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Abstract. The notion of a neutrosophic positive implicative NV-ideal in K U-algebras is introduced, and several properties are inves-
tigated. Relations between a neutrosophic N-ideal and a neutrosophic positive implicative N-ideal are discussed. Characterizations
of a neutrosophic positive implicative N-ideal are considered. Conditions for a neutrosophic N-ideal to be a neutrosophic posi-
tive implicative N-ideal are provided. An extension property of a neutrosophic positive implicative N-ideal based on the negative
indeterminacy membership function is discussed.
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Introduction

Prabpayak and Leerawat [7, 8] introduced a algebraic structure called KU-algebras. They studied ideals and con-
gruences in KU-algebras. Additionally, they introduced the concept of homomorphism of KU-algebra and examined
some related properties. In 2017 Mostafa et al. [5] introduced positive implicative ideals in KU-algebras. Jun et al.
[2] introduced a new function, called a negative-valued function, and constructed N -structures. Zadeh [11] introduced
the degree of membership/truth (t) in 1965 and defined the fuzzy set. As a generalization of fuzzy sets, Atanassov
[1] introduced the degree of nonmembership/falsehood (f) in 1986 and defined the intuitionistic fuzzy set. Smaran-
dache introduced the degree of indeterminacy/neutrality as an independent component in 1995 [9, 10] and defined the
neutrosophic set on three components (¢, i, f) = (truth, indeterminacy, falsehood).

In this paper, we introduce the notion of a neutrosophic positive implicative N-ideal in KU-algebras, and inves-
tigate several properties. We discuss relations between a neutrosophic N-ideal and a neutrosophic positive implicative
N-ideal, and provide conditions for a neutrosophic N-ideal to be a neutrosophic positive implicative N-ideal. We
consider characterizations of a neutrosphic positive implicative N-ideal. We establish an extension property of a neu-
trosophic positive implicative N-ideals based on the negative interminacy membership function.

Preliminaries

We let K(7) be the class of all algebras with type 7 = (2,0). A KU-algebra [7, 8] on a system P = (P,*,0) € K(1)
satisfies

(KUL) (i # Do) (I # I33) * (L % [33)) = 0,
(KU2) 1, %0=0,

(KU3) 0=l =1,

(KU4) 111*12220&122*111=0impli€slll=l”,
(KUS) Ly *l =0,V 11,0, 133 € P.

Also a binary relation < by putting /1] < Ly & I *lj1 =0,V Iy, € P.
In a KU-algebra P, the following hold:
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(KUT)  (la * I33) = (g = 133) < (In1 * [2),
(KU2) 0<h,

(KU3") I <y, by <11y implies [y = Iy,
(KU4") by =1 <1y

Theorem 2.1 [4] In a KU-algebra P, the following axioms are satisfied: V [y, l», l33 € P,

(1) iy < bpimply by « I3z < 1y * 33,

() I ox(lp xl3) = b = (hiy * 133), ¥ 111, b2, 33 € P,
(iii) (2 = 1) = ) < o,
(v) (2 * L) = L) = L) = (o = ).

A subset I of a KU-algebra P is called an KU-ideal [7, 8] of P if it satisfies

) Oel
(12) Vil eP)(Un+l €Llnel=;el.

Let I be a subset of a KU-algebra. Then [/ is called a positive implicative ideal [5] of P if the Condition (I1) holds and
the following assertion is valid.

(Yl o, l33 € P) (s + (I * In) €1, Byl € I = 1y x 1 €1). (H
Any positive implicative ideal is an ideal, but the converse is not true [5].
Lemma 2.1 [5] A subset I of a KU-algebra P is a positive implicative ideal of P iff I is an ideal of P which satisfies
the following condition.

Vi, € PY U x (I 1) €I = In * 1 €1). ()

A non-empty subset S of a KU-algebra P is called a KU-subalgebra [7, 8] of Pif [} %l € S VY I11,ln €S.
For any family {4, | j € A} of real numbers, we define

max {A; | j€ A} if Ais finite

V {/lj | je A} = sup {,1]- |je A} otherwise
Al min{A; | je A} if Ais finite
Aajljea):= inf{4;1j€A}  otherwise

Let P denote the nonempty universe of discourse unless otherwise specified. The collection of functions F(P,[—1,0])
from a set P to [—1,0]. It is a negative-valued function from P to [—1, O] (briefly, N-function on P). An N-structure
refers to an ordered pair (P, f) of P and an N-function f on P ( [2]).
A neutrosophic N (briefly, NN)-structure over P ([3]) is defined as

P l
Py = (Tw, Iy, Fy) {(TN(I),HN(I), Fn(D) Ihe P} @

where Ty, Iy & Fy are N-functions called the negative truth (resp. indeterminacy & falsity) membership function on
P.
We note that every NN -structure Py over P satisfies

VMIeP)(3<Tn(D)+InD)+Fn() <0).
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Neutrosophic positive implicative N-ideals

Definition 3.1 Let Py be a NN-structure over P. Then Py is called a neutrosophic N-ideal [6] (briefly, NN-I) of P if
the following condition holds.

Tn(0) < Tn() < VA{Tn(m + 1), Ty(m)} ]
“

~Milme P)[ In(0) = Iny(D) = A {ly(m = ), Ty(m)}
Fy(0) < Fy() < V A{Fn(m = 1), Fy(m)}

Definition 3.2 A NN-structure Py over P is called a neutrosophic positive implicative N-ideal (briefly, NPiN-I) of
P if the following assertions are valid.

(Y i1 € P)(Tn(0) < Ty(l11), In(0) = In(l11), Fn(0) < Fy(h1)). )
Ty = myy) <V ATwn(ngg * Uiy myp), Ta(ngg * L)}
7 L, myg,ny € PY| In(ngy +myp) 2 A {v(nag = (g = may)), In(agg = )} (6)
Fy(nir = myp) < VAFNGur = (g +mn)), Fy(mp = 1))
Example 3.1 Consider a KU-algebra P = {0y, 1z, 24, 3¢, 4} with the following Cayley table.
| 10 | e | 2 | 3e | 4 |
[ Ok [ Oc | Te | 2 | 3i | 4 |
| L[ Oc | Oc | Te | 3e | 4 |
| 26| Oc | Oc | Oc | 3¢ | 4 |
[ 36 [ Oc | Oc | Oc | Ok | 4 |
| 4| Oc | Oc | Oc | Ok | Ok |
The NN-structure Py = {(—0.7,—(();2,—0.6)’ (70.5,7};.3,70.4)’ (70.5,7%{3,70.4)’ (—0.3,—%{8,—0.5)’ (—O.S,—?)k.&—().S)} be a NN-structure over
P. Then Py is a NPiN-I of P.
If we take n = 0 in (6) and use (KU3), then we have the following theorem.
Theorem 3.1 Every NPiN-Iis a NN-I.
The following example shows that the converse of Theorem 3.1 does not holds.
Example 3.2 Consider a KU-algebra P = {0s, as, bs, cs, ds} with the following Cayley table.
| < 05 [as | bs|es|ds|
[ 05 | Os [as | bs | es | ds |
[ a5 | 05 [ 05 | as | as | bs |
[ b5 | 05 [ 05 | 05 | as | as |
[ s | 05 [0s | as | Os | bs |
[ d5 | 05 [ 05 | 05 | 05 | 05 |
The NN-structure Py = {(—0.7,—%5.2,—0.6)’ (70.5,77)5.3,70.4)’ (70.5,7%3,70.4)’ (—0.3,—%5.8,—0.5)’ (—0.3,—%5.8,—0.5)}' Then Py is a NN-I of

P but not a NPiN-I of P since TN(CS * bs) = TN(CI5) =-0.5 ﬁ -0.7 = \/ {TN(CS * (a5 * b5)), TN(C5 * a5)}.
Given a NN-structure Py over P and 4,u, 6 € [-1,0] with =3 < A+ u + 6 < 0, we define the following sets.

T! :={le P| Ty() < A},
Iy = 1{le P In(D 2 1},
Fo, :={l € P| Fy(l) < 5).

Then we say that the set
Py(A,p,6) :={l € P| Tn() < A, In() 2 p, Fn(l) < 6}
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is the (4, u, 6)-level set of Py (see [6]). Obviously, we have
Py(A,p1,0) = Ty NI NI,

Theorem 3.2 If Py is a NPiN-I of P, then T4, H‘;\, and ]F‘5N are positive implicative ideals of P for all 4, u, 6 € [—1,0]
with =3 < 1 + u + 6 < 0 whenever they are nonempty.
Proof. Assume that T/, I}, and IF$, are nonempty for all A, i, 6 € [1,0] with =3 < A+u+6 < 0. Then [y; € T}, my; €
Hl;/ and ni € }Ffv for some l”,m”,n” € P. Thus TN(O) < ']PN(ll]) <A, I[N(O) > ]IN(m”) > U, and ]FN(O) < FN(H.]]) <0,
thatis, 0 € T;{VOH%HF?V Letnyx(l;;*myy) € T;lv and ny*l; € va Then Ty (ny1 (L1 %my1)) < Aand Ty(nyxl;) < 4,
which imply that

Ty = myp) < \/ {Tn(niy * (L +myp)), Ty(ng = L)} < 4,

that iS, nip kmyp € T;lv Ifcll * ((,111 *b“) S Hﬁ, and Ci1 *djp] € I[IX], then HN(C“ * (a“ * bll)) > u and ]IN(C“ * a11) > M.
Thus
InCerr *bnn) 2 /\ {In(enn * (arr = bin)), In(enr * an)} = w,

and so Cl] * bll S Hﬁ, Finally, suppose that Wi * (l/t“ * V“) S F;Sv and Wil * U] € F;Sv Then FN(W“ * (M“ * v“)) <d
and Fy(wyy * uy1) < 6. Thus

Fywi #vi) £ \/{FN(WII * (g *vin)), Fn(win *upp)} <6,

that is, wyy * vy € . Therefore T4, I}, and FS, are positive implicative ideals of P.

Corollary 3.1 Let Py be a NN-structure over P and let A, u, 6 € [-1,0] be such that -3 < A+ u+6 <0.If Pyisa
NPiN-I of P, then the nonempty (4, i, d)-level set of Py is a positive implicative ideal of P.

The following example illustrates Theorem 3.2.

Example 3.3 Consider a KU-algebra P = {O, 1, 2, 3¢, 4x} with the following Cayley table.

[ 10 [ e[ 2 | 3 | 4
[ Oc | O | i | 26 | 3x | 4
[ Lo |0 [ O | e | 3e | 4
[ 2| O | O | Ox | 3x | 4
[ 3 | O [ O [ Oc | O | 4
[ 4 | O | O [ Ox | O | O

0, 1% 2, 3 4 .
The NN-structure Py = {(—047,—0,‘.2,—0.6)’ 05703204 05,0304 (C03.-05-03)" (—0.3,—0,(.8,70.5)} be a NPiN-I of P.
Then
° ifle[=1,-0.7)
T = {Oc} if 1 € [-0.7,-0.5)
N {0, 14,2} if A € [-0.5,-0.3)
P if 1 € [-0.3,0]
(%) if u € (-0.2,0]
I = {0} if u € (-0.3,-0.2]
N {Or, 15,24} if u € (—0.8,-0.3]
P if ue-1,-0.8]
and
@ if6 € [-1,-0.6)
o = {0} if 6 € [-0.6,-0.5)
N {Oc, 3k, 4¢}  if6 € [-0.5,-0.4)
P if 6 € [-0.4,0]

which are positive implicative ideals of P.
Lemma 3.1 [6] Every NN-I Py of P satisfies the following assertions:

(it,mi1 € PY(Iyy 2 myy = Ty(l) < Ty(my), InUi) 2 In(min), Fy(li) < Fa(mir)). @)
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‘We discuss conditions for a NN-I to be a NPiN-I.
Theorem 3.3 Let Py be a NN-I of P. Then Py is a NPiN-I of P iff the following assertion is valid.

Ty(nir *myp) <T@y * (nyg * myp))
7Y Li,myy € PY| Iy(ngg = myg) 2 Dy(ngg * (g * myp)) (®)
Fy(ny xmyp) < Fy(mpg * (nyg = myyp))

Proof. Assume that Py is a NPiN-I of P. If [}, is replaced by n;; in (6) then

TG+ mip) < \/ (TG O = m)), TGy« nn))

= \/ {Tn(niy = (nay o+ min), Ty(0)} = Ty(nyy * (n1y % myy))
TyGay xmin) = [\ (nGu o (uayema), TGy i)

= /\{HN(nll  (nyy o+ ma), In(0)} = In(niy * (niy * myy))

and
Fy(my *myp) < \/ {Fn(miy * (n1y * myy)), Fy(ngg = nip)}

= \/ {Fy(miy * (n1y * myp)), Fy(0)} = Fy(ngg * (n1y * myp))

by (KUS) and (5).
Conversely, let Py be a NN-I of P satisfying (8). Since

(i * L) * (g x (= mpp)) < digx (= mpy) = nggx (g myy)
for all [y{,m11,n;; € P, we have

Ta((mi1 * L) * (nyy * (nyg % myy))) < Ty(pg * (g myp))
Y hiy,myy,nng € P)| In((agg + i) = (g * (g + my)) 2 Iy = (g % myyp))
Fy((miy * 1) * (nyg * (nyg = myq))) < Fy(ngg * (g = myp))

by Lemma 3.1. It follows from (4) and (8) that
Tn(niy = myp) < Ty = (nyy % myp))
< \/{TN((HM #111) * (nay * (nug o+« may)), Ta(nag * L))
< \/ {Ty(mr * (L *myy)), Ty = )}
In(niy = myy) = In(nag = (nyy % map))
> /\{HN((nll #111) * (nny * (ny = m))), In(aiy = i)}
> /\{HN(HII (L1« man)), In(nn 1)}

and
Fy(ni +myy) < Fy(ngg * (n1g * myy))

< \/ {Fn((ry * 1) = (g = (g myp))), Fa(ngg = 1)}
< \/ {Fn@mr = (i *myy)), Fy(mp * L))

Therefore Py is a NPiN-I of P.
Lemma 3.2 [6] For any NN-I Py of P, we have

Ty £ VA{Tn@ny), Ty(n)}

Y li,mp,ng € P){mn Iy <np = { In(lhi) 2 A{lnGmyy), In(np)) 9
Fy(h) < VAFymi), Fa(ni)}
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Lemma 3.3 If a NN -structure Py over P satisfies the condition (9), then Py is a NN-I of P.
Proof. Since [;; x 0 < [;; for all [;; € P, we have Ty(0) < Ty(l11), In(0) > Iy(l1;) and Fy(0) < Fy(ly;) for all [1; € P
by (9). Note that [} * (my; * l11) < my; for all [, m;; € P. It follows from (9) that

Tn(lh) £ \/{TN(mn *111), Ta(min}, In(ln) 2 /\{HN(mll x111), In(mi},

and Fy(l11) < V {Fny(my; % l11), Fy(myy)} for all Iy, mq € P. Therefore Py is a NN-I of P.
Theorem 3.4 For any NN-structure Py over P, the following assertions are equivalent.

@) Py isa NPiN-I of P.
(i1) Py satisfies the following condition.

Ty = myp) <V A{Twlarn), Tn(bir)}
ay * (npy * (ny xmyy)) 2 by =9 Iv(ag «myp) 2 A {liv(an), In(b11)) (10)
Fy(mp *myp) < VA{Fx(an), Fa(bi)}

for all Iy, my1,ay1,b11 € P.

Proof. Suppose that Py is a NPiN-I of P. Then Py is a NN-I of P by Theorem 3.1. Let /;;,m1,a,1,b;; € P be such
that a;; = (ny11 * (n11 *mqy)) < by1. Then

Ty xmyy) < Ty * (g +myp) <V A{Tw(an), Tabi},
In(niy # mpy) = In(nig * (nyg = mpy)) 2 A {In(an), In(bi)},
Fy(mp *myy) < Fy(mg * (ng o+ myy)) <V AFy(an), Falbin},

by Theorem 3.3 and Lemma 3.2.
Conversely, let Py be a N/N-structure over P that satisfies (10). Let [y, a;;, by € P be such that ay; = I}, < by;.
Then (0 = (0 * ayy)) = I;; < by, and so

Ty(i) = T * L) < V (Twlarr), Tabin},
In(hi) = In(0 * I11) > A {Iv(an), In(bi1)},
Fy(li1) = Fy0* Iiy) <V {Fy(an), Fybi)}.

Hence Py is a NN-I of P by Lemma 3.3. Since (n1; * (I11 * my1) * (n1 * ({11 * my,)) < 0, it follows from ( 10 ) and (5
) that

Ty *myy) < VAT = (my = myp), Ty(0)} = Ty(ngg * (nyg * myy)),

In(nyy = myy) 2 Af{lv(ngg = (ng = myp), Iv(0)} = Iy(nig = (n11 = myy)),

Fn(nir xmpp) < VAFn(1 x (n1y *my)), Fy(0)} = Fy(nig = (n11 * mpp)).
for all /1;,m;, € P. Therefore Py is a NPiN-I of P by Theorem 3.3.
Lemma 3.4 [6] Let Py be a NN-structure over P and assume that va, ]Iﬁ’v and IF?V are ideals of P forall A, u, 6 € [-1,0]
with =3 < A1+ p+6 <0. Then Pyisa NN-I of P.
Theorem 3.5 Let Py be a NN-structure over P and assume that T7,, H’;\, and IE“,{] are positive implicative ideals of P
forall A,u,6 € [-1,0] with =3 < A+ u+ 6 < 0. Then Py is a NPiN-I of P.
Proof. If T4, T}, and [F$, are positive implicative ideals of P, then T%,, I, and FS, are ideals of P. Thus Py is a NN-I
of P by Lemma 3.4. Let [;;,m;; € Pand A,u,6 € [—1,0] with =3 < A+ u + 6 < 0 such that Ty(my; * (my; = 111)) =
A, Iy(myy * (myy = 141)) = pand Fy(mqy = (mqq = 111)) = 6. Then myy % (myy x [1;) € T;lv N ]Il;/ N F;SV Since TIAV N Hﬁ, N F(ISV
is a positive implicative ideal of P, it follows from Lemma 2.1 that m;; * [;; € Tﬁ N H’I:, N Ffv. Hence

Ty(myy *li1) £ A =Ty * (myy * 1)),
In(myy = ) 2 pe= Iy(myy = (myg * 1)),
Fy(miy + 1) <6 = Fy(myy * (myy * [11)).

Therefore Py is a NPiN-I of P by Theorem 3.3.
Lemma 3.5 [6] Let Py be a NN-I of P. Then Py satisfies the condition (8) iff it satisfies the following condition.

Tyl *mpy) * (g * nyp) < Tyl * (myg + npp))
Y li,my,ng € PY| In((Upy = mpy) * (I = nap)) 2 In(lg = (myg = ng1)) . (11
Fa (i *myy) = (L * np1)) < Fy(ly * (myg o+ )
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Corollary 3.2 Let Py be a NN-I of P. Then Py is a NPiN-I of P iff Py satisfies (11).
Proof. It follows from Theorem 3.3 and Lemma 3.5.
Theorem 3.6 For any N/N-structure Py over P, then the assertions

@) Py isa NPiN-I of P.
(i1) Py satisfies the following condition.

Tn((l11 *mpy) = (I * n11)) £ VA{Twa(an), Tn(bi)},
ayy * (I * (myy = nyp)) by = In(U = mag) = Ui+ ) 2 A {Iv(an), In(bi)}, (12)
Fn((lh * mp) = (i * n11)) < VAFa(an), Fx(bi)},

for all Iy, my1, nii, air, by € P

are equivalent.
Proof. Suppose that Py is a NPiN-I of P. Then Py is a NN-I of P by Theorem 3.1. Let Iy, m;,n1,a11,b1; € P be
such that ay; * (I}, * (my; * ny1)) < by;. Using Corollary 3.2 and Lemma 3.2, we have

Tyl *mpp) * (g * nip) < Tyl * (myg x npp) <V ATa(an), Taubin},
In((ly * mypy) = (L * nqp) 2 Iv(yg o (myg = nq0) 2 A {Iv@an), In(bi)},
Fy (Ui #myy) * (I +np1)) < Fy(lg * (myg # n1)) < VAFx(an), Fy(bin)},

for all l[],l’i’l]],n]],a]],b]] e P.
Conversely, let Py be a NN -structure over P that satisfies (12). Let [y, m1, a1, b1 € P be such that aj; * (ny; *
(n11 * m11)) < b11. Then

Tr(nir * myy) = Ty((niy * myy) * (n1y * n11) <V ATw(an), Tabi)},
In(nig = myy) = In((nag = mpy) = (nyg * n1)) 2 A {v(an), In(bi)},
Fy(ny xmyp) = Fy((nyg = myp) * (nyg = nyp) < VAFy(an), Fabi},

by (KU3), (KU5) and (12). It follows from Theorem 3.4 that Py is a NPiN-I of P.
Theorem 3.7 Let Py be a NN-structure over P. Then Py is a NPiN-I of P iff Py satisfies (5) and

Ty *mi) < VAT * (i x (o = mu))), Ta(rin},
VMl my,ny € PY| In( #my) 2 A {Iv(agg = (L o+ (L = mp))), In(man)}, (13)
Fy(ir = mp) < VAFy(nyg * (o= (I * myg))), Fy(nag)).

Proof. Assume that Py is a NPiN-I of P. Then Py is a NN-I of P by Theorem 3.1, and so the condition (5) is valid.
Using (4), (KU3), (KUS), Theorem 2.1 and (11), we have

Tn(hy = myy) < \/ {Tn(nay * (g % mn)), Ta(nin)}

= \/ {Tn(((y = L) (B (nag ok man)), Ty(nan))
{Tn(h * Ly (g may)), Ta(nn)}
{Tn(na = (L = (i man))), Ta(nin},
{In(niy = (g % may)), In(nan)}
{In((T * L) * (L * (o = man))), In(nan)}
{InCn* (G (g s m))), In(rn)}
{InGaiy * (hy * (L xm))), In(in},

IA

In(ly *myp) >

[\
<L > >>><<<]

and
Fy(hi = mp) < \/ {Fy(nig = (L = my)), Fa(ni)}

(Fn (Ui * i) = (L = (ngy * myp))), Fy(ngp}

{Fnly * (= (g *myp))), Fa(ng)}

{Fn@mr = (g * (L * myp)), Fa(ni},

IA
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for all [y{,my1,n;; € P. Therefore (13) is valid.
Conversely, if Py is a NN-structure over P satisfying two Conditions (5) and (13), then

TyUi1) = Ty = l11) <V A{Tw(ngg * (0% (0% 111))), Tn(mi)} = VATymg * L), Ty}
In(i) = Iy = L) 2 A {In(gr * (0 % (0 = £11))), In(ni)} = A{In(mig * L), In(ni)}
Fy(li1) = Fn0 * I1y) < VAFx(mpg * (0% (0 % 111)), Fy(mi)) = VA{Fx(mi * ), Fy(ri)}

for all I;1,n1; € P. Hence Py is a NN-I of P. Now, if we take n = 0 in (13) and use (KU3), then

Ty *mi) < \/{Tw(O = (i * (g mip))), Ty (O))

= \/ (Tt # (hy = min), Tw(O)} = Tl * (% miy))
In( s mi) = /\ (v * (G (= i), Tn(0))

= N\ AInCy # s min), Tn()) = Tyl = (i)

and
Fy(li +mpy) < \/ {Fn (0 (l1 * (L = myyp))), Fa(0)}

= \/ {Fn(ly * (i *myy)), Fy(0)) = Fy(lyy * (I * myyp))

for all 1;;, my; € P. It follows from Theorem 3.3 that Py is a NPiN-I of P.
Summarizing the above results, we have a characterization of a NPiN-I.
Theorem 3.8 For a NN-structure Py over P, the following assertions are equivalent.

@) Py isa NPiN-I of P.

(ii) Py is a NN-I of P satisfying the condition (8).
(iii) Py is a NN-I of P satisfying the condition (11).
@iv) Py satisfies two conditions (5) and (13)

\%) Py satisfies the condition (10)

(vi) Py satisfies the condition (I1)

For any fixed numbers {7,{r € [-1,0),{; € (—1,0] and a nonempty subset G of P, a NN-structure Pg over P is
defined to be the structure

G P l
= = |leP (14)
Y (T8, F) {(Tg(m, I5(1). F§ (1)) }

where TS, I and F§ are N-functions on P which are given as follows:

TS : P [-1,0], IH{ & otherwise

I§:P—[-1,0], [~ { 4;11 iyftllqeergise
and

Fy:P—[-1,0], [~ { gF i)ftllleer\fise

Theorem 3.9 Given a nonempty subset H of P, a NN-structure P over P is a NPiN-I of P iff H is a positive
implicative ideal of P.
Proof. Assume that H is a positive implicative ideal of P. Since 0 € H, it follows that 'JI‘Z(O) ={r < TZ(IH),
I8(0) = & > IX(ly1), and F2(0) = ¢ < Fi(lyy) for all [y € P. For any ly1,my1,n; € P, we consider four cases:

Case 1. nip * (l]] * m”) € Handn“ * 11] € H,

Case 2.nyy * (Ijy *my) € Hand nyy 11, ¢ H,

Case 3. nip * (l“ * m“) ¢ H and ni * 111 €H,

Case4.nyp *(lj; *my)) ¢ Hand nyy [ ¢ H,
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Case 1 implies that ny; * m;; € H, and thus

Th (1 % myy) = Thny = (g * myy)) = T+ Ly) = 47,
LN (n1y % myy) = 18 (g o« (L osomyy) = In(ngy * 1) = 4,
Fy(nyy « myy) = Fa(nyg * (g« myy)) = Fa(ang « 1) = Er.

Hence
Th(niy *myp) < \/{Tﬁ(nn # (I * my)), Th(nyy *lll)},
I (n1y *myp) > A\ {HZ(HH (I *my), IN(nyy 111)},
F(ny *myy) <V {FZ(HU (I % miy)), Fi(nyy = 111)}-

If Case 2 is valid, then T (1 * [11) = 0, I¥(nyy * I11) = =1 and F§(n1; = [11) = 0. Thus

Th(nyy xmyy) <0 = \/{Tg(nn * (I + myy)), Thing * 111)},
Iy = my) > =1 = A\ {HZ(HU s (I + myy)), WGy = L),
F(nyy «my) <0=\ {Fﬁ(nn (I *mp)), F(nyy = 1)y

For the Case 3, it is similar to the Case 2 . For the Case 4, it is clear that

TH(nyy *myp) <\ {T,’i(nn * (I = my), TH(nyy 111)},
LN (nyy % myy) > /\{HZ(nn (I + myy), I (nyy 111)},
F(nyy *myp) <\ {Fg(flu w (I * myy)), Fi(nyy = 111)}-

Therefore P is a NPiN-I of P.
i IS, 9
Conversely, suppose that Py is a NPiN-I of P. Then (’]I‘%) = H, (Hﬁ) ’ = Hand (]Fﬁ) * = H are positive
implicative ideals of P by Theorem 3.2.
We consider an extension property of a NPiN-I based on the negative indeterminacy membership function.
Lemma 3.6 Let A;; and By be ideals of P> Aj; C By;. If Ay; is a positive implicative ideal of P, then so is Bj;.
Theorem 3.10 Let

P [
Py = = leP
N Ty, Iy, Fy) {(TN(111)7 In(h1), Fn(h)) i< }

and

P l
Po = (Tv, v, Fy) {(TM(ln),IM(lll), Fu(li)) 1< P}

be NN-Is of P such that PN(Z, <, Z)PM, that iS, TN(lll) = TM(IH), ]IN(ZH) < IM(lll) and ]FN(l]]) = FM(ZH) for all
l11 € P.If Py is a NPiN-I of P, then so is Py,.

Proof. Assume that Py is a NPiN-I of P. Then va, H’;\, and ]Ff\, are positive implicative ideals of P for all A, u,6 €
[~1,0] by Theorem 3.2. The condition Py(=, <, =)Py implies that TS = 757, I C I5) and F5f = F5t. 1t follows
from Lemma 3.6 that T;‘l/,, I‘;,, and F i4 are positive implicative ideals of P for all A,u,6 € [—1,0]. Therefore Py, is a
NPiN-I of P by Theorem 3.5.

Conclusions

In this paper, we have discussed the notion of a NPiN-I in KU-algebras, and investigated several properties. We
have considered relations between a NN-I and a NPiN-1. We have provided conditions for a NN-I to be a NPiN-I,
and considered characterizations of a NPiN-I. We have established an extension property of a NPiN-I based on the
negative indeterminacy membership function.
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