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ABSTRACT. The objective of this paper is to develop neutro-
sophic quadruple algebraic hyperstructures. Specifically, we develop neu-
trosophic quadruple semihypergroups, neutrosophic quadruple canonical
hypergroups and neutrosophic quadruple hyperrings and we present ele-
mentary properties which characterize them.
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1. INTRODUCTION

The concept of neutrosophic quadruple numbers was introduced by Florentin

Smarandache [18]. Tt was shown in [18] how arithmetic operations of addition, sub-
traction, multiplication and scalar multiplication could be performed on the set of
neutrosophic quadruple numbers. In [1], Akinleye et.al. introduced the notion

of neutrosophic quadruple algebraic structures. Neutrosophic quadruple rings were
studied and their basic properties were presented. In the present paper, two hyper-
operations + and x are defined on the neutrosophic set NQ of quadruple num-
bers to develop new algebraic hyperstructures which we call neutrosophic quadru-
ple algebraic hyperstructures. Specifically, it is shown that (NQ, x) is a neutro-
sophic quadruple semlhypergroup7 (NQ,+) is a neutrosophic quadruple canonical
hypergroup and (NQ, +, X) is a neutrosophic quadruple hyperrring and their basic
properties are presented.

Definition 1.1 ([18]). A neutrosophic quadruple number is a number of the
form (a, bT, cI,dF) where T, I, F have their usual neutrosophic logic meanings and
a,b,c,d € R or C. The set NQ defined by

(1.1) NQ = {(a,bT,cl,dF) : a,b,c,d € R or C}
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is called a neutrosophic set of quadruple numbers. For a neutrosophic quadruple
number (a, bT, cI,dF) representing any entity which may be a number, an idea, an
object, etc, a is called the known part and (b7, cl, dF) is called the unknown part.

Definition 1.2. Let a = (a1,a2T,a3l,a4F),b = (b1,bT,b3,b4F) € NQ. We
define the following:

(1.2) a+b = (a1 + by, (CI,Q + bg)T, (a3 + bg)[, (a4 + b4)F),
(13) a—b = (a1 - bl, (a2 - bg)T, (a3 - bg)I, (a4 — b4)F)

Definition 1.3. Let a = (a1,a2T,a3l,a4F) € NQ and let « be any scalar which
may be real or complex, the scalar product «.a is defined by

(1.4) a.a = a.(ar,a9T,a3l, a4 F) = (aay, aasT, caszl, aasF).

If & = 0, then we have 0.a = (0,0,0,0) and for any non-zero scalars m and n and
b= (b1,boT, b3, byF), we have:

(m+n)a = ma+ na,
m(a+b) = ma+ mb,
mn(a) = m(na),
—a = (—a1,—aT,—a3l,—asF).

Definition 1.4 ([18]). [Absorbance Law] Let X be a set endowed with a total order
x < y, named ” x prevailed by y” or "z less stronger than y” or "z less preferred
than y”. = < y is considered as "z prevailed by or equal to y” or ”x less stronger
than or equal to y” or "z less preferred than or equal to y”.

For any elements z,y € X, with « < y, absorbance law is defined as

(1.5) x.y = y.x = absorb(z,y) = max{z,y} =y
which means that the bigger element absorbs the smaller element (the big fish eats
the small fish). It is clear from (1.5) that
(1.6) r.x = x°=absorb(z,r) = max{z,z} =2 and
(1.7) X1.x9 Xy, = max{Ti,To, -, Ty}
Analogously, if x > y, we say that "z prevails to y” or "z is stronger than y” or

7z is preferred to y”. Also, if z > y, we say that "z prevails or is equal to y” or "z
is stronger than or equal to y” or ”x is preferred or equal to y”.

Definition 1.5. Consider the set {7, 1, F'}. Suppose in an optimistic way we con-
sider the prevalence order T' > I > F'. Then we have:

(1.8) TI = IT =max{T,I} =T,
(1.9) TF = FT=max{T,F}=T,
(1.10) IF = FI=max{I,F}=1,
(1.11) TT = T?=T,
(1.12) I = 1*’=1,
(1.13) FF = F?=F.
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Analogously, suppose in a pessimistic way we consider the prevalence order T <
I < F. Then we have:

(1.14) TI = IT=max{T,I} =1,
(1.15) TF = FT=max{T,F}=F
(1.16) IF = FI=max{I,F}=F,
(1.17) T = T*=T,
(1.18) 1 = =1,
(1.19) FF = F?=F.

Except otherwise stated, we will consider only the prevalence order T' < I < F
in this paper.

Definition 1.6. Let a = (a1, a7, asl,asF),b = (b1,bT,b3,b4F) € NQ. Then

ab = (CLl,CLQT, a3I, a4F).(b1,b2T, bg[,b4F)
= (a1b1, (a1bg + azby + a2b2)T, (a1bs + azbs + asby + azby + asbs)I,
(1.20) (a1b4 ~+ agby, asby + asby + asbs + agbs + a4b4)F).

Theorem 1.7 ([1]). (NQ,+) is an abelian group.
Theorem 1.8 ([1]). (NQ,.) is a commutative monoid.
Theorem 1.9 ([1]). (NQ,.) is not a group.

Theorem 1.10 ([1]). (NQ,+,.) is a commutative ring.

Definition 1.11. Let NQR be a neutrosophic quadruple ring and let NQS be a
nonempty subset of NQR. Then N@S is called a neutrosophic quadruple subring of
NQR, if (NQS, +,.) is itself a neutrosophic quadruple ring. For example, NQR(nZ)
is a neutrosophic quadruple subring of NQR(Z) for n =1,2,3,---

Definition 1.12. Let N@QJ be a nonempty subset of a neutrosophic quadruple
ring NQR. NQJ is called a neutrosophic quadruple ideal of NQR, if for all z,y €
NQJ,r € NQR, the following conditions hold:

(i) z —y € NQJ,

(ii) r € NQJ and rx € NQJ.

Definition 1.13 ([1]). Let NQR and NQS be two neutrosophic quadruple rings
and let ¢ : NQR — NQS be a mapping defined for all z,y € NQR as follows:

(i) o(z+y) = o(x) + o(y),

(i) ¢(zy) = ( )o(y),

(iii) ¢(T) =T, ¢(I) =1 and ¢(F) = F,

(iv) ¢(1,0,0, 0) (1,0,0,0).

Then ¢ is called a neutrosophic quadruple homomorphism. Neutrosophic quadruple
monomorphism, endomorphism, isomorphism, and other morphisms can be defined
in the usual way.

Definition 1.14. Let ¢ : NQR — NQ@S be a neutrosophic quadruple ring homo-
morphism.
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(i) The image of ¢ denoted by Im¢ is defined by the set
Im¢ ={y e NQS :y = ¢(x),for some x € NQR}.
(ii) The kernel of ¢ denoted by Ker¢ is defined by the set
Ker¢ ={x € NQR : ¢(x) = (0,0,0,0)}.

Theorem 1.15 ([1]). Let ¢ : NQR — NQ@S be a neutrosophic quadruple ring
homomorphism. Then:

(1) Im¢ is a neutrosophic quadruple subring of NQS,

(2) Kerd is not a neutrosophic quadruple ideal of NQR.

Theorem 1.16 ([1]). Let ¢ : NQR(Z) — NQR(Z)/NQR(nZ) be a mapping defined
by &(x) = x + NQR(nZ) for allx € NQR(Z) andn = 1,2,3,.... Then ¢ is not a

neutrosophic quadruple ring homomorphism.

Definition 1.17. Let H be a non-empty set and let + be a hyperoperation on H.
The couple (H,+) is called a canonical hypergroup if the following conditions hold:

)z+y=y+u forall x,y € H,

(i)z+(y+2)=(@+y)+zforal z,y ze€ H,

(iii) there exists a neutral element 0 € H such that x +0 = {2} = 0 + =, for all
r e H,

(iv) for every x € H, there exists a unique element —z € H such that 0 €
z+ (—z)N(—z) + =,

(v) z€xz+yimpliessy € —x+zand x € z —y, for all z,y,z € H.

A nonempty subset A of H is called a subcanonical hypergroup, if A is a canonical
hypergroup under the same hyperaddition as that of H that is, for every a,b € A,
a—be A. If in addition a + A —a C A for all a € H, A is said to be normal.

Definition 1.18. A hyperring is a tripple (R, +,.) satisfying the following axioms:
(i) (R, +) is a canonical hypergroup,
(ii) (R,.) is a semihypergroup such that 2.0 = 0.z = 0 for all z € R, that is, 0 is
a bilaterally absorbing element,
(iii) for all z,y,z € R,

z.(y+z2)=zy+z.zand (r+y)z=z2+y.2
That is, the hyperoperation . is distributive over the hyperoperation +.
Definition 1.19. Let (R,+,.) be a hyperring and let A be a nonempty subset of
R. A is said to be a subhyperring of R if (A4, +,.) is itself a hyperring.

Definition 1.20. Let A be a subhyperring of a hyperring R. Then

(i) A is called a left hyperideal of R if r.a C A for all 7 € R,a € A,
(ii) A is called a right hyperideal of R if a.r C A for all r € R,a € A,
(iii) A is called a hyperideal of R if A is both left and right hyperideal of R.

Definition 1.21. Let A be a hyperideal of a hyperring R. A is said to be normal
inR,ifr+A—r CA,forall r € R.

For full details about hypergroups, canonical hypergroups, hyperrings, neutro-
sophic canonical hypergroups and neutrosophic hyperrings, the reader should see

[3, 14]
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2. DEVELOPMENT OF NEUTROSOPHIC QUADRUPLE CANONICAL HYPERGROUPS
AND NEUTROSOPHIC QUADRUPLE HYPERRINGS

In this section, we develop two neutrosophic hyperquadruple algebraic hyper-
structures namely neutrosophic quadruple canonical hypergroup and neutrosophic
quadruple hyperring . In what follows, all neutrosophic quadruple numbers will be
real neutrosophic quadruple numbers i.e a,b, ¢, d € R for any neutrosophic quadru-
ple number (a,bT,cl,dF) € NQ.

Definition 2.1. Let 4+ and . be hyperoperations on R that is x+y C R, z.y C R for
allz,y € R. Let + and X be hyperoperations on NQ. For x = (21, 22T, 231,24 F ),y =
(y1,y2T,ysI,ys F) € NQ with z;,y; € Rji = 1,2,3,4, define:

rt+y = {(a,bT,cl,dF):a€ z1 +y1,b € xa + Yo,
(2.1) ¢ € x3+ys,d € T4+ ya},
rxy = {(a,bT,cl,dF):a € x1.y1,b € (21.92) U (x2.y1) U (12.12), ¢ € (21.y3)
U(w2.y3) U (23.91) U (23.92) U (13.93),d € (21.y4) U (v2.94)
(2.2) U(l‘3.y4) U (.1‘4.:(]1) U ($4.y2) U (l‘4.y3) U ($4.y4)}.

Theorem 2.2. (NQ,+) is a canonical hypergroup.
Proof. Let x = (w1, 22T, 231, 24F),y = (y1, 92T, y3l,ysF), 2 = (21, 22T, 231, 24F) €
NQ@ be arbitrary with x;,y;,2; € Rji =1,2,3,4.
(i) To show that x+y = y+x, let
z+y = {a = (a1,a2T, a3l,a4F) : a1 € 1 + y1,02 € T2+ Yo2,a3 € T3 + Y3,
R ay € x4 + y4},
y+x = {b= (b1,02T,b31,b4F) : by € y1 +x1,b2 € y2 + T2,b3 € y3 + b3,
by € ya + x4} ) R
Since a;,b; € R,i =1,2,3,4, it follows that z+y = y+=x.
(ii) To show that that x+(y+2) = (z+y)+2, let
y+z = {w = (w1, waT, w3, waF) : wy € y1 + 21, w2 € Yo + 22,
w3 € Y3 + 23, Wy € Ys + 24}. Now,
rH(y+z) = atw
= {p=(p1,p2T,p3l,psF) : p1 € 1 + w1, p2 € T2 + Wa,p3 € T3 + W3,
P4 € xg + w4}
{p = (p1,p2T, p3I, psF) : p1 € 21 + (Y1 + 21),p2 € T2 + (Y2 + 22),
p3 € x3+ (Y3 + 23),p4 € T4+ (Ya + 24)}.
Also, let a+y = {u = (u1,u2T, usl, usF) : uy € x1 + y1,u2 € Ta + Y2,us € 3 +
Y3, Ug € T4+ Ya} so that
= {9=(01,0T,¢31,q4F) : q1 € u1 + 21,92 € uz + 22,q3 € uz + 23,
g4 € Uy + 24}
= {¢=(01,T,¢31,aF) : q1 € (x1 + Y1) + 21, G2 € (T2 + Y2) + 22,

q3 € (x3 +y3) + 23,q1 € (T4 + ya) + 24}
33
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100 Since ug, p;, Gi, Wi, i, Yi, 2 € Ryi = 1,23, 4, it follows that x+(y+2) = (x+y)+=.

101 (iii) To show that 0 = (0,0,0,0) € NQ is a neutral element, consider

©

12 2+(0,0,0,0) = {a=(aj,asT,a3l,a4F):a; €x1+0,a3 € x3+0,a3 € x3+0,
193 a4 € x4 + 0}

104 = {a=(a1,a2T,a3l,a4F) : a1 € {z1}, a2 € {x2},a3 € {z3},

195 ay € {x4}}

196 = {z}.

17 Similarly, it can be shown that (0,0,0,0)+z = {z}. Hence 0 = (0,0,0,0) € NQ is a
198 neutral element.

199 (iv) To show that that for every x € N@Q, there exists a unique element —2 € NQ
200 such that 0 € x4+(—xz) N (—x)+z, consider

201 4+ (—z)N(—z)+x = {a=(a1,a2T,a3l,a4F): a1 € 1 — 21,09 € T3 — X2,

202 a3 € x3 — 3,04 € T4 — x4} N{b = (b1, 02T, b3, b4 F) :

203 by € —x1 +x1,by € —x9 + x2,b3 € —x3 + x3,bs € —x4 + x4}
204 = {(0,0,0,0)}.

20 This shows that for every x € NQ, there exists a unique element —z € NQ such
206 that 0 € z+(~z) N (~z)+z.

207 (v) Since for all z,y,z € NQ with x;,91,2 € R,i = 1,2,3,4, it follows that
208 2z € xty implies y € ~z+z and z € 24+(~y). Hence, (NQ,+) is a canonical
200 hypergroup. O

210 Lemma 2.3. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup. Then

211 (1) =(~2) ==z for all x € NQ,

212 (2) 0=1(0,0,0,0) is the unique element such that for every x € NQ, there is an
213 element —x € NQ such that 0 € z+(—x),

214 (3) Z0=0,

215 (4) ~(z+y) = ~x=y for all z,y € NQ.

216 Example 2.4. Let NQ = {0, 7, y} be a neutrosophic quadruple set and let + be a
217 hyperoperation on N@Q defined in the table below.

+10 x Y

010 T Y
e z | x| {0,z,y} Yy

yly Y 10,y}

219 Then (NQ,+) is a neutrosophic quadruple canonical hypergroup.
20 Theorem 2.5. (NQ, X) is a semihypergroup.

221 P’l"OOf. Let z = (xh -TQTJ 333]7 .’)34F), Yy = (ylu y2T7 y317 y4F)7 z = (Zh 22T7 Z3Ia 24F) €
22 NQ@Q be arbitrary with x;,y;,2z; € R,i=1,2,3,4.
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(i)
exy = {a=(a1,a2T,a3l,a4F): a1 € z1y1,a2 € 1y2 Ux2ys Uxaya, a3 € T1y3
Uzoys U z3ys Uxsys Ux3ys,as € £1Ys U Tays
Uzzys Uzays U gy U gy U Taya}
C NQ.
(ii) To show that zx(yxz) = (zxy)xz, let

yxz = {w= (w1, wsT,w3l,wsF) :wy € y121,wa € Y122 Uyaz Uyaza,
w3 € Y123 U Y223 Uyszr Uysze Uyszs, ws € y124) Uya2s
(2.3) Uysza Uyazr Uyszo Uyazz Uyaza}
so that
rx(yxz) = xxXw

= {p= (1,027, p3l,psF) : p1 € T1W1, P2 € TrWw2 U x2w1 U T2W]2,
P3 € x1w3s U xgws Uxzw; Uxzws Ux3ys,ps € T1wea U xowy

(2.4) Uzgws U zqwy U zqwy U xqws U 24wy}
Also, let
exy = {u= (ur,uoT,usl,usF) : uy € T1y1,up € T1y2 Uxay1 U Taya, us € T1Y3
Uzoys Uzayr Uxgys U X3ys, s € T1Ya U Tays
(2.5) Uzgys Uxgys Uxaye Uzays Uzays}
so that
(rxy)xz = uxz

= {¢=(q1,0T,q31,q.F) : q1 € u121,q2 € urz2 Uugzy Uuzza,
g3 € U123 Uugzz Uuzzy Uugze Uuszzs,qq € w124 Uugzy
(2.6) Uuszg Ungzy Uugzo Uugzg Uugzg}.
Substituting w; of (2.3) in (2.4) and also substituting w; of (2.5) in (2.6), where
i =1,2,3,4 and since p;, ¢;, u;, wi, T;, 2z € R, it follows that xx (yxz) = (zXxy)xz.
Consequently, (NQ, x) is a semihypergroup which we call neutrosophic quadruple
semihypergroup. 0

Remark 2.6. (NQ, x) is not a hypergroup.

Definition 2.7. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup.
For any subset NH of N@Q, we define

“NH={-z:2€ NH}.
A nonempty subset NH of NQ is called a neutrosophic quadruple subcanonical
hypergroup, if the following conditions hold:
(i) 0=(0,0,0,0) e NH,
(ii) 2=y C NH for all 2,y € NH.
A neutrosophic quadruple subcanonical hypergroup N H of a netrosophic quadruple

canonical hypergroup N@Q is said to be normal, if ++NH -2 C NH for all z € NQ.
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+) be a neutrosophic quadruple canonical hypergroup.

Definition 2.8. Let (NQ,
,3...,n € N, the heart of NQ denoted by NQ,, is defined

For z; € NQ with i =1,
by

i=1
In Example 2.4, NQ, = NQ.

Definition 2.9. Let (NQy, +) and (NQ2, JAr/) be two neutrosophic quadruple canon-
ical hypergroups. A mapping ¢ : NQ1 — NQ- is called a neutrosophic quadruple
strong homomorphism, if the following conditions hold:

(i) ¢lxty) = gb(x)—?lqﬁ(y) for all z,y € NQ1,

(ii) o(T) =T,
(iii) o(1) =1,
(iv) o(F) = F,
(v) ¢(0) =0.

If in addition ¢ is a bijection, then ¢ is called a neutrosophic quadruple strong
isomorphism and we write NQ1 = NQs.

Definition 2.10. Let ¢ : NQ1 — N@2 be a neutrosophic quadruple strong ho-
momorphism of neutrosophic quadruple canonical hypergroups. Then the set {z €
NQ; : ¢(x) = 0} is called the kernel of ¢ and it is denoted by Ker¢g. Also, the set
{¢(x) : x € NQ1} is called the image of ¢ and it is denoted by I'mdg.

Theorem 2.11. (NQ,+, X) is a hyperring.

Proof. That (NQ,+) is a canonical hypergroup follows from Theorem 2.2. Also,
that (NQ, x) is a semihypergroup follows from Theorem 2.4.

Next, let z = (21,27, 23], z4F) € NQ be arbitrary with z;,y;,2; € Rji =
1,2,3,4. Then

xx0 = {u= (u1,u2T,uzl,usF) : ug € 1.0,u3 € 11.0U 2.0 U 2.0, u3 € 71.0
Uz.0Ux3.0Uz3.0U23.0,u4 € 21.0Ux2.0U23.0U 24.0U 24.0
Ux4.0Ux4.0}

= {u=(ur,usT,usl,usF) : us € {0}, us € {0}, us € {0}, uq € {0}}
= {0}

Similarly, it can be shown that Oxz = {0}. Since x is arbitrary, it follows that
rx0 = 0xz = {0}, for all z € NQ. Hence, 0 = (0,0,0,0) is a bilaterally absorbing
element.

To complete the proof, we have to show that zx(y+z) = (zxy)+(zxz), for all
x,y,z € NQ. To this end, let x = (z1, 22T, 23], 24F),y = (y1,92T,y3l,ysF),z =
(21,227, 231, 24 F) € NQ be arbitrary with z;,y;,z; € R;i=1,2,3,4. Let

y+z = {w= (wy,wsT,w3l,wsF) : wy € y1 + 21, ws € Yo + 22, w3 € Y3 + 23,

(2.7) Wa € Ya + 24}
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so that
rx(y+z) = zxw
= {p = (p1,p2T,p3l,psF) : p1 € T1W1, P2 € T1wa U xaws U 0wy,
p3 € x1ws U xgws Uxzw; Uxzws Ux3ys, ps € v1wa U x2wy
(2.8) Uzzwy U zqwy U xqwe U zqws U Tgwy}.

Substituting w;, i = 1,2, 3,4 of (2.7) in (2.8), we obtain the following:

(29)  p1€xi(yr + 21),

(2.10) p2 € z1(y2 + 22) Uza(y1 + 21) Uma(ya + 22),

(2.11) ps € z1(ys + 23) Ur2(ys + 23) Urs(yr + 21) Uzs(y2 + 22) Uzs(ys + 23),
Pa € x1(ya + 22) Uza(ys + 24) Uz (ys + 24) Uza(yr + 21) U z4(y2 + 22),

(2.12) Uza(ys + 23) Uwa(ys + 24).

Also, let
exy = {u=(ur,uaT,uzl,usF) : uy € T1y1,u2 € T1y2 U zay1 U T2y,
uz € 1Y3 U 22y3 Ux3y1 U X3y Ux3ys, us € T1Y4 U T2Ya
(2.13) Ursys U 24y Uzaye U rgys U 24ys}
rxz = {v=(vi,vT,v3],v4F) vy € x121,v2 € T122 U To2; U T2y,
V3 € x123 Uxozzg Uwxszy Uxszo Uxgzs, vy € 124 U Xo2y
(2.14) Uzgzg Uxgzy Uzgzo Umgzg Uxgzg}
so that
(rxy)F(xxz) = utv
= {¢=(01,0T,q31,qF) : q1 € u1 +v1,q2 € uz + va,
(2.15) g3 € uz +v3,qs € ug + v4}.

Substituting u; of (2.13) and v; of (2.14) in (2.15), we obtain the following:

(2.16) @1 €uy +v1 Czys + 7121 C 21 (Y1 + 21),
q2 € uz +v2 C (v1y2 UT2y1 U T2y2)
+(z122 Uz Uxa(22)
(2.17)  Cx1(y2 + 22) Uza(yr + 21) Uza(ya + 22),
q3 € uz +v3 C (T1y3 U z2y3 U x3y1) U z3y2 U 23Y3)
+(z123 Umozs Uxsgzr) Uwgze Uxszs)
(2.18)  Cx1(ys + 23) Uza(ys + 23) Us(yr + 21) Uas(yz + 22) Uxs(ys + 23).
q4 € ug +vg S (21y2 Umays Uxsys) Uxays Uzaya) U 2ays U Tays)
(124 Umozg Uxsgzy) Urgzy Uxgze) Uxgzs Uxgzg)
C 21 (ya + 22) Uma(ya + 24) Urs(ya + 24) Uza(yr + 21) Uzs(y + 22)
(2.19)  Uza(ys + 2z3) Uza(ys + 24).
Comparing (2.9), (2.10), (2.11) and (2.12) respectively with (2.16), (2.17), (2.18)

and (2.19), we obtain p; = ¢;,7 = 1,2, 3,4. Hence, zx(y+2) = (xxy)+(zxz), for all
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2,9,z € NQ. Thus, (NQ, +, X) is a hyperring which we call neutrosophic quadruple
hyperring. O

Theorem 2.12. (NQ,+,0) is a Krasner hyperring where o is an ordinary multi-
plicative binary operation on NQ.

Definition 2.13. Let (NQ, +, X) be a neutrosophic quadruple hyperring. A nonempty
subset NJ of NQ is called a neutrosophic quadruple subhyperring of NQ, if (N J, +, x)
is itself a neutrosophic quadruple hyperring.
N J is called a neutrosophic quadruple hyperideal if the following conditions hold:

(i) (NJ,+) is a neutrosophic quadruple subcanonical hypergroup.

(ii) For all z € NJ and r € NQ, xxr,rxx C NJ.
A neutrosophic quadruple hyperideal NJ of N@Q is said to be normal in NQ, if
z+NJZx C NJ, for all z € NQ.

Definition 2.14. Let (NQ1,+, x) and (NQ-, 4’, >A</) be two neutrosophic quadru-
ple hyperrings. A mapping ¢ : N@Q1 — N(Q- is called a neutrosophic quadruple
strong homomorphism, if the following conditions hold:

(i) dlaty) = o(x)+ ¢(y), for all 2,y € NQ,

(i) p(zxy) = ¢(x)% ¢(y), for all z,y € NQ1,
(iii) ¢(T) =T,

(iv) ¢(I) =1,

(v) ¢(F) =F,

(vi) ¢(0) =0.

If in addition ¢ is a bijection, then ¢ is called a neutrosophic quadruple strong
isomorphism and we write N@Q1 = NQ-.

Definition 2.15. Let ¢ : NQ1 — NQ2 be a neutrosophic quadruple strong homo-
morphism of neutrosophic quadruple hyperrings. Then the set {x € NQ; : ¢(x) = 0}
is called the kernel of ¢ and it is denoted by Ker¢. Also, the set {¢(x) : 2 € NQ1}
is called the image of ¢ and it is denoted by Imdg.

Example 2.16. Let (NQ,+, X) be a neutrosophic quadruple hyperring and let
N X be the set of all strong endomorphisms of N@Q. If & and ® are hyperoperations
defined for all ¢,9 € NX and for all x € NQ as

pdY = {v(z):v() € d(z)+(2)},

poy = {v(z):v(z) € d(x)xv(x)},
then (NX,®,®) is a neutrosophic quadruple hyperring.

3. CHARACTERIZATION OF NEUTROSOPHIC QUADRUPLE CANONICAL
HYPERGROUPS AND NEUTROSOPHIC HYPERRINGS

In this section, we present elementary properties which characterize neutrosophic
quadruple canonical hypergroups and neutrosophic quadruple hyperrings.

Theorem 3.1. Let NG and NH be neutrosophic quadruple subcanonical hyper-
groups of a neutrosophic quadruple canonical hypergroup (NQ,+). Then

(1) NGN NH is a neutrosophic quadruple subcanonical hypergroup of NQ,
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(2) NG x NH is a neutrosophic quadruple subcanonical hypergroup of NQ.

Theorem 3.2. Let NH be a neutrosophic quadruple subcanonical hypergroup of a
neutrosophic quadruple canonical hypergroup (NQ,+). Then

(1) NH+NH = NH,

(2) *+NH = NH, for allz € NH.

Theorem 3.3. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup.
NQ., the heart of NQ is a normal neutrosophic quadruple subcanonical hypergroup

of NQ.

Theorem 3.4. Let NG and NH be neutrosophic quadruple subcanonical hyper-
groups of a neutrosophic quadruple canonical hypergroup (NQ,+).

(1) If NG C NH and NG is normal, then NG is normal.

(2) If NG is normal, then NG+NH is normal.

Definition 3.5. Let NG and NH be neutrosophic quadruple subcanonical hy-
pergroups of a neutrosophic quadruple canonical hypergroup (NQ,+). The set
NG+ NH is defined by

(3.1) NG+NH ={z4y:2 € NG,y € NH}.

It is obvious that NG+NH is a neutrosophic quadruple subcanonical hypergroup
of (NQ,+).

If € NH, the set x+NH is defined by
(3.2) 3+ NH = {zty:yc NH}.

If x and y are any two elements of NH and 7 is a relation on NH defined by
a7y if x € y+NH, it can be shown that 7 is an equivalence relation on NH and the
equivalence class of any element x € NH determined by 7 is denoted by [x].

Lemma 3.6. For any x € NH, we have
(1) [¢] = z+NH,

(2) [=a] = =[a].
Proof. (1)
] = {yeNH:zry}
= {ye NH:ycziNH}
= z+NH.
(2) Obvious. O

Definition 3.7. Let NQ/N H be the collection of all equivalence classes of x € NH
determined by 7. For [z],[y] € NQ/NH, we define the set [z]®[y] as

(3.3) [z]&ly] = {[2] : 2 € 2y}
Theorem 3.8. (NQ/NH,3) is a neutrosophic quadruple canonical hypergroup.

Proof. Same as the classical case and so omitted. O
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Theorem 3.9. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup and
let NH be a normal neutrosophic quadruple subcanonical hypergroup of NQ. Then,
for any x,y € NH, the following are equivalent:

(1) z € y+NH,

(2) y—2 C NH,

(3) (y—x)NNH #2

Proof. Same as the classical case and so omitted. O

Theorem 3.10. Let ¢ : NQ1 — NQ2 be a neutrosophic quadruple strong homo-
morphism of neutrosophic quadruple canonical hypergroups. Then

(1) Ker¢ is not a neutrosophic quadruple subcanonical hypergroup of NQ1,
(2) Im¢ is a neutrosophic quadruple subcanonical hypergroup of NQs.

Proof. (1) Since it is not possible to have ¢((0,T,0,0)) = ¢((0,0,0,0)), #((0,0,I,0))
#((0,0,0,0)) and ¢((0,0,0, F)) = ¢((0,0,0,0)), it follows that (0,7,0,0),(0,0,1,0)
and (0,0,0, F) cannot be in the kernel of ¢. Consequently, Ker¢$ cannot be a neu-
trosophic quadruple subcanonical hypergroup of N@Q;.

(2) Obvious. O

Remark 3.11. If ¢ : NQ; — NQ- is a neutrosophic quadruple strong homomor-
phism of neutrosophic quadruple canonical hypergroups, then Ker¢ is a subcanon-
ical hypergroup of NQ1.

Theorem 3.12. Let ¢ : NQ1 — NQ2 be a neutrosophic quadruple strong homo-
morphism of neutrosophic quadruple canonical hypergroups. Then

(1) NQ1/Ker¢ is not a neutrosophic quadruple canonical hypergroup,
(2) NQ1/Ker¢ is a canonical hypergroup.

Theorem 3.13. Let NH be a neutrosophic quadruple subcanonical hypergroup of
the neutrosophic quadruple canonical hypergroup (NQ,+). Then the mapping ¢ :
NQ — NQ/NH defined by ¢(x) = x+NH is not a neutrosophic quadruple strong
homomorphism.

Remark 3.14. Isomorphism theorems do not hold in the class of neutrosophic
quadruple canonical hypergroups.

Lemma 3.15. Let NJ be a neutrosophic quadruple hyperideal of a neutrosophic
quadruple hyperring (NQ,+, x). Then

(1) =NJ =NJ,

(2) 2+NJ = NJ, for allz € NJ,

(3) xxNJ = NJ, for allz € NJ.

Theorem 3.16. Let NJ and NK be neutrosophic quadruple hyperideals of a neu-
trosophic quadruple hyperring (NQ,+, x). Then

(1) NJN NK is a neutrosophic quadruple hyperideal of NQ,

(2) NJ x NK is a neutrosophic quadruple hyperideal of NQ,

(3) NJ+NK is a neutrosophic quadruple hyperideal of NQ.

Theorem 3.17. Let NJ be a normal neutrosophic quadruple hyperideal of a neu-
trosophic quadruple hyperring (NQ, +, x). Then
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(1) (z+NJ)+(y+NJ) = (z+y)+NJ, for all z,y € NJ,
(2) (z+NJI)x(y+NJ) = (xxy)+NJ, for all z,y € N J,
(3) x+NJ =y+NJ, for ally € z+NJ.

Theorem 3.18. Let NJ and NK be neutrosophic quadruple hyperideals of a neu-
trosophic quadruple hyperring (NQ,+, X) such that NJ is normal in NQ. Then
(1) NJNNK is normal in NJ,
(2) NJ+NK is normal in NQ,
(3) NJ is normal in NJ+NK.

Let NJ be a neutrosophic quadruple hyperideal of a neutrosophic quadruple
hyperring (NQ, +, X). For all x € NQ, the set NQ/N.J is defined as

(3.4) NQ/NJ ={z+NJ:z € NQ}.

For [z], [y] € NQ/NJ, we define the hyperoperations & and ® on NQ/NJ as follows:
(3.5) [2)®ly] = {[2] : 2 € aty},

(3.6) [2)&[y] = {[z] : 2 € axy}.

It can easily be shown that (NQ/NH, &, ®) is a neutrosophic quadruple hyperring.

Theorem 3.19. Let ¢ : NQ — NR be a neutrosophic quadruple strong homomor-
phism of neutrosophic quadruple hyperrings and let NJ be a neutrosophic quadruple
hyperideal of NQ. Then

(1) Ker¢ is not a neutrosophic quadruple hyperideal of NQ,

) Im¢ is a neutrosophic quadruple hyperideal of NR,

) NQ/Kerg is not a neutrosophic quadruple hyperring,

) NQ/Im¢ is a neutrosophic quadruple hyperring,

) The mapping ¢ : NQ — NQ/NJ defined by 1(z) = x+NJ, for allz € NQ
18 mot a neutrosophic quadruple strong homomorphism.

Remark 3.20. The classical isomorphism theorems of hyperrings do not hold in
neutrosophic quadruple hyperrings.

4. CONCLUSION

We have developed neutrosophic quadruple algebraic hyperstrutures in this pa-
per. In particular, we have developed new neutrosophic algebraic hyperstructures
namely neutrosophic quadruple semihypergroups, neutrosophic quadruple canonical
hypergroups and neutrosophic quadruple hyperrings. We have presented elementary
properties which characterize the new neutrosophic algebraic hyperstructures.
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