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Abstract: Neutrosophic Algebraic structures are rich fields for researchers to get many interesting generalizations
of classical and fuzzy structures. This Study is dedicated to give the interested reader some of special neutrosophic

algebraic substructures of neutrosophic algebraic structures, especially AH-substructures in neutrosophic rings,

spaces, modules, and their generalizations.
Key words: Neutrosophic set, neutrosophic number, neutrosophic integer, Neutrosophic Algebra.
1. Introduction

Neutrosophy is considered as a hew generalization of fuzzy and intuitionistic fuzzy ideas proposed by Smarandache
[1]. Neutrosophic sets were very applicable in many areas of pure and applied mathematic such as matrix theory,

topology, number theory, and algebraic structures [2-12].

Neutrosophic algebra began with Smarandache et. al, where they have defined neutrosophic rings, groups, vector
spaces, and modules [20-30, 60-75].

In the literature many researchers have studied and contributed to these structures and their generalizations, where
we can find many generalizations such as refined neutrosophic structures [13-20, 36-40], and n-refined neutrosophic
structures [46-54].

An interesting direction was opened by Abobala. Et. al, where they defined AH-substructures such as AH-

subspaces, AH-homomorphisms, AH-ideals, and AH-submodules [6-10]. Recently, AH-substructures were used to
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build neutrosophic system of Euclidean geometry, especially AH-isometries[66], and Turiyam symbolic rings [78-

90]. The Turiyam set given a way to represent the data set beyond the Non-Euclidean and NeutroGeoemtry [91-92].

Through this work, we review the basic concepts of AH-substructures in neutrosophic rings, refined neutrosophic
rings, neutrosophic vector spaces, n-refined neutrosophic modules, and many other neutrosophic algebraic

structures.

Main Discussion
Definition 1:

Let R(I) be a neutrosophic ring and P = Py + P,I = {ay, + a4I; ay € Py,a; € P;}.
(a) We say that P is an AH-ideal if PyandP; are ideals in the ring R.

(b) We say that P is an AHS-ideal if P, = P;.

Definition 2:

Let (R(I1, 1), +,%) be a refined neutrosophic ring, and P,, P, P, be three ideals in the ring R then the set
P = (Py, P11, P,1,) = {(a,bl;,cl,);a € Py,b € P;,c € P,}is called a refined neutrosophic AH-ideal.

If Py = P, = P, then P is called a refined neutrosophic AHS-ideal.

Definition 3:

Let V(I) = V+VI be a strong/weak neutrosophic vector space, the set

S=P+QI ={x+yl;x € P,y € Q}, where P and Q are subspaces of V is called an AH-subspace of V().
If P = Q then S is called an AHS-subspace of V(I).

Example 4:

We have V = R? is a vector space, P =< (0,1) >, Q =< (1,0) >, are two subspaces of V. The set
S=P+QI ={(0,a)+ (b,0)I;a,b € R} is an AH-subspace of V(I).

Theset L =P + PI = {(0,a) + (0,b)I}; a, b € R is an AHS-subspace of V/(I).

Theorem 5:

Let V(I) = V + VI be a neutrosophic weak vector space, and let S = P + QI be an AH-subspace of V(I),i.e Q,P
are supspaces of V, then S is a subspace by the classical meaning.

Proof:

Suppose thatx =a + bl,y =c+dl € S;a,c € P, b,d € Q, we have
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x+y=C(a+c)+ (b+d) €S.Foreach scalar m € K we obtain m.x = m.a + (m.b)I € S, since
P and Q are subspaces; thus S = P + QI is a subspace of V/(I) over the field K.

Theorem 6:

Let V(1) be a neutrosophic strong vector space over a neutrosophic field K(1), let S = P 4+ PI be an AHS-subspace.
S is a subspace of V(I).

Proof:

Suppose that x = a + bl,y = c+dI € S;a,c,b,and ¢ € P, we have
x+y=(a+c)+(b+d)eS. Let m=x+yl € K() be aneutrosophic scalar, we find
mx=(x.a)+ (y.a+y.b+x.b)l €S,sincey.a+y.b+x.b € P, thus we get the desired result.
Definition 7:

(a) Let V and W be two vector spaces, L,: V — W be a linear transformation. The AHS-linear transformation can be
defined as follows:

L:V(I) » W(I); L(a + bI) = Ly(a) + Ly (b)I.

() If S

P + QI is an AH-subspace of V/(I), L(S) = L, (P) + L, (Q)I.

(c) If S = P + QI is an AH-subspace of W(I), L™(S) = Ly} (P) + L} (Q)I.
(d) AH —Ker L = KerLy, + KerLy I = {x + yl;x,y € KerLy}.

Theorem 8:

Let W(I) and V(I) be two neutrosophic strong/weak vector spaces, and L:V(I) - W (I) be an AHS-linear
transformation, we have:

(@) AH — Ker L is an AHS-subspace of V().

(b) If S = P+ QI is an AH-subspace of V(I), L(S) is an AH-subspace of W(I).

(c) If S = P + QI is an AH-subspace of W(I), L~1(S) is an AH-subspace of V/(I).

Proof:

(a) Since KerlLy is a subspace of V, we find that AH — Ker L = KerL, + KerLy I is an AHS-subspace of V(I).

(b) We have L(S) = Ly (P) + Ly, (Q)I; thus L(S) is an AH-subspace of W(I), since Ly, (P), L, (Q)are subspaces of W.

(c) By regarding L=1(S) = Ly} (P) + Ly} (@)1, Ly (P) and Ly} (Q) are subspaces of V, we obtain that L™1(S) is an
AH-subspace of V(I).

Theorem 9:
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Let W(I) and V(I) be two neutrosophic strong vector spaces over a neutrosophic field K(I), and L:V(I) -» W(I) be
an AHS-linear transformation, we have:

Lx+vy)=L(x)+L(y),L(m.x) =m.L(x), forall x,y e V(I),m € K(I).
Proof:
Suppose x =a+bl,y=c+dl;a,b,c,d €V,and m = s + tl € K(I), we have

Lix+y)=L(a+c]l+[b+d]lD)=Ly(a+c)+L,(b+d) =

[Ly(a) + Ly (D] + [Ly(c) + Ly()I] = L(x) + L(y).

mx=(s.a)+ (s.b+t.a+t.b)l,L(m.x) =L,(s.a) + L,(s.b +t.a+t.b)
=s.Ly(a) + [s.Ly(b) + t.Ly(a) + t. Ly(b)]I = (s + tI). (L, (a) + L, (b)I) = m. L(x).
Theorem 10:
Let S = P + QI be an AH-subspace of a neutrosophic weak vector space V(I) over a field K, suppose that
X={x;1<i<n}isabasesof PandY = {y;; 1 < j < m} isabases of Q then X U Y[ is a bases of S.
Proof:
Let z = x + yI be an arbitrary element in S; x € P,y € Q. Since P and Q are subspaces of VV we can write
X=a1x; +a,x,++ax,; a; €EKandx; € X,y =byy; + by, + -+ by b EK,y; €Y.
Now we obtain z = (a;x; + -+ + a,x,) + (byy I + -+ + by, 1); thus X U YI generates the subspace S.
X U YT is linearly independent set. Assume that (a,x; + -+ + apx,) + (byyiI + -+ + b, yI) = 0, this implies

a;x; + ayx, + -+ ax, =0and (byy, + byy, + -+ b,y )l = 0. Since X and Y are linearly independent sets
over K, we geta; = b; = 0 for all i,j and X U Y1 is linearly independent then it is a bases of S.

Definition 11:

Let V(1) be a neutrosophic strong/weak vector space, S = P + QI be an AH-subspace of V(I), we define
AH-Quotient as:

VID/S=V/P+V/QI=(x+P)++Qlxy€EV.

Theorem 12:

Let V(1) be a neutrosophic weak vector space over a field K, and S = P + QI be an AH-subspace of V(I). The AH-
Quotient V(I)/S is a vector space over the field K with respect to the following operations:

Addition: [x+P)+ (y+ QI+ [(a+P)+ b +QlI=x+a+P)+y+b+Q);x,y,a,b€eV.

Multiplication by a scalar: (m).[(x + P) + (y + Q)I] = (m.x + P) + (m.y + Q)I,;
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x,y€€Vandm € K.
Definition 13:

Let (V,+,.) be a vector space over a field K, V;, (I) be the corresponding weak n-refined neutrosophic vector space
over K. Consider the set {M;; 0 < i < n}, where M; is a subspace of V. We say:

M, (1) = My + M, I, + -+ ML, = {my + myl; + -+ m,l,; m; € M;}is aweak n-refined AH-subspace of the
weak n-refined vector space V, ().

We say that M, (1) is a weak n-refined AH-subspace if M; = M; for all i,j.
Definition 14:

Let (V,+,.) be a vector space over a field K, V,,(I) be the corresponding strong n-refined neutrosophic vector space
over the n-refined neutrosophic field K,,(1). Consider the set {M;; 0 < i < n}, where M; is a subspace of V. We say:

M, (1) = My + My I, + -+ ML, = {mg + myI; + -+ m,l,; m; € M;}is astrong n-refined AH-subspace of the
strong n-refined vector space 1, (I).

We say that M, (I) is a strong n-refined AH-subspace if M; = M; for all i, .
Theorem 15:

Let (V,+,.) be a vector space over a field K, V,,(I) be the corresponding weak n-refined neutrosophic vector space
over K, M,,(I) = My + M, I, + --- + M, I,, be a weak n-refined AH-subspace. Then

(@) M, (I) is a vector subspace of V;,(I).

(b) If X; is a bases of M;, X = Ui, X;/; is a bases of M,,(I).
(c) dim(M, (1)) = ¥, dim (M,).

Proof:

(@) Letx =X oail;,y = iy bili; bi, a; € M; be two arbitrary elements in M,, (1), r be an arbitrary element in K,
we have:

x+y=Xo(a; + b)I; € M, (1), since a; + b; € M; because M; is a subspace of V.
r.x = Yioral; € My(I), since ra; € M; because M; is a subspace of V. Thus M,,(I) is a vector subspace of V,(I).

(b) Suppose that X, = {xl(o), xgg)} X, = {xil), x(l)}, ...... Xy = (Y, x (V) letx = X ail; be an

Ay

arbitrary element of M, (1), since X; is a basis of M; for all i. We can write:

—ysi O @, —ySo (0 (0) sp .1, (D sn (M) (M) i ; i
Q=X ot X s G EK, sOx =320t X + XLt X e+ Xkt x; L, - This implies that Xis a
generating set of M,,(1).

Now we prove that X is linearly independent. For our purpose we assume
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20t Q%@+ 2 6@ x4+ 2 ™ 11, = 0, by definition of n-refined vector space we find

2;;0 tj(i) x}.(i) for all i, hence tj(i) = 0 for all i,j, since each X; is linearly independent itself. Thus our proof is

complete.
(c) It holds directly from (b).
Theorem 16:

Let (V,+,.) be a vector space over a field K, V,, (I) be the corresponding strong n-refined neutrosophic vector space
over the n-refined neutrosophic field K,,(I), M,(I) = M + MI, + --- + MI,, be a strong n-refined AHS-subspace.
Then:

(@) M, (I) is a submodule of ¥, (I).

(b) If Y is a bases of M, X = U}, Y[ is a bases of M, (I).

(c) dim(M, (1)) = ¥, dim (M) = n.dim (M).

Remark 17:

If 17,(I) is a strong n-refined neutrosophic vector space over the n-refined neutrosophic field K, (1), and

M, () = My + M1, + ---+ M1, is a strong n-refined AH-subspace, then it is not supposed to be a submodule.
Examplel8 :

Let V = R? be a vector space over R, V,(I) = R5(I) = {(a,b) + (¢c,d)I, + (e, f)I;a,b,c,d, e, f € R} be the
corresponding strong 2-refined neutrosophic vector space over the neutrosophic field R, (I).

M =< 0,1 >,N =< (1,0) > are two subspaces of V, T = M + NI, + NI, is a strong AH-subspace of V,(I).
x=(01)+ Q0L+ 1,0, €T, r=1+11 + 1.1, € R,(I),

r.x=1.(0,1) + 1.(0,)]; + 1. (0,1, + 1. (2,0) ], + 1. (2,0)I; + 1.(1,0); ,+1. (0,1)I, + 1. (2,0)1, I, +
1.(2,0)L,I, = (0,1) + [(0,1) + (2,0) + (1,0) + (2,0)]1; + [(0,1) + (0,1) + (2,0)],=

(0,1) + (5,1)I; + (2,2)I, , r.x does not belong to T, thus T is not a submodule.

Definition 19:

Let V, (1) be a weak/strong n-refined neutrosophic vector space, M,,(I) = My + M1, + -+ + M, 1,
W, (1) = Wy + Wi 1, + -+ + W, 1,, be two weak/strong AH-subspaces of V},(I), we define:

@ M, (DNW,(I) =My N Wy) + (M n W)L + -+ (M, n W,)I,.

(b) M, (I) + W,,(I) = (My + W) + (My + W), + -+ (M, + W) L,.

Theorem 20:
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Let V, (1) be a weak n-refined neutrosophic vector space, M, (I) = My + M I, + - + M, I,
W, () = Wy + W11, + -+ + W, I, be two weak AH-subspaces of V,(I). Then:

M, (1) n W, (I), M, (I) + W, (I) are two weak AH-subspaces of 1, (I).

Proof:

Since M; n W;, M; + W; are subspaces of V for all i, we obtain the proof.

Theorem 21:

Let 7,(I) be a strong n-refined neutrosophic vector space, M,,(I) = My, + M1, + --- + M, 1,,,
W, (1) = Wy + W, I, + -+ + W, I, be two strong AH-subspaces of V,,(I). Then:

(@) M,,(I) n W, (I is a strong AH-subspaces of V,(I).

(b) M,,(I) + W,,(I) is not supposed to be a strong AH-subspace of V;,(I).

Definition 22:

Let V,W be two vector spaces over the field K, f;:V - W;0 < i <n+ 1 ben + 1 linear transformations,
v, (1), W, (I) be the corresponding weak n-refined neutrosophic vector spaces over the field K respectively. We say:

@) f: V(D) » Wo(D); f (i aili) = folao) + fila)y + -+ + fu(an) L, = Xis fi(a)]; is a weak AH-linear
transformation.

(b) If f; = fj for all i, ], we call f a weak AHS-linear transformation.
Example 23:

(@) Let V = R3, W = R? be two vector spaces over the field R, V,(I) = R3(I) = { (%9, Y0Zo) + (x1, V1,201, +
(%2, Y2, 22) 25 X1, ¥, 2 € R},

Wo(I) = {(x,y0) + (x1, y1)I1 + (x2,v2)15; x;,v; € R} be the corresponding weak 2-refined neutrosophic vector
spaces. We have g:V - W; g(a,b,c) = (b,c),h:V - W; h(a,b,c) = (2a,0)

s:V - W;s(a,b,c) = (2b,3c) are three linear transformations.

(b) f: V(1) = Wo(D); f(m + nly + ql,) = g(m) + h(n); + s(q)I,; m,n,q €V is a weak AH-linear
transformation.

() We clarify £ as follows:

x = (1,2,2) + (1L0,DL + 3, —1,0)I, € V,(I),

f) = g(1,2,2) + [R(A,0,D)1L + [s(3,—1,0)]I, = (2,2) + (2,0)];, + (—=2,0)I,.

(d) k: Vo (1) = Wy (1); k(m + nly + qly) = g(m) + gL, + g(q@)ly; m,n,q € V is a weak AHS-linear

transformation.
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Definition 24:

Let V,W be two vector spaces over the field K, f;:V - W;0 < i <n+ 1 ben + 1 linear transformations,
Vi, (I, W, (I) be the corresponding strong n-refined neutrosophic vector spaces over the n-refined neutrosophic field
K, (I) respectively. We say:

@) f: V(D) » Wo(D); f(Xioo aili) = folao) + fila)y + -+ + fa(an ), = X, fi(a)]; is a strong AH-linear
transformation.

(b) If f; = f; for all i, j, we call f astrong AHS-linear transformation.
Example 25:

(@) Let V = R3, W = R? be two vector spaces over the field R, V,(I) = R3(I) = {(x0, Y02o) + (x1,¥1,2)1; +
(x2,¥2,22)1; X3, ¥i,2; € R},

Wo(I) = {(x,y0) + (x1,y1)I1 + (x2,v2)15; x;,¥; € R} be the corresponding strong 2-refined neutrosophic vector
spaces over the 2-refined neutrosophic field R,(I). We have g:V - W; g(a,b,c) = (b,c),h:V - W; h(a,b,c) =
(2a,0),

s:V - W;s(a,b,c) = (2b,3c) are three linear transformations.

(b) f: V(1) » Wo(D); f(m + nl; + ql;) = g(m) + h(n)1;, + s(q)I;; m,n,q € V is a strong AH-linear
transformation.

(c) We clarify f as follows:
x=(0122)+ 1,0, + (3,—1,0)I, € V,(I),
fx) =91,2,2) + [h(1,0,D]L + [s(3,—-1,0)]I, = (2,2) + (2,0)]; + (—2,0)1,.

d) k:V,(I) = Wo(I); k(m + nl; + ql,) = g(m) + gn)I; + g(q)I,; m,n,q €V is a strong AHS-linear
transformation.

Definition 26:
Let V,(I), W, (I) be two weak/strong n-refined neutrosophic vector spaces,

FVu (D) » W (D; FOM o aily) = folag) + fila)l + -+ fo(a)l, = X%, fi(a;)]; be a weak/strong AH-linear
transformation. We define:

(@) AH — Ker(f) = Ker(fy) + Ker(f\)I, + -+ Ker(f) 1.
(b) AH — Im(f) = Im(fy) + Im(f) ]y + - + Im(fp) L.
Theorem 27:

Let V,(I), W,,(I) be two weak n-refined neutrosophic vector spaces,

£V, (D =» W, (D; fFE o aily) = folag) + fila)h + -+ f(a)], = X, fi(a;)]; be a weak AH-linear
transformation. Then:
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(@) AH — Ker(f) is a weak AH-subspace of V,(I).
(b) AH — Im(f) is a weak AH-subspace of W, (I).

(c) If M, (I) = My + M, I; + --- + M, 1, is a weak AH-subspace of V,(I), f (M,,(I)) is a weak AH-subspace of
W, (D).

Proof:
(a) Since Ker(f;) is a subspace of V, we find that
AH — Ker(f) = Ker(fy) + Ker(f,)I; + -+ Ker(f,)I,, is a weak AH-subspace of V,(I).

(b) Since Im(f;) is a subspace of W, we find that AH — Im(f) = Im(fy) + Im(f)I; + - + Im(f,)L, is a weak
AH-subspace of W, (I).

(c) Itis known that f;(M;) is a subspace of W, hence

f(M, (D) = fo(My) + f(MDIy + -+ + f,(My)I, is a weak AH-subspace of W, (I).

Theorem 28:

Let V,,(I), W, (I) be two strong n-refined neutrosophic vector spaces over the n-refined neutrosophic field K, (1),

V(D) » Wo(D); f Bizo aild) = folao) + fila)ly + -+ + fr(an)l, = i, fi(ay)]; be a strong AH-linear
transformation. Then:

(@) AH — Ker(f) is a strong AH-subspace of 1, ().
(b) AH — Im(f) is a strong AH-subspace of W, (I).

(c) f M,,(I) = My + M,I; + --- + M, 1, is a strong AH-subspace of 1, (I), f (M, (I)) is a strong AH-subspace of
W, (D).

Theorem 29 :

Let V,(I), W,,(I) be two weak n-refined neutrosophic vector spaces over the field K,

[ V(D » Wo(D; f Rl aily) = folao) + filaDh + - + fu(an)l, = Xit, fi(a;)]; be a weak AH-linear
transformation. Then:

fOa+y)=f)+ W), flr.x) =r.f(x)forallx,y € V,(I),r €K.

Proof:

Letx = X7, a1,y = X7 byl; be two arbitrary elements in V,(I), 7 € K be any element in the field K, we have:
fG+y) = fQo(a; + b1 = Xio fila: + b))l = Xiso fi(a)]; + Xiso fi(b)]; = f () + f ().

flr.x) = fQisoraily) = Xiso fitra)l = . Xz fi(a)l; = 7. f ().

Theorem 30:
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Let V,(I), W, (I) be two strong n-refined neutrosophic vector spaces over the n-refined neutrosophic field K, (1),

fVo(D) = Wo(D); fXiso aily) = folag) + fila)l + -+ fo(ap)l, = X, fi(a;)]; be astrong AH-linear
transformation. Then:

fx+y)=f@X)+f),fr.x)=r.f(x)forall x,y € V,(I),r € K, (I).
Proof:

Letx =X o a;l;, ¥y = Dito bil; be two arbitrary elements in V,(I), r = Xi-, 1:1; € K,,(I) be any element in the n-
refined neutrosophic field K,,(I), we have:

flx+y) = fQo(ai + b)) = Xiso filai + b)) = Xiso fi(a) ]y + Xizo fi(b)]; = f(x) + f(¥).
For the proof of the second proposition we use induction on n. If n=0, the theorem is true clearly.
Suppose that it is true for n-1, we must prove it for n.
flr.x) = f(Z?J-:O rnal ) = f( ronial I + (Bl omil)anl,), we can write
Teniapli I = mg +myly 4 -+ my gLy,
Qlronl)ayl, = rna,ly + nayd, + -+ (pa, + na,)ly,
r.x = lffj'jo riail; I + Xl ril)ayl, = mg + (my + 138l + (my + rpap)l, + -+ (e, + man)ly,,
fr.x) = fo(me) + fr(my + ra)ly + fo(mg + a1 + - fr(foan + may) =
fo(mo) + [fi(my) + i fi(@)]ly + - + [ fu(an) + mfa(@)]l, = 7. f(x).
Theorem 31:
Let V, (D), W,,(I), U, (I) be three weak n-refined neutrosophic vector spaces over the field K,
fWa(D) = Un(D); f(Zizo aili) = folao) + fila)ly + -+ fu(a)ln = Xiko fi(adl;,
g: V(D) = W (D); g(Xizo aili) = 9o(a0) + g1(a)ly + - + gn(an)l, = Xio gi(a)l;,
be two weak AH-linear transformations. Then:
(@) fog = Xio(fi0g:).
(b) fog is a weak AH-linear transformation between V,, (I, U,,(I).
Proof:
(@) Letx = ¥iLoa;l; € Va(1), fog(x) = fF(Xiso 9:(al) = f(go(ao) + g1(aly + -+ + gn(an)lp)=
fo(90(a0)) + f(91(a))y + -+ + fo(gn(an))In = Xio(fiogs) (a)l;.
(b) Since f;0g; is a linear transformation for all i, then we get the proof.
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Theorem 32:

Let V,(I), W,,(I), U, (I) be three strong n-refined neutrosophic vector spaces over the n-refined neutrosophic field K,
fWa(D) - Un(D); f(Xiz0 aild) = folao) + fila)dh + - + fula)l, = Xis fila)l;,

g:Va (D) » Wo(D); g(Xiso aili) = go(ao) + g1(adly + -+ gn(an)l, = Xizo gi(adl;,

be two strong AH-linear transformations. Then:

@) fog = Xi=o(fiogy)-

(b) fog is a strong AH-linear transformation between V, (), U, (I).

Definition 33:

Let M(1,, 1) be a strong refined neutrosophic module over the refined neutrosophic ring R(I;, I,), P,Q,S be three
submodules of M. The set N = (P, Q1;,SI;) = {(a, by, cl;);a € P,b € Q,c € S} is called a strong AH-submodule
of the strong refined neutrosophic module M (I, I,).

If P=Q =S, we call N a strong AHS-submodule.

Theorem 34:

Let M(1;, 1,) be a strong refined neutrosophic module over the refined neutrosophic ring R(I;, 1),
N = (P, P1;, P1,) be a strong AHS-submodule. Then N is a submodule by classical meaning.
Definition 35:

Let M, W be two modules over the ring R, M (1, I;) and W (I, I,) be the corresponding strong refined neutrosophic
modules over the refined neutrosophic ring R(I;, I,). Let f, g, h: M — W be three homomorphisms, then

[f,g, h: M, 1) » W, 1,);[f, g hl(a, bl cly) = (f(a), g(b)I;, h(c)],) is called a strong AH-homomorphism.
If f = g = h, we get the strong AHS-homomorphism.

Definition 36:

Let M(I, I,), W(1,, I,) be two strong refined neutrosophic modules over the refined neutrosophic ring R(1, I),
[f,g,h]:M(,,1I,) > W(I,I,) be a strong AH-homomorphism, we define

(@) AH — Ker|[f,g,h] = (Ker(f),Ker(g)I;,Ker(h)I,) = {(a,bl;, cl,); a € Ker(f),b € Ker(g),c € Ker(h)}.
(b) AH — Im[f, g, h] = (Im(f), Im(g)1;, Im(R)1,).
Theorem 37:

Let M(1;,1,), W(I, I,) be two strong refined neutrosophic modules over the refined neutrosophic ring R(I4, I,),
[f,g,hl: M1, I,) > W(I,1,) be a strong AH-homomorphism.

(@) If N=(P,Q1,, SI,) is a strong AH-submodule of M (13, ), then [f, g, h](N) is a strong AH-submodule of
W(IllIZ)'
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(b) [f, g, h] is a classical module homomorphism.

(c) AH — Ker[f, g, h] is a strong AH-submodule of M (I}, I,).
(d) AH — Im[f, g, h] is a strong AH-submodule of W (I3, I,).
Proof:

(@) Since f(P), g(Q), h(S) are submodules of N, we find that [f, g, h](N) = (f(P), g(Q)1;, h(S)I,) is a strong AH-
submodule of W (I, L,).

(b) Let m = (x, yI;,zl,),n = (a, bl cl,) be two arbitrary elements in M(I,, 1), r = (t, ul;, vl,) be any element in
R(11, 1),

m+n=(x+aly+Dbll,[z+cll), r.m=(tx, [xu + yt + yu + yv + zull, [xv + zt + zv]l,),

[f,g.hl(m +n) = (f (x + @), g([y + bD L, h([z + cDL)=(f (), g1, k(D)) + (f (@), g(b) 11, h(O)]2) =
[f, g, hl(m) + [f, g, h1(n).

[f, g, hl(r.-m) = (f(tx), g([xu + yt + yu + yv + zu)) [, h([xv + zt + zv])I;)=
(t,uly, vh).(f(x), g, h(2)I,) = r.[f, g, h](m). Thus [f, g, h] is a classical homomorphism.

(c) Since Ker(f), Ker(g), Ker(h) are submodules of M, we get AH — Ker[f, g, h] =
(Ker(f),Ker(g)1,, Ker(h)I,) as a strong AH-submodule of M (I, I,).

(d) Since Im(f),Im(g), Im(h) are submodules of W, we get AH — Im[f, g, h] = (Im(f),Im(g)I;,Im(h)I,) asa
strong AH-submodule of W (I, L,).

Example 38:

(a) Let M = R%,W = R be two modules over the ring R,

fiM->W;f(x,y)=2x,9:M - W; g(x,y) =3y,h: M - W; h(x,y) = x + y are three homomorphisms.
(b) [f, g, R1: M (U1, 1) > Wy, L); [f, 9, h1((x, ), (2,01, (s, m)L) = (f (x,¥), 9 (2, )11, h(s, m)],)=
(2x,3tl, [s + m]l,) is a strong AH-homomorphism, where x,y,z,t,s,m € R.

()P ={(0,x); x € R},Q = {(x,0); x € R} are two submodules of M,

N = (P,PI, QL) = {((0,x),(0,y)1;,(z,0)1,; x,y,z € R} is a strong AH-submodule of M (I, I,).

@) f(P) ={0},g(P) ={By;y €ER} =R, h(Q) ={z;z € R} =R,

W(ly, I).

(e) Ker(f) = {(0,x); x € R}, Ker(g) = {(x,0); x € R}, Ker(h) = {(y,—¥); ¥y € R},

AH — Ker[f,g,h] = (ker(f),Ker(g)l;,Ker(h)I,) = {(0,x), (v,0)I;, (z, —2)1,); x,y,z € R}.

51
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Definition 39:

Let M(I) = M + MI be a strong/weak neutrosophic module, the set

S=P+QI ={x+yl;x € P,y € Q}, where P and Q are submodules of V is called an AH-submodule of M(l).
If P = Q, Sis called an AHS-submodule of M(l).

Example 40:

We have M = Z? = Z x Z isa module over R, P =< (0,1) >, Q =< (1,0) >, are two submodules of M. The set
S=P+QI ={0,a)+ (b,0)I;a,b € Z} is an AH-submodule of M(l).

Theset L =P + PI = {(0,a) + (0,b)I}; a,b € Z is an AHS-submodule of M(l).

Theorem 41:

Let M(I) = M + MI be a neutrosophic weak module over the ring R, and let S = P + QI be an AH-submodule of
M(I), then S is a submodule.

Proof:
Supposethatx =a+ bl,y =c+dl € S;a,c € P, b,d € Q,

x+y=(a+c)+ (b+d)l €S.Foreach scalar m € R we obtain m.x = m.a + (m.b)I € S, since
P and Q are submodules; thus S = P + QI is a submodule of M(I) over the ring R.

Theorem 42:

Let M(I) be a neutrosophic strong module over a neutrosophic ring R(1), let S = P + PI be an AHS-submodule.
Then S is a submodule of M(1).

Definition 43:

(@) Let M and W be two modules, Ly,: M — W be a homomorphism. The AHS-homomorphism can be defined as
follows:

L:M(I) » W(ID); L(a + bI) = Ly(a) + Ly (b)I.

(b) If S = P + QI is an AH-submodule of M(1), L(S) = Ly (P) + Ly (Q)I.

(c) If S = P+ QI is an AH-submodule of W(l), L71(S) = Ly} (P) + Ly} (Q)I.

(d) AH — Ker(L) = Ker(Ly) + Ker(Ly) I = {x +yI;x,y € Ker(Ly)}.

Theorem 44:

Let W(I) and M(I) be two neutrosophic strong/weak modules, and L: M(I) - W (I) be an AHS-homomorphism:

(a) AH — Ker(L) is an AHS-submodule of M(l).
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(b) If S = P+ QI is an AH-submodule of M(I), L(S) is an AH-submodule of W(I).
(c) If S = P + QI is an AH-submodule of W(I), L~1(S) is an AH-submodule of M(l).
Proof:

(a) Since Ker(Ly) is a submodule of M, we find that AH — Ker(L) = Ker(Ly) + Ker(Ly)I is an AHS-
submodule of M(I).

(b) We have L(S) = Ly, (P) + Ly (Q)I; thus L(S) is an AH-submodule of W(l), since L, (P), Ly, (Q)are submodules
of W.

(c) By regarding that L=1(S) = L} (P) + Ly} (Q)I, Ly*(P) and L;*(Q) are submodules of M, we obtain that
L71(S) is an AH-subModule of M(l).

Theorem 45:

Let W(I) and M(I) be two neutrosophic strong modules over a neutrosophic ring R(l), and L: M(I) - W(I) be an
AHS-homomorphism. Then

L(x+y)=L(x)+L(y),L(m.x) =m.L(x), forall x,y € M(I),m € R(I).
Proof:
Suppose x =a+bl,y =c+dl;a,b,c,d € M,and m = s + tl € K(I), we have

Lix+y)=L(Ja+c]+[b+d]l) =Ly(a+c)+Lylb+d) =][Ly(a)+ Ly + [Ly(c)+ Ly(d)I] =
L(x) + L(y).

mx=(s.a)+ (s.b+t.a+t.b)l,L(m.x) =Ly(s.a) + Ly(s.b+t.a+t.b)]

=s.Ly(a) +[s.Ly(b) + t.Ly(a) + t. Ly (b))l = (s + tI). (Ly (@) + Ly (b)) = m. L(x).

Theorem 46:

Let S = P + QI be an AH-submodule of a neutrosophic weak module M(I) over a ring R, suppose that
X={x;1<i<n}isabasesof PandY = {y;; 1 < j < m} isabases of Q then X U Y[ is a bases of S.

Proof:

Let z = x + yI be an arbitrary elementin S; x € P,y € Q. Since P and Q are submodules of M we can write
X=a:%; +a,x;,++ax,; a; ERand x; €X,y = by, + by, + -+ bypym; b EK,y; €Y.

Now we obtain z = (a;x; + - + a,x,) + (byy I + -+ + b,y 1); thus X U Y1 generates the subspace S.

X U YT is linearly independent set. Assume that (a,x; + -+ + apx,,) + (byy.I + -+ + b,y I) = 0, this implies

a1%1 + ayx, + -+ apx, = 0and (byy; + by, + -+ by, yy,)I = 0. Since X and Y are linearly independent sets
over R, we geta; = b; = 0 for all i,j and X U Y1 is linearly independent then it is a basis of S.
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Result 47:

Let S = P + QI be an AH-submodule of a neutrosophic weak module M(I) with finite dimension over a ring R,
from Theorem 3.8 and the fact that X n YT = @, we find dim(S) = dim(P) + dim (Q).

Example 48:

Let M =Z3 = Z x Z x Z is amodule over the ring Z, P =< (0,0,1) >, Q =< (0,1,0) > be two submodules of M,
@S =P+QI=1{0,0,m)+ (0,n,0); m,n € Z }is an AH-submodule of M(l).

(b) The set {(0,0,1), (0,1,0)1} is a bases of S, dim(S) = dim(P) + dim(Q) =1+ 1 = 2.

©) Ly:M - M; Ly(x,y,z) = (x+y,y,2)for all x,y,z € Z is a homomorphism, the corresponding AHS-
homomorphism is

L:M(I) » M(D; L[(x,y,z) + (a,b,c)I] = Ly(x,y,2) + Ly(a,b,c)I =(x +y,y,2) + (a + b, b, ).

(d) L(S) = Lyy(P) + Ly (Q) = Ly{(0,0,m)} + Ly {(0,n,0)} = {(0,0,m) + (n,n,0)I}; m,n € Z, which is an AH-
submodule of M(I).

Example 49:

Let M=Z2 = Z x Z, W=Z3% = Z x Z x Z be two modules over thering Z, Ly;: M - W; Ly (x,y) = (x + y,x +
v, x + y) is a homomorphism. The corresponding AHS-homomorphism is

L:MWI) »W); L[G,y) + (ab)l=+y,x+y,x+y)+(a+b,a+b,a+b)l

KerLy =< (1,—1) >, AH — Ker(L) = Ker(Ly) + Ker(Ly) I =< (1,-1) > +< (1,-1) > 1=
{(a,—a) + (b, —b)I; a,b € Z} which is an AHS-submodule of M(I).

We find dim(Ker(L)) =1+ 1= 2.

Definition 50:

Let M(I) be a neutrosophic strong/weak module, S = P + QI be an AH-submodule of M(I), we define
AH-Quotient module as:

M(D/S=M/P+M/Q)I=(x+P)+(y+Q);x,y €M.

Theorem 51:

Let M(I) be a neutrosophic weak module over aring R, and S = P + QI be an AH-submodule of M(l). The AH-
Quotient M(1)/S is a module with respect to the following operations:

Addition: [(x +P)+ (y+ QI+ [(a+P)+b+QlI=x+a+P)+y+b+Q);x,y,a,b € M.
Multiplication by a scalar: (m).[(x + P) + (y + Q)I] = (m.x + P) + (m.y + Q)I;

X,y € Mand m € R.
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Proof:
It is easy to check that operations are well defined, and (M (1)/S, +) is abelian group.
Letz=[(x+P)+(y+ Q)] eMU)/S, wehave 1.z = z.

Assume that m,n € R, we have m.(n.z) = m.[(n.x + P) + (n.y + Q)I] = (m.n.x + P) + (m.n.y + Q)I =
(m.n).z.

m+n)z=[(m+n).x+Pl+[(m+n)y+Ql =m.z+n.z.
Leth=[(a+P)+b+QIleM)/S,z+h=(x+a+P)+(y+b+0Q),

m.(z+h)=(mx+ma+P)+(my+mb+Q)m.z+m.h.

Conclusion

In this review, we have discussed many neutrosophic algebraic AH-structures, such as AH-subspaces, AH-

submodules, AH-ideals and n-refined AH-ideals and spaces.

This work maybe very useful in the future studies in Turiyam algebraic AH-structures, especially spaces and
modules, where they can be built as new generalizations of corresponding neutrosophic ones.
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