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Abstract. In this paper, we extend the notion of Hv-semigroups to neutro-Hv-semigroups and anti-Hv-semigroups and inves-
tigate many of their properties. We show that these new concepts are different from the classical concept of Hv-semigroups by
presenting several examples. In general, the neutro-algebras and anti-algebras are generalizations and alternatives of classical
algebras. The goal and benefits of our proposed extension of this study is to explore not only the hyperoperations and axioms
that are totally true as in previous algebraic hyperstructures, but also the cases when they have degrees of truth, indeterminacy
and falsehood. Therefore, we enlarge the field of research.
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1. Introduction13

A hypergroup as a generalization of the notion of a14

group, was introduced by F. Marty [26] in 1934. Many15

authors have developed the discussion of hyperstruc-16

tures and weak hyperstructures, such as P. Corsini17

[10] and T. Vougiouklis [42]. We can find well-18

written books for the introduction to hyperstructures,19

P. Corssini [10], P. Corsini and V. Leoreanu [13],20

B. Davvaz [14, 15], B. Davvaz and V. Leoreanu-21

Fotea [17], B. Davvaz and I. Cristea [16]. Another22

topic which has aroused the interest of several math-23

ematicians, is that one of weak hyperstructure or24

Hv-structure, introduced by T. Vougiouklis [42]. Hv-25

structures are a special kind of hyperstructures, for26

which the weak associativity holds. Recently, Davvaz27

and Vougiouklis published a book on Hv-structures28

and their applications [18].29

P. Corsini has developed hyperstructure by inves-30

tigating the relationship between hypergraphs and31

hypergroups [11]. Corsini and Leoreanu described32

∗Corresponding author. Akbar Rezaei, Department of Mathe-
matics, Payame Noor University, P.O. Box. 19395-3697, Tehran,
Iran. Tel.: +98 9131405381; E-mail: rezaei@pnu.ac.ir.

hypergroups associated with trees and in [12] and [13] 33

some applications of hyperstructures in rough sets 34

were given. hyperalgebraic systems, such as hyper- 35

rings, fuzzy hyperideals, fuzzy hypermodules and 36

hyperlattice was introduced by R. Ameri et al. [6–8]. 37

M. Tarnauceanu showed that the set of all subhyper- 38

groups of a hypergroup H is not a lattice in general. 39

This is caused mainly by the fact that the intersection 40

fails to be an operation on the set of all subhy- 41

pergroups [39]. Nowadays, hypergroups have found 42

applications to many subjects of pure and applied 43

mathematics. For example: in geometry, topology, 44

cryptography and coding theory, graphs and hyper- 45

graphs, probability theory, binary relations, theory of 46

fuzzy and rough sets and automata theory, physics and 47

also in biological inheritance. Recently, M. AL-Tahan 48

et al. introduced the Corsini hypergroup, topologi- 49

cal hypergroupoids and Fuzzy Multi-Hv-Ideals [2, 50

4, 5]. They investigated a necessary and sufficient 51

condition for the productional hypergroup to be a 52

Corsini hypergroup and they characterized all Corsini 53

hypergroups of orders 2 and 3 up to isomorphism 54

[2]. M.K. Sen et al. introduced the notion of hyper- 55

set and studied some algebraic structures on it [32] 56

and then G. Chowdhury derived a hypergroup from a 57
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hyperset and studied some properties of hyperset in58

the light of associate hypergroup [9]. Some equiva-59

lence relations on a canonical hypergroup to construct60

a quotient of such hyperstructures were introduced61

in [31]. S. Hoskova-Mayerova et al. used the fuzzy62

multisets to introduce the concept of fuzzy multi-63

hypergroups as a generalization of fuzzy hypergroups64

and defined the different operations on fuzzy multi-65

hypergroups and extended the fuzzy hypergroups to66

fuzzy multi-hypergroups [21]. Recently, D. Heidari67

et al. considered some classes of semihypergroup68

such as regular semihypergroup, hypergroups, reg-69

ular hypergroups and polygroups and investigated70

their factorization property [20]. Also, V. Vahedi et71

al. obtained hyperstructures from hyperconics [40]72

and Mahboob et al. studied hyperideals in semihy-73

pergroups [24, 25].74

In 2019 and 2020, within the field of neutroso-75

phy, Smarandache [33–35] generalized the classical76

algebraic Structures to neutro-algebraic structures77

(or neutro-algebras) {whose operations and axioms78

are partially true, partially indeterminate, and par-79

tially false} as extensions of partial algebra, and to80

anti-algebraic structures (or anti-algebras) {whose81

operations and axioms are totally false}. And in gen-82

eral, he extended any classical structure, in no matter83

what field of knowledge, to a neutro-structure and an84

anti-structure. These are new fields of research within85

neutrosophy. Smarandache in [35] revisited the86

notions of neutro-algebras and anti-algebras, where87

he studied partial algebras, universal algebras, effect88

algebras and Boole’s partial algebras, and showed89

that neutro-algebras are generalization of partial alge-90

bras. Also, with respect to the classical hypergraph91

(that contains hyperedges), Smarandache added the92

supervertices (a group of vertices put all together93

form a supervertex), in order to form a superhyper-94

graph (SHG). Then he extended the superhypergraph95

to n-superhypergraph, by extending the power set96

P(V ) to Pn(V ) that is the n-power set of the set V (the97

n-superhypergraph, through its n-SHG-vertices and98

n-SHG-edges that belong to Pn(V ), can the best (so99

far) to model our complex and sophisticated reality).100

Further, he extended the classical hyperalgebra to101

n-ary hyperalgebra and its alternatives n-ary neutro-102

hyperalgebra and n-ary anti-hyperalgebra [35]. Also,103

the neutrosophy was used in studying the canon-104

ical hypergroups and hyperrings by Agboola and105

Davvaz [1]. Also AL-Tahan et al. obtained some106

results in neutrohyperstructures [3]. In this paper,107

we extend the notion of Hv-semigroups to neutro-108

Hv-semigroups and anti-Hv-semigroups which are109

studied and some properties are investigated. We 110

show that these definitions are different from classi- 111

cal definitions by providing several examples. These 112

are particular cases of the classical algebraic struc- 113

tures generalized to neutro-algebraic structures and 114

anti-algebraic structures (Smarandache, 2019). 115

2. Preliminaries 116

In this section we recall some basic notions and 117

results regarding hyperstructures. 118

Definition 1. ([10]) A hypergroupoid (H, ◦) is a 119

non-empty set H together with a map ◦ : H × H → 120

P∗ (H) called (binary) hyperoperation, whereP∗ (H) 121

denotes the set of all non-empty subsets of H . The 122

image of the pair (x, y) is denoted by x ◦ y. 123

If A and B are non-empty subsets of H and x ∈ H , 124

then by A ◦ B, A ◦ x, and x ◦ B we mean 125

A ◦ B = ⋃
a∈A
b∈B

a ◦ b, A ◦ x = A ◦ {x} and x ◦ B = 126

{x} ◦ B. 127

Definition 2. ([10]) A hyperoperation on a set H is 128

called associative if it satisfies the associative law: 129

(A) a ◦ (b ◦ c) = (a ◦ b) ◦ c, for all a, b, c ∈ H . 130

(H, ◦) is called semihypergroup if the hyperopera- 131

tion ◦ is associative. 132

Definition 3. ([42]) A hyperoperation ◦ on a set H is 133

called weak associative if it satisfies the weak asso- 134

ciative law: 135

(WA) a ◦ (b ◦ c) ∩ (a ◦ b) ◦ c /= Ø, for all a, b, c ∈ 136

H . 137

(H, ◦) is called Hv-semigroup if the hyperopera- 138

tion ◦ is weak associative. 139

A hyperoperation ◦ on a set H is called commuta- 140

tive if 141

(C) a ◦ b = b ◦ a, for all a, b ∈ H , 142

and a hyperoperation ◦ on a set H is called weak 143

commutative if 144

(WC) a ◦ b ∩ b ◦ a /= Ø, for all a, b ∈ H . 145

It clear that every semihypergroup is an Hv- 146

semigroup. Also, every commutative hypergroupoid 147

is a weak commutative hypergroupoid. 148

Similar to finite semigroups, we can describe the 149

hyperoperation on finite semihypergroups and Hv- 150

semigroups by means Cayley’s tables. 151

Example 1. Let H = {a, b, c, d}. Define the hyper- 152

operation (◦1) on H by the following table. 153
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Table 1
Cayley table for the semihypergroup (H, ◦1)

◦1 a b c d

a a {a, b} {a, c} {a, d}
b a {a, b} {a, c} {a, d}
c a b c d

d a b c d

It is not difficult to see that (H, ◦1) is a semihyper-154

group.155

Example 2. Let H = {a, b, c, d}. Define the hyper-156

operation (◦2) on H by the following table.

Table 2
Cayley table for the Hv-semigroup (H, ◦2)

◦2 a b c d

a a {a, b} {a, c} {a, d}
b a {a, b} {a, c} {a, d}
c a {b, c} c d

d a {a, b} c d

157

It is not difficult to see that the (WA) law is true,
but

(d ◦2 c) ◦2 b = c ◦2 b = {b, c} /= {a, b, c}
= d ◦2 {b, c} = d ◦2 (c ◦2 b) .

Then (H, ◦2) is an Hv-semigroup and is not a semi-158

hypergroup.159

Example 3. LetH be the unit interval [0, 1]. For every
x, y ∈ H , we define x ◦3 y = [

0,
xy
2

]
. Then, (H, ◦3)

is a semihypergroup, because for every x, y, z ∈ H ,
we have

(x ◦3 y) ◦3 z =
[
0,

xy

2

]
◦3 z =

⋃
u∈

[
0,

xy
2

] u ◦3 z

=
⋃

u∈
[

0,
xy
2

]
[
0,

uz

2

]
=

[
0,

(
xy
2

)
z

2

]

=
[

0,
x

(
yz
2

)
2

]
=

⋃
v∈

[
0,

yz
2

]
[
0,

xv

2

]

= x ◦3

[
0,

yz

2

]
= x ◦3 (y ◦3 z)

Example 4. Let H be the unit interval [0, 1].160

For every x, y ∈ H , we define x ◦4 y = {
x,

y
2 ,161

x
4

}
. For every x, y, z ∈ H we have x ∈ ((x ◦4 y)162

◦4 z) ∩ (x ◦4 (y ◦4 z)). Then the hyperoperation163

◦4 is weak associative and so (H, ◦4) is an164

Hv-semigroup, but (x ◦4 y) ◦4 z = {
x,

y
2 , x

4

} ◦4165

z = {
x, z

2 , x
4 ,

y
2 ,

y
8 , x

16

}
and x ◦4 (y ◦4 z) = x ◦4

{
y, 166

z
2 ,

y
4

} = {
x,

y
2 , x

4 , z
4 ,

y
8

}
. So for some 0 /= x ∈ H , 167

(x ◦4 x) ◦4 x /= x ◦4 (x ◦4 x). Then (H, ◦4) is not a 168

semihypergroup. 169

3. On Neutro-semihypergroups, 170

Anti-semihypergroups, 171

Neutro-Hv-semigroups and 172

Anti-Hv-semigroups 173

F. Smarandache generalized the classical algebraic 174

structures to the neutro-algebraic structurers and 175

anti-algebraic structures (see Smarandache [33–36]). 176

In this section, we define neutro-semihypergroups, 177

neutro-Hv-semigroups, anti-semihypergroups and 178

anti-Hv-semigroup. Throughout this section, let 179

P∗ (H) = P (H) − {
Ø

}
and ◦ : H × H → P∗ (U) 180

where U is a universe of discourse that contains 181

H . The map (◦) is called neutro-hyperoperation. If 182

U = H then the neutro-hyperoperation (◦) is a hyper- 183

operation. 184

Note that (1,0,0) means that T = 1 (100% true), 185

I = 0, F = 0 and this case corresponds to the classi- 186

cal Hv-semigroup and (0,0,1) means that T = 0, I = 0, 187

F = 1 (100% false) and this corresponds to the anti- 188

Hv-semigroup. 189

Neutrosophication of an Axiom on a given set X, 190

means to split the set X into three regions such that: 191

On one region the axiom is true (we say degree of 192

truth T of the axiom), on another region the axiom is 193

indeterminate (we say degree of indeterminacy I of 194

the axiom), and on the third region the axiom is false 195

(we say degree of falsehood F of the axiom), such 196

that the union of the regions covers the whole set, 197

while the regions may or may not be disjoint, where 198

(T, I, F ) is different from (1, 0, 0) and from (0, 0, 1). 199

Antisophication of an Axiom on a given set X, 200

means to have the axiom false on the whole set X 201

(we say total degree of falsehood F of the axiom), or 202

(0, 0, 1). 203

Neutrosophication of an operation on a given set 204

X, means to split the set X into three regions such that 205

on one region the operation is well-defined (or inner- 206

defined) (we say degree of truth T of the operation), 207

on another region the operation is indeterminate (we 208

say degree of indeterminacy I of the operation), and 209

on the third region the operation is outer-defined (we 210

say degree of falsehood F of the operation), such that 211

the union of the regions covers the whole set, while 212
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the regions may or may not be disjoint, where (T, I, F )213

is different from (1, 0, 0) and from (0, 0, 1).214

Antisophication of an Operation on a given set215

X, means to have the operation outer-defined on the216

whole set X (we say total degree of falsehood F of217

the axiom), or (0, 0, 1).218

Definition 4. (Neutro-hyperoperations and219

Neutro-semihypergroup)220

The neutro-hyperoperation of the hyperoperation221

(degree of well-defined, degree of indeterminacy,222

degree of outer-defined)223

(NHO) (∃a, b ∈ H) (a ◦ b ⊆ H) {degree of224

truth T} and (∃c, d ∈ H)(c ◦ d is an indeter-225

minate subset {degree of indeterminacy I} and226

(∃e, f ∈ H) (e ◦ f ( H) {degree of falsehood F},227

where (T,I,F) /∈ {(1,0,0), (0,0,1)}.228

The neutro-hyperaxiom is also characterized by229

degree of truth, degree of indeterminacy, and degree230

of falsehood.231

Therefore, the neutro-hyperassociativity (NHA) is232

defined as below:233

(NHA) (∃a, b, c ∈ H) (a ◦ (b ◦ c) = (a ◦ b) ◦ c)234

{degree of truth T}, (∃d, e, f ∈ H) (d ◦ (e ◦ f )235

or (d ◦ e) ◦ f )isindeterminate {degree of indetermi-236

nacy I}, and237

(∃g, h, k ∈ H) (g ◦ (h ◦ k) /= (g ◦ h) ◦ k) {degree238

of falsehood F}, where (T,I,F)/∈ {(1, 0, 0), (0, 0, 1)}.239

Definition 5. (Neutro-Hv-semigroup)240

The neutro-Hv-semigroup has an Hv-semigroup241

axiom characterized by degree of truth, degree242

of indeterminacy, and degree of falsehood, called243

neutro-weakassociativity (NWA), defined as below:244

(NWA) (∃a, b, c ∈ H) (a ◦ (b ◦ c) ∩ (a ◦ b) ◦245

c /= Ø) {degree of truth T},246

(∃d, e, f ∈ H)(d ◦ (e ◦ f ) or (d ◦ e) ◦ f are247

indeterminate {degree on indeterminacy I},248

and (∃g, h, k ∈ H)(g ◦ (h ◦ k) ∩ (g ◦ h) ◦ k = Ø)249

{degree of falsehood F}, where (T,I,F) /∈ {(1,0,0),250

(0,0,1)}.251

We define neutro-commutative law on (H, ◦) as252

follows:253

(NHC) (∃a, b ∈ H) (a ◦ b = b ◦ a) {degree of254

truth T}, and255

(∃c, d ∈ H) (c ◦ d or d ◦ c is indeterminate256

{degree of indeterminacy I}, and (∃e, f ∈ H)(e ◦257

f /= e ◦ f ) {degree of false hood F}), where (T,I,F)258

/∈ {(1,0,0), (0,0,1)}.259

Also, we define neutro-weak commutative law on260

(H, ◦) as follows:261

(NHWC) (∃a, b ∈ H)
(
a ◦ b ∩ b ◦ a /= Ø

)
262

{degree of truth T}, 263

(∃c, d ∈ H) (c ◦ d or d ◦ c, is indeterminate 264

{degree of indeterminacy I}, and (∃e, f ∈ H) 265

(e ◦ f ∩ f ◦ e = Ø) {degree of falsehood F}), where 266

(T,I,F)/∈ {(1, 0, 0), (0, 0, 1)}. 267

Now, we define a neutro-hyperalgebraic system 268

(neutro-Hv-algebraic system) S = H, O, A, where H 269

is a classical set or a neutrosophic set, O is a set of the 270

hyperoperations or a set of neutro-hyperoperations of 271

the hyperoperations, and A is a set of semihypergroup 272

axioms (Hv-semigroup axioms) or the neutro- 273

semihypergroup axioms (neutro-Hv-semigroup S) of 274

the semihypergroup axioms (Hv-semigroup axioms). 275

Definition 6. (Anti-hyperoperations and Anti- 276

semihypergroup) 277

The anti-hyperoperation of the hyperoperation 278

(totally outer-defined) is defined as follows: 279

(AHO) (∀x, y ∈ H) (x ◦ y(H). 280

The anti-semihypergroup of the semihypergroup 281

axioms (totally false) is defined as follows: 282

(AA) (∀x, y, z ∈ H) (x ◦ (y ◦ z) /= (x ◦ y) ◦ z). 283

Definition 7. (Anti-hyperoperations and Anti-Hv- 284

semigroup) 285

The anti-hyperoperation of the hyperoperation 286

(totally outer-defined) is defined as follows: 287

(AHO) (∀x, y ∈ H)(x ◦ y ( H). 288

The anti-Hv-semigroup of the Hv-semigroup 289

axioms (totally false) is defined as follows: 290

(AWA) (∀x, y, z ∈ H)((x ◦ (y ◦ z) ∩ (x ◦ y) ◦ z) 291

= Ø). 292

We define anti-commutative law on (H, ◦) as fol- 293

lows: 294

(AC) (∀a, b ∈ H with a /= b)(a ◦ b /= b ◦ a). 295

Also, we define anti-weak commutative law on 296

(H, ◦) as follows: 297

(AWC) (∀a, b ∈ H with a /= b)(a ◦ b ∩ b ◦ a = Ø). 298

Definition 8. A neutro-semihypergroup is an alterna- 299

tive of semihypergroup that has at least an (NHO) or 300

an (NHA) satisfied, with no anti-hyperoperation and 301

no anti-semihypergroup axiom. 302

Remark 1. Every Hv-semigroup that is not a 303

semihypergroup is a neutro-semihypergroup or an 304

anti-semihypergroup. 305

Example 5. (i) Let H = {a, b, c} and U = {a, b, c, d} 306

be a universe of discourse that contains H . We define 307

the neutro-hyperoperation (◦5) on H with the follow- 308

ing Cayley table. 309
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Table 3
Cayley table for the neutro-semihypergroup (H, ◦5)

◦5 a b c

a a a b

b b {a, b} d

c b ? b

Then (H, ◦5) is a neutro-semihypergroup. (NHO)310

is valid, since a ◦5 b ⊆ H , b ◦5 c = {d} ( H and c ◦5311

b = indeterminate. Thus, (NHO) holds.312

(ii) Let H = {a, b, c}. Define the hyperoperation313

(◦6) on H with the following Cayley table.

Table 4
Cayley table for the neutro-semihypergroup (H, ◦6)

◦6 a b c

a a a a

b b {a, b} {a, b}
c c {b, c} H

314

Then (H, ◦6) is a neutro-semihypergroup. (NHA)315

is valid, since (b ◦6 c) ◦6 a = {a, b} ◦6 a = (a ◦6 a)316

∪ (b ◦6 a) = {a} ∪ {b} = {a, b} and b ◦6 (c ◦6 a) =317

b ◦6 {c} = b ◦6 c = {a, b}. Hence (b ◦6 c) ◦6 a =318

b ◦6 (c ◦6 a). Also, (b ◦6 a) ◦6 c = {b} ◦6 c = b ◦6319

c = {a, b} and b ◦6 (a ◦6 c) = b ◦6 {a} = b ◦6 a =320

{b}, and so (b ◦6 a) ◦6 c /= b ◦6 (a ◦6 c). Thus,321

(NHA) holds.322

Definition 9. An anti-semihypergroup is an alterna-323

tive of semihypergroup that has at least an (AHO) or324

an (AA).325

Example 6. (i) Let H = N be the set of natural num-326

bers. Define hyperoperation (◦7) on N by x ◦7 y =327 {
x2

x2+1
, y

}
. Then (H, ◦7) is an anti-semihypergroup.328

(AHO) is valid, since for all x, y ∈ N, x ◦7 y ( N.329

Thus, (AHO) holds.330

(ii) Let H = {a, b, c}. Define the hyperoperation331

(◦8) on H with the following Cayley table.

Table 5
Cayley table for the anti-Hv-semigroup (H, ◦8)

◦8 a b c

a b a b

b b a b

c b a b

332

Then (H, ◦8) is an anti-semihypergroup. The333

(AA) law is valid, since for all x, y, z ∈ H , x ◦8334

(y ◦8 z) /= (x ◦8 y) ◦8 z.335

Definition 10. A neutro-Hv-semigroup is an alterna-336

tive of Hv-semigroup that has at least a (NHO) or337

satisfies (NWA), with no anti-hyperoperation and no 338

anti-Hv-semigroupaxiom. 339

Example 7. (i) Neutro-semihypergroup (H, ◦5) in 340

Example 5, is a neutro-Hv-semigroup. 341

(ii) Let H = {a, b, c, d}. Define the hyperoperation 342

(◦9) on H with the following Cayley table. 343

Table 6
Cayley table for the anti-Hv-semigroup (H, ◦9)

◦9 a b c d

a H {a, c} {a, b} a

b {b, d} {a, c} b a

c {c, d} c {a, b} a

d d c b a

Then (H, ◦9) is a neutro-Hv-semigroup but it is 344

not a neutro-semihypergroup. (NWA) is valid, since 345

(b ◦9 c) ◦9 a = b ◦9 a = {b, d} and b ◦9 (c ◦9 a) = 346

b ◦9 {c, d} = {a, b}. Hence (b ◦9 c) ◦9 a ∩ b ◦9 347

(c ◦9 a) /= Ø. Also, (a ◦9 a) ◦9 d = H ◦9 d = {a} 348

and a ◦9 (a ◦9 d) = b ◦9 a = {a, c}, and so 349

(a ◦9 a) ◦9 d ∩ b ◦9 (a ◦9 c) = Ø. Thus, (NWA) 350

holds. Also, we have for every x, y, z ∈ H , 351

(x ◦9 y) ◦9 z /= x ◦9 (y ◦9 z) and therefore (H, ◦9) is 352

not a neutro-semihypergroup. 353

Definition 11. An anti-Hv-semigroup is an alternative 354

of Hv-semigroup that has at least a (AHO) or (AWA). 355

Example 8. (i) The anti-semihypergroup (H, ◦7) in 356

Example 6, is an anti-Hv-semigroup. 357

(ii) Let H = {a, b, c}. Define the hyper operation 358

(◦10) on H with the following Cayley table. 359

Table 7
Cayley table for the anti-Hv-semigroup (H, ◦10)

◦10 a b c

a b a b

b b a b

c b a b

Then (H, ◦10) is an anti-semihypergroup. (AA) 360

law is valid, since for all x, y, z ∈ H , x ◦10 361

(y ◦10 z) /= (x ◦10 y) ◦10 z. 362

Lemma 1. Every anti-Hv-semigroup is an anti- 363

semihypergroup. 364

The converse of Lemma 1 may not hold. 365

This is because an anti-semihypergroup may be 366

Hv-semigroup or a neutro-Hv-semigroup or an 367

anti-Hv-semigroup.
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Example 9. Let |H | ≥ 3 and for every x, y ∈ H we
set x ◦11 y = H − {y}. Then

(x ◦11 y) ◦11 z = (H − {y}) ◦11

z =
⋃

u∈H−{y}
u ◦11 z = H − {z}

and

x ◦11 (y ◦11 z) = x ◦11 (H − {z}) =
⋃

v∈H−{z}

x ◦11 v =
⋃

v∈H−{z} H − {v} = H.

Therefore, (H, ◦11) is an anti-semihypergroup and368

an Hv-semigroup.369

Example 10. Let H = {a, b} and define the operation370

(◦12) on Hwith the following Cayley table.371

Table 8
Cayley table for the anti-Hv-semigroup (H, ◦12)

◦12 a b

a b a

b b a

Then

Table 9
Test (A) and (WA)

x y z (x ◦12 y) ◦12 z = or ∩ or Ø x ◦12 (y ◦12 z)

a a a b Ø a

a a b a Ø b

a b a b Ø a

a b b a Ø b

b a a b Ø a

b a b a Ø b

b b a b Ø a

b b b a Ø b

372

Therefore, (H, ◦12) is an anti-semihypergroup and373

an anti-Hv-semigroup.374

Example 11. Let H = {a, b} and define the hyperop-375

eration (◦13) on H with the following Cayley table.376

Table 10
Cayley table for the anti-semihypergroup (H, ◦13)

◦13 a b

a H a

b b a

Then377

Table 11
Test (A) and (WA)

x y z (x ◦13 y) ◦13 z = or ∩ or Ø x◦13 (y ◦13 z)

a a a H ∩ a

a a b a Ø b

a b a b ∩ H

a b b a Ø b

b a a H ∩ a

b a b a ∩ H

b b a b ∩ H

b b b a ∩ H

Therefore, (H, ◦13) is an anti-semihypergroup and 378

a neutro-Hv-semigroup. 379

Lemma 2. Every neutro-semihypergroup is a neutro- 380

Hv-semigroup. 381

Proof. A neutro-semihypergroup is endowed with 382

a neutro-associativity, which is also a neutro-weak 383

associativity that characterizes the neutro-Hv- 384

semigroup. 385

Example 12. Let H = {a, b, c} and define the oper- 386

ation (◦14) on H with the following Cayley table. 387

Table 12
Cayley table for neutro-Hv-semigroup and a

neutro-semihypergroup (H, ◦14)

◦14 a b c

a b a a

b b a a

c a b c

We have (a ◦14 a) ◦14 a ∩ a ◦14 (a ◦14 a) = Ø 388

and (c ◦14 c) ◦14 c = c ◦14 (c ◦14 c). There- 389

fore, (H, ◦14) is a neutro-Hv-semigroup and a 390

neutro-semihypergroup. 391

Remark 2. From Example 11, we can see that there 392

exists a neutro-Hv-semigroup such that it is an anti- 393

semihypergroup. 394

Theorem 1. Let (H, ◦) be a weak commutative hyper- 395

groupoid. Then it cannot be an anti-Hv-semigroup. 396

Proof. Let x ∈ H and b ∈ x ◦ x. Then there exists
c ∈ x ◦ b ∩ b ◦ x. Therefore

c ∈ x ◦ b ∩ b ◦ x ⊆ x ◦ (x ◦ x) ∩ (x ◦ x) ◦ x.

This implies that x ◦ (x ◦ x) ∩ (x ◦ x) ◦ x /= Ø, and 397

so (H, ◦) cannot be an anti-Hv-semigroup. 398

The next example shows that there exists a weak 399

commutative anti-semihypergroup. 400

Example 13. Let (H, ◦11) be the anti-semihypergroup 401

in the Example 9. Since |H | ≥ 3 then there exists 402
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z ∈ H such that z ∈ x ◦11 y = H − {y} and z ∈ y ◦11403

x = H − {x}. Therefore, (H, ◦11) is a weak commu-404

tative anti-semihypergroup.405

Theorem 2. ([30]) Let (H, ◦) be a commutative hyper-406

groupoid. Then it cannot be an anti-semihypergroup.407

Definition 12. ([42]) Let (H1, ◦1) and (H2, ◦2) be408

two hypergroupoids. We say that (◦1) is less than or409

equal to (◦2), and note ≤, if and only if there exists410

f ∈ Aut (H, ◦2) such that x ◦1 y ⊆ f (x ◦2 y) for any411

x, y of H .412

From this definition we can deduce the following413

theorem:414

Theorem 3. ([42]) If a hyperoperation is (WA), then415

any hyperoperation superior to it and defined on the416

same set is (WA), too.417

Note that if a hyperoperation is (A), then any hyper-418

operation superior to it and defined on the same set419

may not be true in (A) law, but it is true (WA) law.420

Example 14. Let H = {a, b} and define the operation421

(◦15) on H with the following Cayley table.422

Table 13
Cayley table for the Null semigroup (H, ◦15)

◦15 a b

a a a

b a a

(H, ◦15) is a semigroup and called Null semigroup.423

Now, we define the hyperoperation (◦16) on H with424

the following Cayley table.425

Table 14
Cayley table for the Hv-semigroup (H, ◦16)

◦16 a b

a a a

b H a

Then (◦15) is less than or equal to (◦16) and (H, ◦15)426

is a semihypergroup. It easy to see that (H, ◦16) is not427

a semihypergroup, but it is a neutro-semihypergroup428

and an Hv-semigroup.429

Theorem 4. If a hyperoperation (◦2) is (AWA) and430

(◦1) is less than or equal to (◦2), then (◦1) is (AWA),431

too.432

Proof. Suppose there exist x, y, z ∈ H such that433

x ◦2 (y ◦2 z) ∩ (x ◦2 y) ◦2 z /= Ø. Since (◦1) is less434

than or equal to (◦2), then x ◦1 (y ◦1 z) ⊆ x ◦2435

(y ◦2 z), and (x ◦2 y) ◦2 z ⊆ (x ◦2 y) ◦2 z. Therefore,436

x ◦1 (y ◦1 z) ∩ (x ◦1 y) ◦1 z /= Ø and this is a contra- 437

diction with (AWA) law of hyperoperation (◦1). 438

Note that if a hyperoperation (◦2) is (AA) and (◦1) 439

is less than or equal to (◦2), then (◦1) may not be true 440

in (AA) law or (AWA) law. 441

Example 15. Let H = {a, b, c} and define the hyper- 442

operation (◦17) on Hwith the following Cayley table. 443

Table 15
Cayley table for the anti-semihypergroup (H, ◦17)

◦17 a b c

a {b, c} {a, c} {a, b}
b {b, c} {a, c} {a, b}
c {b, c} {a, c} {a, b}

(H, ◦17) is an anti-semihypergroup. We define the 444

hyperoperation (◦18) on Hwith the following Cayley 445

table.

Table 16
Cayley table for the neutro-Hv-semigroup (H, ◦18)

◦18 a b c

a b {c} {b}
b b {a, c} b

c b {a, c} b

446

We obtain (a ◦18 a) ◦18 a ∩ a ◦18 (a ◦18 a) = Ø 447

and (c ◦18 c) ◦18 c = c ◦18 (c ◦18 c). There- 448

fore, (H, ◦18) is a neutro-Hv-semigroup and a 449

neutro-semihypergroup. 450

By the above theorems we have the following: 451

Theorem 5. Let (H, ◦1) and (H, ◦2) be two hyper- 452

groupoids and ◦1 ≤ ◦2. Then 453

1. If (H, ◦1) is an Hv-semigroup, then (H, ◦2) is an 454

Hv-semigroup. 455

2. If (H, ◦1) is a weak commutative hypergroupoid, 456

then (H, ◦2) is a weak commutative hyper- 457

groupoid. 458

3. If (H, ◦1) is a neutro-Hv-semigroup, then 459

(H, ◦2) cannot be an anti-Hv-semigroup. 460

4. If (H, ◦1) is a neutro-weak commutative hyper- 461

groupoid, then (H, ◦2) cannot be an anti-weak 462

commutative hypergroupoid. 463

5. If (H, ◦2) is a neutro-Hv-semigroup, then 464

(H, ◦1) cannot be an Hv-semigroup. 465

6. If (H, ◦2) is an anti-weak commutative hyper- 466

groupoid, then (H, ◦1) cannot be a weak 467

commutative hypergroupoid. 468

7. If (H, ◦2) is an anti-Hv-semigroup, then (H, ◦1) 469

is an anti-Hv-semigroup. 470
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8. If (H, ◦2) is an anti-weak commutative hyper-471

groupoid, then (H, ◦1) is an anti-weak commu-472

tative hypergroupoid.473

Proof.474

1. For every x, y, z ∈ H , x ◦1 (y ◦1 z) ⊆ x ◦2475

(y ◦2 z) and (x ◦1 y) ◦1 z ⊆ (x ◦2 y) ◦2 z. So476

x ◦1 (y ◦1 z) ∩ (x ◦1 y) ◦1 z /= Ø implies that477

x ◦2 (y ◦2 z) ∩ (x ◦2 y) ◦2 z /= Ø. Therefor (H,478

◦2) is an Hv-semigroup.479

2. It is straightforward.480

3. Let (H, ◦1) is a neutro-Hv-semigroup, then there481

exists x, y, z ∈ H such that x ◦1 (y ◦1 z) ∩ (x ◦1482

y) ◦1 z /= Ø and this implies that x ◦2 (y ◦2 z) ∩483

(x ◦2 y) ◦2 z /= Ø. Therefor (H, ◦2) cannot be484

an anti-Hv-semigroup.485

4. It proves that similar part 3.486

5. It obtains from 1.487

6. It is straightforward.488

7. For every x, y, z ∈ H , x ◦1 (y ◦1 z) ⊆ x ◦2489

(y ◦2 z) and (x ◦1 y) ◦1 z ⊆ (x ◦2 y) ◦2 z. If490

for some x, y, z ∈ H , x ◦1 (y ◦1 z) ∩ (x ◦1 y) ◦1491

z /= Ø then x ◦2 (y ◦2 z) ∩ (x ◦2 y) ◦2 z /= Ø.492

Therefor (H, ◦2) is not an anti-Hv-semigroup493

and this is a contradiction.494

8. It is straightforward.495

Definition 13. Let (H, ◦) be a hypergroupoid. We call496

the complement of (H, ◦) is the partial hypergroupoid497

(H, ∗) when for all x, y ∈ H , we define x ∗ y = H −498

x ◦ y.499

Lemma 3. If (H, ◦) is a group and |H | ≥ 2, then500

(H, ∗) is a semihypergroup.501

Proof. For all x, y ∈ H ,

x � (y � z) = x � (H − y ◦ z) =
⋃

u∈H−y◦z

x � u =
⋃

u∈H−y◦z

H − x ◦ u = H −
⋂

u∈H−y◦z

x ◦ u = H − Ø = H

and

(x � y) � z = (H − x ◦ y) � z =
⋃

v∈H−x◦y

v � z =
⋃

v∈H−x◦y

H − v ◦ z = H −
⋂

v∈H−x◦y

v ◦ z = H − Ø = H

502

Example 16. Let (H = {a, b} , ◦19) be the semihy-503

pergroup with the following Cayley table.504

Table 17
Cayley table for the semihypergroup (H, ◦19)

◦19 a b

a a b

b a b

Then by Example 10, (◦12) = (�) and (H, �) is the 505

anti-semihypergroup and anti-Hv-semigroup. 506

Example 17. Let (H = {a, b} , ◦20) be the semihy- 507

pergroup with the following Cayley table.

Table 18
Cayley table for the semihypergroup (H, ◦20)

◦20 a b

a a a

b a b

508

Then (H, �) is a semihypergroup with the following 509

Cayley table.

Table 19
Cayley table for the semihypergroup (H, �)

� a b

a b b

b b a

510

Example 18. ([14]) The semihypergroup H = 511

{a, b, c} with the following hyperoperation is a semi- 512

hypergroup.

Table 20
Cayley table for the semihypergroup (H, ◦21)

◦21 a b c

a b {b, c} {b, c}
b {b, c} {b, c} {b, c}
c {b, c} {b, c} {b, c}

513

Then (H, �) has the following Cayley table. 514

Table 21
Cayley table for the neutro-semihypergroup (H, �)

∗ a b c

a {a, c} a a

b a a a

c a a a

We have

a � (a � a) = a � {a, c} = {a, c} = {a, c} � a = (a � a) � a

and

b � (a � a) = b � {a, c}=a /= {a, c} = b � a = (b � a) � a.
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515 Therefore, (H, �) is a neutro-semihypergroup.516

Theorem 6. Let (H, ◦) be an Hv-semigroup then517

for every x, y ∈ H , define x � y = H − x ◦ y. Then518

(H, �) is a neutro-Hv-semigroup or an anti-Hv-519

semigroup or an Hv-semigroup.520

Proof. If there exist x, y ∈ H such that x ◦ y = H ,521

then (NHO) or (NHO) is valid for partially hyper-522

operation (�). Then (H, �) is a neutro-Hv-semigroup523

or an anti-Hv-semigroup. So, let for every x, y ∈ H ,524

x ◦ y /= H . Then (�) is a hyperoperation.525

Let (H, ◦) be an Hv-semigroup. For every x, y ∈526

H , define x � y = H − x ◦ y. Then (H, �) can be a527

neutro-Hv-semigroup or an anti-Hv-semigroup or an528

Hv-semigroup.529

Example 19. Let (H, ◦) be a total semihypergroup,530

i.e., for every x, y ∈ H , x ◦ y = H . Then x � y =531

H − x ◦ y = H − H = Ø, and so (H, �) is an anti-532

Hv-semigroup.533

Lemma 4. If for some x ∈ H , x ∈ x ◦ x, then (H, ◦)534

cannot be an anti-Hv-semigroup.535

Proof. Let x ∈ x ◦ x. Then x ∈ ((x ◦ x) ◦ x) ∩536

(x ◦ (x ◦ x)), and so (H, ◦) cannot be an anti-Hv-537

semigroup.538

Theorem 7. Let (H, ◦) be an anti-Hv-semigroup then539

for every x, y ∈ H . Then (H, �) cannot be an anti-540

Hv-semigroup.541

Proof. Let x ∈ H . By Lemma 5, x /∈ x ◦ x, and so x ∈542

x � x = H − x ◦ x. Therefore, by Lemma 5, (H, �)543

cannot be an anti-Hv-semigroup.544

Corollary 1. Let (H, ◦) be an anti-Hv-semigroup.545

For every x, y ∈ H , define x � y = H − x ◦ y. Then546

(H, �) is a neutro-Hv-semigroup or an Hv-semigroup.547

Example 20. Let (H = {a, b} , ◦12) be the anti-Hv-548

semigroup with the following Cayley table (see549

Examples 10 and 17)550

Table 22
Cayley table for the anti-Hv-semigroup (H, ◦12)

◦12 a b

a b a

b b a

Then by Example 17, (◦19) = (�) and (H, �) is an551

Hv-semigroup.552

Lemma 6. Every anti-weak commutative hyper-553

groupoid is an anti-commutative hypergroupoid.

Theorem 8. Let (Hi, ◦), where i ∈ �, be a family 554

of neutro-Hv-semigroups. Then
(⋂

i∈� Hi, ◦
)

is a 555

neutro-Hv-semigroup or anti-Hv-semigroup or Hv- 556

semigroup. 557

Theorem 9. Let (Hi, ◦), where i ∈ �, be a family of 558

anti-Hv-semigroups. Then
(⋂

i∈� Hi, ◦
)

is an anti- 559

Hv-semigroup. 560

Theorem 10. Let (H, ◦) be a hypergroupoid and 561

(G, ◦) be an anti-Hv-semigroup. Then (H ∩ G, ◦) is 562

an anti-Hv-semigroup. 563

Theorem 11. Let (H, ◦H ) be a neutro-Hv-semigroup
and (G, ◦G) be an anti-Hv-semigroup and H ∩ G =
Ø. Define a hyperoperation ◦ on H ∪ G by:

x ◦ y =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x ◦H y if x, y ∈ H ;

x ◦G y if x, y ∈ G;

x ◦H x if x ∈ H, y ∈ G;

x ◦G x if x ∈ G, y ∈ H.

Then (H ∪ G, ◦) is an anti-Hv-semigroup. 564

Theorem 12. Let (H, ◦H ) be a neutro-Hv-semigroup
and (G, ◦G) be an anti-Hv-semigroup and H ∩ G =
Ø. Define a hyperoperation ◦ on H ∪ G by:

x ◦ y =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x ◦H y if x, y ∈ H ;

x ◦G y if x, y ∈ G;

H x ∈ H, y ∈ G;

G x ∈ G, y ∈ H.

Then (H ∪ G, ◦) is a neutro-Hv-semigroup. 565

Proof. If x, y, z ∈ G we have (x ◦G y) ◦G z ∩ x ◦G 566

(y ◦G z) = Ø, and so (x ◦ y) ◦ z ∩ x ◦ (y ◦ z) = Ø . If 567

x ∈ H and y ∈ G, then (x ◦ y) ◦ x = H ◦ x = H ◦H 568

x and x ◦ (y ◦ x) = x ◦ G = H . Hence (x ◦ y) ◦ 569

x = H ◦H x ⊆ H = x ◦ (y ◦ x) and (x ◦ y) ◦ x ∩ x ◦ 570

(y ◦ x) /= Ø. Therefore, (H ∪ G, ◦) is a neutro-Hv- 571

semigroup. 572

Let (H1, ◦1) and (H2, ◦2) be two hypergroupoids.
Then (H × G, *) is a hypergroupoid, where * is
defined on H × G by: for any (x1, y1), (x2, y2) ∈
H × G

(x1, y1)*(x2, y2) = (x1 ◦1 x2, y1 ◦2 y2) .

Then we obtain the following table. 573

By the above table, we have the following: 574

Theorem 13. Set H := {SHG, HvSG, NSHG, 575

NHvSG, ASHG, AHvSG}. Then (H, ×) is a com- 576

mutative monoid (i.e. semigroup with identity). SHG 577
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Table 22
Semigroup (H, ×)

× SHG HvSG NSHG NHvSG ASHG AHvSG

SHG SHG HvSG NSHG NHvSG ASHG AHvSG
HvSG HvSG HvSG NHvSG NHvSG ASHG AHvSG
NSHG NSHG NHvSG NSHG NHvSG ASHG AHvSG
NHvSG NHvSG NHvSG NHvSG NHvSG ASHG AHvSG
ASHG ASHG ASHG ASHG ASHG ASHG AHvSG
AHvSG AHvSG AHvSG AHvSG AHvSG AHvSG AHvSG

Abbreviations: SHG, Semihypergroup; HvSG, Hv-semigroup;
NSHG, Neutro-semihypergroup; NHvSG, Neutro-Hv-semigroup;
ASHG, Anti-semihypergroup; AHvSG, Anti-Hv-semigroup.

is an identity element of (H, ×) and AHvSG is a578

zero element of (H, ×).579

Corollary 2. Every subset of H is a semigroup such580

that it has an identity and a zero element.581

Theorem 14. Let (H, ◦) be a neutro-Hv-semigroup582

and let H1 := ⋃
x◦y/∈P∗(H){x, y}. If H1 /= Ø, then583

(H1, ◦) is a neutro-Hv-semigroup or an anti-Hv-584

semigroup.585

Theorem 15. Let (H, ◦) be a neutro-Hv-semigroup586

and let H2 := ⋃
x◦(y◦z) /= (x◦y)◦z

{x, y, z}. If H2 /= Ø,587

then (H2, ◦) is a neutro-Hv-semigroup or an anti-588

Hv-semigroup.589

Suppose that (H, ◦1) and (G, ◦2) are two hyper-590

groupoids. A function f : H → G is called a591

homomorphism if, for all a, b ∈ H , f (a ◦1 b) =592

f (a) ◦2 f (b) (see [10] and [14] for details).593

Theorem 16. Let (H, ◦1) be an Hv-semigroup,594

(G, ◦2) be a neutro-Hv-semigroup and f : H → G595

be a homomorphism. Then (f (H) , ◦2) is an Hv-596

semigroup, where f (H) = {f (h) : h ∈ H}.597

Proof. Assume that (H, ◦1) is an Hv-semigroup and
x, y, z ∈ f (H) . Then there exist h1, h2, h3 ∈ f (H)
such that f (h1) = x, f (h2) = y and f (h3) = z, and
there exists u ∈ h1 ◦ (h2 ◦ h3) ∩ (h1 ◦ h2) ◦ h3. So

x ◦ (y ◦ z) = f (h1) ◦ (f (h2) ◦ f (h3)) = f (h1)

◦ f (h2 ◦ h3) = f (h1 ◦ (h2 ◦ h3)) 
 f(u)

∈ f ((h1 ◦ h2) ◦ h3) = f (h1 ◦ h2) ◦ f (h3)

= (f (h1) ◦ f (h2)) ◦ f (h3) = (x ◦ y) ◦ z.

Therefore, (f (H) , ◦2) is an Hv-semigroup.598

4. Conclusion 599

The classical algebraic structures were general- 600

ized to neutro-algebraic structurers [neutro-algebras] 601

and anti-algebraic structures [anti-algebras] in 2019 602

and 2020 by Smarandache. This generalization was 603

done thanks to the processes of neutrosophication 604

and respectively antisophication of the operations and 605

axioms. 606

In this paper we defined the neutro- 607

semihypergroups, neutro-Hv-semigroups, anti- 608

semihypergroups and anti-Hv-semigroups, and we 609

proved several of their properties and illustrated the 610

paper with many examples. 611

For future work, it will be interesting to intro- 612

duce neutrosophication and antisophication on other 613

hyperstructures. Also, it will be interesting to enumer- 614

ate neutro-semihypergroups, neutro-Hv-semigroups, 615

anti-semihypergroups and anti-Hv-semigroups of 616

small order. 617
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