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8 Abstract. The objective of this paper is to develop neutro-
sophic quadruple algebraic hyperstructures. Specifically, we develop neu-
trosophic quadruple semihypergroups, neutrosophic quadruple canonical
hypergroups and neutrosophic quadruple hyperrings and we present ele-
mentary properties which characterize them.
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1. Introduction17

The concept of neutrosophic quadruple numbers was introduced by Florentin18

Smarandache [18]. It was shown in [18] how arithmetic operations of addition, sub-19

traction, multiplication and scalar multiplication could be performed on the set of20

neutrosophic quadruple numbers. In [1], Akinleye et.al. introduced the notion21

of neutrosophic quadruple algebraic structures. Neutrosophic quadruple rings were22

studied and their basic properties were presented. In the present paper, two hyper-23

operations +̂ and ×̂ are defined on the neutrosophic set NQ of quadruple num-24

bers to develop new algebraic hyperstructures which we call neutrosophic quadru-25

ple algebraic hyperstructures. Specifically, it is shown that (NQ, ×̂) is a neutro-26

sophic quadruple semihypergroup, (NQ, +̂) is a neutrosophic quadruple canonical27

hypergroup and (NQ, +̂, ×̂) is a neutrosophic quadruple hyperrring and their basic28

properties are presented.29

Definition 1.1 ([18]). A neutrosophic quadruple number is a number of the30

form (a, bT, cI, dF ) where T, I, F have their usual neutrosophic logic meanings and31

a, b, c, d ∈ R or C. The set NQ defined by32

NQ = {(a, bT, cI, dF ) : a, b, c, d ∈ R or C}(1.1)33
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is called a neutrosophic set of quadruple numbers. For a neutrosophic quadruple34

number (a, bT, cI, dF ) representing any entity which may be a number, an idea, an35

object, etc, a is called the known part and (bT, cI, dF ) is called the unknown part.36

Definition 1.2. Let a = (a1, a2T, a3I, a4F ), b = (b1, b2T, b3I, b4F ) ∈ NQ. We37

define the following:38

a+ b = (a1 + b1, (a2 + b2)T, (a3 + b3)I, (a4 + b4)F ),(1.2)39

a− b = (a1 − b1, (a2 − b2)T, (a3 − b3)I, (a4 − b4)F ).(1.3)40

Definition 1.3. Let a = (a1, a2T, a3I, a4F ) ∈ NQ and let α be any scalar which41

may be real or complex, the scalar product α.a is defined by42

α.a = α.(a1, a2T, a3I, a4F ) = (αa1, αa2T, αa3I, αa4F ).(1.4)43

If α = 0, then we have 0.a = (0, 0, 0, 0) and for any non-zero scalars m and n and44

b = (b1, b2T, b3I, b4F ), we have:45

(m+ n)a = ma+ na,46

m(a+ b) = ma+mb,47

mn(a) = m(na),48

−a = (−a1,−a2T,−a3I,−a4F ).49

Definition 1.4 ([18]). [Absorbance Law] Let X be a set endowed with a total order50

x < y, named ” x prevailed by y” or ”x less stronger than y” or ”x less preferred51

than y”. x ≤ y is considered as ”x prevailed by or equal to y” or ”x less stronger52

than or equal to y” or ”x less preferred than or equal to y”.53

For any elements x, y ∈ X, with x ≤ y, absorbance law is defined as54

x.y = y.x = absorb(x, y) = max{x, y} = y(1.5)55

which means that the bigger element absorbs the smaller element (the big fish eats56

the small fish). It is clear from (1.5) that57

x.x = x2 = absorb(x, x) = max{x, x} = x and(1.6)58

x1.x2 · · ·xn = max{x1, x2, · · · , xn}.(1.7)59

Analogously, if x > y, we say that ”x prevails to y” or ”x is stronger than y” or60

”x is preferred to y”. Also, if x ≥ y, we say that ”x prevails or is equal to y” or ”x61

is stronger than or equal to y” or ”x is preferred or equal to y”.62

Definition 1.5. Consider the set {T, I, F}. Suppose in an optimistic way we con-63

sider the prevalence order T > I > F . Then we have:64

TI = IT = max{T, I} = T,(1.8)65

TF = FT = max{T, F} = T,(1.9)66

IF = FI = max{I, F} = I,(1.10)67

TT = T 2 = T,(1.11)68

II = I2 = I,(1.12)69

FF = F 2 = F.(1.13)70
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Analogously, suppose in a pessimistic way we consider the prevalence order T <71

I < F . Then we have:72

TI = IT = max{T, I} = I,(1.14)73

TF = FT = max{T, F} = F,(1.15)74

IF = FI = max{I, F} = F,(1.16)75

TT = T 2 = T,(1.17)76

II = I2 = I,(1.18)77

FF = F 2 = F.(1.19)78

Except otherwise stated, we will consider only the prevalence order T < I < F79

in this paper.80

Definition 1.6. Let a = (a1, a2T, a3I, a4F ), b = (b1, b2T, b3I, b4F ) ∈ NQ. Then81

a.b = (a1, a2T, a3I, a4F ).(b1, b2T, b3I, b4F )82

= (a1b1, (a1b2 + a2b1 + a2b2)T, (a1b3 + a2b3 + a3b1 + a3b2 + a3b3)I,83

(a1b4 + a2b4, a3b4 + a4b1 + a4b2 + a4b3 + a4b4)F ).(1.20)84

Theorem 1.7 ([1]). (NQ,+) is an abelian group.85

Theorem 1.8 ([1]). (NQ, .) is a commutative monoid.86

Theorem 1.9 ([1]). (NQ, .) is not a group.87

Theorem 1.10 ([1]). (NQ,+, .) is a commutative ring.88

Definition 1.11. Let NQR be a neutrosophic quadruple ring and let NQS be a89

nonempty subset of NQR. Then NQS is called a neutrosophic quadruple subring of90

NQR, if (NQS,+, .) is itself a neutrosophic quadruple ring. For example, NQR(nZ)91

is a neutrosophic quadruple subring of NQR(Z) for n = 1, 2, 3, · · · .92

Definition 1.12. Let NQJ be a nonempty subset of a neutrosophic quadruple93

ring NQR. NQJ is called a neutrosophic quadruple ideal of NQR, if for all x, y ∈94

NQJ, r ∈ NQR, the following conditions hold:95

(i) x− y ∈ NQJ ,96

(ii) xr ∈ NQJ and rx ∈ NQJ .97

Definition 1.13 ([1]). Let NQR and NQS be two neutrosophic quadruple rings98

and let φ : NQR→ NQS be a mapping defined for all x, y ∈ NQR as follows:99

(i) φ(x+ y) = φ(x) + φ(y),100

(ii) φ(xy) = φ(x)φ(y),101

(iii) φ(T ) = T , φ(I) = I and φ(F ) = F ,102

(iv) φ(1, 0, 0, 0) = (1, 0, 0, 0).103

Then φ is called a neutrosophic quadruple homomorphism. Neutrosophic quadruple104

monomorphism, endomorphism, isomorphism, and other morphisms can be defined105

in the usual way.106

Definition 1.14. Let φ : NQR → NQS be a neutrosophic quadruple ring homo-107

morphism.108
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(i) The image of φ denoted by Imφ is defined by the set109

Imφ = {y ∈ NQS : y = φ(x), for some x ∈ NQR}.110

(ii) The kernel of φ denoted by Kerφ is defined by the set111

Kerφ = {x ∈ NQR : φ(x) = (0, 0, 0, 0)}.112

Theorem 1.15 ([1]). Let φ : NQR → NQS be a neutrosophic quadruple ring113

homomorphism. Then:114

(1) Imφ is a neutrosophic quadruple subring of NQS,115

(2) Kerφ is not a neutrosophic quadruple ideal of NQR.116

Theorem 1.16 ([1]). Let φ : NQR(Z)→ NQR(Z)/NQR(nZ) be a mapping defined117

by φ(x) = x + NQR(nZ) for all x ∈ NQR(Z) and n = 1, 2, 3, . . .. Then φ is not a118

neutrosophic quadruple ring homomorphism.119

Definition 1.17. Let H be a non-empty set and let + be a hyperoperation on H.120

The couple (H,+) is called a canonical hypergroup if the following conditions hold:121

(i) x+ y = y + x, for all x, y ∈ H,122

(ii) x+ (y + z) = (x+ y) + z, for all x, y, z ∈ H,123

(iii) there exists a neutral element 0 ∈ H such that x + 0 = {x} = 0 + x, for all124

x ∈ H,125

(iv) for every x ∈ H, there exists a unique element −x ∈ H such that 0 ∈126

x+ (−x) ∩ (−x) + x,127

(v) z ∈ x+ y implies y ∈ −x+ z and x ∈ z − y, for all x, y, z ∈ H.128

A nonempty subset A of H is called a subcanonical hypergroup, if A is a canonical129

hypergroup under the same hyperaddition as that of H that is, for every a, b ∈ A,130

a− b ∈ A. If in addition a+A− a ⊆ A for all a ∈ H, A is said to be normal.131

Definition 1.18. A hyperring is a tripple (R,+, .) satisfying the following axioms:132

(i) (R,+) is a canonical hypergroup,133

(ii) (R, .) is a semihypergroup such that x.0 = 0.x = 0 for all x ∈ R, that is, 0 is134

a bilaterally absorbing element,135

(iii) for all x, y, z ∈ R,136

x.(y + z) = x.y + x.z and (x+ y).z = x.z + y.z.137

That is, the hyperoperation . is distributive over the hyperoperation +.138

Definition 1.19. Let (R,+, .) be a hyperring and let A be a nonempty subset of139

R. A is said to be a subhyperring of R if (A,+, .) is itself a hyperring.140

Definition 1.20. Let A be a subhyperring of a hyperring R. Then141

(i) A is called a left hyperideal of R if r.a ⊆ A for all r ∈ R, a ∈ A,142

(ii) A is called a right hyperideal of R if a.r ⊆ A for all r ∈ R, a ∈ A,143

(iii) A is called a hyperideal of R if A is both left and right hyperideal of R.144

Definition 1.21. Let A be a hyperideal of a hyperring R. A is said to be normal145

in R, if r +A− r ⊆ A, for all r ∈ R.146

For full details about hypergroups, canonical hypergroups, hyperrings, neutro-147

sophic canonical hypergroups and neutrosophic hyperrings, the reader should see148

[3, 14]149
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2. Development of neutrosophic quadruple canonical hypergroups150

and neutrosophic quadruple hyperrings151

In this section, we develop two neutrosophic hyperquadruple algebraic hyper-152

structures namely neutrosophic quadruple canonical hypergroup and neutrosophic153

quadruple hyperring . In what follows, all neutrosophic quadruple numbers will be154

real neutrosophic quadruple numbers i.e a, b, c, d ∈ R for any neutrosophic quadru-155

ple number (a, bT, cI, dF ) ∈ NQ.156

Definition 2.1. Let + and . be hyperoperations on R that is x+y ⊆ R, x.y ⊆ R for157

all x, y ∈ R. Let +̂ and ×̂ be hyperoperations onNQ. For x = (x1, x2T, x3I, x4F ), y =158

(y1, y2T, y3I, y4F ) ∈ NQ with xi, yi ∈ R, i = 1, 2, 3, 4, define:159

x+̂y = {(a, bT, cI, dF ) : a ∈ x1 + y1, b ∈ x2 + y2,160

c ∈ x3 + y3, d ∈ x4 + y4},(2.1)161
162

x×̂y = {(a, bT, cI, dF ) : a ∈ x1.y1, b ∈ (x1.y2) ∪ (x2.y1) ∪ (x2.y2), c ∈ (x1.y3)163

∪(x2.y3) ∪ (x3.y1) ∪ (x3.y2) ∪ (x3.y3), d ∈ (x1.y4) ∪ (x2.y4)164

∪(x3.y4) ∪ (x4.y1) ∪ (x4.y2) ∪ (x4.y3) ∪ (x4.y4)}.(2.2)165

Theorem 2.2. (NQ, +̂) is a canonical hypergroup.166

Proof. Let x = (x1, x2T, x3I, x4F ), y = (y1, y2T, y3I, y4F ), z = (z1, z2T, z3I, z4F ) ∈167

NQ be arbitrary with xi, yi, zi ∈ R, i = 1, 2, 3, 4.168

(i) To show that x+̂y = y+̂x, let169

x+̂y = {a = (a1, a2T, a3I, a4F ) : a1 ∈ x1 + y1, a2 ∈ x2 + y2, a3 ∈ x3 + y3,170

a4 ∈ x4 + y4},171

y+̂x = {b = (b1, b2T, b3I, b4F ) : b1 ∈ y1 + x1, b2 ∈ y2 + x2, b3 ∈ y3 + b3,172

b4 ∈ y4 + x4}.173

Since ai, bi ∈ R, i = 1, 2, 3, 4, it follows that x+̂y = y+̂x.174

(ii) To show that that x+̂(y+̂z) = (x+̂y)+̂z, let175

y+̂z = {w = (w1, w2T,w3I, w4F ) : w1 ∈ y1 + z1, w2 ∈ y2 + z2,176

w3 ∈ y3 + z3, w4 ∈ y4 + z4}. Now,177

x+̂(y+̂z) = x+̂w178

= {p = (p1, p2T, p3I, p4F ) : p1 ∈ x1 + w1, p2 ∈ x2 + w2, p3 ∈ x3 + w3,179

p4 ∈ x4 + w4}180

= {p = (p1, p2T, p3I, p4F ) : p1 ∈ x1 + (y1 + z1), p2 ∈ x2 + (y2 + z2),181

p3 ∈ x3 + (y3 + z3), p4 ∈ x4 + (y4 + z4)}.182

Also, let x+̂y = {u = (u1, u2T, u3I, u4F ) : u1 ∈ x1 + y1, u2 ∈ x2 + y2, u3 ∈ x3 +183

y3, u4 ∈ x4 + y4} so that184

(x+̂y)+̂z = u+̂z185

= {q = (q1, q2T, q3I, q4F ) : q1 ∈ u1 + z1, q2 ∈ u2 + z2, q3 ∈ u3 + z3,186

q4 ∈ u4 + z4}187

= {q = (q1, q2T, q3I, q4F ) : q1 ∈ (x1 + y1) + z1, q2 ∈ (x2 + y2) + z2,188

q3 ∈ (x3 + y3) + z3, q4 ∈ (x4 + y4) + z4}.189
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Since ui, pi, qi, wi, xi, yi, zi ∈ R, i = 1, 2, 3, 4, it follows that x+̂(y+̂z) = (x+̂y)+̂z.190

(iii) To show that 0 = (0, 0, 0, 0) ∈ NQ is a neutral element, consider191

x+̂(0, 0, 0, 0) = {a = (a1, a2T, a3I, a4F ) : a1 ∈ x1 + 0, a2 ∈ x2 + 0, a3 ∈ x3 + 0,192

a4 ∈ x4 + 0}193

= {a = (a1, a2T, a3I, a4F ) : a1 ∈ {x1}, a2 ∈ {x2}, a3 ∈ {x3},194

a4 ∈ {x4}}195

= {x}.196

Similarly, it can be shown that (0, 0, 0, 0)+̂x = {x}. Hence 0 = (0, 0, 0, 0) ∈ NQ is a197

neutral element.198

(iv) To show that that for every x ∈ NQ, there exists a unique element −̂x ∈ NQ199

such that 0 ∈ x+̂(−̂x) ∩ (−̂x)+̂x, consider200

x+̂(−̂x) ∩ (−̂x)+̂x = {a = (a1, a2T, a3I, a4F ) : a1 ∈ x1 − x1, a2 ∈ x2 − x2,201

a3 ∈ x3 − x3, a4 ∈ x4 − x4} ∩ {b = (b1, b2T, b3I, b4F ) :202

b1 ∈ −x1 + x1, b2 ∈ −x2 + x2, b3 ∈ −x3 + x3, b4 ∈ −x4 + x4}203

= {(0, 0, 0, 0)}.204

This shows that for every x ∈ NQ, there exists a unique element −̂x ∈ NQ such205

that 0 ∈ x+̂(−̂x) ∩ (−̂x)+̂x.206

(v) Since for all x, y, z ∈ NQ with xi, y1, zi ∈ R, i = 1, 2, 3, 4, it follows that207

z ∈ x+̂y implies y ∈ −̂x+̂z and x ∈ z+̂(−̂y). Hence, (NQ, +̂) is a canonical208

hypergroup. �209

Lemma 2.3. Let (NQ, +̂) be a neutrosophic quadruple canonical hypergroup. Then210

(1) −̂(−̂x) = x for all x ∈ NQ,211

(2) 0 = (0, 0, 0, 0) is the unique element such that for every x ∈ NQ, there is an212

element −̂x ∈ NQ such that 0 ∈ x+̂(−̂x),213

(3) −̂0 = 0,214

(4) −̂(x+̂y) = −̂x−̂y for all x, y ∈ NQ.215

Example 2.4. Let NQ = {0, x, y} be a neutrosophic quadruple set and let +̂ be a216

hyperoperation on NQ defined in the table below.217

+̂ 0 x y
0 0 x y
x x {0, x, y} y
y y y {0, y}

218

Then (NQ, +̂) is a neutrosophic quadruple canonical hypergroup.219

Theorem 2.5. (NQ, ×̂) is a semihypergroup.220

Proof. Let x = (x1, x2T, x3I, x4F ), y = (y1, y2T, y3I, y4F ), z = (z1, z2T, z3I, z4F ) ∈221

NQ be arbitrary with xi, yi, zi ∈ R, i = 1, 2, 3, 4.222
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(i)223

x×̂y = {a = (a1, a2T, a3I, a4F ) : a1 ∈ x1y1, a2 ∈ x1y2 ∪ x2y1 ∪ x2y2, a3 ∈ x1y3224

∪x2y3 ∪ x3y1 ∪ x3y2 ∪ x3y3, a4 ∈ x1y4 ∪ x2y4225

∪x3y4 ∪ x4y1 ∪ x4y2 ∪ x4y3 ∪ x4y4}226

⊆ NQ.227

(ii) To show that x×̂(y×̂z) = (x×̂y)×̂z, let228

y×̂z = {w = (w1, w2T,w3I, w4F ) : w1 ∈ y1z1, w2 ∈ y1z2 ∪ y2z1 ∪ y2z2,229

w3 ∈ y1z3 ∪ y2z3 ∪ y3z1 ∪ y3z2 ∪ y3z3, w4 ∈ y1z4) ∪ y2z4230

∪y3z4 ∪ y4z1 ∪ y4z2 ∪ y4z3 ∪ y4z4}(2.3)231

so that232

x×̂(y×̂z) = x×̂w233

= {p = (p1, p2T, p3I, p4F ) : p1 ∈ x1w1, p2 ∈ x1w2 ∪ x2w1 ∪ x2w2,234

p3 ∈ x1w3 ∪ x2w3 ∪ x3w1 ∪ x3w2 ∪ x3y3, p4 ∈ x1w4 ∪ x2w4235

∪x3w4 ∪ x4w1 ∪ x4w2 ∪ x4w3 ∪ x4w4}.(2.4)236

Also, let237

x×̂y = {u = (u1, u2T, u3I, u4F ) : u1 ∈ x1y1, u2 ∈ x1y2 ∪ x2y1 ∪ x2y2, u3 ∈ x1y3238

∪x2y3 ∪ x3y1 ∪ x3y2 ∪ x3y3, u4 ∈ x1y4 ∪ x2y4239

∪x3y4 ∪ x4y1 ∪ x4y2 ∪ x4y3 ∪ x4y4}(2.5)240

so that241

(x×̂y)×̂z = u×̂z242

= {q = (q1, q2T, q3I, q4F ) : q1 ∈ u1z1, q2 ∈ u1z2 ∪ u2z1 ∪ u2z2,243

q3 ∈ u1z3 ∪ u2z3 ∪ u3z1 ∪ u3z2 ∪ u3z3, q4 ∈ u1z4 ∪ u2z4244

∪u3z4 ∪ u4z1 ∪ u4z2 ∪ u4z3 ∪ u4z4}.(2.6)245

Substituting wi of (2.3) in (2.4) and also substituting ui of (2.5) in (2.6), where246

i = 1, 2, 3, 4 and since pi, qi, ui, wi, xi, zi ∈ R, it follows that x×̂(y×̂z) = (x×̂y)×̂z.247

Consequently, (NQ, ×̂) is a semihypergroup which we call neutrosophic quadruple248

semihypergroup. �249

Remark 2.6. (NQ, ×̂) is not a hypergroup.250

Definition 2.7. Let (NQ, +̂) be a neutrosophic quadruple canonical hypergroup.251

For any subset NH of NQ, we define252

−̂NH = {−̂x : x ∈ NH}.253

A nonempty subset NH of NQ is called a neutrosophic quadruple subcanonical254

hypergroup, if the following conditions hold:255

(i) 0 = (0, 0, 0, 0) ∈ NH,256

(ii) x−̂y ⊆ NH for all x, y ∈ NH.257

A neutrosophic quadruple subcanonical hypergroup NH of a netrosophic quadruple258

canonical hypergroup NQ is said to be normal, if x+̂NH−̂x ⊆ NH for all x ∈ NQ.259
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Definition 2.8. Let (NQ, +̂) be a neutrosophic quadruple canonical hypergroup.260

For xi ∈ NQ with i = 1, 2, 3 . . . , n ∈ N, the heart of NQ denoted by NQω is defined261

by262

NQω =
⋃ n∑

i=1

(
xi−̂xi

)
.263

In Example 2.4, NQω = NQ.264

Definition 2.9. Let (NQ1, +̂) and (NQ2, +̂
′
) be two neutrosophic quadruple canon-265

ical hypergroups. A mapping φ : NQ1 → NQ2 is called a neutrosophic quadruple266

strong homomorphism, if the following conditions hold:267

(i) φ(x+̂y) = φ(x)+̂
′
φ(y) for all x, y ∈ NQ1,268

(ii) φ(T ) = T ,269

(iii) φ(I) = I,270

(iv) φ(F ) = F ,271

(v) φ(0) = 0.272

If in addition φ is a bijection, then φ is called a neutrosophic quadruple strong273

isomorphism and we write NQ1
∼= NQ2.274

Definition 2.10. Let φ : NQ1 → NQ2 be a neutrosophic quadruple strong ho-275

momorphism of neutrosophic quadruple canonical hypergroups. Then the set {x ∈276

NQ1 : φ(x) = 0} is called the kernel of φ and it is denoted by Kerφ. Also, the set277

{φ(x) : x ∈ NQ1} is called the image of φ and it is denoted by Imφ.278

Theorem 2.11. (NQ, +̂, ×̂) is a hyperring.279

Proof. That (NQ, +̂) is a canonical hypergroup follows from Theorem 2.2. Also,280

that (NQ, ×̂) is a semihypergroup follows from Theorem 2.4.281

Next, let x = (x1, x2T, x3I, x4F ) ∈ NQ be arbitrary with xi, yi, zi ∈ R, i =282

1, 2, 3, 4. Then283

x×̂0 = {u = (u1, u2T, u3I, u4F ) : u1 ∈ x1.0, u2 ∈ x1.0 ∪ x2.0 ∪ x2.0, u3 ∈ x1.0284

∪x2.0 ∪ x3.0 ∪ x3.0 ∪ x3.0, u4 ∈ x1.0 ∪ x2.0 ∪ x3.0 ∪ x4.0 ∪ x4.0285

∪x4.0 ∪ x4.0}286

= {u = (u1, u2T, u3I, u4F ) : u1 ∈ {0}, u2 ∈ {0}, u3 ∈ {0}, u4 ∈ {0}}287

= {0}.288

Similarly, it can be shown that 0×̂x = {0}. Since x is arbitrary, it follows that289

x×̂0 = 0×̂x = {0}, for all x ∈ NQ. Hence, 0 = (0, 0, 0, 0) is a bilaterally absorbing290

element.291

To complete the proof, we have to show that x×̂(y+̂z) = (x×̂y)+̂(x×̂z), for all292

x, y, z ∈ NQ. To this end, let x = (x1, x2T, x3I, x4F ), y = (y1, y2T, y3I, y4F ), z =293

(z1, z2T, z3I, z4F ) ∈ NQ be arbitrary with xi, yi, zi ∈ R, i = 1, 2, 3, 4. Let294

y+̂z = {w = (w1, w2T,w3I, w4F ) : w1 ∈ y1 + z1, w2 ∈ y2 + z2, w3 ∈ y3 + z3,295

w4 ∈ y4 + z4}(2.7)296
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so that297

x×̂(y+̂z) = x×̂w298

= {p = (p1, p2T, p3I, p4F ) : p1 ∈ x1w1, p2 ∈ x1w2 ∪ x2w1 ∪ x2w2,299

p3 ∈ x1w3 ∪ x2w3 ∪ x3w1 ∪ x3w2 ∪ x3y3, p4 ∈ x1w4 ∪ x2w4300

∪x3w4 ∪ x4w1 ∪ x4w2 ∪ x4w3 ∪ x4w4}.(2.8)301

Substituting wi, i = 1, 2, 3, 4 of (2.7) in (2.8), we obtain the following:302

p1 ∈ x1(y1 + z1),(2.9)303

p2 ∈ x1(y2 + z2) ∪ x2(y1 + z1) ∪ x2(y2 + z2),(2.10)304

p3 ∈ x1(y3 + z3) ∪ x2(y3 + z3) ∪ x3(y1 + z1) ∪ x3(y2 + z2) ∪ x3(y3 + z3),(2.11)305

p4 ∈ x1(y4 + z4) ∪ x2(y4 + z4) ∪ x3(y4 + z4) ∪ x4(y1 + z1) ∪ x4(y2 + z2),306

∪x4(y3 + z3) ∪ x4(y4 + z4).(2.12)307

Also, let308

x×̂y = {u = (u1, u2T, u3I, u4F ) : u1 ∈ x1y1, u2 ∈ x1y2 ∪ x2y1 ∪ x2y2,309

u3 ∈ x1y3 ∪ x2y3 ∪ x3y1 ∪ x3y2 ∪ x3y3, u4 ∈ x1y4 ∪ x2y4310

∪x3y4 ∪ x4y1 ∪ x4y2 ∪ x4y3 ∪ x4y4}(2.13)311

x×̂z = {v = (v1, v2T, v3I, v4F ) : v1 ∈ x1z1, v2 ∈ x1z2 ∪ x2z1 ∪ x2z2,312

v3 ∈ x1z3 ∪ x2z3 ∪ x3z1 ∪ x3z2 ∪ x3z3, v4 ∈ x1z4 ∪ x2z4313

∪x3z4 ∪ x4z1 ∪ x4z2 ∪ x4z3 ∪ x4z4}(2.14)314

so that315

(x×̂y)+̂(x×̂z) = u+̂v316

= {q = (q1, q2T, q3I, q4F ) : q1 ∈ u1 + v1, q2 ∈ u2 + v2,317

q3 ∈ u3 + v3, q4 ∈ u4 + v4}.(2.15)318

Substituting ui of (2.13) and vi of (2.14) in (2.15), we obtain the following:319

q1 ∈ u1 + v1 ⊆ x1y1 + x1z1 ⊆ x1(y1 + z1),(2.16)320

q2 ∈ u2 + v2 ⊆ (x1y2 ∪ x2y1 ∪ x2y2)321

+(x1z2 ∪ x2z1 ∪ x2(z2)322

⊆ x1(y2 + z2) ∪ x2(y1 + z1) ∪ x2(y2 + z2),(2.17)323

q3 ∈ u3 + v3 ⊆ (x1y3 ∪ x2y3 ∪ x3y1) ∪ x3y2 ∪ x3y3)324

+(x1z3 ∪ x2z3 ∪ x3z1) ∪ x3z2 ∪ x3z3)325

⊆ x1(y3 + z3) ∪ x2(y3 + z3) ∪ x3(y1 + z1) ∪ x3(y2 + z2) ∪ x3(y3 + z3).(2.18)326

q4 ∈ u4 + v4 ⊆ (x1y4 ∪ x2y4 ∪ x3y4) ∪ x4y1 ∪ x4y2) ∪ x4y3 ∪ x4y4)327

+(x1z4 ∪ x2z4 ∪ x3z4) ∪ x4z1 ∪ x4z2) ∪ x4z3 ∪ x4z4)328

⊆ x1(y4 + z4) ∪ x2(y4 + z4) ∪ x3(y4 + z4) ∪ x4(y1 + z1) ∪ x4(y2 + z2)329

∪x4(y3 + z3) ∪ x4(y4 + z4).(2.19)330

Comparing (2.9), (2.10), (2.11) and (2.12) respectively with (2.16), (2.17), (2.18)331

and (2.19), we obtain pi = qi, i = 1, 2, 3, 4. Hence, x×̂(y+̂z) = (x×̂y)+̂(x×̂z), for all332
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x, y, z ∈ NQ. Thus, (NQ, +̂, ×̂) is a hyperring which we call neutrosophic quadruple333

hyperring. �334

Theorem 2.12. (NQ, +̂, ◦) is a Krasner hyperring where ◦ is an ordinary multi-335

plicative binary operation on NQ.336

Definition 2.13. Let (NQ, +̂, ×̂) be a neutrosophic quadruple hyperring. A nonempty337

subsetNJ ofNQ is called a neutrosophic quadruple subhyperring ofNQ, if (NJ, +̂, ×̂)338

is itself a neutrosophic quadruple hyperring.339

NJ is called a neutrosophic quadruple hyperideal if the following conditions hold:340

(i) (NJ, +̂) is a neutrosophic quadruple subcanonical hypergroup.341

(ii) For all x ∈ NJ and r ∈ NQ, x×̂r, r×̂x ⊆ NJ .342

A neutrosophic quadruple hyperideal NJ of NQ is said to be normal in NQ, if343

x+̂NJ−̂x ⊆ NJ , for all x ∈ NQ.344

Definition 2.14. Let (NQ1, +̂, ×̂) and (NQ2, +̂
′
, ×̂′

) be two neutrosophic quadru-345

ple hyperrings. A mapping φ : NQ1 → NQ2 is called a neutrosophic quadruple346

strong homomorphism, if the following conditions hold:347

(i) φ(x+̂y) = φ(x)+̂
′
φ(y), for all x, y ∈ NQ1,348

(ii) φ(x×̂y) = φ(x)×̂′
φ(y), for all x, y ∈ NQ1,349

(iii) φ(T ) = T ,350

(iv) φ(I) = I,351

(v) φ(F ) = F ,352

(vi) φ(0) = 0.353

If in addition φ is a bijection, then φ is called a neutrosophic quadruple strong354

isomorphism and we write NQ1
∼= NQ2.355

Definition 2.15. Let φ : NQ1 → NQ2 be a neutrosophic quadruple strong homo-356

morphism of neutrosophic quadruple hyperrings. Then the set {x ∈ NQ1 : φ(x) = 0}357

is called the kernel of φ and it is denoted by Kerφ. Also, the set {φ(x) : x ∈ NQ1}358

is called the image of φ and it is denoted by Imφ.359

Example 2.16. Let (NQ, +̂, ×̂) be a neutrosophic quadruple hyperring and let360

NX be the set of all strong endomorphisms of NQ. If ⊕ and � are hyperoperations361

defined for all φ, ψ ∈ NX and for all x ∈ NQ as362

φ⊕ ψ = {ν(x) : ν(x) ∈ φ(x)+̂ψ(x)},363

φ� ψ = {ν(x) : ν(x) ∈ φ(x)×̂ψ(x)},364

then (NX,⊕,�) is a neutrosophic quadruple hyperring.365

3. Characterization of neutrosophic quadruple canonical366

hypergroups and neutrosophic hyperrings367

In this section, we present elementary properties which characterize neutrosophic368

quadruple canonical hypergroups and neutrosophic quadruple hyperrings.369

Theorem 3.1. Let NG and NH be neutrosophic quadruple subcanonical hyper-370

groups of a neutrosophic quadruple canonical hypergroup (NQ, +̂). Then371

(1) NG ∩NH is a neutrosophic quadruple subcanonical hypergroup of NQ,372
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(2) NG×NH is a neutrosophic quadruple subcanonical hypergroup of NQ.373

Theorem 3.2. Let NH be a neutrosophic quadruple subcanonical hypergroup of a374

neutrosophic quadruple canonical hypergroup (NQ, +̂). Then375

(1) NH+̂NH = NH,376

(2) x+̂NH = NH, for all x ∈ NH.377

Theorem 3.3. Let (NQ, +̂) be a neutrosophic quadruple canonical hypergroup.378

NQω, the heart of NQ is a normal neutrosophic quadruple subcanonical hypergroup379

of NQ.380

Theorem 3.4. Let NG and NH be neutrosophic quadruple subcanonical hyper-381

groups of a neutrosophic quadruple canonical hypergroup (NQ, +̂).382

(1) If NG ⊆ NH and NG is normal, then NG is normal.383

(2) If NG is normal, then NG+̂NH is normal.384

Definition 3.5. Let NG and NH be neutrosophic quadruple subcanonical hy-385

pergroups of a neutrosophic quadruple canonical hypergroup (NQ, +̂). The set386

NG+̂NH is defined by387

NG+̂NH = {x+̂y : x ∈ NG, y ∈ NH}.(3.1)388

It is obvious that NG+̂NH is a neutrosophic quadruple subcanonical hypergroup389

of (NQ, +̂).390

If x ∈ NH, the set x+̂NH is defined by391

x+̂NH = {x+̂y : y ∈ NH}.(3.2)392

If x and y are any two elements of NH and τ is a relation on NH defined by393

xτy if x ∈ y+̂NH, it can be shown that τ is an equivalence relation on NH and the394

equivalence class of any element x ∈ NH determined by τ is denoted by [x].395

Lemma 3.6. For any x ∈ NH, we have396

(1) [x] = x+̂NH,397

(2) [−̂x] = −̂[x].398

Proof. (1)399

[x] = {y ∈ NH : xτy}400

= {y ∈ NH : y ∈ x+̂NH}401

= x+̂NH.402

(2) Obvious. �403

Definition 3.7. Let NQ/NH be the collection of all equivalence classes of x ∈ NH404

determined by τ . For [x], [y] ∈ NQ/NH, we define the set [x]⊕̂[y] as405

[x]⊕̂[y] = {[z] : z ∈ x+̂y}.(3.3)406

Theorem 3.8. (NQ/NH, ⊕̂) is a neutrosophic quadruple canonical hypergroup.407

Proof. Same as the classical case and so omitted. �408
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Theorem 3.9. Let (NQ, +̂) be a neutrosophic quadruple canonical hypergroup and409

let NH be a normal neutrosophic quadruple subcanonical hypergroup of NQ. Then,410

for any x, y ∈ NH, the following are equivalent:411

(1) x ∈ y+̂NH,412

(2) y−̂x ⊆ NH,413

(3) (y−̂x) ∩NH 6= ∅414

Proof. Same as the classical case and so omitted. �415

Theorem 3.10. Let φ : NQ1 → NQ2 be a neutrosophic quadruple strong homo-416

morphism of neutrosophic quadruple canonical hypergroups. Then417

(1) Kerφ is not a neutrosophic quadruple subcanonical hypergroup of NQ1,418

(2) Imφ is a neutrosophic quadruple subcanonical hypergroup of NQ2.419

Proof. (1) Since it is not possible to have φ((0, T, 0, 0)) = φ((0, 0, 0, 0)), φ((0, 0, I, 0)) =420

φ((0, 0, 0, 0)) and φ((0, 0, 0, F )) = φ((0, 0, 0, 0)), it follows that (0, T, 0, 0), (0, 0, I, 0)421

and (0, 0, 0, F ) cannot be in the kernel of φ. Consequently, Kerφ cannot be a neu-422

trosophic quadruple subcanonical hypergroup of NQ1.423

(2) Obvious. �424

Remark 3.11. If φ : NQ1 → NQ2 is a neutrosophic quadruple strong homomor-425

phism of neutrosophic quadruple canonical hypergroups, then Kerφ is a subcanon-426

ical hypergroup of NQ1.427

Theorem 3.12. Let φ : NQ1 → NQ2 be a neutrosophic quadruple strong homo-428

morphism of neutrosophic quadruple canonical hypergroups. Then429

(1) NQ1/Kerφ is not a neutrosophic quadruple canonical hypergroup,430

(2) NQ1/Kerφ is a canonical hypergroup.431

Theorem 3.13. Let NH be a neutrosophic quadruple subcanonical hypergroup of432

the neutrosophic quadruple canonical hypergroup (NQ, +̂). Then the mapping φ :433

NQ → NQ/NH defined by φ(x) = x+̂NH is not a neutrosophic quadruple strong434

homomorphism.435

Remark 3.14. Isomorphism theorems do not hold in the class of neutrosophic436

quadruple canonical hypergroups.437

Lemma 3.15. Let NJ be a neutrosophic quadruple hyperideal of a neutrosophic438

quadruple hyperring (NQ, +̂, ×̂). Then439

(1) −̂NJ = NJ ,440

(2) x+̂NJ = NJ , for all x ∈ NJ ,441

(3) x×̂NJ = NJ , for all x ∈ NJ .442

Theorem 3.16. Let NJ and NK be neutrosophic quadruple hyperideals of a neu-443

trosophic quadruple hyperring (NQ, +̂, ×̂). Then444

(1) NJ ∩NK is a neutrosophic quadruple hyperideal of NQ,445

(2) NJ ×NK is a neutrosophic quadruple hyperideal of NQ,446

(3) NJ+̂NK is a neutrosophic quadruple hyperideal of NQ.447

Theorem 3.17. Let NJ be a normal neutrosophic quadruple hyperideal of a neu-448

trosophic quadruple hyperring (NQ, +̂, ×̂). Then449
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(1) (x+̂NJ)+̂(y+̂NJ) = (x+̂y)+̂NJ , for all x, y ∈ NJ ,450

(2) (x+̂NJ)×̂(y+̂NJ) = (x×̂y)+̂NJ , for all x, y ∈ NJ ,451

(3) x+̂NJ = y+̂NJ , for all y ∈ x+̂NJ .452

Theorem 3.18. Let NJ and NK be neutrosophic quadruple hyperideals of a neu-453

trosophic quadruple hyperring (NQ, +̂, ×̂) such that NJ is normal in NQ. Then454

(1) NJ ∩NK is normal in NJ ,455

(2) NJ+̂NK is normal in NQ,456

(3) NJ is normal in NJ+̂NK.457

Let NJ be a neutrosophic quadruple hyperideal of a neutrosophic quadruple458

hyperring (NQ, +̂, ×̂). For all x ∈ NQ, the set NQ/NJ is defined as459

NQ/NJ = {x+̂NJ : x ∈ NQ}.(3.4)460

For [x], [y] ∈ NQ/NJ , we define the hyperoperations ⊕̂ and ⊗̂ on NQ/NJ as follows:461

[x]⊕̂[y] = {[z] : z ∈ x+̂y},(3.5)462
463

[x]⊗̂[y] = {[z] : z ∈ x×̂y}.(3.6)464

It can easily be shown that (NQ/NH, ⊕̂, ⊗̂) is a neutrosophic quadruple hyperring.465

Theorem 3.19. Let φ : NQ → NR be a neutrosophic quadruple strong homomor-466

phism of neutrosophic quadruple hyperrings and let NJ be a neutrosophic quadruple467

hyperideal of NQ. Then468

(1) Kerφ is not a neutrosophic quadruple hyperideal of NQ,469

(2) Imφ is a neutrosophic quadruple hyperideal of NR,470

(3) NQ/Kerφ is not a neutrosophic quadruple hyperring,471

(4) NQ/Imφ is a neutrosophic quadruple hyperring,472

(5) The mapping ψ : NQ→ NQ/NJ defined by ψ(x) = x+̂NJ , for all x ∈ NQ473

is not a neutrosophic quadruple strong homomorphism.474

Remark 3.20. The classical isomorphism theorems of hyperrings do not hold in475

neutrosophic quadruple hyperrings.476

4. Conclusion477

We have developed neutrosophic quadruple algebraic hyperstrutures in this pa-478

per. In particular, we have developed new neutrosophic algebraic hyperstructures479

namely neutrosophic quadruple semihypergroups, neutrosophic quadruple canonical480

hypergroups and neutrosophic quadruple hyperrings. We have presented elementary481

properties which characterize the new neutrosophic algebraic hyperstructures.482
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