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Abstract: In this paper, we introducing fuzzy neutrosophic supra first countable (FNS - FCS),
fuzzy neutrosophic supra second countable (FNS- SCS) and fuzzy neutrosophic supra compactness
(FNS- compactness), fuzzy neutrosophic supra Q* - compactness (FNS - Q* - compactness) in
fuzzy neutrosophic supra topological space (FNSTS). we derive the union of two FNS — compact

spaces is also FNS — compact space and similarly the union of two FNS -(Q* - compact spaces is

also FNS - Q* - compact space. Also we define some theorems using finite intersection property

and productive property. Finally we observe that our notions preserve under one — one, onto and
continuous mapping.

1. Introduction: In 1965, Zadeh [9] introduced the notion of fuzzy sets. The study of fuzzy topological
spaces was first initiated by chang [4] in 1968. K. Atanassov [8] introduced the notion of intuitionistic
fuzzy sets (Ifs) in 1986. Later Coker [5,6] introduced intuitionistic fuzzy topological space. In 1983[2],
Mashhour et al. introduced the concepts of supra topological spaces, supra open sets& supra closed sets.
Later on 1987, ME Abd El-Monsef et al [10] introduced the concept of fuzzy supra topological as a
natural generalization of the notion of supra topological spaces.

In 2002, Florentin Smarandache [15] introduced the extend the [Fsets into Nsets. Nset is
classified into 3 independent functions. In 2012, Salama, Alblowi [1,13,14] introduced the NTY. NTSs are
very natural generalizations of FTSs. In 2014, Salama, Smarandache and valeri [14] introduced the
concept of neutrosophic closed sets and continuous functions. Dogen Coker [3,7]& Bayhan introduced
Fuzzy-compactness in IFTSs. In 2018,2019,[11,12] Md.Aman Mahbub introduced some properties of
compactness in IFTSs and On Q-Compactness in IFTSs.

In this paper two definitions of FNS - compactness in ‘fuzzy ‘neutrosophic supra ‘topological
‘space and some of their features are defined.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
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2. Preliminaries:
2.1. Definition:[15]Let X be a nonempty set and P is a fuzzy neutrosophic set (FNS) is an object having

the form P = {<l, T, (l), 1, (l), F, (l)> e X},Where the functions
T,: X >0, 1,:X>]0lT, F, i X 5T01]
denote the degree of membership function (7, (l )) , the degree of indeterminacy function (/, (l )), and the

degree of non membership ( F), (l )) respectively, each element / € X to the set P and
0<T,(1)< I, (1)< F,(I)<1", foreach [ € X .

AFNS P= {<l 1, (l ), 1, (l ), F, (l )> leX } can be identified to an ordered triple
(I,T,,1,,F,)on ] 0,I"[onX.

2.2. Definition: [1,15] Let X be a nonempty set and the ‘FNSs P & R be in the form
P={L,T,(0)1,(1) F, (1)) :1 € X} & R={(1, T, (1), 1,(0), F (1)) : 1 € X} in X

1. CO(P) ={(1-T,(),1 - 1,(1)1 = Fp(])):l € X}

2. PC R T,(1) < T (D, 1,(1) < 1 (1), Fp(l) = Fy (1), forall [ e X,
3. P=R={(LT, () A F0).1,() A (1= L O) Fo 1)V T (1)) 1 € X
4.0P={1,T,() 1,1 -T, (1)) : 1 X}

s. ()P ={11-F0.1,0LF, ()1 € X}

6. 0,y =(£,0,0,1)and 1,,, =(/,1,1,0)

2.3. Definition: [15] Let{P, : j € K fbe an arbitrary family of FNSs in X, where
P, =T, (101, (1).F, (1)):1 & X { then

. NP = {<l,/\jeKij (l),/\jeKIPj (Z),vjeKFPj_ (l)> le X}

2 OB =1 Ty (O o 1 (oo Fy () 1 € X

2.4. Definition: [13,17] A fuzzy neutrosophic supra topology (FNST), Let X be a nonempty set & 7* be a
family of FNS subsets in X, satisfying the following axioms.
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u
Opyolpy €T

UM, et",V{M, ieK}c "

In the pair, (X , T )is said to be a Fuzzy neutrosophic supra topological space (FNSTS) and any FNSS in
7# is known as Fuzzy neutrosophic supra open set (FNSOS) in X. The element of 7* are called FNSOSs.

The complement of FNSOS in the FNSTS (X , T ) is called fuzzy neutrosophic supra closed set
(FNSCS).

2.5. Definition: [3] Let M and N are IFSs on X and Y. Then the product of IFSs M and N denoted by

M x Nis defined by M x N = {(r,t),T,, x Ty, F,, x Fyy }where (T,, x T, \r,t)=min( T,,(r), T}, (¢)) and
(F,, x Fy, r,t)=max( F,, (r), F, (¢)) for all (r,£) € X x Y . Obviously 0 < (T}, x T}, ) + (F,, x F\,) <1.
This definition can be extended to an arbitrary family of IFSs.

2.6 .Definition: [3] Let (X,,Y),7 =1,2be two IFTSs. The product topology 7, x 7,on X, x X, is the IFT
generated by {p,' (V,):V, € 7,,i = 1,2} where p, : X, x X, — X,,i =1,2 are the projection maps and
IFTS {X, x X,, 7, X7, } is called the product IFTS of (X,,Y,),i =12 In this case

1

S={p;'(V}):V,er,,ieK}isasubbaseand B={V, xV, :V, e1,,i =1,2} is base for 7, x 7,in X, x X,

2.7. Definition: [14] () If M = <T ol M,FM> is a NS on Y, then the preimage of M under %, denoted by
(M), isa NS in X defined by ™' (M) = (™' (T}, ), b (1, )™ (F),)) .

(i) If N = <TN,]N,FN> is a NS in X, then the image of N under /4, denoted by #(/N), is a NS in Y defined
by h(N) = (h(T, ), h(1,,)W(F ).

2.8 .Definition: [14] Let (X , T ), (Y ,o" ) be FNTSs. A function /4 : X — Y is called neutrosophic
Continuous, if 2~ (M) € t* for all M € o* and h is called Neutrosophic Open, if /(N) € o* for all

Nertr”,

2.9. Definition: [16] A collection 3 of NS on a set X is called basis ( or base ) for a NTS on X, if
(1) For each py, € X, there exists £ € $suchthat py € E,

(i) If py € E,NE,, where E|,E, € then 3E; € $suchthat py e E;, Cc E NE,.

2.10. Definition: [11,12](i) Let (X,7*) be a NTS and E be a NS on X. If a family
{<1,TEi ,IE[,FE[> :/ € K} of NOSs on X satisfies the condition, U {<Z’TE, oA Fy > :leK} =1, ,thenit

is said to be a neutrosophic open cover of X. A finite sub family of neutrosophic open cover
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{<l ,T P 1 P F E,> .1 € K} of X, which is also NOC of X is called a finite sub cover of
{<I,TE’,IEI,FEI> leK}.

3. FNS - First and Second countable space in FNSTS
3.1. Definition: A FNSTS (X, 7*)is called fuzzy neutrosophic supra first countable space (FNS — FCS) if

for every FNP P, there exists a countable local base.

3.2. Example: Let X = {l m,n}and 7" = {0, 1., M,,M,, M}, where

M - / n
! 0.25° 045 075 028 045 072 035 055 0.65

n

6570.45 035><075 0.55°0.25

’ s o5 >
M, = and
{<045 0.4570.55 <O 48°0.4570.52/\0.5570.5570.45

M, = ! . Then (X, 7*) is a FNSTS.
0.5570.45°0. 45

Let P, = % VpeaFNP.
035 045 065 038 045 062 0.45°0.5570.55
H(PFN):{I/I’I/Z}’Whererl: Z b I b l " 9 ” > n " B " 9 " B
0.45°0.45°0.55/10.48°0.45°0.52/\0.55°0.550.45
o [ / [ m m m n n n
: 0.5570.45°0.45/\0.65°0.4570.35/\0.75°0.5570.25/ |

WrieN'= (L LN\ om m m\ n n _n is a FNSNHD of FNP P,,,.
0.8570.55°0.25/0.88°0.55°0.22/10.95°0.550.15

ThenV,,V, < N'. Therefore H (P, )is local base of FNP P, . Hence (X, 7*)is FNS — FCS.

3.3. Theorem: Let (X,7") & (Y,0")are any FNSTSs and 4: X — Y is onto Open and FNS — continuous
mapping. If (X, 7*)is FNS — FCS then (Y,0")is also FNS — FCS.

Proof: Suppose P,,,” is a FNP on Y. Since A : (X , T ) - (Y ,0" ) is onto then 3 FNP

P, €Y> h(PFNx): P, . Since (X,7*) is FNS — FCS then 3 a countable local base. Say H of P,,," .
We have to prove that 4 (H) has a countable local base in Y at P,,,” . Since H is countable, so / (H) is
countable. Let N be a FNSNHD of P, .

Since 4 is FNS — continuous then & (N)€ 7*such that P, € &/ (N) & 3H" € Hsuch that P,," € H
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i (N). Since 4 is open, A(P,,") e h (H)cN.SoP,,” € h(H") = G. Hence h (H) is countable local base
for Y. Therefore (Y, ") s also FNS — FCS.

3.4. Definition: A FNSTS (X, 7*)is called fuzzy neutrosophic supra second countable space (FNS — SCS)
if it has a countable base.

3.5. Example: Let X ={p,q,r}and7” ={0,,,K,L,M,l,,}, where

K / / / m m m n n n
0.24°0.4570.76/\0.34°0.450.66/\0.440.55°0.56/ | °
/ / / m m m n n n
L= b b b b 2 b and
0.46 0.45 0.54/\0.48 0.45 0.52/\0.54 0.55 0.46
[ [ [ m m m n n n i
M, = , R , , , , . Then (X, 7") is a FNSTS.
0.58 0.45 0.42/\0.64 0.45 0.36/\0.74 0.55 0.26

LetPFN=<Z,l,Z><m,m,m><n,n,n>beaFNP.
0.34°0.45°0.66/\0.380.450.62/10.44°0.55 0.56

Here P,,, € L <N and P,,, € M =N, where N" = {N/N oL & M}. Then H = {L & M}is countable
base for 7. Hence (X, 7*)is FNS — SCS.

3.6. Theorem: Let (X,7") & (Y,0")are any FNSTSs and 42 : X — Y is onto Open and FNS — continuous
mapping. If (X,7*)is FNS — SCS then (Y,0*)is also FNS — SCS.

Proof: Suppose (X, 7*)is a FNS — SCS. Then H is countable base for 7*, 4 (H) is countable collection in
Y. Now show that 4 (H) is countable base for 7*. Let V be a FNSNHD of FNP P,,* €Y . So P,," €V
and since 4 is onto 3P, € X > h(PFNX)z P, €V .SoP," €h™(V)is FNSNHD of (X,7")and it is
FNS-SCSthen3H" € H&H < r*such that P,,* € Hc 4 (V). So h(PFNx)E h(H") < V. So

P.,” € h(H) < V. Hence h (H) is countable base for 7* . Therefore (¥, 5*)is also FNS — SCS.

4. FNS - Compactness in FNSTS
In this section we define two definitions of fuzzy neutrosophic supra compactness (FNS — Compact) in
fuzzy neutrosophic supra topological space (FNSTS) and established several ‘properties of such notions’.

4.1. Definition: Let(X,7")be a FNSTS. A family {G, : k € K} of ‘fuzzy neutrosophic supra open sets in

X satisfies the condition, U{G, : k € K} =1, . Then it is called fuzzy neutrosophic supra open cover
(FNS -0 - C) of X.
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4.2. Example: Let X ={l,m}and 7" = {0yl oy, 71, 72573, 74}, Where

B {{ [ m m m B [ [ [ m m m
4 1’1°0.15/\171°0.10/ |’ V2 0.66°0.4570.34/\0.74°0.45°0.26/ |’
) ) [ m m m [ [ 1 m m m
V3= > 5 5 5 and7/4: ) s ) s (-
0.77°0.54°0.23/\0.82°0.54°0.25 0.85°0.55°0/10.95°0.55° 0

Then (X, 7*) is a FNSTS and {y/k k= 1,2,3,4} =1,, . Hence {71, Vs V3o ;/4} is FNS — open cover in
X.

4.3. Definition: Let (X,7") be a FNSTS. A finite sub family of fuzzy neutrosophic supra open cover
{Gk kekK } on X, which is also a fuzzy neutrosophic supra open cover of X, is called fuzzy
neutrosophic supra finite sub cover (FNS — F — SC) of X.

4.4. Definition: A FNSTS (X ,T! ) is called FNS — Compact if each FNSO — cover of X has a FNS finite
sub cover.

4.5. Example: Let X ={l,m}andt" ={0,y,1.y, 7,72, 73,74}, Where

B {{ [ m m m B / [ [ m m m
h 1’1°0.15/\ 1717010/’ V2 0.660.45°0.34/\0.74°0.45°0.26/ |’
[ [ [ m m m ) [ [ m m m
}/32 s 5 s s and74= s s 5 s .
0.77°0.54°0.23/\0.82°0.54°0.25 0.85°0.55°0/10.95°0.55" 0

Then (X, 7*) is a FNSTS and U {}/k k= 1,2,3,4} =1, . Hence {7/1, Vs V3o 7/4} is FNS — open cover in
X. And also {7/1 3 Vas ;/4} is FNS — F — SC of X. Therefore (X ,T ) is a FNS — compact.

4.6. Remark: Every fuzzy neutrosophic supra topological space need not be a FNS — compact following
the example 4.7.

4.7. Example: Let X ={l,m}and 7" = {0y, ,.y,7,,7,, 75}, where

[ / / m m m / / / m m m
= > H > H > V2 = > 5 5 5 and
0.45°0.25 0.65/10.35 0.55 0.75 0.65 0.35 0.45/\0.75 0.65 0.55

V3= ! , ! , ! m , n , "\ Then (X,7") is a FNSTS but
0.550.25°0.45/\0.45 0.55 0.65

U {}/k k= 1,2,3} =y, # 1,y .Hence (X,7") is not a FNS — compact of X.

4.8. Theorem: A FNSTS (X, T”) is FNS — compact. Letn* < 7, then (X,7n*)is also FNS — compact.
Proof: Let {G, 1k € K }be FNS — O —C of X. Since 7" < 7*,{G, : k € K} be FNS — 0 —C of X.
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Since X is FNS — compact, 3FNS —F — SC {Gk ke K}ofX.
This turn to show that (X, 7*)is also FNS — compact.

4.9. Theorem: Let (X ,TH ) be a FNSTS and M, N are FNS — compact subsets of X. Then M U N is also
FNS — compact.

Proof: Let (X N ) be a FNSTS and M, N are FNS — compact subsets of X. To show that A/ U N is also
FNS — compact. Let {Gk ke K} be a FNS — O — C of both M, N and M U N . Since M, N are FNS —
compact subsets of X. Then M and N have FNS — F — SC. Let {Gk ck=1to K}be FNS — F — SC of M and
{G, :1=1to L}be FNS —F —=SC of N. Then U {G, :k =1t0K}=1,,,U{G, :1=1toL}=1,,.

U{Gk k= 1t0K+L}=1FN . Hence this FNS —O—C{G’k ke K} contains FNS —F - SC of M U N .
Therefore M U N is FNS — compact.

4.10. Theorem: Let (X T ), (Y ,0" ) be FNSTSs and let /2 : X — Y be a FNS — continuous surjection. If
(X , T ) is FNS — compact, then (Y ,0" ) is also FNS — compact.

Proof: Given that h is FNS — continuous and onto and (X , Tt ’) is FNS — compact.

Let us consider , ={G, :k € K} beaFNS—O-C for Y, thenUy, =1, .

Since / is FNS — continuous, 2™ (U7, )= A" (1,x )= Ur ' (y,) =1,y .

Since y,is FNSO in Y, for every k € K as the map /4 is FNS — continuous.

Thus the family {hil(yk) ke K} is a FNS — O — C for X and since X is FNS — compact.

Then 3 a FNS—F—SC{i'(y,): j=Tton} sUW(y,): j =1 ton}=1,,.

Now, h(U’,I'=1 h (7k )) = h(lFN) =U% h(h_l (7’k )) = h(lFN) = U (7k) = lpy, (as the map £ is

surjective). Therefore Y is FNS — compact space.

4.11. Theorem: Let (X, T”), (Y, 5“) be FNSTSs and let /4 : X — Y be a FNS — open function and

(Y ,0" ) be a FNS — compact. Then (X , T ) is FNS — compact.

Proof: Leth: X — Y be a FNS — open function and (Y ,0" ’) be a FNS — compact.

Lety, ={G, : k € K} bea FNS - O - C for X. Since % is FNS — open function, h(}/k )is aFNS-0-C
of Y. Since Y is FNS — compact, h(]/k )contains a FNS-F -SC, {h(}/kl, VizsVizseooVim )} Then

{}/kl s Vias Vigoeees }/,m} is a FNS — F — SC for X. Thus X is FNS — compact.

4.12. Theorem: The image of FNS — compact space under a FNS — continuous map is FNS — compact
space.

Proof: Let h: X — Y be a FNS — continuous map from a FNS — compact space (X ,T! ) onto a FNSTS
(Y,5”). Lety, ={G, :ke K}beaFNS-0-C for(Y, 5”). Since & is FNS — continuous,
{h‘l(}/k) ke K} isaFNS-0-C of(X,r”). We know that (X,r”) is FNS — compact, the FNS — O —
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CU () ke Kfof (X, 7#) hasa FNS ~F —SC ™ (7,) 1 k =1,2,...f Therefore P = Uy 5™ (7).

Then A(p) = U (7, ), thatis Q = U’ (7, ). Thus {¥/,,» 712> V430V | is @ FNS — F — SC of
{(}/k) ke K} for(Y,5”). Hence(Y,é"‘) is a FNS — compact.

4.13. Definition: (a) Let (X, T”) be a FNSTSs and H is FNSS on X. If a family {Gk ke K} of FNSOSs
on X satisfies the condition, H C U{Gk kekK }, then it is said to be a FNS — O — C of H. A finite
subfamily of the FNS — O —C {G, : k € K} of H, which is also a FNS — O — C of H, is said to be a FNS —
F-SCof{G, :keK}.

(b) AFNS H in FNSTS (X, 7#) is said to be FNS — compact iff every FNS — O — C of H has a FNS — F —
SC.

4.14. Theorem: Let(X,7*), (Y,5") be FNSTSs and let /2: X —> ¥ be a FNS — continuous function. If H
is FNS — compact in (X, z"‘) and then 4 (H) is also FNS — compact in (Y, 5”).

Proof: LetQ = {}/k ke K}, where {yk = <7/k1,7/k2,7/k3> ke K} bea FNS-O - Cof i (H).

Then, by the definition of FNS — continuity P = {hfl (7,):keK } is a FNS — O — C of H. Since H is FNS
— compact, 3 a FNS —F —SC of P, i.e., there exists {¥,,»¥42»¥y3s--s, } Such that HC U 77 (7).
Hence i (H) < h(U_ h7' (7)) c Ui h(h™'(7,)) < U (7,) . Therefore, h (H) is also FNS — compact.

4.15. Definition: Let (X , 7" ’) be a FNSTS then the family {Gk kekK } of fuzzy neutrosophic supra
closed sets in X satisfies finite intersection property (FIP) if every finite sub family {Gk k=12,..., m} of
the family satisfies the condition, ) {Gk keK } #0,y.

4.16. Theorem: A FNSTS (X , T ) is a FNS — compact iff the collection of FNSCSs in X having the FIP
has a non empty intersection.
Proof: Suppose that X is fuzzy neutrosophic supra compact.Let {;/k kekK } be a family of FNSCSs in X.

Also assume {yk kekK } has finite intersection property. Now we have to show that

N{y, :k € K}#0,,. On the contrary way suppose that 1 {y, 1k € K} =0,y = N,c 7% =O0py
= U« 7, =lpy. ClearlyU,_, 7, =U{y, :keK}=1,,.Foreveryk € K ,y, is FNSCS of X.
Therefore 7/_k is FNSOS of X. Thus {}/_k keK }is FNS — O - C of X. Since X is FNS — compact,

therefore this FNS — O — C has FNS — F — SC, say, U {}/k k=12,..., m} =1,.
Then () {;/k k=12,..., m} =0,y . Thus the above considered family does not satisfy FIP, which is a
contradiction. Therefore, [ {jfk ckeK } # 0, . Conversely, assume that the family of FNSCS of X

having FIP has nonempty intersection. To show that X is fuzzy neutrosophic supra compact.
Let {Gk ke K} be a FNS — O — C of X. Suppose that this FNS — O — C has no FNS — F — Sc. That is for
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every finite sub collection of this cover, sayU{G, : k € K} #1,,, = ﬂ{a{ keK}#0,,.Asecach G,
is FNSOS of X and eachG_kis FNSCS of X. Thus, {G_k ke K}is a family of FNSCS of X having FIP.
So by the hypothesis it has nonempty intersection, that is [ {Ek kekK } 0.,y = U{Gk kekK } # 1y

This shows that {Gk keK } is not FNS — O — C for X. which is a contradiction. Therefore the given
family should have a FNS — F — SC. This shows that X is fuzzy neutrosophic supra compact.

4.17. Theorem: Show that the following statements are equivalent
(I) Xis FNS — compact
(I) For every {F, }, where F, = <TE oA, Fr >of FNSC subsets of X, with() £, = 0, implies {£ }
contains FNS — finite subclass {F,] B R } with F, NF, ... N F, =0, .
Proof: (]) = (II). Suppose () F, =0, . Then by De Morgan’s Law, (NE) =(0,,)° = UEC =1,y.
So {EC} is a FNS — O — cover of X. Since X is FNS — compact then3F , FS ..., F< € {EC} such that
F{ UFS U....0"FS =1,, . Then

c c c c\¥ c¥ c\¥ c\¥
0,y Z(IFN) Z(EI UF, U..UF, ) z(El ) ﬁ(Ez) N..... ﬁ(En ) by De Morgan’s Law
F,NFE,N,.....0\F, . Therefore F;, N F,,N,.....NF, =0.,.So we have to prove that (1) = (]]).
(II):> (I) Let{Gl.}be a FNS — O - C of X, where G, = <TGi’[Gi9FG,->' ie. UG =1,,.
By De Morgan’s Law, 0,,, = (1,,,)" =(UG.)" =NGF.
Since, each G, is FNSO, so {Gic }is a class of FNSCSs & by (II). 3G:,G5,.....,G: € {Gl.c} Such that
G NG5 N ....unGY, =0,,,. So by De Morgan’s Law,
1y =(0,) =(GS NGS N.nGE) =G,
we have to prove that (II ) = (] )

VUG, U.....UG,,. Therefore X is FNS — compact. So

4.18. Theorem: Let FNSTSs (X LT ) and (X 5, 12”) be a FNS — compact. Then the product FNST 7/ x 75

on X, x X,is FNS — compact.

Proof: Consider (Xl, 2'1”) and (Xz, T{;’) be a FNS — compact. Let M, = (TM[ Ay s Fy ) e 7} with

UM, =1,and N, = (T, , 1, , F), Je 74 withUN, =1,,.

NowM, x N, =(T,, .1, ,F,, )x(Ty .1, . F, )=(T,, T, .1, x1, ,F, xF, ), where

(1, x1 \r,t)=min (7, (), T, )1, x I, Nr,t)=min (7,, ("), 1, OME,, % Fy, fr.t) = max(F,, (), F, (1))
wherer € X|,t € X,.So, M, x N, =1,,,. But by definition of product topology, M, x N, e /' x 7}’ . i.e

{Ml. X Ni}is family of FNSOSs in X| x X,. ChooseU(Ml. X Nl.)z L.y Since(Xl,Tl”) is FNS —

compact then {M l.} has FNS — finite subclass {M l.j} such that U M, =1, and also (X 5y Th ) is FNS —
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compact then {N [.} has FNS — finite subclass {N ij} such thatUJ V. y =1lpy, where j=12,...n.
HenceU M, xUN,; =1, . Therefore the product FNST (X XX, Tl % z'g’) is also FNS — compact.

5. FNS —Q* — compactness in FNSTS

In this section two definitions of FNS — O — compactness in fuzzy neutrosophic supra topological space

and established several properties of such notions are established.

5.1. Definition: Let (X, r”) be a FNSTS and E be a FNSS in X. A family M = {E i e I} of FNS sets in
X, where P, = <TR’]B’FB> . Then M is said to be FNS —Q* — cover of E, if E c UP,
T.(I)+ T, () =1,,, for each T, and some/ € X . If each F,is FNSO then M is said to be FNS -0" -

Open cover of E.
A sub family of FNS — Q* — cover of FNSS E in X which is also FNS — Q* — cover of E is said to be

FNS — OQ* — sub cover of E.

5.2. Definition: A FNSS E in X is called a FNS — OQ* — compact if every FNS — Q* — open cover of E
has a FNS — Q" — finite sub cover. i.e. 3P, P,,......, P, €M such that E c UP;, T,.(/) + T, (1) 2 1py,

i *i

for each TP, andsome/ e X ,j=1.2,....m.

5.3. Example: Let X =(r,s,t) & 7" = {OFN,IFN,PI,PZ}, where

p= r K t
! 0.55,0.55,0.45/10.65,0.55,0.35/10.75,0.55,0.25 '

P = s > ! , Then (X, 7#) is FNSTS.
0.58,0.55,0.42/10.68,0.55,0.32/10.78,0.55,0.22

Write £ = " S t be a FNSS in X.
0.48,0.55,0.52/10.52,0.55,0.48/10.63,0.55,0.37

Here E(r) cUB(r), T (1) + T, (r) 21, E(s) cUPR(s), T;(s)+ T, (s) 2 1and E(t) c UP(1),
Ty (t)+ T, (1) 2 1, . Therefore {P P}isaFNS— O* —open cover of Eand P, or P,isa FNS — Q% —

1°72

finite sub cover of E.

5.4. Theorem: Let (X, r”) be a FNSTS and P, R are FNS — Q* — compact subsets of(X, ¥ ) Then
P U R is FNS — Q0" — compact in(X,T”).
Proof: Let (X , T ) be a FNSTS and P, R are FNS — OQ* — compact subsets of (X T ) To show that

10



Futuristic Research in Modeling of Dynamical Systems (FRMDS 2022) IOP Publishing
Journal of Physics: Conference Series 2332(2022) 012004  doi:10.1088/1742-6596/2332/1/012004

P U R is FNS — Q" — compact in(X,T”). LetM = {El. :ie]} be a FNS — QO — open cover of P and
N :{E :iel} be a FNS — Q" — open cover ofRin(X,r”).NongUEiandR c UF,.

= PURcUE,; UUF, = PURCU(E, UF,),j=12,....m. By definition of FNS — 0" —
compactness, 7, (r)+ T (r) 21y and T, (r) + T (r) 2 1y, for somer € X .

=T, . (r)+ T o (r)>1,y.ie. MUN= {E, UF,}is FNS — Q" — cover of P U R . Since P is FNS —
Q" — compact in(X,r”). Then P has FNS — O* — finite sub cover, 3P,, P,,......, P, € E, such that

PcUE TP(r)+TEU (r)=1,, forsomer € X, j=12,...,mand also R is FNS — O — compact in

i
(X , T ) Then R has FNS — 0" — finite sub cover, 3R,,R,,.......,R,, € F} such that R < UF,,
TR(V)+TEj(r) > 1, forsomer e X, j=12,..,m.NowP C UEijandR C UF:.j,

= PURC U(E,-j UFij), Also TP(’”)+T5,. (r)y= lFNandTR(r)+TE_/(r) > 1,y , forsomer e X .
=Tz (r)+ Ty or, (r) >1,, . Hence {El.j v F:j} is a FNS — Q* — finite sub cover of P U R . Therefore

P U R is FNS — Q" — compact in(X,T”).

5.5. Theorem: Let (X, T”) &(Y, 5”) be FNSTSs and /4 : X — Y is bijective, FNSO and FNS —
continuous. If FNSS E is FNS — Q* — compact in (X , r") and then h(E )is FNS — Q* — compact in
(v,5).

Proof: Let N = {R € 5”} be a FNS — Q* — open cover ofh(E) with h(E) < UP, and

Tyey (1) + T, (r) 2 1y, for somer € X . Since F, € 5*thenh ' (P) e t*and h(E) < UP.

= Ech ' (UP), forsomer e X = T,(r)+ T, (r)21g.Since E is FNS — O* — compact then a

(B
family H= {hil(Pl.) ‘e I} is FNS — QO — open cover of E. Further since E is FNS — Q* — compact in
(x,7#) then 387 (P, ), k™ (P, ) k' (P, ) € 7 such that E < Un™(B) and Ty (m) + T, (1) 2 1
,forsomere X j=12_...m

= h(TE (”))"' hkTh’l(p;j)Xr) e h(lFN ) = Th(E)(r)+ T, (’”) 2 1y as h is FNS — continuous. But

EcUn” (P)=hE) < h(Uhil(PU)) = h(E) < UP,. Hence F; € 5* such that

WE) cUPR, &T, 1, (r) + TE/ (r) =1, . Therefore h(E)is FNS — Q* — compact in (Y, 5”).

5.6. Theorem: Let(X,7") be a FNSTS and E be a FNSS on X. if a family {F, :i € I }of FNSC sub sets of
X with() F, = 0, implies {E } contains finite subclass {E1 e F, }with

5% in

11
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F,NF,N.... NF, =0.,.ThenE is FNS — Q" — compact in(X,T").
Proof: Given that ) F, = 0,,, . Then by De Morgan’s Law, (NF;)" =(0,,)¢.

=UF‘ =1,,.LetM= {Hl. ] e]}beaFNS— Q" — open cover of E in(X,T”).

SoE cUH,, T, (r)+ Ty, (r) 21y for somer € X . Since each H,is FNSO then {H[C}is a class of

FNSCSs and by given condition, 3H , H ..., H, € {H[C} such that H MHS O ee. NH S =0,

c
So by De Morgan’s Law, 1, = (15, z(Himeigﬁ ...... ﬂHIS) =H,VH,uU.... UH,,.
Hence £ c UH,;, T, (r) +T;, () 2 1,y, j =12,....,n, for somer € X . Therefore E is FNS — O0* —

y

compact in (X, 2 )

5.7. Theorem: Let (X, T”) be a FNSTS and M, N are FNS — Q* — compact on (X, z’”). Then (M X N)is
FNS — QO — compact in (X x X, 74 x z"‘).

Proof: Let K={H, :i e I}, where H, € 7" x 7" be a FNS — Q" — cover of M x N in(XxX,z'” xr”)
.ThenM x N c UH,and T, (r,t) + T, (r,t) 21, , for some (r,t)e XxX. Now write

H, =P xR, ,where P xR €7” Thus M x N c UH,

= MxNcUPxR)=McUP,NcUR,. AlsoT,,,(r,t) + Tpr (751) 2 1, for some
(r,t)eXxX. Hence it is clear that 7), () + T, (r) 2 1, , for somer € X and T\ (¢) + T}, (t) 2 1., for
somet € X . Therefore {F; e I}and {Ri e I}are FNS — O*— open cover of M and N. Since M & N
are compacts then {R iiel }and {Rl. iiel }have FNS — Q* — finite sub covers of M and N. Say,

{ i J € ln}and{Rl.j S In}such that M < Ufz,TM(r)+TEj(r) >1,,, for somer € X and

N cUR;, T\ (1) + T, (t) 21y, for somet € X . Thus M x N < U(PU. XR,;/)~ = M x N c UH ;and
Tyun () + Ty (1) 2 1y, for some (r,t) € X x X . Therefore (M X N)is also FNS — O* — compact
on(XxX,z"‘ xr").
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