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Abstract

This work is dedicated to give the reader a wide review for recent advantages in the algebraic study of neutrosophic
matrices, refined neutrosophic matrices, and n-refined neutrosophic matrices.
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1.Introduction
Neutrosophy is a new kind of generalized logic proposed by Smarandache [10,21], to deal with indeterminacy in
real life and science.

Neutrosophic logic found its way in many branches of human knowledge such as graph theory [33], number theory
[3], topology [32], statistics [15], and equations [2].

The neutrosophic algebra was built over the idea of inserting the indeterminacy element I into classical algebraic
structures [9]. This idea lead to many concepts such as neutrosophic spaces [11,16,31], neutrosophic modules
[12,29,30], neutrosophic rings [18,22], groups [19,39], and functions [8,17,23].

By refining the indeterminacy I into many levels of indeterminacy I, .., I,, , we get refined and n-refined
neutrosophic groups [24], rings [6,36], modules [12,27], and spaces [1,13].

In classical algebra, matrices are playing an important role in the theory of vector spaces. They were generalized to
neutrosophic matrices [4,5,26], refined neutrosophic matrices [34], and n-refined neutrosophic matrices [40].

Recently, there is an increasing interest in the algebraic properties of these matrices such as diagonalization problem
[37,38], invertibility [38], determinants [38,39,40], and algebraic representations by linear functions [35].
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Through this chapter, we review the recent published developments in the algebraic study of neutrosophic matrices,
refined neutrosophic matrices, and n-refined neutrosophic matrices. Also, we list some of the most important open
questions about these matrices, which may represent the future of this branch of studies.

Elementary Properties of Neutrosophic Matrices

Definition 1: [28] Let X be a non-empty fixed set. A neutrosophic set A is an object having the form
{x, (UA(x), 6A(x), YA(x)): x € X}, where A(x), SA(x)andyA(x)represent the degree of membership, the degree
of indeterminacy, and the degree of non-membership respectively of each element x € X to the set 4 .

Definition 2: [9] Let K be a field, the neutrosophic file generated by (K U I') which is denoted by K(I) =
(KUl).

Definition 3: [9] Classical neutrosophic number has the form a + bl where a, bare real or complex numbers
and I is the indeterminacy such that 0 - I = 0 and I? = [ which results that

I™ = [ for all positive integers n.

Definition 4: [4]

Let My, = {(a;j) ¢ a;; € K(I)} ,where K(I)is a neutrosophic field. We call to be the neutrosophic matrix
Remark 5: [9]

The neutrosophic field K (I) is not a field by classical meaning, since I is not invertible.

Definition 6: [38]

Let M = A + BI a neutrosophic n square matrix, where A and B are twon squares matrices, then M is
called an invertible neutrosophic n squarematrix, if and only if there exists an n square matrix § = §; +

S,1, where S; and S, are two n squarematrices such that

S*M=M-S = Uy, whereU,, denotes the n X n identity matrix.

Definition 7: [38]

Let M = A + BI be a neutrosophic n squarematrix. The determinant of M is defined as
detM = detA + I[det(A + B) — detA].

Theorem 8: [38]

Let M = A + BI a neutrosophic square n X n matrix, where A, B are two squares n X n matrices, then

M is invertible if and only ifA and A + B are invertible matrices and
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Mt=A"1+I[(A+B)1-A""].

Theorem 9: [38]

M is invertible matrix if and only if detM = 0.
Proof:

From Theorem 8 we find that M is invertible matrix if and only if A + B, A are two invertible matrices,

hence det[A + B] # 0,detA #+ 0 which means

detM = detA + I[det (A + B) — detA] # 0.

Example 10: [38]

Consider the following neutrosophic matrix

M=A+BI=(} _21++11) Whered=(} 1) B

0 2

01
=( 1)
),det(A +B) =3,detM =2+1[3—-2] =2+1 +# 0,hence M is invertible.

1 0

(a)detA=2,A+B = (1 3

1
= 1 0
b) We have A™! = 2L,A+B)t=(_1 1), thusM =AY +I[(A+B)"t1 -4
1
5 3 3
1 - 0o - 1 -2l
= +1 = .
1 1 1 1 1 1
0 3 =3 7s) \73l 376!

(c) We can compute MM~ = (0 1) = Upyyp-

Theorem 11: [38]

LetM = A+ Bl and N = C + DI be two neutrosophic n squarematrices, then
(3.7.1) det(M - N) = detM - detN.

(3.7.2) det(M~1) = (detM)~™.

(3.7.3) detM =1 if and only if detA = det(A + B) = 1.
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Remark: The result in the section (c) can be generalized easily to the following fact:
detM = detA if and only if detA = det(4 + B).
Definition 12: [38]

Let M = A + BI be a neutrosophic n squarematrix, where A and B are two n squarematrices. M is

satisfying the orthogonality property if and only if M - M" = U,,,.

Neutrosophic Eigen Values and Diagonalization Conditions

Definition 13: [38]

Let M = A + BI be a square neutrosophic matrix, we say that M is diagonalizable if and only if there is an
invertible neutrosophic matrix S = € + DI such that S™*MS = D. Where D is a diagonal neutrosophic

matrix( i.e. d;; =0 Vi # j,and d;; # 0 Vi = ).
Theorem 14: [3]

Let M = A + BI be any square neutrosophic matrix. Then M is diagonalizable if and only if A, A + B are

diagonalizable.

Remark 15: [38]

If C is the diagonalization matrix of 4, and D is the diagonalization matrix of A + B, then
S = C + (D — O)lis the diagonalization matrix of M = A + BI.

Example 16: [38]

Consider the neutrosophic matrix defined in Example 10, we have:
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1

0 _11) , the corresponding diagonal

(a) A is a diagonalizable matrix. Its diagonalization matrix is C = (

1 0), we can see that C"*AC = D,. Also, the diagonalization matrix of A + Bis D =

matrix is D; = ( 0 2

1 0

0 3). It is easy to check that

1 0
( % 1), the corresponding diagonal matrix is D, = (

DY (A+B)D =D, .

(b) Since A4, A + B are diagonalizable, then M is diagonalizable. The neutrosophic diagonalization matrix

1 1-1
of MisS=C+D-0O)=|_1

o-1+2 1). The corresponding diagonal matrix is

L=D1+I[D2—D1]=(é 221).

1 1-1
(c)Itiseasy toseethat S™* =C~ ' +I[D* - C1] = (%1 1+ 21)-

1=\t -1+ (1 1-1 1 0
-1 — — —
(d) We can compute S MS—(%[ —1+21)(1 2+1) —21 —1+21 ‘(o 2+1)‘L
Definition 17: [38]

Let M = A + BI be a n square neutrosophic matrix over the neutrosophic field F(I), we say that Z = X +
Y1 is a neutrosophic Eigen vector if and only if MZ = (a + bI)Z. The neutrosophic number a + bl is called

the Eigen value of the eigen vector Z.
Theorem 18: [38]

Let M = A + BI be a n square neutrosophic matrix, then a + bl is an eigen value of M if and only if a is an
eigen value of 4, and a + b is an eigen value of A + B. As well as, the eigen vector of Mis Z = X + Y[ if and

only if X is the corresponding eigen vector of 4, and X + Y is the corresponding eigen vector of A + B.
Proof:

We suppose that Z = X + Y1 is an eigen vector of M with the corresponding eigen value a + bl, hence

MZ = (a + bl)Z, this implies
(A+BDHDX+YD)=(@+bDX+YD, thus AX+I[(A+B)X+Y)—AX]=aX +I[(a+ D)X +Y) —aX].
We get:
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AX =aX,(A+B)(X +Y) = (a+b)(X +Y), so that X is an eigen vector of 4, X + Y is an eigen vector of

A + B. The corresponding eigen value of X is a, and the corresponding eigen value of
X+Yisa+b.

For the converse, we assume that X is an eigen vector of A with a as the corresponding eigen value, and
X +Y is an eigen vector of A + B with a + b as the corresponding eigen value, so that we get AX =

aX,(A+B)X+Y)=(a+b)(X+Y).
Let us compute
MZ=(A+BDX+Y)=AX+I[(A+B)X+Y)— AX]

=aX+I[(a+b)X+Y)—aX]=(a+b)(X+YI])=(a+bl)Z. Thus Z = X + YI is an eigen vector of M

with a + bl as a neutrosophic eigen value.
Theorem 19: [38]

The eigen values of a neutrosophic matrix M = A + BI can be computed by solving the neutrosophic

equation det(M — (a + bl) Upx,) = 0.
Example 20: [38]
Consider M the neutrosophic matrix defined in Example 10, we have

(a) The eigen values of the matrix A are {1,2}, and {1,3} for the matrix A + B. This implies that the eigen

values of the neutrosophic matrix M are
(A+CB-DL1+0-DI2+@B-DL2+1A -2 ={1+2,12+1,2—1}.
(b) If we solved the equation det (M — (a + bI)U,,«,,)=0 has been solved, the same values will be gotten.

(c) The eigen vectors of A are {(1,0), (1, —1)},the eigen vectors of A + B are {(1,—1/2), (0,1)}. Thus, the

neutrosophic eigen vectors of M are

{@woy+110,0 - 1,0, @wo +1[(1,-1) - @0)], @ - +1101) - 1,-DL @, -1 +1](1,-3) -
@ -0} = (@) + (-1, (1L0) + 10, ~1/2), (1, =) +1(-1,2), (1, —1) + [(0,1/2)} = {(1 = 1, 1), (1, -1/

20, (1—1,—-1+2D),(1,-1+1/2D)}.
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Neutrosophic matrices Represented as linear transformations

Theorem 21: [35]

Let V, W be two vector spaces over the field Fwith dim(V) = n, dim(W) = m, V(I), W (I) be the corresponding
neutrosophic vector spaces over the corresponding neutrosophic field F(I). Let g, h:V — W be two linear
transformations, then there exists a neutrosophic linear transformation f = g + hl: V(I) - W (1), where f is

defined as follows: f(x + yI) = g(x) + [(g + K)(x +y) — g(x)]I.

Definition 22: [35]

The neutrosophic linear transformation f defined in Theorem 21 is called a full AH- linear transformation.
Definition 23: [35]

Let f =g+ hl: V() » W(I) be a full AH- linear transformation, M = A + BI be an n X m neutrosophic matrix
over F(I), we call M the neutrosophic matrix of f if and only if f(x + yI) = M(x + y[)forevery x + yl € V(I) .

Theorem 24: [35]

Let f = g+ hl: V() » W(I) be any full AH- linear transformation, then M = A + BI is the corresponding

neutrosophic matrix if and only if A is the matrix of g, B is the matrix ofh .
Example 25: [35]

(@ LetV({I) = R?*(I) = {(a,b) + (c,d)] = (a+cl,b + dI);a,b,c,d € R}, consider the following neutrosophic

matrix

1+1 I

M=(_ I 2 I). The corresponding neutrosophic linear transformation is defined as follows:

f(x+y[)=M.(Ziccli):(a+1[c+a+c+b+d],—a1—cl+2b+2d1—b1—d1):(a+1[a+2c+b+
d,2b+I[-a—c—b+d])=(a,2b)+I(a+2c+b+d,—a—c—Db+4d).

(b)f=g+hl; glx,y) = (x,2y),h(x,y) = (x +y,—x — y). Where g, .:V = V.

Theorem 26: [35]
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Let V, W be two vector spaces over the field F, with dim(V) = n, dim(W) =m,let M = A+ Bl beanyn X m
neutrosophic matrix over F(I). Then M can be represented by a unique full AH- linear transformation f = g + hl,

where A is the matrix of g and B is the matrix of h.
Proof:

According to Theorem 24, the neutrosophic matrix M = A + BI can be represented by a neutrosophic full AH-linear
transformation f = g + hl, where A is the matrix of gand B is the matrix of h. For the uniqueness condition, we

suppose that F = G + HI is another linear AH-transformation with the property
M(x + yl) = F(x + yI). We have:
M.(x+yl)=F(x+yl)=f(x+yl)forallx+yl € V(I). Thus F = f and f is unique.

The following theorem shows an algorithm to find a basis for the neutrosophic vector space V(I) from any basis of

the corresponding classical vector space V.
Theorem 27: [35]

Let V(I) be any neutrosophic vector space over the neutrosophic field F(I), V be its corresponding classical vector

space over the field F. Let S ={v;, v,, ..., v,,} be a basis of V over F, then

L={lj=v;+ (vj —v;)[; 1 <i,j < n}is abasis of V(I) over F(I).

Example 28: [35]

It is well known that {x=(1,0), y=(0,1)} is a basis of V=R?. The corresponding basis of V(I)=R?(I) is
{x,y,x+ @ —-—x)Ly+ (&x-y)I}={1,0),(0,1),(1,0) + (—-1,1)1,(0,1) + (1,-1)I}.

The following theorem shows that every linear transformation between V(1) and W (I) must be a full AH-linear

transformation.
Theorem 29: [35]

Let V, W be two vector spaces over the field F, with dim(V) = n,dim(W) = m, let V(I), W(I) be the
corresponding neutrosophic vector spaces over F(I). Let f:V(I) - W(I) be any linear transformation, then f is a

full AH-linear transformation.

Refined neutrosophic Matrices

DOIL: https://doi.org/10.54216/1]JNS.170105
Received: September 14, 2021 Accepted: December 02, 2021

75



International Journal of Neutrosophic Science (IINS) 170l 17, No. 1, PP. 68-86, 2021

Definition 31: [34]

all e alm
LetA=( ¢ ™ i ) be ann X m matrix, if a;; = x + yI; + zI, € R,(I), then it is called an refined
Api o Qum

neutrosophic matrix. Where R, (1) is an refined neutrosophic field.
Example 32: [34]

I L+, . . .
X=(0"1 Lt %), is a 2 x 2 refined neutrosophic matrix.
3 - 11 212

Remark 33: [34]

(a) If A is an m X n matrix, then it can be represented as an element of the refined neutrosophic ring of matrices like
the following: A = B + CI; + DI, . Where D, B, Care classical matrices with elements from the ring R and from

size m X n.

— - 3 -
F"rexample““( 3 + 4, 141, )=G P+ )G Tk

(b) The addition operation can be defined by using the representation in Remark 3.2 as follows:
A+BLACL)+X+YL+ZL)=(A+X)+(B+Y), +(C+2)I,.

(c) Multiplication can be defined by using the same representation as a special case of multiplication on refined

neutrosophic rings as follows:
A+BLA+CLYX+YL +Z,) = (AX)+ (AY + BX+ BY + BZ + CY)I, + (AZ + CZ + CX)I,..

This method of multiplication is exactly equivalent to the normal multiplication between matrices; but it is easier to

deal with in this way.
Example 34: [34]

I L +1 -1 I . . .
LetX=(, ' L)Y =( 1) be two refined neutrosophic matrices over the refined neutrosophic
3 - 11 212 1 + 12 311

field of reals. We have:

01

@X=A+BL+CLia= (3 0),B=(_ 1),C=(0 .

30 -1 0

(b)y=M+1v11+512;1v1=(‘11 8),N=(g ;),s=(2 8).
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_1 +Il 211 +12

O©X+Y =04 1 41, 31 +2L,

L+ + LA+ L) LI+ +1)3BL) L+ 2L 71,
()XY = (—3 +L+QLA+1L) G-1)()+ (212)(311)) B (—3 + 1, + 41, 811)"

(e) If we computed the multiplication using the previous representation, we get:

= (0 = (0 Qo= 0 D.ow= () 4=} Yew=( D.as

(0 0= o)M= o)

Hence, XY = AM + I (AN + BN + BM + BS + CN) + 1,(AS + CS + CM) = ( 0 0)+11(1 7)+

-3 0 1 8
I (2 0)_( I +2I, 711)
2\4 0o/ \-3+L+4I, 8L)

Theorem 35: [34]

The set of all square n X n refined neutrosophic matrices together make a ring.

Proof:

The proof holds directly from the definition of n-refined neutrosophic rings by taking n = 2.
Remark 36: [34]

The identity with respect to multiplication is the normal unitary matrix.

Definition 37: [34]

Let A be a square n X n refined neutrosophic matrix, then it is called invertible if there exists a refined square n X n

neutrosophic matrix B such that AB = U,,,,, . Where U,,,, is the unitary classical matrix.
Theorem 38: [34]

Let X=A + BI, + CI, be a square n X n refined neutrosophic matrix, then it is invertible if and only if 4, A +
C,A + B + C are invertible. The inverse of Xis X 1= A1+ ((A+B+CO)1—(A+O)™ DL + ((A+
) 1-A"YH, .

Definition 39: [34]

We defined the determinant of a square n X n refined neutrosophic matrix as detX = detA + [det(A+ B + C) —
det (A + O)]I; + [det(A + C) — detA]l,.

This definition is supported by the condition of invertibility.
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Theorem 40: [34]

Let X=A + BI; + CI, be a square n X n refined neutrosophic matrix, we have:

(a) X is invertible if and only if det X = 0 .

(b)IfY =M + NI, + SI, is a square n X n refined neutrosophic matrix, then detXY = detXdetY.
(c) detX™t = (detX)™L.

Proof:

(a) If detX # 0, this will be equivalent to detA # 0,det (A + C) # 0,det(A+B +C) #0,ie. 4,A+C,A+B +

C are invertible, thus X is invertible.

)XY =AM + L[(A+B+CO)(M+N+5)—(A+C)(M+5)] + L[(A+ C)(M + S) — AM]. Hence detXY =
det(AM) + I;[det((A+ B + C)(M + N + 5))] + I, [det((4 + O)(M + S))]=

detAdetM + 1,[det(A + B + C)det(M + N + S)] + I,[det(4 + C) det(M + S)]=

(detA + I,[det(A+ B + C) — det(4A + C)] + I,[det(A + C) — detA])(detM + I,[det(M + N + S) —
det(M + S)] + I,[det(M + S) — detM] = detXdetY.

(c) It holds directly from (b).

Theorem 41: [34]

Let X=A + BI;, + CI, be a square n X n refined neutrosophic matrix, we have:

(a) X is nilpotent if and only if A, A + C, A + B + C are nilpotent.

(b) X is idempotent if and only if A, A + C, A + B + C are idempotent.

Proof:

(a) First of all we will prove that X" = A" + [[(A+B+C)" —(A+C)"]+ L[(A+C)" — A4"].
We use the induction, for r = 1 it is clear. Suppose that it is true for r = k, we prove it for k + 1.
Xl =xkX = (A + L[A+B+O)* - (A+O)* + L[(A+ O)* — A*D(A+ BI, + CL,)=

AL+ [[A*B+(A+B+CO)A+(A+B+C)B+(A+B+0O)*C-(A+O)A—(A+O)*B—(A+C)C+
(A+ C)¥B — A*B] + L[A*C + (A + C)*C — A*C + (A + O)*A — AkA]=
AT+ LA+ B+ O — (A+ O + L[(A + O)F*+1 — A1),
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X is nilpotent if there is a positive integer r such that X" = 0,,,, . This is equivalent to
A" =(A+C) =(A+ B+ C) = O,yy, Wwhichimpliestheproof.

(b) The proof is similar to (a).

Example 42: [34]

2+11+312 1_11_12

3+ 41, 1+1, )’Weh“e:

Consider the following refined neutrosophic matrix4 = (

_(2+ 1 +3] 1_11_12)_ 2 1 1 -1 3 -1
(a)A_( 3+ 41, 111, )=G Prlp )G Ok
201, .1 -1 3 -1 _ (50 _6 -1
WhereB=(; 1) ,C=(; 1) .D=( O).B+D—(7 1),B+C+D—(7 )
1o R
05t =(5 L) @+pt=( 3 L@rcrnt=C" D).
19 19

@A =B+ L[B+C+D) —B+D) N+ LB +D) —B = (T )rn| o

6 9 6 1
s -1 —“1-—h+2L  1+5h—h

22 =(

i
‘-2 3 3+20, -
95

22 13 .
?12 _Z_Ell+312

1 0

It is easy to find that A724 = AA™1 = (0 1).

19
13

19

(d) detB = —1,det(B + D) = 5,det(B + C + D) = 19,detA = —1+1,[19 — 5] + L[5 — (—1)] = —1 + 141, +

61,.

If we computed the determinant of A by using the classical way, we will get the same result.

Now, we illustrate an example to clarify the application of refined neutrosophic matrices in solving refined

neutrosophic algebraic equations defined in [2].

Example 43: [34]

Consider the following system of refined neutrosophic linear equations:
QR+L+3L)X+A-L-L)Y ==, (%), B+4,)X + (1 + L)Y = L(**).

. . .o (241 + 3] 1—11—12)
The corresponding refined neutrosophic matrix is 4 = ( 3+ 41, 141, )
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Since A is invertible, we get the solution of the previous system by computing the product:

9 6 1 9 6 1
A_l(—h)_ “1-2n+32L  1+=L -1, (_,1)_ 11[1+£_§+E B
- 98 22 13 - 98 22 13 -
I, 3+2L -2, —2-Zn+3L )\ L[-3-Z+Z2-Z]4[-2+3]

19
1

179 _ 1 _ 6
( & ).ThusX——Bll,Y——EI1 +1,

_Bll + 2

n-Refined Neutrosophic Matrices

Definition 44: [40]

all e alm

LetA=( ¢ ™ i ) beanm X nmatrix, if a;; = x +yl; + zI, + -+ + tI, € R, (I), then it is called an n-
Ap1 - Opm

refined neutrosophic matrix. Where R,,(I) is an n-refined neutrosophic ring.

Remark 45: [40]

If A is an m X n matrix, then it can be represented as an element of the n-refined neutrosophic ring of matrices like
the following: A = B + CI; + DI, + .-+ K1, . Where D, B, C, .. K are classical matrices with elements from the
ring R and from size m X n.

2+ 6L +3L 13 1_11_12)_ 2 1 1 -1 3 -1 1 0..
3+ 41, + 21, 1+1 _(3 1)+(0 1)11+(4 0)12+13(2 0)1sa3—

refined neutrosophic matrix.

For example A = (

Remark 47: [40]
The identity with respect to multiplication is the normal unitary matrix.

Definition 48: [40]

Let A be a square m X m n-refined neutrosophic matrix, then it is called invertible if there exists an n-refined square

m X m neutrosophic matrix B such that AB = U,,,,, . Where U, is the unitary classical matrix.

Definition 49: [40]

Let X=A, + A,I; + -+ + A, I,, be an n-refined neutrosophic element, we define its canonical sequence as follows:
My = Ao M; = Ay + Aj+ Aj i+ +Ay; 1 < j < n Forexample M3 = Ay + A3 + Ay + -+ Ay,

Remark 50: [40]

The multiplication operation between two n-refined neutrosophic elements can be represented by the following
equation:
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(Ao + ALy + -+ ApL) (B + By Iy + -+ + Byl,) = MgNy + (M Ny, — MoNo) 1L, + Z?=_11(MiNi — M 1Nyl
where M;, N; are the canonical sequences of Ay + A,I; + -+ + A, I, By + B,I; + -+ + B, I, respectively.

Theorem 51: [40]

Let X=A, + A1, + --- + Ay, be an n-refined neutrosophic element, then it is invertible if and only if M;; 0 < j <
n are invertible. The inverse of X is X~ = (Mo) ™" + (M, = My DL, + X721 (M7 = M, DL = (Ag) ™ +
(((Ag+ A+ +A) T —((Apg+ A+ -+ A DL+ ((Ag + A, + -+ A) T —((Ag + Az + -+ A)™ DL +
((Ag + A5+ + An)_l —(Ag+ A+ 4+ An)_l)lg + -+ ((4 +An)_1 - (Ao)_l)ln :

Example 52: [40]

Consider Z(I) = {a + bl, + cl,;a,b,c € Z,} the 2-refined neutrosophic ring of integers, the set of invertible
elements in Z, is {—1,1}. Hence the set of all invertible elements in the corresponding 2-refined neutrosophic ring is
{1,-11-2L,,-1+2,,1-21,,-1+4+2I,,1+ 21, - 2I,,-1 -2, + 2, }.

Remark 53: [40]

Let X=A, + A,1; + -+ A, I, be a square m X m n-refined neutrosophic matrix, then it is invertible if and only if
M;;0 < j < n are invertible. The inverse of X is X~% = (M)~ + (M, ™" — My™ DL, + Xj20 (M7 = My, ™D =
(Ao)_l +(((Ag + 4+ + An)_l_((Ao A+t An)_1)11 +((Ag+A4;+ -+ An)_l_((Ao A3+t
An)_1)12 +((Ag + 45+ + An)_l —(Ag+A+-+ An)_1)13 +o+ (Ao + An)_l - (Ao)_l)ln .

Definition 54: [40]

We defined the determinant of a square m X m n-refined neutrosophic matrix as detX = detA, + [det((4, + 4; +
ot Ay) —det ((Ag + Ay + -+ AL + [det((Ag + Ay + -+ Ay) — det((Ag + Az + -+ AL, + -+
[det(4, + 4,) — det(4g)]I, = det(Mo) + (det(My) — det(Mo))I,, + L= (det (M) — det (M;1))];.

Theorem 55: [40]

Let X=A4, + A1, + -+ A, L, be a square m X m n-refined neutrosophic matrix, we have:

(a) X is invertible if and only if det X = 0 .

(b) IfY = By + B;I; + ---+ B, I, is a square m X m n-refined neutrosophic matrix, then detXY = detXdetY.
(c) detX™t = (detX)™L.

The Diagonalization Algorithm of Refined Neutrosophic Matrices

Definition 56: [43]

Let L = A + BI; + CI, be a refined neutrosophic matrix, and M = X + Y1, + ZI, is a strong refined neutrosophic
vector, then it is called a refined neutrosophic eigen vector of L if and only if

LM =(a + bl; + cl,)M.
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The refined neutrosophic number a + bl; + cl, is called a refined neutrosophic eigen value.
Theorem 57: [43]

Let L = A + BI; + CI, be a refined neutrosophic matrix, then M = X + Y1, + ZI, is a refined neutrosophic eigen
vector with a + bl; + cl,as the corresponding eigen value if and only if X,X +Z,X +Y + Z are eigen vectors
of A,A+ C,A+ B + Crespectively. As well as, a,a+c,a+b+c are the corresponding eigen values
respectively.

Theorem 58: [43]
Eigen values can be gotten by solving the refined neutrosophic equation det(L — (a + bl; + cl,)U, ) = 0.

Example 59: [43]

_11+12 1_12

. . . . 1
Consider the following refined neutrosophic matrix L = (*_ I +1 1—1 4l ).
1t 1 2

(a) Liswrittenas L = A + B, + CI,. Where A = (é _11),B = (:1 _01),C = (i _41).

(b) Wehave A+ C = (i g) ,A+B+C = (é (2)) The set of eigen values of A is {1, —1}, for A + C itis {2,3},

and for A+ B + C itis {1,2}.
(c)The set of refined neutrosophic eigen values of L is

A+ L[1-21+L[2-1,1+L[2-2]+L[2—-1,,1+L[1-3]+L[83—-1],1+L[2-3]+L[3—1],—- 1+
LI1-2]+6L[24+1,-1+L[2-2]+L[2+1], -1+ L[1-3]+ L3+ 1, -1+ L[2-3]+L[3+1]} =
(-1 +1,1+1,1—2I +2L,1—1, + 2I,,—1 — I, + 31, =1 + 3I,,—1 — 2I, + 41,, -1 — I, + 41,}.

(d) We get the same values by solving the following refined neutrosophic equation:

det(L — (a + bl; + cI,)U, ) = (a + bl, + c,)?> + (a + bl, + cl,)(2I, — 5I,) + (-1 —4I, + 7,) = 0.  For
the solution, we can use the algebraic algorithm which was introduced in [3].

Definition 60: [43]

Let X = A+ BI, + CI, be any refined neutrosophic matrix, then it is called diagonalizable if there exists an
invertible refined neutrosophic matrix ¥ = F 4+ GI; + HI, such that Y~ !XY =D. Where D is a refined
neutrosophic diagonal matrix.

Theorem 61: [43]

Let X = A+ BI; + CI, be any refined neutrosophic matrix, then it is diagonalizable if and only if A, A+ C,A +
B + C are diagonalizable.

Remark 62: [43]

If F,G,H are the diagonalization matrices of 4,A + B + C, A + C respectively, then F + (G — H)I, + (H — F)I,
is the diagonalization matrix of X. Also, the corresponding diagonal matrix of X is D = Dy + (D, — D,)I; + (D, —
Dy)I,, where Dy, Dy, D, are the corresponding diagonal matrices of A, A + B + C, A + C respectively.
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Example 63: [43]

Consider the refined neutrosophic matrix defined in the previous Example, we have:

1 1

-1 0
-2 0)

(a) The diagonalization matrix of A is F = ( , the corresponding diagonal matrix is Dy = ( 0 1). It is

clear that F~1AF = D,,.

1 0

0 Pt

(b) The diagonalization matrix of A+ B + Cis G = (é g) , the corresponding diagonal matrix is D; = (
is clear that G™1(A + B + C)G = D;.

(c) The diagonalization matrix of A + C is H = (_11 2), the corresponding diagonal matrix is D, = ((2) g) It is
clear that H"Y(A+ C)H = D, .

(d) The refined neutrosophic diagonalization matrix of L is :

1 1-1 . . o
Y=F+(G-H)I+H-F), = (_2 I+, I, %). The corresponding diagonal matrix is
-1—-1 +3I 0
D =Dy + (Dy = Dy)Iy + (D, — Do)l = ( 6 ? 1-1, +212)~

0 ——
(©F "= 2Ler=(0 Not=(C Ny =F 4G —H L+ (T - F)L
1

1 0 1 11
2
I 1.1
=( 22D, Yiy=p

Conclusion

In this review, we gave the interested reader a good background about the algebraic theory of refined neutrosophic
matrices, neutrosophic matrices, and n-refined neutrosophic matrices. We discussed the recent advantages in the
field of finding eigen vectors and values and diagonalizing matrices. Also, some elementary properties about
invertibility and determinentsv were revised.

According to this review, we list the following open questions, wgich may represent the future of research in the
algebra of neutrosophic matrix theory.

Future Research Directions

1-) How refined neutrosophic matrices can be represented by AH-linear transformations? Describe these
transformations.

2-) How n-refined neutrosophic matrices can be represented by AH-linear transformations?
Describe these transformations.

3-) Find an algorithm to compute the eigen values/vectors of n-refined neutrosophic matrices.
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4-) Determine the necessary and sufficient conditions for the diagonalization of n-refined neutrosophic matrices.
Funding: “This research received no external funding”
Conflicts of Interest: “The authors declare no conflict of interest.”
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