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FIXED POINT THEOREMS FOR COMPATIBLE MAPPINGS IN
J-NEUTROSOPHIC METRIC SPACE

M. JEYARAMAN®, M. SUGANTHI?

ABSTRACT. The aim of this work is to construct and prove unique com-
mon fixed point theorems for six weakly compatible mappings and coupled
coincidence point theorem for w-compatible mappings in the setting of J-
Neutrosophic Metric Spaces. This work also presents unique common coupled
fixed point theorem for Junck’s type and for three mapping in the same setting.

1. INTRODUCTION

The common fixed point and the coincidence point are the generalization of
fixed point. The concept of common fixed points started to raise around the year
1954 whence Eldon Dyer, Allon Schiels and Lester Dubins have independently
posted a question over two continuous commuting mappings defined from [0,1]
to itself that is it possible for them to have a common fixed point. In 1957,
Isbell[%] came up with an answer regarding this post, which attracted the research
community and this is when researchers started to work common fixed points,
though Isbell’s answer was later independently proved to be wrong by W.M.
Boyce[!] and Huneke|7].

Following Isbell, several extensions and generalizations of the commuting map-
pings are found and analyzed. During this period, Jungck[9] came up with a
generalization of commuting maps, called compatible mappings. This finding has
made a significant impact as it is less restrictive than commutativity. He also
derived common fixed point theorems for two compatible pairs of mappings.

Moving onto the concept of coincidence points, it is first studied by Eilenberg
and Montgomery[5] in the year 1946. The significant one among the coincidence
theorems is the Lefschetz coincidence theorem which leads to several findings on
coincidence theorems in various space settings. Lakshmikantham and Ciri¢[11]
introduced the concept of coupled coincidence point and proved coupled coinci-
dence theorems for nonlinear contractive mappings. Later then several coupled
coincidence point theorems were proved in various spaces.
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Here, this work aims to construct and prove both common fixed point theorem
and coupled coincidence point theorem in the setting of the metric space con-
structed on neutrosophic set[19]. Being an exclusive set, almost all the existing
metric spaces can be comprised under some kind of neutrosophic metric space.
The metric space, fuzzy metric space and intuitionistic metric are special cases of
neutrosophic metric space. Hence it is worth to present this work in the setting
of an Neutrosophic Metric Space. Here we are into the J-Neutrosophic Metric
Space[23] to derive the proposed theorems.

2. PRELIMINARIES

This section starts with the definitions of triangular norm and triangular conorm
that are introduced by Schweitzer and Sklar[22] in the year 1960. These norms
convert the triangle inequality of the metric space into an equivalent for while
extending or generalizing the metric spaces via fuzzy sets, intuitionistic fuzzy sets
and neutrosophic sets.

Definition 2.1. [22] A binary operation * : [0, 1] x [0,1] — [0, 1] is a continuous
t-norm [CTN] if it satisfies the following conditions:

(i) * is commutative and associative,

(ii) * is continuous,

(ili) €1 % 1 =& for all &, € [0, 1],

(iv) €1 * €9 < e3 % g4 whenever 1 < €3 and g9 < g4, for each e1,e9,e5 and
€4 € [O, 1]

Definition 2.2. [22] A binary operation ¢ : [0,1] x [0, 1] — [0,1] is a continuous
t-conorm [CTC] if it satisfies the following conditions:
(i) ¢ is commutative and associative,
(ii) ¢ is continuous,
(iii) £,00 = &, for all g1 € [0, 1],
(iv) £10es < e30e4 whenever g1 < g3 and g9 < g4, for each €1,e9,e5 and
€4 € [O, 1]

Definition 2.3. [23] A 6-tuple (>, =,0,7T, %, ) is said to be a J-Neutrosophic
Metric Space (shortly JNMS) whence > is an arbitrary non empty set, * is a
CTN, ¢ is a CTC and Z,0 and T are fuzzy sets on $.° xRT satisfying the
following conditions:

For all {,n,0,w € > , A € R*.

1) @m5M+@Km5M+T@m5M

¢, 1, 0,A) >

1,0, ) s symmetrlc in (,n and ¢;

Km,) E(C,n, 0, A) if n # 6;

,m,0,A) = 1if and only if ( =n=79;

MW, )k Z(w, 6,0, 1) <ZE(C,n, 0, N+ p), for all A\, u > 0;
, 1,0, A) is continuous with respect to A;

nondecreasing on [0, +OO]’>\h—>r§o =(¢,n,0,A) =1 and

LE(Gm,0,A) = 0;
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(9) ©( )
10) ©(¢,n, 0, A) is symmetric in ¢,n and 6;
11) ©(¢, ¢,m, A) < O(¢,n, 0, A)ifn # 5
12) ©(¢,n,90,A) =0 if and only if { =n = J;
13) O(C.11,w, \)OB(w, 8,6, ) > O(C, 7,0, A+ 1), for all A, > 0;
14) ©(¢,n, 0, A) is continuous with respect to A;
15) © is nonincreasing on [0, +00], /\113010 ©(¢,n,6,\) =0 and
lim ©(C,7,0,A) = 1;
(16) Y(¢,m,0,A) < 1;
(17) Y(¢,n, 9, ) is symmetric in ¢,n and §;
(18) Y(C,¢,mA) < X(C,m, 0,A) i n # 0;
(19) Y(¢,n,0,A) =0 if and only if ¢ =1n=74;
(20) Y(¢,n,w, \)OY(w,d,0,u) > Y(¢,n,0, A+ p), for all A\, > 0;
(21) Y(¢,m,d, ) is continuous with respect to A;
(22) T is nonincreasing on [0, +o00], )\11_}1210 T(¢(,n,0,A) =0 and

lim Y({,n,0,\) = 1;
A—0
Then, (Z,0,T) is called J-Neutrosophic Metric on ). The functions =, © and

T denote, respectively, degree of closeness, neutrality and noncloseness between
(,n and 0 with respect to A respectively.

Definition 2.4. [3] Let > be a nonempty set. An element (¢,n) € > x> is
called a coupled fixed point of the mapping A : 3" x> — S if ¢ = A((,n) and

n=A(n,0).

Definition 2.5. [I 1] Let )  be a nonempty set. An element (¢,n) € > x> is
called a coupled coincidence point of A : 3> x> — Y and p: > x> — S if
pC = A(¢,n) and pn = A(n, ¢); a common coupled fixed point of A: 3> x 3 — 3
and p: Y x Y = Y if ¢ =p¢ = A(¢,n) and i = pn = A(n, ().

Lemma 2.6. [23] Let (>,2,0,7T,%,0) be a JNMS. Then Z,© and Y are con-
tinuous functions on 3> x (0, 00).

Now onwards we assume the following condition:

lim =(¢,n,0,A) = 1, lim ©((,n,0,A) =0 and lim Y(¢,n,d,\) =0 for all
A—00 A—00 A—o00

C? ?77 5 6 Z'

Lemma 2.7. [23] Let (3., 2,0, Y, %, Q) be an NMS. If there exists k € (0,1) such
that
min{=(¢,n, 0, kA), =(u, v, w, kA)} > min{=({,n, 0, A), Z(u, v, w, A) },
max{O((,n,d, k), O(u, v, w, kA)} < max{O((,n,d,\), O(u, v, w, \)}and
max{Y((,n,0, k), T (u,v,w, kN)} < max{Y({,n,0,\), T(u,v,w,\)},

for all ¢,n,6,u,v,w € > and A >0, then { =n =179 and u =v = w.
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Definition 2.8. [9] Let > be a nonempty set. The mappings A xS =%
and p : > — 3 are called weakly compatible, if p(A(¢)) = A(p(¢)) whenever
pC=ACTor CEY.

Definition 2.9. [I] Let 3" be a nonempty set. The mappings A4 : 3> x> = 3
and p : 3. — 3 are called w-compatible, if p(A(C,n)) = A(pC, pn) whenever
p¢ = A(¢,n) and pn = A(n, () for all (,n € 3.

3. CoMMON FIXED POINT THEOREMS FOR SIX WEAKLY COMPATIBLE
MAPPINGS

To start with the folowing result, we need to bring here the following two classes

of functions, namely, ® and ¥, which are essential to construct the contractive
conditions.

(I):{Qb:[oa ] [071] ¢()>t7 Vt€[071)7¢(1):1}'
\I}:{l/}: [07 ] [071] 7vZ)( )<t7 Vte[O,l),w(O):O}.

Theorem 3.1. Let (>,Z,0, T, %,0) be an NMS and S, T, R, F,p,7:>. = >
be satisfying

(i)
SR Cp(X), TR ET(X) and R() S F(X), (3.1)

(ii)
One of Z (), p(X) and () is a complete subspace of 3, (3.2)

(iii)
The pairs (3,.7), (7, p) and (R, 7) are weakly compatible, and (3.3)

(iv)

W=

E(F ¢ SC M, M)+
=(S¢, Iy, RO, A) > ¢ | min

E(pn, I, R, N) + Z(76, RO, SC, \)
Z(F ¢, 0, \)+ }

=

E(SC pn, 70, A) + E(F ¢, pn, R, )
(3.4)
O(F ¢, pn, 7, A),
O(F(, 3¢, M, \)+ }
O(pn, T, N6, A) + O(74, N6, IC, A)
O(F¢, I, 70, \)+
O(SC, pn, 76, A) + O(F (, pn, RS, A) 1

Wl

OS¢, T, RS, \) < ¢ | max

ST

(3.5)
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Y(FC,pn, 70, A),

1 Y(F(,SC I, )+
T(S¢, T, RO, A) <k | max{ 3| Y(pn, In, N, A) + T (76, Ro, IC, A)
1 T(thC?-InaT& >‘)+
L T(SC, pn, 78, X) + T(FC, pn, RS, A) }

(3.6)

for all ¢,n,6 € >, where ¢ € ®, Y,k € W. Then, either one of the pairs
(S,.7),(T,p), and (R, T) has a coincidence point or the maps S, 1, R, F, p and
T have a unique common fixed point in .

Proof:

Choose (y € >_. By (3.1), there exist (i, (s, (3, € Y such that

SCo = pCL = no, ¢ = 7 = m and NG = F (3 = na.

Inductively, there exist sequences {(,} and {n,} in > such that

M3n = SGn = PQ3nt1, Mol = 7C3n+1 = T(3pt+2 and 13,40 = RC3pi2 = F (3nys,
where n =0,1,2.... If 53, = 13,41, then (3,41 is a coincidence point of p and .
If M3,41 = M3nyo, then (3,42 is a coincidence point of 7 and K.

If N3542 = M3nt3, then (5,13 is a coincidence point of .# and &

Now, assume that 1, # n,.1 for all n. Denote d,, = Z(0n, Nnt1, Mni2, A)-

Putting ¢ = (30,7 = (3011, = (any2 in (3.4), we get

d3n = E(N3ns Man+1, Man+2, A) = E(SCans 1Gnt1, Rznsa, A)

( E(F (30 PC3n+1, TC3ng2s A);
1 { E(F Gy Sy 1C3nt1, A)+ }
>¢ | ming 3| ZE(pCnt1s 1Gns1, RGny2, A) + E(TCnr2, RCanr2, SCns A)
1 { E(ygiina -[C3n+17 7-<3n+2; )‘)+ }
(4 E(SGry PGt TCnt2, A) + E(F (3n,s PC3nt1, R3nr2, A)
( H(nfﬂn 15 N30, M3n4-15 )‘>7
1 { E(M3n—15M3n> Mnt1, A)+
>¢ | ming 3| E(7sn, Mn1; 773n+27 A) 4+ ZE(M3n41, M3nt2, M3n, A) |
1 [ E(M3n-1, M3n+1, Mn+1, A)+
41 230, M0y Mant1, A) + Z(M30-1, N30, N3nt2s A)
. d3n—1,3 L [dsn—1 + dan + day)
>0 (mln{ a1+ dan + (dsn 1 + dp)] }) (3.7)

If ds,, < d3,—1, then from (2.6), we have ds, > ¢(dz,) > dap-
It is a contradiction. Hence, ds,, > ds,_1. Now, from (2.6), ds, > ¢(dzn_1).

Denote wy;, = O (M, Nnt1, M2, A). Putting ¢ = (3,1 = (ni1,0 = (3npo in (3.5),
we get

W3n = @<773n> T3n+1, N3n+2, )\) = @(%sz, _[C3n+1, §)CEC?erz, )\)

@(ﬁCSna CUC?m—&—l; TC3n+27 )\)7
1 [ O(F oy SCsns 1C3n41, A)+ }
<¢ [maxq ? O(wW3n+15 Canr1, RC3ni2, A) + O(TCanv2, Rsnt2, SCany A)
1 O(F C3ny 1Csnt1, TCng2, A)+ }
41 O(SCn, wWlnt1, TCint2, A) + O(F Cany w3nt1, R3nta, A)
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@(77371—1, N)3n, M3n+1, )\)7
[ O (M3n—15M3ns M3n+1, )+ }

Wl

S w max @(7]377,7 N3n+15 T3n+25 >\> + @(7’]371_;'_17 M3n+2; M3n, >\)

1 @<773n—17 N3n+15M3n+1, )\)—l—

4 @(773717 N3ns M3n+1, )\) + 6<773n717 N3ns T3n+2, )‘>
1

7 [Wan—1 + wan + (Wan—1 + wan)]

If w3, > w31 then from (2.7), we have ds, < ¥(ds,) < wsy,.

It is a contradiction. Hence, ws, < ws, — 1. Now from (2.7), w3, < ¥(w3p_1)-
Denote o, = T(nna Mn+15 Tn+-25 )‘) Puttlng g = C3n777 = C3n+17 0 = <3n+2 n (36)7
we get

O3n = T(n:sm N3n+1, N3n+2; /\) = T(%Q’ma -i<3n+17 §RC3n+2, /\) (3-9)
( Y (F C3ny W3n41, TGng2, )
1 T(yCﬂJ %C?)nv _IC3TL+17 )\)+
<k |max{ 3| T(WCnt1, 1Gnt1, RGnr2, A) + T(7Cnr2, Risnr2, SCan, A)

1 T(gg’im _lCSn—&—l; TC?,TH_Q, /\)—‘r

( Y (13n—1, 30> M3nt1, A)s
1 [ Y (3015 M3, M3n+1, A)+
<k [max< 3| Y(13n, M3n+1, M3nt2s A) + (03041, Mant2, M3ns A)
|: T(Tli’mflv N3n+15 T3n+15 >\)+
\ T(ni’m, N30 M3n+1, >\) + T(Tl3n71, N3n; M3n+25 )\>

1
S K <maX{ 10-3n717 3 [ O3n—1 + O3n + O3n i| ) }) (310)

11 0301+ 030+ (0301 + 030) ]

)

= =

If 03, > 03,1, then from (2.7), we have 03, < Kk(03,) < 03,.

It is a contradiction. Hence, o3, < 03,_1. Now, from (2.7), 03, < k(03,-1).
SimﬂarlY) by pUttlng C = C3n+37 n= <3n+1> o= C3n+2 and

C = (3n43:M = (3n44,0 = (32 in (3.4) to (3.6) we get

dsn+1 > @(dsn), dsnto > d(dsntr) (3.11)
Want1 < Y(wsn), wanta < Y(wapir) and (3.12)
O3n1 < K(03n), O3nt2 < K(O3n41)- (3.13)

Thus, from (3.7) to (3.13), we have
E(nna Tn+1, Mn+-2, )‘) Z gb(E(T/n—la Mns Mn+1, )\)> Z ¢2(E(nn—27 Nn—1, Mn, )‘))

> > " (20, M1, M2, N)),
Ens s M1 A) = E(ny Mt 15 iyzs A)
> " (Z(10, M5 12, A)),
O (M Tt 1 Tt 2s A) < V(O (M1, M g1, ) < VO (M2, Tt Ty A))
< Z<PM(O(no, i, M2, A)),
O (M My g1, A) < O(Ts Mt 15 Mngas A)
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< P"(O(no, 5 M2, A))s
Y (s Nt Mrzs A) < KLt s 1, A)) < K2 (2, 11,71y A))
<o <R (10, 11, m2, A)),
T (s s Mt 15 A) < Ty 1 s A) < K" (L (0, 71,12, A)).
Now, for m > n from (2.3) and (3.11) to (3.13),

5(77m s Tl )\) > E(Um My Mn+1, )‘> + E(nnJrla Tn+15 T2, )‘) T+t E(nmfla Nm—15TNm, )‘)

> ¢" (2o, m,n2, A)) + <Z5n+1(5(770, MM, A)) + -+ ¢m71(5("7077717 N2, A))
— lasn — oo,

®(nn7 s Mms >\) S @(nTw My Tn4-1,5 >\) + @(Un+1> Tn+15 Mn+-25 /\) Tt @(nm—h Nm—15Thm, )‘)

S l/Jn(@(T/O? m, 72, A)) + wn+1(®(7]07 m, 2, A)) ++ ¢m_1(@(77077717 n2, A))
— 0asn — oo,

T(T/na Tins Nhms /\) S T(nny s Mn+1,5 /\) + T(nn+17 Nn+1, n+2, /\) + 1+ T(nm—lv Nm—15Tm, )‘)

< “n(T(Ulea 12, A)) + /an(T(UO,Ula 12, A)) +oe /{m_l(ﬁr(n()’ M, 12, /\))
— 0asn — oo.

Since ¢"(A) — 1,9™(\) — 0 and £"(\) — 0 as n — oo, for all A > 0.
Hence, {n,} is Z- Cauchy. Suppose Z(>) is =- complete.

Then, there exists o, h € > such that 13,0 — o = Fh.

Since {n,} is E- Cauchy, it follows that 13, — @ and 13,41 — @ as n — 0.

( E(ﬁﬁ” U)an, TC3n+27 )‘>7 )
E(Fh, Sh, Wane1, N+
(WC3n+1, 1CGnt1, RGsnp2, A+ |,
E(Sh, Vsn1, Rsna2, A) > ¢ | min E(7Cnr2, R3nt2, SR, A) > |,
E(tgaha -IC?)TL-I-].? TC3TL+27 >\)+
E(%ha wC3n+17 TC3n+27 )\)_'_
E(Fh,wGni1, RGans2, A) )
( 6(?7@, wC?ma TC3TL+27 )\)7 )
O(Fh,Sh, V(znr1, )+
O(Wlsn+1, 1Gnt1, Rngo, A)+ |,
@(%h> -ICSTLJrl; Rsnt2, )\) < | max @(TC3n+2, Rant2, Sh, )\) and
@(ﬁh) —|C3n+17 TC3n+27 )\)+
O(Sh, wlsn41, TCant2, A)+
O(F h, wlsnt1, R3nt2, A)

( T(ﬂh, WCBna 7-<3n+2; >\)7 )
Y(Fh,Sh, 1zni1, N+
% T (wCsn+1s Cant1, Rt A)+ |
T(%hﬂ -I<3n+1; §Rgfin+2; )\> < K | max T(T§3n+2v §RCSHJr% %h> )‘)
Y(Fh, TCsnt15 TCnr2, A)+
i T(Sh, wlant1, TCnga, A)+
T(Fh, wans1, RCsnt2, )\)

[1]

Wl

=

Wl

AT
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Letting n — oo, we get

, 1l[5(p%hp>\)+1+5(@
N ’3 b Y Y
(Sp, 0,0, A) > ¢ (mm{ T 14+ E(Sh, o, 0,A) +

E(Sh, p, 0, A) > ¢ (ESh, p, 0, A),

(1]

N———

O(Sp, 0, 9, A) < (max{ 0,5 @gp[, Sh, o, A) + 0+ O(p, })
4

04 O(3h, p, p, \) +
O(Sh, p, p, ) < Y(O(SF, p, p, A) and

1 oS
(S, 0,0,\) < K (maX{ 0,5 [ T(p,Sh 0, 4) +0+T(p, @, 3, A) })

i [ 0+ Y (3h, p, p, A) +
Y (Sh, o, 0, \) < &(T(Sh, p, p, A).

Since ¢ is nondecreasing and 1, k are nonincreasing, we have that Sh = p. Hence

o = Fh = Sh. Since the pair (3,.%) is weakly compatible, we have
Putting ¢ = o, = (3p+1,0 = (3ne0 in (3.4), (3.5) and (3.6) we get

( E(F 9, w(3n+1, TCant2, A),
E(F 0, S0, Manr1, A)+
(wc3n+17 _‘CSnJrla §RC3n+27 )\)+
E(Sp, 1Gnr1, Rsng2, A) > ¢ | min E(TCnt2; Ranta, S, A)
E(Fp, TCsnt15 TCnr2, )+
(S0, w3n41, TCnr2, A)+
F 0, W3n41, R3ny2, A)

(

( 9(fp7 WC3n+1, TC3n+2, /\)7
@(ﬁp’ %@7 —iCSnJrl, )\>+
O(wWlsn+1, 13n+1, Rznta; A)+

O (S, 1Csnr1, Rsnt2, A) < ¢ [ max < O(TC3n+2, Rant2, S, A)
O(F ©, 13n+1, TC3n+2, A)+
O (S0, Wan+1, TC3n42, A)+
@(ﬁ@, WC3n+17 éRC?m—i—Qy /\)

[1]

Wl

Y

[1]

NI
[1] [I]

W=

Y

I

T(ypu %pv _[<3n+17 )\)+
T (wlsn+1, 1Cnt1, Rantas A)+
T (S, 1snt1, Rsni2, A) < K | max Y (7C3n+2, Rant2, S, A)
Y(F o, 1Csn+1, TCnr2; A)+
T(Sp, wlnt1, TC3nr2s A)+
T(ﬁp7 wC3TL+17 §RCBn+2, )\)

W=

?

1
4

Letting n — oo, we have

E(Sp, 0, 0, A),

2(%¢,0,0,0) 2 ¢ (ming 5[ 289,30, 0,0) +1+EZ(p, 9, 39,A) |,
T E(Sp, 0,00 +E(Sp, 0,0, A) +Z(Sp, 0, 0, A)
O(Ip, p, 0, A),
O(Ip, p, o, A) < | max 5[ 089, Sp,0,A) +0+06(p,0,3p,A) |,

L 0(Sp, 0,0, 0) +O(Sp, 0.0, ) + O(Sp, p, 0, A)

T(ff@? W(3n+1, T¢3n+2, )\), )

Fp = Sp.

)

)

]

]

and
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T (S, 0, 0, A),
T(Sp, 0,9, A) < £ | max [ TS0, 30, 0,A) + 0+ T(p, 0, 30,A) |,

5 |
TS0, 0,0,0) + T (S, 0,0, 0) + T(Sp, 0,0, ) |

Since, Z(Sp, S, p, A) > 22(Sp, p, p, A), O(Sp, Sp, p, A) < 20(Sp, p, p,A) and
T (Sp, S, 0,A) <27 (Sp, o, 0, A).

E(Sp, 0,0, A) = O(E(Sp, 0, 0,1)), O(Sp, 0, 0,A) <YV(O(Sp, p.p,A) and
T(Sp, . 0,A) < &(T(Sp, 0,0, A)).

Thus Sp = p. Hence Fp = Sp = . Putting ( = p,n = v3,11,0 = (3nyo in
(3.4), (3.5) and (3.6) we get

=(F p,wv, T(3n10, ),
1 |: E(ﬂ@, 560, _iv )\) (wv _]U %an_;,_g, :|
E(gp, _lU, %an_;_g, )\) Z gb min 3 (T<3n+2, %an_i_g, \9@,
1 [ E(Fp, W, (g2, A) + E(Sp, wv T(3n+2, )+ }
4 E(F p,wv, R3n42, A) )

O(F o, wv, T(3n12, A),
O(Fp, \s“p, Tu, A) + O(wv, Tv, R3ni2, A+
O(SIp, T, Ruy2, A) < 9 | max 7'(3n+2; Rzn12, 39, A) } ’
J@a _]U TC3n+27 )+ :|
1
4

O(Sp, wv, T(3nt2, A) + O(F o, wv, R3p42, A)

(ypawv TC3n+27 )7
o(Fp,3p, T, \)+

T(%@, _IU, §R<n+2, )\) S K max CL)U -l’U %C3n+2, ) + T(TC3n+2, §R<3n+2, %p, )\) |

T(
‘/pa -IU TC3n+27 )+
T \Sp, wv TC3T7,+27 )‘) + T(‘/ §,wv, §R<3n+2’ /\)

Letting n — oo, we deduce that

= 1 17l |: E(K)’p’jU’A)—{_E(pajva@a)‘)+1 }7
“w’%’p’A)Zd)(mm{ U S Tep ) F 141 ]

(E(p, Tv, 0, )),

( { @(pE p,(_[v,/\) +O(p, T, 0, A) +0 |, })

@<p7_[vap7 ,_lv,p,)\)+0+0]

Yo, T, 0,A) < & (max{ 07% [ W @f(“vw +Y(p, T, 0,0 +0], })

,T0,9,0) + 040 ]
< K(T(p, Tv, 0, A)).

N

Since ¢ is nondecreasing and v, k are nonincreasing, we have that v = g and
so that p = v = wv.
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As the pair (7,w) is weakly compatible, we have Tp = wp and

E(ngpu wg, Tc3n+27 /\)7

1 |: E<3Zpa gp, -[pa )‘)+ :|
E(%@, 1@7 éRCSn—i—Qa )\) Z ¢ min 3 E(wpv —ipv %C?erZa )‘> + E(Tc3n+27 §RC3TL+27 %@7 >\)_ ’
1 E(F o, T, TCnr2, A)+
4 |: E(gp7 wg, T§3n+2> /\) + E(ﬁ@, we, §]:e<33n-i-2a )\) ]

@(ﬁg)y wg, TC3n+27 >\)a

O(Fp,Sp, Tp, )+
O(wp, p, %C3n+2, A) + O(TCnt2; Rznia, S, A) |’
|: Jpa _[pa T€3n+27 )+ :|
1
1

O(Sp, o, Risny2, A) < | max {
1
4

@ ‘Spu we, Tc3n+2> )‘) + @<’/ 2, W, §Rc3n+27 >\)
T(’f §2, WE, T<3TL+27 )‘)7
T(Fp,Sp, Tp,\)+
T (wp, Tp, §}?C:swrz, A) + Y (7Canr2, Rznta, S, A)

/@»1@7 TC37L+27 )+
T \sp, we, TCSn-I—Zy )\) + T(J 2, W, éRCSn—i—Qa >\)

T(%p7 -IK% éRCSn—f—Q, )\) S KR | max

Letting n — oo, we have

E(p, T, 0, A),
5[ e, 0, T, ) +E(Tp, Tp, 0. A) +1 :
(0. Tp, 0. A) + E(p, T, 0, A) + E(p, Tp, 0, A) |

O(p, Tp, p, A),

O(p, Tp, p. A) < @ (maX{ [ 0(p, 0, T, A) +O(Tp, Tp, p, A) +0 |, }) :
o
* {

, 0,0, + O(p, T, 0, A) + O(p, Tp, 0, A) |

T(p, T, 9, A),
5[ Tlo.p, T, 0) + T(Tp, Tp 9, A) +0 ], .
10 T, 0,0) + T, T, 0,0) + T, T, 0, A) |

¢

Since = (‘lp,‘ima, A) > E(‘lp,p,p,k),wehave, E(p, Tp, 9, ) (Z(p, Tp, 0, N)),
O(Tp, Tp, ., A) < 20(Tp, p, p, A), we have, O(p, Tp, . \) < ¥O(p, Tp, P, A))
and

T(Tp, Tp, 0, A) < 2T (TTp, p, p, A), we have, T(p, TTp, p, A) < KT (p, Tp, p, A)).
Thus, Tp = . Hence wp = Tp = p. Since p = Tp € 7(>.), there exists w € Y
such that p = 7w. Putting ( = p,n = p,d = w in (3.4), (3.5) and (3.6),we get

E(Fp,wp, Tw, A),

2(Sp, T, Rw, \) > ¢ | min< 3 | E(wp, Tp, Rw, A) + E(tw, Rw, Sp, ) |’
1 =E(Fp, Tp, Tw, \)+
L EQp,wp, Tw, \) + Z(Fp, wp, Rw, \)
— 1l[(l—f-E(ppéRw/\)—l—E(pépr)\))]
= > )3 ) 879 v ) » 879 )
(9, 0, Rw, )x)_gzﬁ(mm{ 1+ 1+E(p, p, Rw, A) |
> 0(Z(p, p, Rw, A))



FIXED POINT THEOREMS FOR COMPATIBLE MAPPINGS IN J-NEUTROSOPHIC METRIC SPACH

O(F p,wp, Tw, \),
O(Sp, Tp, Rw, \) < ¢ | max{ 3| O(wp, Ip, Rw, \) + O(tw, Rw, Sp, \)
1 (J £, _[pa Tw, )‘)
4 O(Sp,wp, Tw, \) + @(J o, wp, Rw, \)
0 51 (0+6(p, p,Rw, A)+@(p,?ﬁw 0, A
O, o, fw, A) < ¥ max [ 0+0+0O(p, p, Rw, ) |
< ¥(O(p, p, Rw, A)
T (Fp,wp, Tw, \)
1 T(Jpa 56, _[pa )
T(Sp, Tp, Rw,\) < k | max{ 3| T(wp, Tp, Rw, X) + T (Tw, Rw, Ip, \)
1 (fpa -Ip7 TWw )\>
41 T(Sp,wp, Tw, A) + T(ﬁzp,wp, Rw, \)
0, % [ (0 —i— T(p, o, Rw, \) + T(p, Rw, p, A
T(p,p,é)?w,)\)gﬁ;(max{ [O—l—O—i—T(p p,?Rw)\

< k(T (p, p, Rw, \).

Since ¢ is nondecreasing and 1, k are nondecreasing. we have that Rw = p.

So that o = 7w = Rw. Since the pair (R, 7) is weakly compatible, we have
Rp = T1p.

Putting ( = p,n = p,d = w in (3.4), (3.5) and (3.6), we get

E(@? £ %p’ )‘) E(J@, _]@’ %p’ )

E(Fp,wp, Rp, M),
> ¢ | min 5[ 1+E(p, pRp, A) + ERp, Rp, 0, \) |, :
L[ Elp, 0, Rp, N) + E(p, 0, Rp, ) + E(p, o, Rp, A) |
O(p, p, Rp, A) = O(Sp, Tp, Rp, A)

O(F p,wp, Rp, A),
< (max{ % [ 0+ O(p, pRp, A) + O(Rp, Rp, p, \) } , }) ,
[ ©(p, 9, Rp, ) + O(p, p, Rp, A) + O(p, p, Rp, ) |
T(p, p, Rp, A) = T(Sp, Tp, R, A)

T (Fp,wp, Rp, A),
<k | max [0+ T(p, 0, Rp, A) + T(Rp, Rp, ,A) |, :
al T(p, 0. Rp, ) + T(p, 0. Rp, A) + T, 0, R, A) ]

Since Z(Rp, Rp, p, A) > 2Z(p, p, Rp, A), O(Rp, Rp, p, A) < 20(p, p, Rp, A) and
T(Rp, R, p,A) < 2T (p, p, Rp, A).

We have Z(p, p, Rp, A) > ¢(E(p, . Rp, A)), O(p, p, Rp, A) < 9O(p, p, Rp, A)) and
T(p, p, Rp, A) < &Y (p, p, Rp, A)).

Thus, Rp = p, so that Rp = 7p = .

It follows that @ is a common fixed point of &, 1, R,.%,w and 7.

Uniqueness of common fixed point follows easily from (3.4), (3.5) and (3.6).

The proof, when w(>) or 7(>_) is a complete subspace of >, is similar.
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Corollary 3.2. Let (>,2,0,T,*,0) be a NMS and S, 1, R, F,w,7: >, = >
be satisfying
() S(2) Cw(3),1X) and R(3_) € F(3)

(ii) One of Z(>.),w(>.) and 7(>_) is a complete subspace of
(iii) The pairs (3,.Z), (T, w) and (R, T) are weakly compatible and

2(SC M, RO, N) > d(E(F G wn, 7, M) for all ¢, n,0 € Z, where ¢ € A,

O(S¢, T, R, N) < Y(O(F,wn, 70, N)) for all{,n,d € Z, where Y € 1,

T(SIC, T, RS, N) < k(T(Fwn, 70, N)) for all (,n,d € Z, where k € A.
Then, the maps I, 1, R, .F,w and T have a unique fized point in .

Corollary 3.3. Let (>_,Z,0,7,%,0) be a complete NMS and S, T, R: > — >
be satisfying

2(SC, M, RS, A) > ¢(2(C,m,6,0)), O(I¢, T, 1o, A) < 9(O(C, 1,6, ) and

T(SC, T, N6, A) < K(T((,n,0,A)),

for all {,n,6 € >, where ¢ € Ajp € W and K € A. Then, the maps 3,1 and
R have a unique common fized point p € > and ¥, T and R are 2,0 and Y are
continuous at .

Proof:
There exists p € Y such that g is the unique common fixed point of I, T and

R as in Theorem (3.1). Let {n,} be any sequence in > which converges to g.
Then,

(S, S, S, A) = Z(S0n, 19, R, A) 2> O(E(0n, 0, 0, A)) = 1,

O (7, S, S, A) = O(I1,, T, R, ) < Y(O(1, 9,90, A)) — 0 and

T (SN, Sp, S, A) = T (S, T, Re, A) < &(T (0, 0, 0,\)) = 0 as n — oo.
C\

Hence, & is 2,0 and T continuous at . Similarly, it can be shown that 7 and
R are also =,0 and T continuous at p.

4. CoMMON COUPLED FiXED POINT THEOREMS FOR w-COMPATIBLE
MAPPINGS

Theorem 4.1. Let (> ,Z2,0,T,%,0) be an NMS with a * b = min{a,b} and
a®b = max{a,b}, for all a,b € [0,1] and I : > x> —= > and F : > — > be
mappings satisfying

=(S(¢,n), S(u,v), S(u,v), kKA) > min {Z(F(, Fu, Fu, \),=2(Fn, Fo, Fo,\)},
(
O(3(¢, 1), S(u,v), S(u,v), kKA) < max {O(F(, Fu, Fu,\),(Fn, Fv, Fv,\)},

T(3(¢,n), S(u,v), S(u',v), kA) < max {V(F(, Fu, Fu,\), Y (Fn, Fv, Fv,\)}.
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For all {,n,u,v € > where 0 < k < 1.3 _x>) C .ZF(>) and if F(>.) is a
complete subspace of >, the pair (F,S¥) is w-compatible. Then S and F have a
unique common coupled fived point of the form (a,a) in Y x> .

Proof:

Let (o, m0 € > and denote z, = S(Cn, Mn) = F Costs Pn = S, o) = F g1, n =
0,1,2...

Let d,(A) = Z(0n,0nt1, 0011, A)swn(A) = O(0n, 0ps1,0n11,A) and  o,(A) =
T (0n; 0nt150n41,A)- €n(A) = Z(9n; @nt1, Pnt1, A), Tn(A) = O(Pn, @nt1, Pnr1, A)
and b,(\) = Y(pn, Pnt1, Pnt1, A). From (4.1) we have
dpi1(KEA) = Z(0p41, Ont2, Onaa, KA)
= Z(S(Cnt1, Mmt1)s S(Cntas Mr2)s S(Cusas Mnra), KA))
> mln{E((;m 5n+17 5n+17 >‘)7 E(pm Prn+1; Pnt1, )‘)}
= min{d,(A), en(A)},
Wnt1(KA) = O(6n41, Ont2y Onpa, KA)
= O(S(Cnr1, Mt1), S(Cnr2s M), S(Cugas Mrz); KA)
< max{O(dy, dnt1, Ont1, A), O(Pn, Pnt1, Prr1, A}
< max{wy(A), ra(A)},
Ons1(KEA) = T(0p11, Onao, Opnao, KA)
= T(S(Cnr1, Mt1), S(Cnr2s M), S(Cugas Mr2), KA)
< maX{T((Sm 5n+l> 5n+1> )‘)a T(@m Pn+1s Pn+1, )‘)}
< max{o, (), b,(N)},
ent1(KA) = Z(Qnt1, Pnt2; Pnr2, KA)
= Z(S(Mnt15 Cor1)s S(Mnr2, Gur2)s S(Mnr2, Gura), KA)
> min{=(pn, Pnt1; Pnt1, A), Z(0n, Ont1, Onr1, A) }
> min{e, (), d,(\)}
Tni1(FA) = O(On11, Pnias Pnr2, KA)
= O(S(Mnt1, 1), Snt2, Gur2)s S(Mnyas Cura), KA)
< max{O(pn, Pni1; Pnt1, A); O(0ns Oni1, Ong1, A) }
< max{r,(\),w,(A)}
bn—l-l(’f)‘) = T(@n—i-h Pn+2, Pnt2, KA)
= T(S(Mnt1, Cat1), S(nt2s Car2)s S(Mnte, CGura), KA)
< max{ T (pn, Pnt1; Pnt1, A)s L(0ns Oni1, Ong1, A)
< max{b,(\),o,(N)}.

Thus, min{d,, 11(k\), epy1(kN)} > min{d,(A), e, (\)}.
Hence,

min{d, (), e,(A\)} > min{d, 1(A\/k),e,_1(A\/Kk)}
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me{d () o ()]}
2oz {ao () o (35))
—mln{ (50,61,51, )E(po,ph@h )}a

max {wy11(kA), a1 (kA } < max {w,(A), r,(AN)}, max {w,(A), r,(N)}

ol (3 2
comfors () ()
SHOMG)

— max {@ (50,51,51, in) .0 (pg,pl, o1, %) } .

max {o,41(kA), byr1(kA)} < max {w, (), b, (M)

(023100 < 1( ) ey
ot () s ()]

o) o ()7

i {1 (55504 ) 7 (s 2 )

For any positive integer n and fixed positive integer p, we have

IN

- - A\ A
\:(5717 6n+p7 5n+p; )\) > = <5n+p—17 6n+p7 6n+p> E) *= (6n+p—27 6n+p—17 5n+p—17 ];)
- A
* o (577,7 5n+17 5n+17 ) )

p

_ N A _ A
E(0n, Ontpy Ongp, A) = min {: (50, 01,01, W) N (@0, P1, P1, W)}

A _ A
*mln{ (50,(51,51, Tp—2> y = <@0791=@1’p,€n+p—2>}
A _ A
koo X mm{ <5O,51,51, > , = (po,@la 1, _n> } )
D" PK

A
@(5717 5n+p> 5n+p7 >\) S S) (6n+p—17 5n+p7 n+p> _> <>@ ( n+p—2; 5n+p—17 5n+p—1a 5)

*
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A
Q...00 [ dn, 0nt1, Ont1, »)

A A
6(6n75n+p75n+p7 A) S max {@ (50751761) p—) 76 (907 @17 pl7 p—>}

xn+p—1 xn+p—1

A A
Qmax{@ <5o,51,51,W) , 0 (pOa@h@hW)}

¢ ...0max {@ (507517517 i) , 0 (@0, 1, 1, i)} and
PR DPR"

A A
T(5n7 5n+p7 5n+p7 )\) S T (5n+p17 5n+p; 5n+p7 ]_9> <>T (5n+p27 5n+p717 5n+p71; ]_9)

A
0...0T ((5n, On+1, Ont1, 5)

A A
T (0 Ontps Ontpy A) < max {T (50,51,51, ]W) T (@0, £15 915 W)}

A A
O max {T (50,(51,(517W) , T (@0, o1, @bp—ﬁnﬂ,Q)}
A A
O...Omax {T <50751,51, —n) , T (@07 £1,5 91, —n>}
Y2 PR

Letting n — oo, and using (2.5), we get

lim E((Sn, 5n+p7 5n+p7 )\) Z 1*x.--x1= 17
n—oo

lim @((571’ 6n+p7 6n+p7 )\) S 0<> Ce <>O =0 and
n—oo

hm T(5n, (5n+p, §n+p, )\) S 0<> . QO - O
n—oo

Hence, lim Z(dy, 0ntps Ontp, A) = 1, im O(0p, dptp, Ontps A) = 0 and

n—0o0 n—o0

lim T((Sn, 6n+p7 5n+p7 )\) =0.

n—oo

Thus, {0,} is 2,0 and T Cauchy in o. Similarly, it can be shown that {p,} is
=,0 and T Cauchy in 0. Since (o) is 2,0 and T complete, {d,} and {p,}
converge, respectively, to some « and § in .% (¢). Hence, there exists ¢ and 7 in
o such that o = #(, 8 = Fn.

Z (0n, (¢, 1), S(C,m), £A) = E(S(Gns 1), (¢, 1), S(C,m), KA

> min{= (61, F ¢ FCA) , E(@n-1, 70, Fn, N}
© (65, S(C,m), (¢, M), KA) = O(S(Cny 1), I(C, 1), S(C, 1), KA)

<max{F0 (0,1, FC, F(N),0 (pn1,Fn,Fn,\)} and
T (0n, (6, 1), (¢ ), 6A) = T (S(Gns 1), S(C5 ), S(C,m), £A)

<max{Y (0,1, F(, F,AN), Y (on1, Fn, Fn,\)}.
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Letting n — oo, we get,

E(y<7 %(<777)7 %(Ca 77)7 ’%)\) 2 mm{l 1} =1
O (¢, 3¢ ), (¢, n), £A) < max{0,0} = 0 and
T (F¢,3(¢n), (¢ n), £A) < max{0,0} = 0.
Hence, (¢, n) = # (. Similarly, it can be shown that (n, () = #n.
Since (/ ) is w- compatlble we have Fa = Z( = F(3((,n) = S(F(, Fn) =
a),

S(a, ), FB = Fy = F(S(n,0)) = S(Fn, FC) = S5,

(1]

(0, Fa, F o, KA) = E(S(Cny M), S, B), (e, B), £A)
> min {Z(6,_1, Fa, Fa, \), Z(pn_1, F 0, FL,\)},

O (6n, Fa, Fa,k\) = 0 (S(Cr, 1n), S(a, B), S(a, ), KA)
< max{O(d,_1, Fa, Fa, \),O(pn_1,F 0, F5,\)},

T (0, Fa, Fa,kA) =T (3G, n), S(a, B), S(a, B), KA)
<max{Y(6, 1, Fa, Fa,\),Y(pn_1,F0,FLB,\)}.

Letting n — oo we get,

(a, Fa, Fa,k\) > min {= (a,ﬁa,ﬁa,)\),E(ﬁ,ffﬂ,ﬁﬂ,)\)},
(a, Fa, Fa,k\) < max {O(a, Fa, Fa,\),0 (8, 75,70,
(0, Fa, Fa,k)) < max {T (o, Fa, Fa, \) T (5, F 5, F 5, A)}.

R © I

Similarly, it can be shown that,

=8, 708, FB,k\) > min{=Z(a, Fo, Fa, N),Z(8, F,.F5,\)},
O (8,70, FB,k\) <max{0 (o, Fa, Fa,\),0 (8, F5,F[,\)} and
YT (8, 76,%p,k\) <max{Y (o, Fa, Fa,\), Y (8, F5,F[,\)}.

Thus,

min {Z(«a, Fa, Fa, kN,
max{@(aﬁz , Fa,kN),0(6, 76, F5,k\)} <max {O(«, Za,
a, Fa, k) F

O[7)\>7@(57y/8
max {1 (a, Za, (6, F56,78,k\)} <max{Y(q, A)

F
Fa,

) Y

From (2.6), we have Za = « and % = . Thus, a = Fa = (¢, ) and
B=7p=S(a,B),

Hence, (a, 3) is a common coupled fixed point of & and .%. Suppose (¢, 3') is

28, F8,FB,k\)} > min{Z(a, Fa, Fa, \),Z(5, ﬂ/ﬁ, )},

,T(ﬁ,ﬁﬁ,%@, A)}-
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another common coupled fixed point of & and .#

Ela, o, kA = 2(S(a, ), S, 5),S(, B, kA)

> min {Z(a, o/, o/, N),2(8, 8, 6/, \)}

O(a,a, ', kA) = O(S(a, B), S(, B

<max{O(a,a, o', \),0(8,08,6,\)}
OB, B, ', k\) = O(3(B,a), I(F, ), S(F, o), KA)
<max{O(a,a’,a’,\),0(8,5, 5,7}
max {O(a, o', o', k), 08,5, 8, k\)}
<max{O(a,a’,a',\),0(8,8,8,\)}.
T(a, o o, kX)) = T(S(a, ), S, 5),S(, '), kA)
< max {Y(a, o 0/, AN, Y(B,8,6,)\)}
(8,0, 8, kA) = T(I(B, ), I(B, ), (8, ), kA)
<max{O(a,a,a',\),0(8,8,8,\)}
max {Y (o, ', o', kX)), T (8,5, 5", k\)}
< max{Y(a,a, o', \),Y(5,5,6,7\)}
From Lemma (2.6), o’ = « and ' = . Thus, («a,f) is the unique common

coupled fixed point of & and .#. Now, we will show that a = 3.

(o, a, 8, kA) = Z(S(a, B), S(a, ), (8, ), kA)
> min{Z(«a, o, 5,\),Z(8, B,a,\) }
E(a, B, 8,5A) = E(S(a, 8), S(B, @), (B, @), KA)
> min {=(av, 8, 8, A), E(8, a, a, A) }
min {Z(q, a, 8, k), Z(a, B, B, k\) }
> min {E(a, o, 8,A),E(a, B, 8,\)} -
O(a, a, B, kA) = O(S(a, B), S, B), S(B, ), kA)
< max{O(a,a, 5,\),0(5,5,a,\)}
O(a, 3,8, kA) = O(3(a, B), ( a), (B, a), kA)
< max {O(a, JA), 98, a,a, \) }
< max {O(a, a,ﬁ, KA),O(a, B, 5, k\)}
< max {O(a, @, B, \), O(a, B, B, ) } -
T(a,a,B8,k0) = T(S(e, B), S(a, B), (B, ), kA)
< max{Y(«a,a, 5,\), T(5,5,a,\)}



38 M. JEYARAMAN, M. SUGANTHI

T(a, B, B, k) = T(S(a, 8), (B, @), S(B, ), KA)
< max{T(a,B,8,A), T(8, o, c, \) }
max {Y(«, «, 8, k), T(a, B, 5, k\)}
< max{Y(a,a, 5,\), T(a, 5,5,\)}

Thus, we have a = . Thus, « is a common fixed point of S and .%. That is,
a=Fa=S(a,a). Suppose, o/ is another common fixed point of & and .F#

2, a,a,\) =Z(S(d, ), S(a, ), S(a, ), A)

N N -~/ A
> min< Z(,a,a,— ), 2| a0, —
K K
—( A
>zl a0, — ) 2.
K
_ A
Zz(a’,a,a,— — 1.
I{/TL

O(d,a,a, \) = O(S(, o), S(av, ), S(ev, ), A)
<max{0(d,a,a, \/k),0(d, a, 0, \/K)}

<®e (o/,a,a,i)
2

A
<...<0 <a’,a,a,—) — 0 and
/{/n
T a,a,\) = T (S, ), S(a, ), S(a, ), \)

gmaX{T(a’,a,a,i),T(a',a,a,é)}
K K
gT(O/,a,&,%)
K
, A
< <T a0, — ) — 0.
/{/n

Hence, o = a. Thus & and % have a unique common coupled fixed point of the
form (o, ).

Theorem 4.2. Let (0,2,0,T,%,0) be a symmetric complete NMS with a * b =
min{a, b} and aQb = max{a, b} for all a,b € [0,1] and let S, 1, R : 0 x 0 — o be
mappings satisfying

E(%(Ca 77)7 _[(U, U), %(p; Q), KJ)\) Z I'IliIl { E(Cu u7 p? /\)7 E(nv U7 Q7 /\) E’(C7C %(Cu 77) >\)7 } ,

=, u, B, v), A), Z(p, . R(9, 0), A)
o O(C, u, 0, 1), 0(n,v, 4, A),0((, ¢, (¢, 1), A)
O(S(Cm), Wu, v), Rlp, 0), vA) < max{ O(u, u, A, v), A), O(p, 9, R(p, ), )
Cx T(C?u7 p? )\)7T<777 U? q? >\)7T(C? C? %<C777)7)\)
906 T o ) < max I T S TR
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for all {,n,u,v, p,q € o where 0 < k < 1. Then there exists ({,n) € 0 X o such
that ¢ = (¢, ) =1(¢,n) = R(¢,n), n=S(n,¢) = Tn,¢) = R(n,¢), and I,k

and R have a unique common coupled fized point of the form ((,() in o X o.

Proof:
Let (y,no € 0. Define sequences (,, and 7, in o as follows:

Gng1 = S(Cany M3n)s Mant1 = S(M3n, Gn)s Gnrz = HGnt1s M3nt1)s

M3n+2 = _I(U3n+1, C3n+1), C3n+3 = %(Csmz, 773n+2)7 N3n+3 = %(Usmz, C3n+2)a n=012,...

Suppose (3,41 = (3n, for some n. Then (¢, n) = ¢, where ¢ = (3,1 = N3n.
Suppose 1(¢,n) # R(¢,n). Then
2(¢ ¢ ), V(G ), wA) = E(S(Cn), HCm), R(C ), £A)
in{1,1,1,Z(¢, ¢, ), A), Z(C R m), A Y
(¢ m) R(C,m), A,
O(¢, TC:m), R(C,n), kA) = O(SI(¢,m), HC,m), R(C,m), £A)
< max {0,0,0,0(¢, ¢, ¢, m), A), O(C, ¢ R(¢,m), M)}
< O(¢, (¢ m), R(C,m), A) and
(¢, ), R(C,n), wA) = T(S(Cm), W), R(Cm), £A)
< max {0,0,0,Y(¢,¢, ¢, m), A), Y(C, ¢, R(C,m), M)}
< T(ETE ), R(CG, ), A).

It is a contradiction. Hence, (¢, n) = R(¢,n) and o is symmetric.

E(¢ TG m), TUC ), £A) 2 E(G 6 TG m), A) = E(G TG 1), 16 1), A),
O(¢, ¢ M), ¢ m), £A) < O(C, ¢ TE M), A) = O(C, 716, m), (¢, m), A) and
T(¢ U0, THE ), £A) < T(C,ETUEm), A) = T(ETE 1), THE M), ).

We have 71(¢,n) = ¢. Thus, (¢, n) = (¢, n) =R((,n) = ¢

Similarly, if (3,11 = (3n12 OF (3n42 = (3n13, then also we can show that (¢, n) =

(¢,m) = R(C,n) = ¢ for some (,n in 0.
Similarly, it can be shown that if 13, = 93,41 O 3,11 = N3p42 OF M3nt2 = N3ny3,

then there exists (¢,n) € o X o such that S(n,¢) = T(n,¢) = R(n,{) =1n.
Now, assume that ¢, # (,+1 and 7, # n,41 for all n, write
( ) = E(Gn, Gra1, Gn + 2, A),
) = O(Cn, Cns15 Gura, A) and
) =T (Cns Got1, G2, A)
en(A) = E(hn; M1, Tntz; A),
) A)
) )
)

VoIVl
=

[1]

= @<77 Mn+15 Tin+-2, and
(77 Mn+15 Tn+-2, A

(C3n7 <3n+1> CSnJrQa "1)‘)

(

%(C?m’ 77371)7 _[(C3n+1, N3n+1, %(5371—1, M3n—1, /f/\)
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{ d3n71(>\)7 637171()\); E(Csn, C3n» G3nts )\)7 }
> min

40

E(Cnt15 Tant1, Gant2, A)
d3n—1()‘)7 6371—1(/\)7 E(Csn, C3ns C3nt1, )\)

Z min {dgn_l(/\), €3n—1(/\)7 dgn()\>, d3n<)\), dgn_l(A)} s

p3n(kt) = O(Cans C3nt1s Cangas KA)
= 6(%(C3n7 77371)7 7(C3n+1, 773n+1)7 éR(C?m—h T3n—1, Fé)\)

{ P3n—1(>\), r3n—1()\)7 @(C3n7 C?ma C3n+17 )\)7 }
< max

@(C3n+17 C3n+17 C3n+27 )‘)

O((3n—-15C3n—1,C3ns A)
< max {p3n—1(A), 73n-1(A), P3n(N), p3n(N), p3n—1(A)} and
030 (kt) = T(C3n, Gnr1, G3ntas KA)
= T(%(C?mv 773n)7 _|<C3n+1; N3n+1, §R(C3n717 T3n—1, /i)\)

O3n— 1(>\) T3n— 1( ) (C3n7C3na€3n+1a)‘)v
S max{ (CSn+17C3n+la<3n+2> ) (C?m laCSn 1, CSna ) }

< max {o3,-1(A), b3n—1(A), 03n(N), 03, (A), O3n—1(A) } .

Thus,

d3n(KA) > min{ds,—1(A), e30-1(A), pan(KA) }
< max{ps,_1(N), r3,-1(A)} and

Ugn(lﬂl)\) S max{agn 1()\) bgn 1()\)}

Similarly, we have eg,, (k) > min{ds,—1(k\), e3,—1(kK\)}.

Thus,

min{ds, (k\), ez, (kA)} > min{ds,_1(kA), e3,—1(kA)},
max{ pzn(KA), 73, (kA) } < max{pz,_1(kA),73,_1(kA)} and
max{ s, (kA), r3,(kA)} < max{os,_1(kA), bs,_1(KA)}.

Similarly, it can be shown that

min{dsz,11(kA), 3n1(kA)} > min{ds, (), e3,(N)},
min{dzn+2(kA), esnt2(KA)} 2 min{dsni1(A), esnt1(N)},
max{pzni1(KA), r3n41(KA)} < max{pzn(A), r3n(A)},
max{psn+2(kA), ran42(kA)} = max{psn1(A), 73n41(A)} and
max{03,+1(KA), bans1(KA)} < max{os,(A), bsn(A)},
max {03 12(KA), 0rsnr2(kA)} 2 max{og,1(A), bans1(A)}-
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Thus,

min{d,+1(kA), enr1(kA)} > min{d,(A), e (M)},
max{ pni1(kA), rnr1(kA)} < max{p,(N),r,(\)} and
max{c,11(kA), bpy1(kA)} < max{o,(N),b,(\)}.

min{d,(\), e,(A)} > min {dn (2) ) (%) }
oo (8] (2))-
}dn(i) ()

sty oo (2). (2]
comfos () (2]}
oo (2)  (2)]
:max{@ (go,gl,gg, n) ,@(770,771777%%)}7
s o, < s o (2) 0 (1))
()
ol () (2)
(o 2) 7(onn 2)}

Thus,

A
E(C’rHCn-i-la Cn-i—?v ) Z min {E (CO? CvaZv ) = (770’77177727 )} ’

®<Cn7<n+1a Cn+27 )\) S max {@ <C07€17<27 _n) 76 <770777177727 %) } )
T(€n7<n+17 Cn+27 )\) S max {T (CO;CMCQ? ) <7]077717n27 A >} .
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We have

A A
E(Gns Gns Grt1, A) = E(Gny 0+ 1), Gog2, A) 2 min {E (go,gl,gz, E) B (770,771,772, E) } :
A A
@(gnu <n7CTL+17 >\) S @(Cn; C(n + 1>,Cn+2, )\) S max {@ (Co, Cla <27 _n> 7@ (7]07771’7727 E) } )
T(Cn; <n7<n+17 )‘) < T(Cnv C(n + 1)7(”-‘1-27 )‘> < max{ (CO; Cla <27 > (77077]177727 A )} :

As in the previous theorem (4.1), it can be show that {(,,} and {n,} are =, © and
T Cauchy sequences in o.

Since o is = and © complete, there exists (,n € o such that (,, = ¢ and n,, — 7.
E(S(C; ), Canras Gnras KA) = E(S(C0), WCant1, Mant1), F’(Cntz, M3nr2), KA)

Z(C, Gnt1s Gnrzs A)s Z(0, M3nt1, M3nr2, A,
> min E( 7C>%(6777)7)\)>E(C3n+17<3n+1>g3n+27)‘>7 3
E(C3n+27 C3n+2a C3n+37 )\)

@(%(C7 77)7 C3n+27 C3n+37 H)‘) = 6 (%(Ca 77)» —|<C3n+17 773n+1>7 §R(<3n+27 773n+2)> H)\)
@(ga <3n+17 C3n+27 )\)7 @(777 N3n+15 N3n+2, )\)7
< max ( and

© <7 C7 %(C) 7])7 )‘)) @(C?m—l—h C3n+17 <3n+2) /\)7
@(C3n+2a §3n+27 C3n+37 )\)

T(%(C, 77), C3n+2, (3n+3: /f)\) = T(%(C, 77), -'(C3n+1, 773n+1), §R<C3n+27 773n+2)7 /f/\)
T (¢, CGng1s Gngas A), T(1, M3ns1, M3ng2s A),
<maxq T(¢,¢S(Cn),A) T(Cnits Grrty Garas A),

Y (C3nt2s C3nt2s Cantss A)
Letting n — oo,

2(S(¢n), ¢, ¢ rA) 2 min {1, 1,2((, ¢, (¢, n), A), 1,1} = E(¢, ¢, (¢ ), A),
O(3(¢:n), ¢, ¢, kA) <max{0,0,0(¢, ¢, (¢, m), A), 0,0t = O(C, ¢, S(¢,m), A) and
T(S(¢:m), ¢ ¢ wA) <max {0,0, (¢, ¢, (¢ m),A), 0,0} = T(C, ¢, (¢ m), A).-
From this, we have $((,n) = ¢. As in the first part of the proof, it can be shown

that (¢, 7) = (¢, n) = R(¢,n) = ¢
And, similarly, it can be shown that (n,¢) = T(n,() = R(n, ) = .

Thus, (¢,7n) is a common coupled fixed point of &, T and R. Suppose (¢',7') is
another common coupled fixed point of &, 7 and R. Consider,
E(¢, ¢, ¢ RA) = E(S(Cm), ¢ ), R, ), kA) = min{E(¢, ¢, CA), E(n,m, 7', A), 1, 1.1}

= min {Z(¢, ¢, ¢'A), Z(n,n, W' A)},

O(¢, ¢, ¢ kA) = O(S(¢, ), (¢ ), R(C, 1), £A) < max{O((, ¢, 'A), O(n, 1,77, A),0,0,0}
= max {O((, ¢, ¢'A),©(n,n,n'A)} and

T(C, ¢ ¢ mA) = T(S(¢ ), ¢ m), RS, n'), £A) < max {T(C,¢.¢'A), T(n,n,1',A),0,0,0}
= max {T(¢, ¢, ¢'A), Y(n,m,m'A)} .
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Also,

E(mn.n',kA) =Z(S(,¢), 0, O, R, (), £A) > min{=(¢, ¢, 'A), E(n. 0. 7', A)1, 1, 1}
= min{Z(¢, ¢, ¢'A), E(n,m,1'\) },

O(n,n,1',kA) = O(3(n,¢), N0, O), R(', ('), kA) < max{O((, ¢, {'A), O(n,n,7', A)0, 0,0}
= max{O((,(,('A), O(n,n,n'A)} and

Y(n, 0.0, kA) = L(S(n, ), T(n, ), R(0', '), kA) < max{T((, ¢, ¢'A), T(n, 0. 7', A)0,0,0}
= max{Y((,(,'A), Y(n, 7,0 \)}.

Thus,

min{Z(¢, ¢, ¢'kA), E(n,n,7'kA)} > min{Z(¢, ¢, ¢'A), E(n, 1,7 \)},
max{O(¢, ¢, ¢'kN), O(n,1n,n'kA)} < max{O((,¢,¢'A),O(n,n,1m'\)} and

max{ (¢, ¢,¢'wA), T(n,n,n'kA)} < max{Y(¢,,¢'A), T(n,m,0'A)}.

From lemma (2.6) we have (' = and ' = 7.
Thus, (¢,n) is the unique common coupled fixed point of &, 7 and R.
Now, we will show that ¢ =n. Consider

2(C, ¢y wA) = Z(S(¢m), W), R, €), kA) = min{=(¢, ¢, n, M), E(m, 1, ¢ A), 1,1, 1}
=E2(¢,¢,m5 M),

O(¢, ¢, n, kA) = O(S(¢,m), ¢ m), R(n, €), kA) < max{O((, ¢, n,A),O(n,n,(, A),0,0,0}

O(¢, ¢, n, A) and

T(¢ ¢my kA) = T(S(Cn), W), R(n, €), £A) < max{T((,(,n,A), L(n,n,(,A),0,0,0}
=T(¢, ¢ m A).

Hence ¢ = n. Thus, &, 7T and ® have a unique common coupled fixed point of

the form (C, ¢).
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