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Abstract 

In this paper, we investigate some operations of algebraic structure of neutrosophic matrices related to 

indeterminacy real numbers.      
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1. Introduction   

Mathematical neutrosophic theory is in new branch of mathematical systems. which introduced by Smarandache 

in 1995 depend on conceptual of indeterminacy in philosophical interpretation of propositional logic see [17]. 

Smarandache developed intuitionistic fuzzy set theory which presented by Atanassov in 1983 see [4,5] into   

neutrosophic set see [16]. Kandasamy and Smarandache studied finite neutrosophic complex numbers see [11], 

next later, neutrosophic vector space, AH-supspace, AHS-subspace, AH-Quotient investigated by Abobala see 

[1]. After that, Salama with other authors presented some result about neutrosophic square complex matrices see 

[15]. In this article we study neutrosophic matrices of neutrosophic real numbers with some theorems.   

2. Neutrosophic Matrices and Their Operations 

 

Definition 2.1. [10] Let  𝑅  be the set of real numbers, then 𝑁(𝑅) =  〈𝑅 ∪  𝐼〉 = {𝑎 + 𝑏𝐼: 𝑎, 𝑏 ∈ 𝑅} is a 

neutrosophic set where 𝑎 + 𝑏𝐼  is a neutrosophic real number and 𝐼 is indeterminate such that  0. 𝐼 = 0, 𝐼2 = 𝐼. 

 Definition 2.2. [10] Let 〈R ∪ I〉 be any neutrosophic ring. The collection of all 𝑛 ×  𝑛 matrices with entries 

from 〈𝑅 ∪  𝐼〉 is called the neutrosophic matrix ring; i.e. 𝑀𝑛 × 𝑛  =  {𝑀 =  (𝑎𝑖𝑗  ) |𝑎𝑖𝑗  ∈  〈𝑅 ∪  𝐼〉}. The 

operations are the usual matrix addition and matrix multiplication. 

Definition 2.3.  Consider the neutrosophic matrix set  𝑀𝑚×𝑛 = {𝑎𝑖𝑗 + 𝑏𝑖𝑗𝐼: 𝑎𝑖𝑗  , 𝑏𝑖𝑗  ∈ 𝑅 , 0𝐼 = 0 & 𝐼2 = 𝐼} with 

𝑚 rows and 𝑛 columns , then the scalar entry in the 𝑖𝑡ℎ  neutrosophic row and in 𝑗𝑡ℎ neutrosophic column of  

neutrosophic matrix 𝑀 is denoted by  𝑎𝑖𝑗 + 𝑏𝑖𝑗𝐼 and is called the (𝑖, 𝑗) − 𝑒𝑛𝑡𝑟𝑦 of  𝑀, the following figure 

pictorial  rectangular neutrosophic matrix 𝑀 of type 𝑚 × 𝑛. 

 

 

                                                                                       Column 𝑗 

𝑀 = 

[𝑎11 + 𝑏11𝐼 𝑎12 + 𝑏12𝐼 … 𝑎𝑖𝑗 + 𝑏𝑖𝑗𝐼 ⋯ 𝑎1𝑛 + 𝑏1𝑛𝐼  ⋮ ⋮     ⋮              ⋮           ⋮         𝑎𝑖1 + 𝑏𝑖1𝐼 ⋮  𝑎𝑚1 + 𝑏𝑚1𝐼  𝑎𝑖2 +

𝑏𝑖2𝐼 …  ⋮  𝑎𝑚2 + 𝑏𝑚2𝐼 …  𝑎𝑖𝑗 + 𝑏𝑖𝑗𝐼 ⋮  𝑎𝑚𝑗 + 𝑏𝑚𝑗𝐼  ⋯  ⋮   ⋯  𝑎𝑖𝑛 + 𝑏𝑖𝑛𝐼 ⋮  𝑎𝑚𝑛 + 𝑏𝑚𝑛𝐼   ]    Row 𝑖 

Figure 2.1 of rectangular neutrosophic matrix 𝑀𝑚×𝑛. 

Definition 2.4.  Let 𝑀 and 𝑁 be two neutrosophic matrices. Define the equality of  𝑀 and 𝑀′  as following: 

𝑀 = 𝑁  iff  𝑚𝑖𝑗 = 𝑛𝑖𝑗   and 𝑚′𝑖𝑗 = 𝑛′
𝑖𝑗 , for all 𝑖 = 1,2, … , 𝑚 and 𝑗 = 1,2, … , 𝑛.   

https://doi.org/10.54216/PAMDA.010204
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Some special types of neutrosophic matrices  

Definition 2.5. Any neutrosophic matrix, in which all the neutrosophic elements are neutrosophic zeros is called 

a neutrosophic zero matrix, and denoted by 𝛰, for instance, 𝛰 = [0 + 0𝐼 0 + 0𝐼 0 + 0𝐼 0 + 0𝐼 0 + 0𝐼 0 + 0𝐼 ]. 

Definition 2.6. Let 𝑀 be a neutrosophic matrix of size 𝑛 × 1 (that is, 𝑀 having a single column), then it's    

called a column neutrosophic vector (or m-dimensional column neutrosophic vector) and denoted by lowercase 

letter with omitted the second type subscript, thus:  

   𝑚 = [𝑚1 + 𝑚′1𝐼 𝑚2 + 𝑚′2𝐼 𝑚3 + 𝑚′3𝐼 ⋮  𝑚𝑛 + 𝑚′𝑛𝐼  ], which identifies with neutrosophic vector in 

neutrosophic Euclidian 𝑅𝑛(𝐼). 
Definition 2.7. Let 𝑁 be a neutrosophic matrix of size 1 × 𝑚 (that is, 𝑁 having a single row), then it's    called a 

row neutrosophic vector (or 𝑚 −dimensional row neutrosophic vector) and denoted by lower-case letter with 

omitted the first type subscript, thus:  

   𝑛 = [𝑛1 + 𝑛′1𝐼 𝑛2 + 𝑛′2𝐼 𝑛3 + 𝑛′3𝐼 ⋯ 𝑛𝑚 + 𝑛′𝑚𝐼  ], which identifies with neutrosophic vector in 

neutrosophic Euclidian 𝑅𝑚(𝐼). 
Definition 2.8. If   𝑀 =  [𝑎𝑖𝑗 + 𝑏𝑖𝑗𝐼]𝑛×𝑛  . then 𝑀 is called a square neutrosophic matrix of  𝑛𝑡ℎ − 𝑜𝑟𝑑𝑒𝑟 and it 

has a neutrosophic determinates. 

Definition 2.9. A neutrosophic square matrix is called a neutrosophic diagonal matrix, if all its non-diagonal 

neutrosophic elements are neutrosophic zero, and denoted by:  𝑁𝐷 = {𝑎𝑖𝑗 + 𝑏𝑖𝑗𝐼 = 0, 𝑖 ≠ 𝑗                      𝑎𝑖𝑗 +

𝑏𝑖𝑗𝐼 ≠ 0, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖 = 𝑗  

For instance, 𝑁𝐷 = [3 + 2𝐼 0 + 0𝐼 0 + 0𝐼 0 + 0𝐼 1 + 4𝐼 0 + 0𝐼 0 + 0𝐼 0 + 0𝐼 1 − 5𝐼 ]. 

Definition 2.10.  A neutrosophic square matrix of 𝑛𝑡ℎ − 𝑜𝑟𝑑𝑒𝑟  is called a neutrosophic identity if all diagonal 

elements are neutrosophic unity and non-diagonal neutrosophic elements are neutrosophic zero, denoted by: 

𝑁𝐼𝑛 = {𝑎𝑖𝑗 + 𝑏𝑖𝑗𝐼 = 0, 𝑖𝑓  𝑖 ≠ 𝑗                      𝑎𝑖𝑗 + 𝑏𝑖𝑗𝐼 = 1 + 0𝐼, 𝑖𝑓  𝑖 = 𝑗            

For example,𝑁𝐼3 = [1 + 0𝐼 0 + 0𝐼 0 + 0𝐼 0 + 0𝐼 1 + 0𝐼 0 + 0𝐼 0 + 0𝐼 0 + 0𝐼 1 + 0𝐼 ]. 

Operations on neutrosophic matrices 

Definition 2.11.  Let 𝑀 and 𝑁 be two neutrosophic matrices. Define the addition and differences of  𝑀 and 𝑁  as 

following: 

1. 𝑀 and 𝑁 have the same size or order or capacity, and   

2. 𝑀 ± 𝑁 = (𝑚𝑖𝑗 + 𝑚′𝑖𝑗𝐼) ± (𝑛𝑖𝑗 + 𝑛′𝑖𝑗𝐼) =  ((𝑚𝑖𝑗 ± 𝑛𝑖𝑗) + ((𝑚′𝑖𝑗 ± 𝑛′𝑖𝑗)𝐼).  

Definition 2.12. Let 𝑀 be neutrosophic matrix and 𝑥 = 𝑥1 + 𝑥2𝐼 is a scalar neutrosophic number of 𝑅(𝐼). Then 

𝑥. 𝑀 = (𝑥1 + 𝑥2𝐼)[𝑚𝑖𝑗 + 𝑚′𝑖𝑗𝐼] = [(𝑥1. 𝑚𝑖𝑗) + ((𝑥1. 𝑚′𝑖𝑗) + (𝑥2. 𝑚𝑖𝑗) + (𝑥2. 𝑚′𝑖𝑗)) 𝐼], for all 𝑖 and 𝑗.    

Example 2.1. Consider the following two neutrosophic matrices  𝑀 = [1 + 2𝐼 0 − 3 + 4𝐼 2 − 2𝐼 1 2 +
2𝐼 3 0 5 + 𝐼 ] and 

 𝑀′ = [0 3 + 6𝐼 2 5 + 𝐼 5 0 + 𝐼 − 2 − 3 + 𝐼 1 + 2𝐼 ], then: 

𝑀 + 𝑀′ = [1 + 2𝐼 0 − 3 + 4𝐼 2 − 2𝐼 1 2 + 2𝐼 3 0 5 + 𝐼 ] + [0 3 + 6𝐼 2 5 + 𝐼 5 0 + 𝐼 − 2 − 3 + 𝐼 1 + 2𝐼 ] 

                                                     = [((1 + 2𝐼) + (0 + 0𝐼) (0 + 0𝐼 + (3 + 6𝐼)) ((−3 + 4𝐼) + 2 +

0𝐼) ((2 − 2𝐼) + (5 + 𝐼)) (1 + 0𝐼 + 5 + 0𝐼) ((2 + 2𝐼) + (0 + 𝐼)) (3 + 0𝐼 + (−2) + 0𝐼) (0 + 0. 𝐼 +

(−3 + 𝐼)) (5 + 𝐼) + (1 + 2𝐼) ]                                                                                                       

                                                     = [1 + 2𝐼 3 + 6𝐼 − 1 + 4𝐼 7 − 𝐼 6 2 + 3𝐼 1 − 3 + 𝐼 6 + 3𝐼 ] 

By similar manner, we get:  

                                                         𝑀 − 𝑀′ = [1 + 2𝐼 − 3 − 6𝐼 − 5 + 4𝐼 − 3 − 3𝐼 − 4 2 + 𝐼 5 − 3 − 𝐼 4 −
𝐼 ] 

Now, If 𝑥 = 2 + 3𝐼, then 𝑥. 𝑀 = [2 + 13𝐼 0 − 6 + 11𝐼 4 − 4𝐼 2 + 3𝐼 4 + 16𝐼 6 + 9𝐼 0 10 + 20𝐼 ]. 

Theorem2.1. Let 𝐴, 𝐵, and 𝐶 be three neutrosophic matrices of the same capacity, and consider 𝑥 and 𝑦 are two 

neutrosophic scalars, then:  

i. 𝐴 + 𝐵 = 𝐵 + 𝐴; 
ii. (𝐴 + 𝐵) + 𝐶 = 𝐴 + (𝐵 + 𝐶)" " associative law"; 

https://doi.org/10.54216/PAMDA.010204
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iii. 𝐴 + 0 = 𝐴; 

iv. 𝑥(𝐴 + 𝐵) = 𝑥𝐴 + 𝑥𝐵; 
v. (𝑥 + 𝑦)𝐴 = 𝑥𝐴 + 𝑦𝐴;   

vi. 𝑥(𝑦𝐴) = (𝑥𝑦)𝐴; and 

Proof.     

i. Consider the left-hand side: 𝐴 + 𝐵 = [(𝑎𝑖𝑗 + 𝑎′𝑖𝑗𝐼) + (𝑏𝑖𝑗 + 𝑏′𝑖𝑗𝐼)]  

                                                                        =  ((𝑎𝑖𝑗 + 𝑏𝑖𝑗) + ((𝑎′𝑖𝑗 + 𝑏′
𝑖𝑗)𝐼) 

                                                                       =  ((𝑏𝑖𝑗 + 𝑎𝑖𝑗) + ((𝑏′
𝑖𝑗 + 𝑎′𝑖𝑗)𝐼) 

                                                                       =  [(𝑏𝑖𝑗 + 𝑏′𝑖𝑗𝐼) + (𝑎𝑖𝑗 + 𝑎′𝑖𝑗𝐼)]  

                                                                       =  𝐵 + 𝐴 : R.H.S. 

ii. Consider the left-hand side: (𝐴 + 𝐵) + 𝐶 = [(𝑎𝑖𝑗 + 𝑎′𝑖𝑗𝐼) + (𝑏𝑖𝑗 + 𝑏′𝑖𝑗𝐼)] + (𝑐𝑖𝑗 + 𝑐′
𝑖𝑗𝐼)  

                                                                                  = [(𝑎𝑖𝑗 + 𝑏𝑖𝑗) + (𝑎′𝑖𝑗 + 𝑏′𝑖𝑗)𝐼] + (𝑐𝑖𝑗 + 𝑐′
𝑖𝑗𝐼)                       

                                                                                  = [((𝑎𝑖𝑗 + 𝑏𝑖𝑗) + 𝑐𝑖𝑗) + ((𝑎′𝑖𝑗 + 𝑏′𝑖𝑗) + 𝑐′
𝑖𝑗) 𝐼] 

                                                                                  = [(𝑎𝑖𝑗 + (𝑏𝑖𝑗 + 𝑐𝑖𝑗)) + (𝑎′𝑖𝑗 + (𝑏′𝑖𝑗+𝑐′
𝑖𝑗)) 𝐼] 

                                                                                  = (𝑎𝑖𝑗 + 𝑎′
𝑖𝑗𝐼) + [(𝑏𝑖𝑗 + 𝑐𝑖𝑗) + ((𝑏′𝑖𝑗+𝑐′

𝑖𝑗)) 𝐼] 

                                                                                  = (𝑎𝑖𝑗 + 𝑎′
𝑖𝑗𝐼) + [(𝑏𝑖𝑗 + 𝑏′𝑖𝑗𝐼) + (+𝑐𝑖𝑗+𝑐′

𝑖𝑗)𝐼] 

                                                                                  = 𝐴 + (𝐵 + 𝐶). 

iii. 𝐴 + 0 = [(𝑎𝑖𝑗 + 𝑎′𝑖𝑗𝐼) + (0 + 0. 𝐼)] = (𝑎𝑖𝑗 + 0) + (𝑎′
𝑖𝑗 + 0)𝐼) = 𝑎𝑖𝑗 + 𝑎′

𝑖𝑗𝐼 = 𝐴. 

iv. 𝑥(𝐴 + 𝐵) = (𝑥1 + 𝑥2𝐼). [(𝑎𝑖𝑗 + 𝑏𝑖𝑗) +  (𝑎′𝑖𝑗 + 𝑏′
𝑖𝑗)𝐼] 

 = [(𝑥1. (𝑎𝑖𝑗 + 𝑏𝑖𝑗)) + ((𝑥1. (𝑎′𝑖𝑗 + 𝑏′
𝑖𝑗)) + (𝑥2. (𝑎𝑖𝑗 + 𝑏𝑖𝑗)) + (𝑥2. (𝑎′𝑖𝑗 + 𝑏′

𝑖𝑗))) 𝐼] 

=  [    ((𝑥1. 𝑎𝑖𝑗)    + (𝑥1 + 𝑏𝑖𝑗))  +         (((𝑥1. 𝑎′
𝑖𝑗) + (𝑥1. 𝑏′

𝑖𝑗)) + ((𝑥2. 𝑎𝑖𝑗)  + (𝑥2. 𝑏𝑖𝑗)) + ((𝑥2. 𝑎′
𝑖𝑗) +

(𝑥2. 𝑏′
𝑖𝑗))) 𝐼  ] 

 

=  [(𝑥1. 𝑎𝑖𝑗) + (((𝑥1. 𝑎′
𝑖𝑗) + (𝑥2. 𝑎𝑖𝑗) + (𝑥2. 𝑎′

𝑖𝑗)) 𝐼)  +               (𝑥1. 𝑏𝑖𝑗) + (((𝑥1. 𝑏′
𝑖𝑗) + (𝑥2. 𝑏𝑖𝑗) +

(𝑥2. 𝑏′
𝑖𝑗)) 𝐼)               ] 

= (𝑥1 + 𝑥2𝐼). (𝑎𝑖𝑗 + 𝑎′
𝑖𝑗)𝐼+ (𝑥1 + 𝑥2𝐼). (𝑏𝑖𝑗 + 𝑏′

𝑖𝑗)𝐼 = 𝑥. 𝐴 + 𝑥. 𝐵. 

v. 𝑥(𝑦𝐴) = (𝑥𝑦)𝐴. By similar method. 

vi. 1. 𝐴 = 𝐴. Obvious⬛. 

  

Definition 2.13.  Let 𝑀 = [𝑚𝑖𝑘 + 𝑚′
𝑖𝑘𝐼]𝑚×𝑟    and 𝑁 = [𝑛𝑘𝑗 + 𝑛′

𝑘𝑗𝐼]𝑟×𝑛  be two neutrosophic matrices such 

that the neutrosophic number of neutrosophic columns  of  𝑀 is equal to the neutrosophic number of 

neutrosophic  rows of 𝑁,  where, then the product of neutrosophic matrices 𝑀𝑁 = 𝐶 = [𝑐𝑖𝑗 + 𝑐′
𝑖𝑗𝐼], where, 

(𝑐𝑖𝑗 + 𝑐′𝑖𝑗𝐼) = { ((𝑚𝑖1. 𝑛1𝑗) + ((𝑚𝑖1.  𝑛′1𝑗) + (𝑚′𝑖1. 𝑛1𝑗) + (𝑚′𝑖1. 𝑛′1𝑗)𝐼))  + ((𝑚𝑖2. 𝑛2𝑗)   + ((𝑚𝑖2. 𝑛′2𝑗) +

(𝑚′𝑖2. 𝑛2𝑗) + (𝑚′𝑖2. 𝑛′2𝑗)𝐼))  + ((𝑚𝑖3. 𝑛3𝑗) +   ((𝑚𝑖3. 𝑛′3𝑗)  + (𝑚′𝑖3. 𝑛3𝑗) + (𝑚′𝑖3. 𝑛′3𝑗)𝐼))  ⋮

 + ((𝑚𝑖𝑟 . 𝑛𝑟𝑗) + ((𝑚𝑖𝑟 . 𝑚′𝑟𝑗) + (𝑚′𝑖𝑟 . 𝑛𝑟𝑗) + (𝑚′𝑖𝑟 . 𝑚′𝑟𝑗)𝐼))     }                   

                    

                     = ∑𝑟
𝑘=1 ((𝑚𝑖𝑘 + 𝑚′𝑖𝑘𝐼). (𝑏𝑘𝑗 + 𝑏′

𝑘𝑗𝐼)). 

Example 2.2. Consider the following two neutrosophic matrices 𝐴 = [1 + 2𝐼 3 + 𝐼 2 − 𝐼 0 ]2×2  and 
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𝐵 = [−3 + 𝐼 0 2 − 𝐼 5 + 4𝐼 4 + 2𝐼 − 4 + 𝐼 ]2×3, Consider 𝐶 = 𝐴𝐵 = [1 + 2𝐼 3 + 𝐼 2 − 𝐼 0 ][−3 + 𝐼 0 2 −
𝐼 5 + 4𝐼 4 + 2𝐼 − 4 + 𝐼 ], where  

 

𝐶 = [𝑐𝑖𝑗 + 𝑐′𝑖𝑗𝐼] = [𝑐11 + 𝑐′11𝐼 𝑐12 + 𝑐′12𝐼 𝑐13 + 𝑐′13𝐼 𝑐21 + 𝑐′21𝐼 𝑐22 + 𝑐′22𝐼 𝑐23 + 𝑐′23𝐼 ] 

To compute  , 𝑐11 + 𝑐′11𝐼 = (((𝑎11. 𝑏11) + ((𝑎11.  𝑏′11) + (𝑎′11. 𝑏11) + (𝑎′11. 𝑏′11)𝐼))  +  ((𝑎12. 𝑏21)   +

((𝑎12. 𝑏′21) + (𝑎′12. 𝑏21) + (𝑎′12. 𝑏′21)𝐼)) ) 

                                           = (((1. −3) + ((1.  1) + (2. −3) + (2. 1)𝐼))  +  ((3. 5)   + ((3. 4) + (1. 5) +

(1. 4)𝐼)) ) 

                                             = ((−3 + (1 − 6 + 2)𝐼)  +  (15  + (12 + 5 + 4)𝐼) ) = ((−3 − 3𝐼)  +

 (15  + 21𝐼) ) = (12 + 18𝐼). 

𝑐23 + 𝑐′23𝐼 = (((𝑎𝑖1. 𝑏1𝑗) + ((𝑎𝑖1.  𝑏′1𝑗) + (𝑎′𝑖1. 𝑏1𝑗) + (𝑎′𝑖1. 𝑏′1𝑗)𝐼))  

+ ((𝑎𝑖2. 𝑏2𝑗)   + ((𝑎𝑖2. 𝑏′2𝑗) + (𝑎′𝑖2. 𝑏2𝑗) + (𝑎′𝑖2 . 𝑏′2𝑗)𝐼)) ) 

                   = (((𝑎21. 𝑏13) + ((𝑎21.  𝑏′13) + (𝑎′21. 𝑏13) + (𝑎′21. 𝑏′13)𝐼))  + ((𝑎22. 𝑏23)   + ((𝑎22. 𝑏′23) +

(𝑎′22. 𝑏23) + (𝑎′22. 𝑏′23)𝐼)) ) 

                   = (((2. 2) + ((2. −1) + (−1.2) + (−1. −1)𝐼))  + ((0. −4)   + ((0.1) + (0. −4) + (0. 1)𝐼)) ) 

                   = ((4 + (−2 − 2 + 1)𝐼)  + (0  + (0 + 0 + 0)𝐼) ) = ((4 − 3𝐼)  +  (0  + 0𝐼) ) = (4 − 3𝐼). By the 

same manner, we can compute neutrosophic elements  𝑐12 + 𝑐′12𝐼, 𝑐13 + 𝑐′13𝐼, 𝑐21 + 𝑐′21𝐼 and 𝑐22 + 𝑐′22𝐼 to get 

the neutrosophic matrix   

𝐶 = [12 + 18𝐼 12 + 12𝐼 − 10 + 𝐼 − 6 + 4𝐼 0 4 − 3𝐼 ]. 

In general, the neutrosophic multiplication is not commutative.   

Example 2.3. Consider the two neutrosophic matrices 𝐴 = [1 + 2𝐼 2 + 3𝐼 0 4 + 1 ]  and 

𝐵 = [2 − 2𝐼 0 3 + 3𝐼 5 + 2𝐼 ], then 𝐴𝐵 ≠ 𝐵𝐴. 

Theorem2.2. Let 𝐴, 𝐵, and 𝐶 be three neutrosophic matrices which are defined under multiplication, with 𝑥 is a 

neutrosophic scalars, then:  

i. (𝐴𝐵)𝐶 = 𝐴(𝐵𝐶) " associative law";  

ii. 𝐴(𝐵 + 𝐶) = 𝐴𝐵 + 𝐴𝐶  " left distributive law";  

iii. (𝐵 + 𝐶)𝐴 = 𝐵𝐴 + 𝐶𝐴   "right distributive law" and  

iv. 𝑥(𝐴𝐵) = (𝑥𝐴)𝐵 = 𝐴(𝑥𝐵).  
v. 0𝐴. = 0,   𝐵. 0 = 0.  Where  0 is a neutrosophic zero matrix. 

Proof. Suppose that  𝐴, 𝐵, and 𝐶 are three neutrosophic matrices which are defined under multiplication, with 𝑥 

is a neutrosophic scalars. Then the picture of them like: 𝐴 = [𝑎𝑖𝑗 + 𝑎′
𝑖𝑗𝐼]

𝑚×𝑟
, 𝐵 = [𝑏𝑗𝑘 + 𝑏′

𝑗𝑘𝐼]𝑟×𝑛  and 

𝐶 = [𝑐𝑘𝑙 + 𝑐′
𝑘𝑙𝐼]𝑛×𝑠 . Let  𝑀 = (𝐴𝐵) 

[𝑚𝑖𝑘 + 𝑚′
𝑖𝑘𝐼] = [𝑎𝑖𝑗 + 𝑎′

𝑖𝑗𝐼][𝑏𝑗𝑘 + 𝑏′𝑗𝑘𝐼] =, where,  

 

https://doi.org/10.54216/PAMDA.010204


Prospects for Applied Mathimatics and data Analysis ( PAMDA)                       Vol. 01, No. 02, PP. 37-44, 2023 

41 
Doi: https://doi.org/10.54216/PAMDA.010204  
Received: August 12, 2022     Accepted: December 23, 2022 

= { ((𝑎𝑖1. 𝑏1𝑗) + ((𝑎𝑖1.  𝑏′1𝑗) + (𝑎′𝑖1 . 𝑏1𝑗) + (𝑎′𝑖1. 𝑏′1𝑗)𝐼))  +  ((𝑎𝑖2. 𝑏2𝑗)   + ((𝑎𝑖2 . 𝑏′2𝑗) + (𝑎′𝑖2. 𝑏2𝑗) +

(𝑎′𝑖2. 𝑏′2𝑗)𝐼))  + ((𝑎𝑖3. 𝑏3𝑗) +   ((𝑎𝑖3. 𝑏′3𝑗)  + (𝑎′𝑖3. 𝑏3𝑗) + (𝑎′𝑖3. 𝑏′3𝑗)𝐼))  ⋮  + ((𝑎𝑖𝑟 . 𝑏𝑟𝑗) + ((𝑎𝑖𝑟 . 𝑏′𝑟𝑗) +

(𝑎′𝑖𝑟 . 𝑏𝑟𝑗) + (𝑎′𝑖𝑟 . 𝑏′𝑟𝑗)𝐼))     }                   

                    

                     = ∑𝑟
𝑗=1 ((𝑎𝑖𝑘 + 𝑎′𝑖𝑘𝐼). (𝑏𝑘𝑗 + 𝑏′

𝑘𝑗𝐼)).                                                                      (1). 

Now multiplying (1):   𝑀 = (𝐴𝐵) by 𝐶, then the 𝑖𝑙 − 𝑒𝑛𝑡𝑟𝑦  is given by:  

(𝑚𝑖𝑘 + 𝑚′
𝑖𝑘𝐼)(𝑐𝑘𝑙 + 𝑐′

𝑘𝑙𝐼)

= { ((𝑚𝑖1. 𝑐1𝑗) + ((𝑚𝑖1.  𝑐′1𝑗) + (𝑚′𝑖1. 𝑐1𝑗) + (𝑚′𝑖1. 𝑐′1𝑗)𝐼))  

+ ((𝑚𝑖2. 𝑐2𝑗)   + ((𝑚𝑖2. 𝑐′2𝑗) + (𝑚′𝑖2. 𝑐2𝑗) + (𝑚′𝑖2. 𝑐′2𝑗)𝐼))  

+ ((𝑚𝑖3. 𝑐3𝑗) +  ((𝑚𝑖3. 𝑐′3𝑗)  + (𝑚′𝑖3. 𝑐3𝑗) + (𝑚′𝑖3. 𝑐′3𝑗)𝐼))  

⋮  + ((𝑚𝑖𝑟 . 𝑐𝑟𝑗) + ((𝑚𝑖𝑟 . 𝑐′𝑟𝑗) + (𝑚′𝑖𝑟 . 𝑐𝑟𝑗) + (𝑚′𝑖𝑟 . 𝑐′𝑟𝑗)𝐼))     } 

                                            = ∑𝑛
𝑘=1 (𝑚𝑖𝑘 + 𝑚′𝑖𝑘𝐼). (𝑐𝑘𝑙 + 𝑐′

𝑘𝑙𝐼) 

                                            = ∑𝑛
𝑘=1  ∑𝑟

𝑗=1 ((𝑎𝑖𝑘 + 𝑎′𝑖𝑘𝐼). (𝑏𝑘𝑗 + 𝑏′
𝑘𝑗𝐼)) . (𝑐𝑘𝑙 + 𝑐′

𝑘𝑙𝐼).               (2). 

From other hand, Let  𝑁 = (𝐵𝐶) 

[𝑛𝑗𝑙 + 𝑛′
𝑗𝑙𝐼] = [𝑏𝑗𝑘 + 𝑏′

𝑗𝑘𝐼][𝑐𝑘𝑙 + 𝑐′
𝑘𝑙𝐼]  

                   = { ((𝑏𝑖1. 𝑐1𝑗) + ((𝑏𝑖1.  𝑐′1𝑗) + (𝑏′𝑖1. 𝑐1𝑗) + (𝑏′𝑖1. 𝑐′1𝑗)𝐼))  +  ((𝑏𝑖2. 𝑐2𝑗)   + ((𝑏𝑖2. 𝑐′2𝑗) +

(𝑏′𝑖2 . 𝑐2𝑗) + (𝑏′𝑖2. 𝑐′2𝑗)𝐼))  + ((𝑏𝑖3. 𝑐3𝑗) +   ((𝑏𝑖3. 𝑐′3𝑗)  + (𝑏′𝑖3. 𝑐3𝑗) + (𝑏′𝑖3. 𝑐′3𝑗)𝐼))  ⋮  + ((𝑏𝑖𝑟 . 𝑐𝑟𝑗) +

((𝑏𝑖𝑟 . 𝑐′𝑟𝑗) + (𝑏′𝑖𝑟 . 𝑐𝑟𝑗) + (𝑏′𝑖𝑟 . 𝑐′𝑟𝑗)𝐼))     } 

                   = ∑𝑛
𝑘=1 ((𝑏𝑗𝑘 + 𝑏′𝑗𝑘𝐼). (𝑐𝑘𝑙 + 𝑐′

𝑘𝑙𝐼))                                                                               (3). 

Now multiplying (3): 𝐴 by   𝑁 = (𝐵𝐶), then the 𝑖𝑙 − 𝑒𝑛𝑡𝑟𝑦  is given by:  

(𝑎𝑖𝑗 + 𝑎′
𝑖𝑗𝐼)(𝑛𝑗𝑙 + 𝑛′

𝑗𝑙𝐼) =

= { ((𝑎𝑖1. 𝑛1𝑗) + ((𝑎𝑖1.  𝑛′1𝑗) + (𝑎′𝑖1 . 𝑛1𝑗) + (𝑎′𝑖1. 𝑛′1𝑗)𝐼))  

+ ((𝑎𝑖2. 𝑛2𝑗)   + ((𝑎𝑖2 . 𝑛′2𝑗) + (𝑎′𝑖2. 𝑛2𝑗) + (𝑎′𝑖2. 𝑛′2𝑗)𝐼))  

+ ((𝑎𝑖3. 𝑛3𝑗) +  ((𝑎𝑖3 . 𝑛′3𝑗)  + (𝑎′𝑖3 . 𝑛3𝑗) + (𝑎′𝑖3 . 𝑛′3𝑗)𝐼))  

⋮  + ((𝑎𝑖𝑟 . 𝑛𝑟𝑗) + ((𝑎𝑖𝑟 . 𝑛′𝑟𝑗) + (𝑎′𝑖𝑟 . 𝑛𝑟𝑗) + (𝑎′𝑖𝑟 . 𝑛′𝑟𝑗)𝐼))     } 

                                            = ∑𝑟
𝑗=1 (𝑎𝑖𝑗 + 𝑎′

𝑖𝑗𝐼)(𝑛𝑗𝑙 + 𝑛′
𝑗𝑙𝐼) 

                                            = ∑𝑟
𝑗=1   ∑𝑛

𝑘=1 (𝑎𝑖𝑗 + 𝑎′
𝑖𝑗𝐼) ((𝑏𝑗𝑘 + 𝑏′𝑗𝑘𝐼). (𝑐𝑘𝑙 + 𝑐′

𝑘𝑙𝐼)).                          (4). 

From (3) and (4). We deduced that the associative law is hold, since the summation are equal    .                            

Definition 2.14.  Let 𝑀 = [𝑚𝑖𝑘 + 𝑚′
𝑖𝑘𝐼]𝑚×𝑟   be neutrosophic matrix , the transpose of neutrosophic matrix    𝑀  

is obtained by writing the columns of  𝑀 ,in order as rows and written by 𝑀𝑡 = [𝑚𝑖𝑘 + 𝑚′
𝑖𝑘𝐼]𝑟×𝑚     and  

𝑁 = [𝑛𝑘𝑗 + 𝑛′
𝑘𝑗𝐼]𝑟×𝑛. 

Theorem2.3. Let 𝐴  and, 𝐵 be two neutrosophic matrices and 𝑥 is a neutrosophic scalars, then:  

i. (𝐴 + 𝐵)𝑡 = 𝐴𝑡 + 𝐵𝑡; 
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ii. (𝐴𝐵)𝑡 = 𝐵𝑡 . 𝐴𝑡; 
iii. (𝑥𝐵)𝑡 = 𝑥. 𝐴𝑡and  

iv. (𝐴𝑡)𝑡 = 𝐴 

Proof.  (1). Suppose that 𝐴  and, 𝐵 be two neutrosophic matrices and 𝑥 is a neutrosophic scalars. 

(𝐴 + 𝐵)𝑡 = ([𝑎11 + 𝑎′11𝐼 𝑎12 + 𝑎′12𝐼 … 𝑎𝑖𝑗 + 𝑎′𝑖𝑗𝐼 ⋯ 𝑎1𝑛 + 𝑎′1𝑛𝐼  ⋮ ⋮     ⋮              ⋮           ⋮         𝑎𝑖1 + 𝑎′𝑖1𝐼 

⋮  𝑎𝑚1 + 𝑎′𝑚1𝐼  𝑎𝑖2 + 𝑎′𝑖2𝐼 …  ⋮  𝑎𝑚2 + 𝑎′𝑚2𝐼 …  𝑎𝑖𝑗 + 𝑎′𝑖𝑗𝐼 ⋮  𝑎𝑚𝑗 + 𝑎′𝑚𝑗𝐼  ⋯  

⋮   ⋯  𝑎𝑖𝑛 + 𝑎′𝑖𝑛𝐼 ⋮  𝑎𝑚𝑛 + 𝑎′𝑚𝑛𝐼   ]  

+  [𝑏11 + 𝑏′11𝐼 𝑏12 + 𝑏′12𝐼 … 𝑏𝑖𝑗 + 𝑏′𝑖𝑗𝐼 ⋯ 𝑏1𝑛 + 𝑏′1𝑛𝐼  ⋮ ⋮     ⋮              ⋮           

⋮         𝑏𝑖1 + 𝑏′𝑖1𝐼 ⋮  𝑏𝑚1 + 𝑏′𝑚1𝐼  𝑏𝑖2 + 𝑏′𝑖2𝐼 …  ⋮  𝑏𝑚2 + 𝑏′𝑚2𝐼 …  𝑏𝑖𝑗 + 𝑏′𝑖𝑗𝐼 

⋮  𝑏𝑚𝑗 + 𝑏′𝑚𝑗𝐼  ⋯  ⋮   ⋯  𝑏𝑖𝑛 + 𝑏′𝑖𝑛𝐼 ⋮  𝑏𝑚𝑛 + 𝑏′𝑚𝑛𝐼   ] )
𝑡
 

= ([(𝑎11 + 𝑎′11𝐼) + (𝑏11 + 𝑏′11𝐼) … (𝑎𝑖𝑗 + 𝑎′𝑖𝑗𝐼) + (𝑏𝑖𝑗 + 𝑏′𝑖𝑗𝐼) … (𝑎1𝑛 + 𝑎′1𝑛𝐼) + (𝑏1𝑛 + 𝑏′1𝑛𝐼)  ⋮ ⋮ 

⋮  (𝑎𝑖1 + 𝑎′𝑖1𝐼) + (𝑏𝑖1 + 𝑏′𝑖1𝐼) …  

⋮  (𝑎𝑚1 + 𝑎′𝑚1𝐼) + (𝑏𝑚1 + 𝑏′𝑚1𝐼) …  (𝑎𝑖𝑗 + 𝑎′𝑖𝑗𝐼) + (𝑏𝑖𝑗 + 𝑏′𝑖𝑗𝐼) …  

⋮  (𝑎𝑚𝑗 + 𝑎′𝑚𝑗𝐼) + (𝑏𝑚𝑗 + 𝑏′𝑚𝑗𝐼) …  (𝑎𝑖𝑛 + 𝑎′𝑖𝑛𝐼) + (𝑏𝑖𝑛 + 𝑏′𝑖𝑛𝐼)  

⋮  (𝑎𝑚𝑛 + 𝑎′𝑚𝑛𝐼) + (𝑏𝑚𝑛 + 𝑏′𝑚𝑛𝐼)  ])
𝑡
 

= ([(𝑎11 + 𝑏11) + (𝑎′11 + 𝑏′11)𝐼 … (𝑎𝑖𝑗+𝑏𝑖𝑗) + (𝑎′𝑖𝑗 + 𝑏′𝑖𝑗)𝐼 … (𝑎1𝑛+𝑏1𝑛) + (𝑎′1𝑛 + 𝑏′1𝑛)𝐼 ⋮ ⋮ 

⋮  (𝑎𝑖1 + 𝑏𝑖1) + (𝑎′𝑖1 + 𝑏′𝑖1)𝐼 …  

⋮  (𝑎𝑚1 + 𝑏𝑚1 ) + (𝑎′𝑚1 + 𝑏′𝑚1)𝐼 …  (𝑎𝑖𝑗 + 𝑏𝑖𝑗) + (𝑎′𝑖𝑗 + 𝑏′𝑖𝑗)𝐼 …  

⋮  (𝑎𝑚𝑗 + 𝑏𝑚𝑗) + (𝑎′𝑚𝑗 + 𝑏′𝑚𝑗)𝐼 …  (𝑎𝑖𝑛 + 𝑏𝑖𝑛) + (𝑎′𝑖𝑛 + 𝑏′𝑖𝑛)𝐼 

⋮  (𝑎𝑚𝑛 + 𝑏𝑚𝑛) + (𝑎′𝑚𝑛 + 𝑏′𝑚𝑛)𝐼  ])
𝑡
 

= [(𝑎11 + 𝑏11) + (𝑎′11 + 𝑏′11)𝐼 … (𝑎𝑖1 + 𝑏𝑖1) + (𝑎′𝑖1 + 𝑏′𝑖1)𝐼 … (𝑎𝑚1 + 𝑏𝑚1 ) + (𝑎′𝑚1 + 𝑏′𝑚1)𝐼 ⋮ ⋮ 

⋮  (𝑎𝑖𝑗+𝑏𝑖𝑗) + (𝑎′𝑖𝑗 + 𝑏′𝑖𝑗)𝐼 …  

⋮  (𝑎1𝑛+𝑏1𝑛) + (𝑎′1𝑛 + 𝑏′1𝑛)𝐼 …  (𝑎𝑖𝑗 + 𝑏𝑖𝑗) + (𝑎′𝑖𝑗 + 𝑏′𝑖𝑗)𝐼 …  

⋮  (𝑎𝑖𝑛 + 𝑏𝑖𝑛) + (𝑎′𝑖𝑛 + 𝑏′𝑖𝑛)𝐼 …  (𝑎𝑚𝑗 + 𝑏𝑚𝑗) + (𝑎′𝑚𝑗 + 𝑏′𝑚𝑗)𝐼 

⋮  (𝑎𝑚𝑛 + 𝑏𝑚𝑛) + (𝑎′𝑚𝑛 + 𝑏′𝑚𝑛)𝐼  ] 

 

By similar method, we get 

 𝐴𝑡 + 𝐵𝑡 = [(𝑎11 + 𝑏11) + (𝑎′11 + 𝑏′11)𝐼 … (𝑎𝑖1 + 𝑏𝑖1) + (𝑎′𝑖1 + 𝑏′𝑖1)𝐼 … (𝑎𝑚1 + 𝑏𝑚1 ) + (𝑎′𝑚1 + 𝑏′𝑚1)𝐼 ⋮ ⋮ ⋮

 (𝑎𝑖𝑗+𝑏𝑖𝑗) + (𝑎′𝑖𝑗 + 𝑏′𝑖𝑗)𝐼 …  ⋮  (𝑎1𝑛+𝑏1𝑛) + (𝑎′1𝑛 + 𝑏′1𝑛)𝐼 …  (𝑎𝑖𝑗 + 𝑏𝑖𝑗) + (𝑎′𝑖𝑗 + 𝑏′𝑖𝑗)𝐼 …  ⋮  (𝑎𝑖𝑛 + 𝑏𝑖𝑛) +

(𝑎′𝑖𝑛 + 𝑏′𝑖𝑛)𝐼 …  (𝑎𝑚𝑗 + 𝑏𝑚𝑗) + (𝑎′𝑚𝑗 + 𝑏′𝑚𝑗)𝐼 ⋮  (𝑎𝑚𝑛 + 𝑏𝑚𝑛) + (𝑎′𝑚𝑛 + 𝑏′𝑚𝑛)𝐼  ] 

For ii, iii and v. by same technique of arguments    . 

Example 2.4. Consider the two neutrosophic matrices  𝐴 = [2 + 𝐼 5 − 𝐼 1 + 4𝐼 1 + 2𝐼 ]  and 𝐵 = [3 − 𝐼 6 −
4𝐼 3 + 3𝐼 2 − 4𝐼 ], then  

𝐴𝑡 = [2 + 𝐼 1 + 4𝐼 5 − 𝐼 1 + 2𝐼 ] and 𝐵𝑡 = [3 − 𝐼 3 + 3𝐼 6 − 4𝐼 2 − 4𝐼 ], we see that:  

𝐴𝑡 + 𝐵𝑡 = [2 + 𝐼 1 + 4𝐼 5 − 𝐼 1 + 2𝐼 ] + [3 − 𝐼 3 + 3𝐼 6 − 4𝐼 2 − 4𝐼 ] = [5 4 + 7𝐼 11 − 5𝐼 3 − 2𝐼 ] , while  

𝐴 + 𝐵 = [2 + 𝐼 5 − 𝐼 1 + 4𝐼 1 + 2𝐼 ] + [3 − 𝐼 6 − 4𝐼 3 + 3𝐼 2 − 4𝐼 ] = [5 11 − 5𝐼 4 + 7𝐼 3 − 2𝐼 ] and 

(𝐴 + 𝐵)𝑡 = [5 11 − 5𝐼 4 + 7𝐼 3 − 2𝐼 ]𝑡 = [5 4 + 7𝐼 11 − 5𝐼 3 − 2𝐼 ]. Therefore (𝐴 + 𝐵)𝑡 = 𝐴𝑡 + 𝐵𝑡 . On the 

other hand,   

𝐴𝐵 = [2 + 𝐼 5 − 𝐼 1 + 4𝐼 1 + 2𝐼 ][3 − 𝐼 6 − 4𝐼 3 + 3𝐼 2 − 4𝐼 ] = [21 + 5𝐼 22 − 24𝐼 6 + 22𝐼 8 − 4𝐼 ], so 

(𝐴𝐵)𝑡 = [21 + 5𝐼 22 − 24𝐼 6 + 22𝐼 8 − 4𝐼 ]𝑡 = [21 + 5𝐼 6 + 22𝐼 22 − 24𝐼 8 − 4𝐼 ], and 

 𝐵𝑡𝐴𝑡 = [3 − 𝐼 3 + 3𝐼 6 − 4𝐼 2 − 4𝐼 ][2 + 𝐼 1 + 4𝐼 5 − 𝐼 1 + 2𝐼 ] = [21 + 5𝐼 6 + 22𝐼 22 − 24𝐼 8 − 4𝐼 ], 
hence (𝐴𝐵)𝑡 = 𝐵𝑡𝐴𝑡 . 
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Definition 2.15.  Let 𝑀 = [𝑚𝑖𝑗 + 𝑚′
𝑖𝑗𝐼]

𝑛×𝑛
 be a square neutrosophic matrix, then neutrosophic diagonal of  𝑀 

consists of the neutrosophic elements with the same subscribe: 𝑚11 + 𝑚′
11𝐼, 𝑚22 + 𝑚′

22𝐼, … , 𝑚𝑛𝑛 + 𝑚′
𝑛𝑛𝐼.   

Definition 2.16.  Let 𝑀 = [𝑚𝑖𝑗 + 𝑚′
𝑖𝑗𝐼]

𝑛×𝑛
 be a square neutrosophic matrix, then neutrosophic trace of  𝑀 is 

denoted by 𝑁𝑇𝑟(𝑀)  and given by 𝑁𝑇𝑟(𝑀) = (𝑚11 + 𝑚′
11𝐼) + ( 𝑚22 + 𝑚′

22𝐼), … + (𝑚𝑛𝑛 + 𝑚′
𝑛𝑛𝐼).             

                                                          𝑁𝑇𝑟(𝑀) = ∑𝑛
𝑖=1 (𝑚𝑖𝑖 + 𝑚′

𝑖𝑖𝐼) 

Example 2.5. Consider the following two neutrosophic matrix  𝑀 = [1 + 2𝐼 0 − 3 + 4𝐼 2 − 2𝐼 1 2 +
2𝐼 3 0 5 + 𝐼 ], then  

neutrosophic diagonal of  𝑀, 1 + 2𝐼, 1,5 + 𝐼, and 𝑁𝑇𝑟(𝑀) = 7 + 3𝐼. 

Theorem2.4. Let 𝐴 = [𝑎𝑖𝑗 + 𝑎′
𝑖𝑗𝐼]  and 𝐵 = [𝑏𝑖𝑗 + 𝑏′

𝑖𝑗𝐼],  be two  neutrosophic m -square matrices and 

consider 𝑥 is a  neutrosophic scalars, then:  

i. 𝑁𝑇𝑟(𝐴 + 𝐵) = 𝑁𝑇𝑟(𝐴) + 𝑁𝑇𝑟(𝐵); 
ii. 𝑁𝑇𝑟(𝐴𝐵) = 𝑁𝑇𝑟(𝐵𝐴); 

iii. 𝑁𝑇𝑟(𝑥𝐴) = 𝑥. 𝑁𝑇𝑟(𝐴) and  

iv. 𝑁𝑇𝑟(𝐴𝑡) = 𝑁𝑇𝑟(𝐴). 

Proof. Suppose that  𝐴 = [𝑎𝑖𝑗 + 𝑎′
𝑖𝑗𝐼]  and 𝐵 = [𝑏𝑖𝑗 + 𝑏′

𝑖𝑗𝐼],  are  two  neutrosophic m -square matrices and 

consider 𝑥 is a  neutrosophic scalars, then:  

i. 𝑁𝑇𝑟(𝐴 + 𝐵) = 𝑁𝑇𝑟 ((𝑎𝑖𝑗 + 𝑎′
𝑖𝑗𝐼) + (𝑏𝑖𝑗 + 𝑏′

𝑖𝑗𝐼)) 

                     = 𝑁𝑇𝑟 ((𝑎𝑖𝑗 + 𝑏𝑖𝑗) + (𝑎′
𝑖𝑗 + 𝑏′

𝑖𝑗)𝐼)) 

                     = ∑𝑛
𝑖=1 ((𝑎𝑖𝑖 + 𝑏𝑖𝑖) + (𝑎′

𝑖𝑖 + 𝑏′
𝑖𝑖)𝐼))                      (1). 

Take R.H.S: 𝑁𝑇𝑟(𝐴) + 𝑁𝑇𝑟(𝐵) = 𝑁𝑇𝑟([𝑎𝑖𝑗 + 𝑎′
𝑖𝑗𝐼]) + 𝑁𝑇𝑟([𝑏𝑖𝑗 + 𝑏′

𝑖𝑗𝐼]) 

                                                     = 𝑁𝑇𝑟([𝑎𝑖𝑗 + 𝑎′
𝑖𝑗𝐼]) + 𝑁𝑇𝑟([𝑏𝑖𝑗 + 𝑏′

𝑖𝑗𝐼]) 

                                                    =  ∑𝑛
𝑖=1 (𝑎𝑖𝑖 + 𝑎′

𝑖𝑖𝐼) + ∑𝑛
𝑖=1 (𝑏𝑖𝑖 + 𝑏′

𝑖𝑖𝐼)   

                                                     = ∑𝑛
𝑖=1 ((𝑎𝑖𝑖 + 𝑏𝑖𝑖) + (𝑎′

𝑖𝑖 + 𝑏′
𝑖𝑖)𝐼))                (2). 

From (1) and (2). 𝑁𝑇𝑟(𝐴 + 𝐵) = 𝑁𝑇𝑟(𝐴) + 𝑁𝑇𝑟(𝐵). 

ii. 𝑁𝑇𝑟(𝐴𝐵) = 𝑁𝑇𝑟 ((𝑎𝑖𝑗 + 𝑎′
𝑖𝑗𝐼)(𝑏𝑗𝑘 + 𝑏′

𝑗𝑘𝐼)) 

                                = 𝑁𝑇𝑟 (∑𝑟
𝑗=1 ((𝑎𝑖𝑗 + 𝑎′𝑖𝑗𝐼). (𝑏𝑗𝑘 + 𝑏′

𝑗𝑘𝐼))) 

                                    = ∑

𝑟

𝑖=1

(∑

𝑟

𝑗=1

((𝑎𝑖𝑗 + 𝑎′
𝑖𝑗𝐼). (𝑏𝑗𝑖 + 𝑏′

𝑗𝑖𝐼))) .                                    

= ∑

𝑟

𝑖=1

(∑

𝑟

𝑗=1

((𝑏𝑗𝑖 + 𝑏′
𝑗𝑖𝐼)(𝑎𝑖𝑗 + 𝑎′

𝑖𝑗𝐼). )). 

                                   = 𝑁𝑇𝑟 (∑𝑟
𝑖=1 ((𝑏𝑗𝑖 + 𝑏′

𝑗𝑖𝐼)(𝑎𝑖𝑘 + 𝑎′𝑖𝑘𝐼))). 

                                 = 𝑁𝑇𝑟(𝐵𝐴). 

(3) and (4). By the similar argument    . 
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