumption is true easily.
Suppose that it holde for n = k, we must prove it forn = k + 1.
Let
X=X +xh o Xegrlear = Xo + iy Xl + Xy lar
y=Yo+yh+ -+ Vipilerr = %o + Xy Vili + Yiewr e
It is sufficient to check the coefficients of I, ,in the product (x, y).
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The coefficient of I, 11 1S: XoVis1 + Xks1Vo + X1 Vies1-
This implies that the (k + 1) component in f(xy) is equal to:
XoYo + XoVis1 + Xks1Yo + Xks1Vis1 = (g + Xx41)- o + Yies1) Which is exactly equal to the k+ 1.
Component of f(x) multiplied by the corresponding (k + 1) Component of f(y), thus by induction we get
flxy) = f(x). f(y) and fis a ring isomprphism.

d) It holds directly according to (c).
Example
Let Z,(I) ={a+bl, +cl, +dI; +el,a,b,c,d,e € Z}be the 4-refined neutrosophic of integers, hence
Z,()=ZXZXZXZXLZ.

Definition

A= (x1q " X1 i} Xy ot Xpy )is called an n-refined neutrosophic square matrix if x;; € R, (1); R, (I) is an
n-refined neutrosophic ring.

Remark

Any n-refined neutrosophic matrix A can be splat as follows: A = A, + A,I; + -+ + A, L,; A; are square matrices

defined over the classical ring R.

Example

Consider the following real. 3-refined neutrosophic matrix: A = (1 + L2 - L+ L3+ L+ L + 1321, — I3).
Aisequalto:(1230)+(1012)+(0 —110),+(011 —1)I;.

3. The applications of n-refined AH-isometry in matrix computing

In applied mathematics, it is important to compute eigen values and vectors, that is because these values can be
used in statistices [ 13], and diagonalization [3 ].

In the following, we describe an algorithm to compute the eigen values and vectors of an n-refined neutrosophic
real square matrix.

The description of the method:

Let A=Ay, + AL, + -+ A,L, be an m x m squae n-refined neutrosophic matrix, to compute its eigen values
follow these steps.

Step 1: compute the AH-isometric image of 4, i.e.

fl4) = (Ao' ico AuXZizi Au "'!Z?::l,...,n—l Ai)-

Step 2: compute the eigen values and vectors of each component by using classical matrix theory.

Step 3: Go back with the inverse isomorphism to get the corresponding n-refined neutrosophic eigen values and

vectors.

Example
Consider the following 2 x 2 2-refined neutrosophic real matrix:
A=(1202)+B3 -311)+(1101)L,=QAQ+3L+L2-3L+L, L2+, +1,)
The AH-isommetric image is:
10
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fA=((1202)(5014),(2303))

The eigen values of (120 2)is {1,2}.
The eigen values of (501 4 ) is {5,4}.
The eigen values of (2303 ) is {2,3}.
Now, we get the following triples:
x; = (1,5,2),x, = (1,53),x; = (1,4,2),x, = (1,4,3), x5 = (2,5,2),x¢ = (2,5,3),x; = (2,4,3),
xg = (2,4,2).
Now, we get the corresponding n-refined neutrosophic eigen values by taking the inverse image of each x;;i =
1..,8.
yi=fYx)=143L+L,y, =Y xp) =142 + 2L, y; = f 1 (x3) =1+ 2L + I,
Vo= f"1x) =14+ 1L + 2L, ys = f Y (xs) =2+ 31,y = f 1 (xg) =2+ 21, + I,

Y7 =f"H) =24 L + L, ys = [ (xg) = 2+ 21,.

4. Algorithm to Solve n-Refined Linear Systems of Equations

To solve a linear system of n-refined neutrosophic equations A;X; = B;; i = 1, ..., m, follow these steps:
Stepl: Transform A;X; = B;to a classical linear system by taking the direct AH-isometric image f(4,)f(X;) =
f(By).

Step2: solve the classical corresponding system and get X, Y.

Example

Consider the following 3-refined neutrosophic system of linear equations:
A+2L-LX+ L+ L)Y =1..()
QL-E)X+A+L)Y=1+1..(2)
Where X = xo + x1I; + x,0, + %313, Y =y, + yi Iy + .1, + y315; x;,¥; €R.
The direct AH-isometry image of equation(1)is:
(1,2,0,2). (g, xo + x1 + x5 + x5, %0 + x5 + X3, %y + Xx3)
+(0,.2,2,1). o, ¥o + y1 +y2 + Y3, Y0 + ¥2 + 3,50 +¥3) = (1,1,1,1)
Which implies: {xo =1.. (@) 2o +x + X +x3) + 20 +y1+ V2 +¥3) =1.. (0) 2(yo + ¥, +y3) =
1..(@Mo+x3)+o+y3)=1..(d)
the direct AH-isometry image of equation (2) is:
(0,1,1,—1). (xg, xg + X1 + x5 + x3, %0 + X3 + X3, X0 + X3)
+(1,222). (o, Yo +y1 + Y2 + ¥3,Y0 + ¥2 + ¥3,%0 + ¥3) = (0,2,1,0)
Which  implies:  {yo=0..(e) (xg+x1+x, +x3) + 20 + Y1 +¥2 +¥3) =2 ... (f) (xg + x5, +x3) +
2+ v, +y3) =1... (g) —(xg +x3)+2(yg+y3) =0.. (h)
From (a) and (e), we get x, = 1,y, = 0.

From (b) and (f), We getxy +x; + X, + X3 = =1L, yo +y; + ¥, + y5 = %
From (c) and (g), we getxg +x, + x5 =0,y +y, + y3 = %
From (d) and (h), we get x, + x3 = %,yo +y; = 2

11
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ThiS implies. {xo = 1,y0 = Ox1 = _1,y1 = 1x2 = _g,yz = % X3 = _g,yS =§

The corresponding 3-refined solutions are:

2 1 1 1
X= 1_11§IZ_§I3,Y=}71[1+512 +§[3

Now, we examine the matrix method to solve the previous linear system.

Example:

Consider the linear system of 3-refined neutrosophic equations in the previous example. We write it by using

matrix represention as follows:
A+2L-LL+LL-L1+L)XY)=QL+L)SAZ=B=7Z=A"1%XB

Thus, we must compute A~by using n-refined AH-isometry.

A=QQ+2L,—LL+LL—-11+13)=(1001)+(2000),+(-1120),+ (01 —11)I,

f(A)=((1001),(2212),(0212)+(11 —12))

The inverse of f(4) is:
[f(A)]‘1=((1001),(1 1 _71 1),(_11%0>+(§;%%>)
Hence, f1[(F(4) ' |=1001)+@ -2 =1L+ (=222 )L+ (-3 =33 -2)L

5 1 4 1 1 1 2
=(1+211_§Iz_513 _211 +§Iz_§l3 _11 +_12 +_I31+11__12__I3>

1 5 1 4 1 1 1 1 2
A XB=(1+211_§12_§I3 _211 +§Iz_§l3 _11 +glz +§I31+Il_§lz_§l3)(1ll +12)

— 2 1 1 1 2 1 1 1
= A xB=(1-5L-2L-LL+3L+3L ) =X =1-L =1L 1LY =1L +:L+3l.
5. Solving n-refined quadratic equations.

Example:
Consider the linear system of 3-refined neutrosophic quadratic equation:
LX*+ (1 —L)X=0;X=x0+x1; +x,1I, + x31; € R3(I)
To solve this equation, we can use the AH-isometry one more time as follows:
FLFXH) + A —1).f(X) = £(0)

& (0,1,1,0). (x0?, (xo + %1 + x5 + x3)?, (X0 + 23 + x3)%, (g + x3)?)
+ (1,0,0,0) (xO, Xo + X1 + Xy + X3, Xg + Xy + X3, Xg + x3) = (0,0,0,0)

S {(p+x+x+x3)2=0=x; (xg+x, +x3)2=0= x, = —x3 (xg + x3) = 0 = x5 is arbitrary x,
=0
Thus the equation has infinite solutions with form:
X = _X312 + X3I3 = X3(—12 + 13), X3 €R.
Theorem.
Let R,,(I)be an n-refined neutrosophic ring, U(Rn(l)) be the group of units R,,(I), then
U(R,(D) = [UR)]™! = U(R) x U(R) X ...x UR)(n + 1.times).
proof.
According to the previous results, we have R, (I) = R™*?, thus U(Rn(l)) = [UR)]*.
12
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Remark.
To compute the units in R, (I) follow these steps.
Stepl. Find the units in the AH-isometric image f(R,(I)) = R™*1.
Step2. Use the inverse AH-isometry to find the corresponding n-refined neutrosophic units.
Example.
Let (Z,),(I) be the 2-refined neutrosophic ring of integers module 4, we will find its units.
f(Z)2(D) = Zy X 2y, X Zy = (Z4)°
The unit group of Z, is {1,3}.
The units of (Z,)? are:
e; = (L,1,1),e;, = (1,3,1),e53 = (3,1,1),e, = (1,1,3),e5 = (3,3,3), e = (3,3,1),e; = (3,1,3),
eg = (1,3,3).
The units of R,(I) are:
fle)=1,fe) =142, e3) =321, =3+2L,f Y (e,) =1—2I, + 21,
fl(es) =3, t(eg) =3 421 + 21, fY(e;,) =3+ 2L, f1(eg) = 1+ 2I,.
Example.
Let Z5(I) be the 3-refined neutrosophic ring of integers, Z;(I) = (2)°5,
The units in Z are {1, —1}, thus the units of (2)° are:
(1,1,1,1D),(1,1,1,-1),(1,1,-1,1),(1,-1,11), (-1,1,1,1),(1,1,-1,-1), (-1,-1,1,1), (-1,1,1,-1), (- 1,1, —1,1),
(-1,-1,-1,1),(-1,-1,-1,-1),(-1,-1,-1,-1),(-=1,-1,-1,-1), (1, -1,-1,-1),(1,-1,1,-1), (1, -1,-1,1)
The corresponding 3-refined neutrosophic units are:
1,142, — 205, 1 + 21, — 21,1 — 21, =1 4 2I3, 1 4 2I; — 213, —1 — 2, + 213, —1 4 21, —1 + 2I,,—1 +
21, — 21, + 213, —1 — 21, 4 213, —1 — 21, + 2I,,, =1 + 2I;, =1, =1 — 2I, + 2L, =1 — 21, + 2I,,—1 4 2I;,1 —
23,1 — 2L + 21, — 21,1 — 21,.
6. Applications in computing powers
Now, we are able to compute any power x™ for all x € R,,(I). By using the AH-isometry.
Example.
Consider x = 2 + I; — 31, + I; + 21, € R,(I) the 4-refined neutrosophic field of real numbers.
Let's compute x3.

The AH-isometric image of x is:

£ = (23,254, (fx)” = (8,27,8,125,64), thus x3 = f~1 [(f(x))3] =8+ 191, — 1171, + 61L + 561,.
Example.

Considerx =2+ 1, — 41, € R,(I),y =1 -1, + I, € R,(I), we must compute x”.

z=[f))P = (2,-1,-2)31D = x¥ = f~(z) = 2 — 51, + 2I,.

7. Conclusion

In this paper, we have founded a novel algorithm to compute n-refined neutrosophic eigen values\ vectors of an

n-refined neutrosophic matrix by building a classification isomorphism. Also, we have applied this classification

13
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property to solve the group of units' problem and n-refined linear system of equations. In the future, we aim that

the previous problems will be discussed for n-cyclic refined neutrosophic matrices.
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