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Abstract

The aim of this paper is to introduce a new concept of Neutrosophic closed sets namely Neutrosophic

generalized semi alpha star closed sets (Neutrosophic gsa™ — closed sets) in Neutrosophic topological
spaces. Properties and characterizations of Neutrosophic generalized semi alpha star closed sets are

derived and compared with already existing sets.
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I. INTRODUCTION

The term “neutrosophic” etymologically comes
from “neutrosophy” which means knowledge of
neutral thought F.Smarandache[6] first
introduced the concept of Neutrosophic set
theory and it is based on intuitionistic fuzzy sets
by K.Atanassov’s[2] and also based on fuzzy sets
by L.A.Zadeh’s[15] . It includes three
components , truth , indeterminancy and false
membership function . The real life application
of neutrosophic topology is applied in
Information Systems , Applied Mathematics etc
. R.Dhavaseelan and S.Jafari[4] has discussed

about the concept of generalized neutrosophic
closed sets .

In this paper, we
concepts in neutrosophic topological spaces such
as  Neutrosophic

introduce some new

gsa® —closed sets and
Neutrosophic gsa®™ —open sets. We also studied
the  relationship  between  Neutrosophic
[ —closed set , Neutrosophic a —closed set,
Neutrosophic ~ pre-closed set, Neutrosophic
semi-closed set, Neutrosophic
Closed set,etc.

generalized
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II. PRELIMINARIES
Definition 2.1:[13] Let P be a non-empty fixed
set . A Neutrosophic set H on the universe P is

defined as H= {{(p, (tw (), ir @), fir(@))) :
p € P} where tir(p), iy (p), fir () represent the
degree of membership function t(p), the
degree of indeterminacy i;+(p) and the degree of
non-membership function fir(p) respectively
for each element p €EP to the set H . Also ,
tie, b, fir : P—]170,1% and 0 < tyr(p) +
ir(p) + fir(p) < 3* . Set of all Neutrosophic
set over P is denoted by Neu(P) .

Definition 2.2:[13] Let P be a non-empty set.

£={(2.(@). @) fs@)) : p € P} and

B={(2 (). iz®).fzs(®)): pEP} are
neutrosophic sets , then

(i) A < B if ty(p) <tz(p)ix(p) <
is(@), fa(p) = fe(p) forall pEP.

A.
(2 (min(0,0a00) min(140), 20  man{ ) Fy P ECE resler

(i) ANB=
p € IP’}.
(i) AUB =

In this case , the ordered pair (]P’, TNeu) or simply
P is called a neutrosophic topological space
(Ngy, TS) . The elements of 7y is neutrosophic
open set (N, — 0S) and Ty, ° is neutrosophic
closed set (N,,, — CS) .
Definition 2.4: A neutrosophic set A ofa N, TS
([P, ‘L'Neu) is said to be

(1) a neutrosophic pre — closed set (N, P —
CS) [7]if Noy, — cl(N,, — int(4)) S A .

(i1) a neutrosophic semi — closed set (N,,, S —
CS) [7]if Noy — int(Ngy, — cl(A)) S &

(ii1) a neutrosophic a — closed set (N, a —
€S) [71 if  Ney—cl(Ney — int(Ney —

cl(A))) CKA.
(iv) a neutrosophic B — closed set (N, 8 —
€S) [ if  Ney—int(Ney — cl(Ney —

int(A))) c
; closed set
if Ngy, — cl(Ngy — int(4)) = &

(vi) a neutrosophic b — closed set (N,,b —

{(2, (max(ta(@), ta (), max(ix(2), is () ) , minFA (P 1 () ) ) e Pcl(New — int(4))) N

(iv) K ={(o.(fap) 1~

ix(?) ta@))): p EP}.
(v) Oy, = {(»,(0,0,1)): p €EP} and 1y, =
{2 (1,1,0)): p EP}.
Definition 2.3:[13] A neutrosophic topology
(NeuT) on a non-empty set P is a family 7, of
neutrosophic sets in P satisfying the following
axioms ,
() Oy, » 1n,, € Tn,, -
(i) A, NA, €Ty, forany A, A, €1y, .
(iii) U A; € Ty, forevery family { 4; /i € Q}

c TNeu .

(Neu — int(Neu — cl(A))) cK.

(vil) a neutrosophic semi a — closed set
(NeySa—CS)  [7]  if Noy — int(Npa —
(X)) S A.

(viii) a neutrosophic m — open set (Ng, 7T —
0S) [10] if A=U{G: GisaN R -
0SinP}.

Definition 2.5: Let A be a neutrosophic set in
N, TS (P,7y,,) - Then,

(1) Ny —int(A)=U{G: Gisa Ny —
0S inP and G S A} [4].

(2) Ngy —cl(KH)=N{K : Kisa Ng, —
CSin Pand AC K }[4].
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(3) Ngy — aint(A) =U{g :
G isa Nya —0S in P and G <

A} =ANN,, — int (Neu — cl(Ngy, —

int(4))) [7].
“4) Ney —acl(K) = N {X :
K is a Nyya— CS in P and A S K}

= A U Ney — cl (Ney = int(Ney, — cl(A)) ) 7]

(5) Neyp — int(A) = A N Ny, —
el (New = int(Ney — cl(K))) . New —
cl(A)= K U Ney = int (Ney — cl(Ney —

int(4))) [10] .

(6) NoyP — int(K)= A N Ny —
int(Ng,, — cl(4)) , N,,P — cl(K) =
AUNg, —cl (Ngy, — int(4)) [5].

(7) NouS — int(KA)=A N N,y —
cl(Ngy — int(4)) , NewS — cl(K) = AU Ny, —
int (Ngy — cl(4)) [5] .

(8) Neub — int(A) = (NeuS —
int(A)) U (NoyP — int(K)), Noyb —
cl(K) = (NoyS — cl(K)) N (Ney P — cl(A)) [5]

Definition 2.6: A neutrosophic set A ofa N, TS
([P, ‘L'Neu) is said to be

(1) a neutrosophic generalized closed set
(Neug_CS) [11] if Neu_Cl(A) <G
whenever A € Gand Gis Ny —O0S inP.

(2) a neutrosophic generalized semi - closed
set (Ngu,gs —CS) [11] if N,,S—cl(A) <SG ,
whenever A € Gand Gis N, —0SinP.

(3) a neutrosophic generalized b - closed set
(Neugb - CS) [9] if Neub - CI(A) c g >
whenever A € Gand Gis Ny, — O0S inP.

(4) a neutrosophic a@ — generalized closed set
(Neuag - CS) [7] if Neua - CI(A) c g >
whenever A € Gand Gis N, —O0S inP.

(5) a neutrosophic generalized a —closed set
(Neuga - CS) [8] 1if Neya — Cl(A) <G ,
whenever A € Gand Gis Nyya—0SinP.

(6) a neutrosophic generalized [ —closed
set (NepgpB — CS) [10] if Ny —cl(A) <G ,
whenever A € Gand Gis Ny, — O0S in P.

(7) a neutrosophic b — generalized closed set
(Neubg - CS) [8] if Neub - CI(A) < g >
whenever A € Gand Gis Noyb —0SinP.

(8) a neutrosophic generalized regular closed
set (NgugR — CS) [3] if NoyR —cl(A) € G ,
whenever A € G and G is N, — OS in P.

(9) a neutrosophic m —generalized beta closed
set (Ny,mgPB — CS) [10] if Noyff — cl(A) € G ,
whenever A € Gand Gis Ny, m—O0SinP.

(10) a *

neutrosophic a* — open set
(Ngya® — 0S) [1]1  if

Nyya —

A c
int (Neu — cl(Neua —int (A)))

IILLNEUTROSOPHIC gsa® —CLOSED SETS
Definition 3.1: A neutrosophic set A in a N, TS
([P, ‘L'Neu) is called a neutrosophic generalized
semi alpha star closed set (N,,gsa™ —CS) if
N, a — int(Neua — cl(A)) C N, —int(G)
whenever A € G and G is N ,a* — open set .

Theorem 3.2: Every N,,, — CS is N, gsa* —
CS , but not conversely .

Proof:

Let AW , W is Nga®—0S in (P,7y,,) -
Since A is N, —CS , then N, —cl(f) = 4
[14] . Now , Nga— int(Neua — cl(A)) c
Newa — int(Npy — cl(R)) 2 Ngy, — int (N, —
cl(A)) = Ngy, — int(K) S Ny, — int(W) =
Ngya — int(Neya — cl(K)) € Ngy, — int(W)
[14,12] . Hence, A is Ng,gsa™ —CS .
Example 3.3: Let P ={p} and A=
{(»,(0.5,0.3,0.8))} be N,,(P) TN, =
{On,, 1, A} isa NgTSon (Pty,,) . A° =
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{(,(0.8,0.7,05))} . Let G=
{(p,(0.4,0.2,0.9))} be any N (P) . N,a* —

0S =Nga—0S= {0y, ,1y A} and
Neya — CS = {0y, , 1n,,, &}
cl(@ =A N1y, =K
int(Neya — cl(§)) = Neya — int(A°) =

Oy, UA=AK= Nya—int(Nyya —cl(G)) =
A S Ny, — int(K), Ny, — int(1y,,) = A, 1y,
whenever G € A, 1y, . Hence, Gis Ngygsa™ —
CS . But G is not N,, —CS , because N,, —
cd(@) =Anly, =K #G.

Theorem 3.4: Every N, — CS is No,gsa* —
CS , but not conversely .

N, a —

Now , Nga-—

Proof:
Let AW , W is Nga*—0S in (P,7y,,) -
Since A is N,y,a—CS , then N, —cl

(New = int(Ney — cl(&))) € K. Now, Neya —
int(Neya — cl(K)) S Neya — int (Ngy —
cl(#)) 2 Ny, — int(Ngy, — cl(K)) S Ny, —

cl (Neu — int(Ng, — cl(A))) D N,y — int

<Neu — (Neu — int(Nyy, — cl(A)))) CN,, —
int(A) € N,,, — int(W) = N,,a — int

(Neua - cl(A)) C N,, — int(W). Hence, A is
Ng,gsa™ —CS .

Example 3.5: Let P ={p} and A=
{(»,(0.5,0.3,0.8))} be N, (P) TN, =
{On,, 1, A} isa N TSon (P 1y, ) . A° =
{(p,(0.8,0.7,05))}.  Let G=
{{p,(0.7,0.8,0.7))} be any N, (P) . No,a* —

0S =Ngya—0S= {0y, ,1y A} and
Neya — CS = {0y, , 1n,,, &}
cl(§) = 1w,
cl(g)) = N, a — int(lNeu) =1y,, @ Neya —
int(Neua - cl(g)) =1y, € Ney —

int(lNeu) = 1y, whenever G < 1y_ . Hence,

N, a —

. Now , Neua—int(Neua—

Gis No,gsa® —CS .But Gisnot Ny a—CS ,
because N,, — cl (Neu — int(Ng, — cl(g))) =
1Neu '¢' g °

Theorem 3.6: Every NS — CS is N, ,gsa* —
CS , but not conversely .

Proof:
Let AW , W is Nga* —0S in (P,7y,,) -
Since A is N, S—CS , then N,, —int

(Ney — cl(K)) € A Ng,a —
int(Neya — cl(K)) € Neya — int(Ng,, —
cl(#)) 2 Ngy, —int(Ngy, — cl(K)) S A2 Noy, —
int(£) € N,,, — int(W) = N, a —

int(Neya — cl(K)) S Ny — int(W). Hence ,
A is Ny gsa™ —CS .

Example 3.7: Let P ={p} and A=
{{(p,(0.4,0.5,0.7))} be N, (P) TN, =
{ONeu , 1Neu'A} isa Ng,TS on (P, TNeu) A=
{{(p,(0.7,05,0.4))} . Let G=
{(p,(0.2,0.3,0.5))} be any N,,(P) . N,,a* —
0S =Nyua—0S= {0y, 1y, A} and
Neya — €S = {0y, , 1y, £}
cl(g) = A nly, =K Now , N,,a—
int(Neua — cl(g)) = N a — int(A°) =

Oy, UA=A> Nga-— int(Neya — cl(§)) =
ACS Ny, —int(1y, ) =1y,
1y, - Hence, G is Nggsa™ — CS . But G is not
N,,S—CS , Ney — int(Ng, —
cl(G)) = Ny, —int(A°N 1y, ) = Ny —
mt(A°) =0y, UA=AZLG.

Theorem 3.8: Every N, a* — CS is No,gsa™ —
CS , but not conversely .

Now

N, a —

whenever § C

because

Proof:

Let AW , W is Nga* —0S in (P,7y,,) -
Since A is Nga* —CS , then Ny —cl
(Neu — int(Ng,a — cl(A))) CA Now,
N, a — int(Neua — cl(A)) 2N, —
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int(Neua — cl(A)) C N, —cl (Neu —
int(Neua — cl(A))) 2 N,,a—cl (Neu —
int(Newa = cl(K))) € &2 Ny, — int(A)
Ngy — int(W) = Ngya — int(Ng,a —

cl(£)) € Npy — int(W). Hence , K is
Nggsa™ —CS .

Example 3.9: Let P ={p} and A=
{<pr (02r04106)>} be Neu(P) TNeu =

{ONeu , 1Neu'A} isa N,,TS on (]P’, TNeu) LA =

{(p, (0.4,0.8,0.7))} be any N,,(P) . N,a* —

0S =Nga—0S= {0y, ,1y A} and
Neya — CS = {0y, , 1n,,, &}
cl(g) = Ing,
cl(§)) = Npya — int(lNeu) =1y,, @ Neya —
int(Neua — cl(g)) =1y, € Ney —

int(lNeu) = 1y, whenever G < 1y, . Hence,
Gis Ny gsa®™ — CS .But Gisnot Ny,a* —CS ,
N, a —cl (Neu - int(Neua -

Cl(g))) = Ngya —cl (Neu — int(lNeu)) =

Neya —cl (1y,,) =1y, £ G -
Theorem 3.10: Every N,,R — CS is N,,gsa™ —
CS , but not conversely .

N, a —

Now , N,a— int(Neua -

because

Proof:

Let ASW , W is Nga*—0S in (P,1y,,) -
Since A is N,yR—CS  , then N, —cl
(Ngy, — int(R)) = & Now N, —

int(Neua — cl(A)) C Ny — int(Neu —
cl(K)) D Ny, — int(Ney — cl(K)) = £ 2
N, — int(A) € N, — int(W) = N a —
int(Neya — cl(K)) € N, — int(W) . Hence,
A is Nggsa™ —CS .

Example 3.11: Let P ={p} and A=
{(p,(0.4,0.6,0.2))} be N, (P) TN, =
{On,, 1n,, A} is a Ny TS on (P,7y, ) . Let

G = {{(p,(0.1,0.3,0.5))} be any N,,(PP) . Here
N, a* —0S = N ,a—0S =
{On,, 1n, A E} and Ngya — CS =
{On,, In,. &S, D}, where E = {(p, ([041],
[0.6,1], [0,0.2]))},D =
{{(p,([0,0.2],[0,0.4],[0.4,1]))}. Also , A° =
{(p,(0.2,0.4,0.4))} and F =
{(p,([0.1,0.2],[0.3,0.4],[0.4,0.5]))} . Now ,
N,,a — int (Neua — cl(g)) = N,,a —
int(A°NF N1y, )= Neya—int(F) =

Oy,, = Neya —int (Neua — cl(g)) = 0y,, €
Ny — int(E) ,Ngy, — int(4), Ngy, —

int(1y,,) = A, 1y, , where G S A, E, 1y, .
Hence , G is N, ,gsa®™—CS . But G is not
N, R —CS , because N, — cl (Neu -
int(G)) = Ngy — ¢l (Oy,,) = On,, #G .
Theorem 3.12: Every N,,ga —CS is
Ng,gsa™ — CS , but not conversely .

Proof:

Let ASW , W is N, a® —0Sin (P, 1y, ). Since
A is Noyga — CS ,then Nya—cl(A) SN,
whenever A € M , M is Nya — OS . Now ,
Ngya — int(Nyya — cl(£)) € Neya — int (M)
2 N, — int(M) 2 N,, — int(A) € N,,, —
int(W) = Ny a — int(Neua — cl(A)) c
Ng, — int(W) . Hence, A is N gsa™—CS.
Example 3.13: Let P ={p} and A=
{(p,(0.3,0.2,0.8))} be N,,(P) TN, =
{On,, 1, A} isa NgTSon (Pty,,) . A° =
{(p,(0.8,0.8,0.3))} . Let g =
{{»,(0.1,0.2,0.9))} be any N, (P) . N,,a* —
0S =Nga—0S= {0y, ,1y A} and
Neya — €S = {0y, , 1y, &} . Now , Noya —
int(Neua — cl(g)) = N a — int(AC N

1n,,) = Neya — int(A) = AU Oy, = A =
Neya — int(Neya — cl(§)) = A S Ny, —
int(4A),Ng, — int(lNeu) =A,1y,, whereGC
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A, 1y, Hence, Gis Neygsa™ — CS . But G is
not N,,ga —CS , because N,,a —cl (G) =
A€ A, whenGC A .

Theorem 3.14: Every N,,Sa—CS is
Ng,gsa™ — CS , but not conversely .

Proof:
Let ASW , W is Nga* — 0S in (P, 7y, ) -
Since A is N, Sa — CS , then N, —int

(Newa — cl(K)) € & Now N, —
int(Neua — cl(A)) 2N, — int(Neua —
cl(K) c 4 2 N,, —int(A) € N,, —
int(W) = N a — int(Neya — cl(K)) c
N, — int(W) . Hence, A is N gsa*—CS .
Example 3.15: Let P ={p} and A=
{(p,(0.4,03,0.6))} be N, (P) TN, =
{On,, 1, A} isa N TSon (Pty,,) . A° =
{(»,(0.60.7,04))} . Let G=
{{(»,(0.6,0.9,0.9))} be any N, (P) . N,a* —
0S =Nga—0S= {0y, ,1y A} and
Neya — €S = {0y, , 1y, &} . Now , Noya —
int(Neua — cl(g)) = N a — int(lNeu) =1y,
= Npya — int(Neya — cl(§)) = 1y,, S Ney —
int(lNeu) = 1y,, whenever G € 1_ . Hence,
Gis N,y,gsa®™ —CS .ButGisnot N, Sa —CS ,
because N, — int (Neya — cl(§)) = Ny — int
(Ine) = 1n,, €G-

Theorem 3.16: Every N,,gsa*—CS is

N[ — CS , but not conversely .
Proof:

Let ASW , W is Nga*—0S in (P,7y,,) -
Since A is N gsa®™ —CS , then N, — int
(Newa — cl(K)) € Ny, — int(W)
New — int (Ney = cl(Ney, — int(K))) € Ny, —
int(Ngy — cl(A)) 2 Ny, — int(Neya —

cl(K)) € Npya — int(Neya — cl(K)) € N, —
int(W) 2 N,,, — int(A) € A= N, —

Now ,

int (Neu — cl(Neu - int(A))) C A . Hence , A

is Ny, 8 —CS .
Example 3.17: Let P ={p} and A=
{(p,(0.7,0.4,0.6))} be N, (P) TN, =

{On,, 1, A} isa N TSon (Pty,,) . A° =
{{(p,(0.6,0.6,0.7))} . Let g =
{{(»,(0.4,0.2,0.6))} be any N,,(P) . Since ,
N,, — int (Neu — cl(Nyy, — int(g))) =0y, C
G . Hence , G is N,,f—CS . But G is not
Ng,gsa®™ —CS . Also, Nyya* —0S = Ny o —
0S = {Oy,, 1y, A,D,E} , Nea—CS=
{ONeu, 1y, A, F, H}, where D={p,
(f0.7,1], [0.6,1], [0,06D))} ., E={@p,

([0.7,1], [0.4,0.5], [0,0.6]))} , F={(p,
([0,06], [0,04], [0.7,1D)} , H= {p,
([0,0.6], [0.5,0.6], [0.7,1]))} . Now ,

N, a — int(Neua — cl(g)) = N,,a —
int(lNeu) ly,, = Neya— int(Neua -
cl(§)) = 1y,, € Ney, — int(K), N, — int(D),
Ng, —int(E) = A ,whenever GS A,D ,E.
Hence , G is not N, gsa™ — CS .

Theorem 3.18: Every N,,gsa*—CS is

N,,gs — CS , but not conversely .
Proof:

Let AS M ,Mis Ng, —0S in (IP, TNeu) . Since
K is Nggsa®™—CS , then N a—int
(Neua — cl(A)) c N,, — int(W) ,
whenever A € W, Wis N,,a* — 0S . Since
every Ny — 0S is Noya® — 0S ,thenW =M.
Now , NS —cl(A) = AU (Neu — int(Ngy, —
cl(K)) € & U(Newar —
cl(A))) 2 AU (Neua — int(Ng,a —

Cl(A))) C A U(Ny — int(W))csw=M=
N, s —cl (A) €M ,whenever A € M , M is

int(Ngy —
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Ny, — 0S in (IP, TNeu) . Hence , A is N,,gs —
CS .

Example 3.19: Let P ={p} and A=
{(p,(0.4,0.6,0.8))} be N, (P) TN, =
{On,, 1, A} isa NgTSon (Pty,,) . A° =
{(p,(0.8,0.4,0.4))} . Let G =
{(p,(0.9,0.4,0.2))} be any N,,(P) . Since ,
NewS = €l(6) = G U (New = int(New

cl(§))) = G U Ney — int(1y,,) =G U 1y,, =

1y,, € 1y,,, when G © 1y . Hence, G is
Ng,gs — CS . But G is not N,,gsa™ —CS .
Also, N a*—0S = N a—0S =

{On,, 1n,,&,D,E,F} , Nyya—CS ={0y,,,
1Neu,AC,H,L,M} , where D ={(p,
(fo8,1], [06,1],[0,04]))} , E=
{(p,(l0.8,1], [0.6,1], [0.5,08]))} , F=
{(p,(04,0.7], [0.6,1],[0,08]))} , H=
{», ([0,04], [0,0.4], [08,1]))} , L=
{{(p,([0,0.8],[0,0.4],[0.4,0.7]))} , M=
{{(»,(]0.5,0.8],[0,0.4],[0.8,1]))} . Now |,
Ngya — int(Nyya — cl(§)) = Npya —
int(lNeu) ly,, = Neya- int (Neua -
Cl(g)) = 1Neu Z Nep, - int (N) = 4
whenever g c N & N =
{{(p,([0.9,1],[0.6,1],[0,0.2]))} . Hence, G is
not Ny, gsa™ — CS .

Theorem 3.20: Every N, gsa*—CS is
N.,gb — CS , but not conversely .

Proof:

Let AS M, Mis N, — 0Sin (P,7y,,) . Since
A is Nggsa®*—CS , then Nya—int
(Neua - cl(A)) C N, — int(W) ,
whenever A € W, Wis N, a" — O0S . Since
every Ngy, — 0S is Nyya® — 0S , then W =M .
Neyb—cl (A)=N,,S—cl (An

(A) =AU ((Neu_int(Neu_

Now ,
N, P —cl

cl (A))) n (Neu — cl(Nyy, — int(A)))) =)
AU ((Neu — int ( Ny, — cl(A))) N (New—
int(A))) C AU (Neu — int(Ng, — cl(A))) c
AU (Neyat — int(Ney, — cl(K))) 2

AU (Neua — int(Neua — cl(A))) c

AU(Np —int(W)SW=NM = Nyb —
cl(A) € M, whenever A€ M ,Mis N,, —
0S in ([P, ‘L'Neu) .Hence, A is N,,gb—CS .
Example 3.21: Let P ={p} and A=
{(p,(0.6,0.804))} be N (P) Ty, =
{On,, 1n,, A}isa Ny TSon (P,1y, ). A° =
{(p,(0.2,0.7,0.4))} be any N,,(P) . Now ,
Newb = c1(§) = G U ( (New — int(Ney —
() N (New = U(New = int(9)) )) =

G u ((Neu — int(lNeu)) N (Neu _

1(0x,,))) =6 U (On,, N 1n,,) = GU

Oy,, =G S A,1y, , whenever G € 4,1y, .
Hence , G is Ngu,gb—CS . But G is not
Ng,gsa®™ —CS . Also, Nyya* —0S = N o —
0S= {0y, 1n,, £,D} , Neya—CS=
{On,,, 1n,,, £, E} , where D ={(p,
([06,1],]08,1],[0,04]))} , E=
{{(p,([0,0.4],[0,0.2],[0.6,1]))} Now
N, — int(Neua - cl(g)) = N, a —
int(lNeu) 1y,, = Neya— int(Neua -
cl(§)) = 1y, € Ny — int(A), Ny, —

int(D) = A whenever G S A, D . Hence, G is
not N, gsa™ — CS .

Theorem 3.22: Every N, gsa*—CS is

N.,gB — CS , but not conversely .
Proof:
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Let A€M ,Mis N, —0Sin (]P’, TNeu) . Since
K is Nggsa®™—CS , then N a—int
(Neua — cl(A)) c N,, — int(W) ,
whenever A € W, Wis N,,a* — 0S . Since
every No,, —0S is Noya*—0S ,then W =} .

Now , Neuf = clCK) = K U (Ney = int (N —
cl (N — int (A)))) € AU (New—

int( Ney — cl (8))) € KU ( Neyr -

int( Ney — cl(A))) D AU (Neua -

int(Neya — cl(A))) € AU(N,, — int(W)) €
W=M=N_,p—cl (A) SV , whenever AC
M,Mis N, —O0S in (IP, TNeu) . Hence , A is

NeygB = CS .
Example 3.23: Let P ={p} and A=
{(p,(0.3,0.8,0.6))} be N, (P) TN, =

{On,, 1, A} isa Ny TSon (P,1y,,) . A°
{(#,(0.6,0.2,0.3))} Let G =
{(p,(0.8,0.1,0.5))} be any N,,(P) . Since ,
Neyf — cl(G) =

G U ((New = int (Ney = el (Ney = int (5))))

G U (Neu — int (Ney — Cl(ONeu))) —Gu

(New = int(0y,,)) = GUOy,, =G € 1y,

when G < 1y, . Hence, G is Ng,gB — CS . But
is not Nogsa®—CS . Also, Nya*—0S =
Npa—0S= {0y, 1y, &, D, E, F} ,
N,,a —CS = {ONeu, 1y, AL, M, N}, where
D={p, ([06,1], [0.8,1], [0,0.3]))} ,
E={p,(06,1],[0.8,1],[0.4,0.6]))}, F =
{(p, (]0.3,05],[0.8,1],[0,0.6]))} , L=
{{(p, ([0, 03], [0, 0.2], [0.6, 1]))}, M =

{(p,(0,0.6],[0,0.2],[03,05D)} , N=
{(p,([0.4,0.6],[0,0.2],[0.6,1]))} . Now |,

Ngya — int(Neya — cl(§)) = Npya —

int(lNeu) 1y,, = Negya — int(Neua—

Cl(g)) = 1Neu Z Ngy — int(0), Ney, —
int(R)=A whenever G € O, R , 0=
{(p,(10.8,1],[0.8,1],[0,0.3]))} and R =
{(p,([0.8,1],[0.8,1],[0.4,0.5]))} . Hence , G is
not Ny, gsa™ — CS .

Theorem 3.24: Every N,,gsa*—CS
N, gl — CS , but not conversely .
Proof:

Let ASM,Mis Ny, — 0S in (IP, TNeu) . Since
A is Ngygsa™ — CS , then N a — int (Neua —
cl(A)) C N,, — int(W) , whenever ASW , W
is Nga*—0S . Since every N,,m —0S 1is
Ny, — OS , then M is N,, —OS . Also , since
every Ny, —0S is Nya® — 0S , then W =M .
Now by theorem 3.22 , N, —cl (A) SV ,
whenever A M, M is N,,m — 0S in (IP, TNeu)
.Hence , A is N,,mgf —CS .

Example 3.25: Let P ={p} and A=
{(p,(0.7,0.6,0.5))} be N,,(P) TN, =
{On,,  1n,, A}isa Ny TSon (P, Ty, ). A°
{(p,(0.5,0.4,0.7))} Let G =
{(p,(0.9,0.2,0.4))} be any N,,(P) . Since ,

Neu.B - Cl(g) :g U (Neu — int (Neu -
cI(Ney — int(Q)))) =g U (Neu -
int (Ney — cl(ONeu))> =G U (Ney -

int(Op,,)) = G UOy,, =G S 1y, whenG S
1y,,& Neym—0S = {ONeu} . Hence , G is
N,mgB — CS.But isnot N, gsa™ — CS . Also,
Ngya® — 0S = Npyya — 0S = {Oy,, 1y, &,
D}, Neya — CS ={0y,,, 1y,,, A°, E} , where
D = {{(p,([0.7,1],[0.6,1],[0,0.5]))} , E=
{{(p»,(0,0.5],[0,0.4],[0.7,1]))} . Now , N, a —
int(Neya — cl(G)) = Neya — int(lNeu) =1y,
= N,,a — int(Neua — cl(g)) =1y,, € Ney —
int(F)y=A whenever G S F , F=

is
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{(p,([0.9,1],[0.6,1],[0,0.4]))} . Hence , G is not
Ny gsa™ —CS .
Inter-relationship 3.26:

N, - (S Nya-CS  NuS-C5  Nuw' (5 N,R-CS

N,6-CS st -5 / N, g5-CS
| \ﬂ

Ny,g0-CS Neugb—é‘s/ N JB-C5 Nokgh -5y Sa-CS

Theorem 3.27: Let (IP, TNeu) be a N, TS . Then
intersection of two Ng,gsa*—CS is a
Neygsa® — CS in Ng, TS (P,7y,,) -

Proof:

Let A and B are N, ,gsa™ — CS in (IP, TNeu) .
Then Npya — int (Neya — cl(K)) € N, —
int(W) , whenever AW , Wis N,,a* — 0S
and Nya — int (Neya — cl(B)) € N, —
int(M) , whenever BEM , M is N,,a* — 0S .
Since Wis N a* —0S ,then W € N,,,a —

int (Neu —cl (Noya — int(W))) and M is
New” = 05, then N € Nyt — int (Ney, —
cl(Nyya — int(M))) Now,WnM ¢
(Neuoc — int (N — cl(Neyar —
int(W)))) N (Neua — int (Neu -
cl(Npyor — int(M)))) > (Neu —int (Ney—
cl(Ney, — int(W)))) N <Neu — int (Neu -
cl( Ngy — int(M)))) =N,, — int ( (Neu -
cl( Ngy — int(W))) N (Neu — cI(Nyy, —
int(M)))) > N,, —int (Neu — ol ((New —

int(W)) N (Ngy — int(M)))) = Ney —
int (Noy — cl(Noy - int (W N M))) =

WAMC Nya-int (Neu — cI(N,ya —
int(W n M))) >WNnMis N,ya*—0S .
Now , (Neua —int (N, — cl(A))) N

(Neua —int (Nyua — cl(B))) c (N, —
int(W)) N (Ng, — int(M)) = Ny, — int(W n
M) = Ney — int(W 0 M) 2 (Neyr -

int (Nyya — cl(A))) n (Neua -

cl(B))) c (Neua -

int (Ney = cl(K))) N (Newat — int(Ney, —
cl(B))) 2 (Neu —int (Ng, — cl(A))) N

(Neu —int (N — cl(B))) =N,, —

int ((New = cl(&)) 0 (Ney — c1(B))) 2 Ney —
int (Ngy — cl(ANB)) S Npya —int (Ngy, —
cl(ANB)) 2 Nyya —int (Nyya — cl(AN
B)) = No,a —int (Neya — cl(ANB))
CN,, —int(WnM),whenever ANB S WnN
Mand WNMis N,a*—0S .Hence, ANB

is Noygsa™ — CS .
Theorem 3.28: Let {Ay} be a collection of
YeA

int (Neua -

Ny gsa®—CS in a N, TS (]P),TNeu) . Then
Nyea{4, }is Neygsa® — €S in N, TS (P,7y,,)
. (ie) Arbitrary intersection of N,,gsa* —CS is
Ngygsa® —CS in N, TS (P, 7y,,) -

Proof:

Since {Ay}yeA is N,,gsa*—CS in ([P, ‘L'Neu) .
Then N,,a — int (Neua - cl(Ay)) CN,, —
int(Wy), whenever A,€ W, , W, is Ny a" —
0S , forall yeA . Since W, is Ngya™ — 0S , then
(Neu —cl (Neuoc -

int(Wﬂ)) for all A . Now , ﬂyeA{Wy}E

W, <€ Ny —int
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ﬂyeA{Neua — int (Neu — cl (Neua -
int(Wy))>} > Nyey { New — int (Neu_
cl (Neu - int(Wﬂ))} = Ney —

cl (Neu - int(Wy))}) 2

(Neu —cl (nyeA{ Neu -
int(W,)})) = Ney — int (Neu — el (Ney —
int( NyesW,})) ) ©

cl (Neua - int(ﬂyeA{Wy}))) = Nyer{W,}
is Noya*—O0S .

int ( nyeA { Neu -

N, — int

Ny a —int <Neu -

Nyea {Neua — int (Neua -
CI(AV))} < nyeA{ Ney — int(Wy)} = Ney —

int (NyeafWy}) = New —

int (NyeafWy}) 2 Nyea {Neu“ -

int (Neua - cl(Ay))} S Nyea {Neua —

CI(AV))} 2 ﬂyeA{Neu —

— cl(Ay))} = New—

int (ﬂyeA(Neu - Cl(Ay))) SN, —

int (Neu -cl ( ﬂyeA{Ay})) C N,a — int
(Neu - cl ( nyeA{Ay} ))
int (Neuoc - cl ( ﬂyeA{Ay} )) = N —
int (Neua - cl(ﬂyeA{Ay})) C Ney —
int(nyeA{WVD nyeA{Ay} =
Nyea{W,} and N, ea{W, }is Ng,a®—0S .

Hence , ﬂyeA{Ay} is N,gsa™ — CS .

Theorem 3.29: Let ([P, ‘L'Neu) be a N,,, TS . Then

union of any two N,,gsa* — CS is a

Ngygsa®—CS in N, TS (P,1y,, ) -

Proof:

Now .

int (Neu -

int ( N,,

2 N,,a —

, Whenever

Let A and B are N,,gsa® — CS in (IP, TNeu) .
Then Ng,a —int (Neya — cl(K)) S Ny —
int(W) , whenever AW , Wis N, a*—0S
and  Nya—int (Neyya —cl(B)) S Ny, —
int(M) , whenever BS€M , M is N,,a* — 0S .
Since Wis Ny,a® — 0S ,then W € N, — int

(Neu — cl(Npya — int(W))) and V] is N,,a* —
0S . then M CNya—int (Ney-—
cl (Neya - int (M))) . Now , WU M €
(Neuoc — int (Neu —cl (Neua -

int (W)))) U (Neua —int (Neu -

cl(Neua - int(M)))) 2 (Neu —int (Neu -
cl(Ney, — int(W)))) U <Neu — int (Neu -
cl(Ngy — int(M)))) € N,y — int (( Ny —
cl(Neu — int(W))) U

(New= €1 (New = init W))) = Ny =

int (Neu = ol ((New = int(W)) U (New, -
int(M)))) € Noy — int (Ney — cl(New —

int (W n M))) SWnM S Nya-—

int (Neu — cl(Neya — int(W N M))) =
WNM is Nya* —0S.

(Neua —int (Neya — cl(A))) U
(Neuoc —int (Ng,a — cl(B))) S (Ney —
int(W)) U (Ngy — int(M)) € Ny, — int(W U
M) = New = int(W U M) 2 (Neyar -
int (Newa — cl(£)) U (Newt = int (Neyer -
cl(B))) € (Newat — int (Ney — cl(A))) U
(Newtt = int(Ney = cl(B))) 2 (New -

Now ,
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int (Noy — cl(A))) U (Neu —int (N —
cz(B))) C N,, — int ((Neu — cl(K)) U

(New = cI(B))) = Ny — int (Ney — cl(K U
B)) S N, —int (Ney — cl(AUB)) 2
N, a — int (Neya — cl(AUB)) = N —
int (Neya — cl(AUB)) S Ny, — int(W U M)
, whenever AUBCSWUM and WUV is
N, ,a* — 0S .Hence, AUBis N,,gsa™ — CS .
Theorem 3.30: In a N, TS ([P, ‘L'Neu) , we have
the following conditions

(i) Oy,, and 1y are N gsa™ —CS .

(i1)) The intersection of any number of
N.,gsa® — CS subsetsisa N, gsa™ —CS .

(ii1) The union of any two N ,gsa™ — CS is
a Noygsa®—CS in (]P, ‘L'Neu) .

Proof:

(1) Since Oy, and 1y, are N, — CS ,then
by theorem 3.2, Oy, and 1y, are Ny,gsa® —
CS .

(i1) Proof follows from theorem 3.28 .

(ii1) Proof follows from theorem 3.29 .
Remark 3.31: The collection of N,,gsa* — CS
form a topology . (by theorem 3.30)

Remark 3.32: The concept of N,,G* — CS and
N.,gsa™ — CS are independent .

Example 3.33: Let P ={p} and A=
{(p,(0.4,0.5,0.7))} be N, (P) TN, =
{On,, » 1n,,, A}is a Ny TSon (P, 7y, ). A° =
{{(p,(0.7,0.5,0.4))} . Let g =
{{»,(0.6,0.5,0.5))} be any N, (P) . N,,a* —
0S =Nga—0S= {0y, ,1y A} and
Neya — €S = {0y, , 1y, &} . Now , Noya —
int(Neua — cl(g)) = N a — int(AC N 1Neu)
=N, a — int(A°) = AU Oy, = A=
Neya - int (Neya — cl(§)) = A <

N, - int (1Neu) =1y, » WheneverG < 1,_ .

Hence , G is N,,gsa®—CS . But G is not
N, G* — CS , because N, —cl (G) = A EF,
J,K . where, F={(p,([08,1],0.5,0.5))},
I= {{p, (0.6, [0.6,1], [0, 04]))} , K=
{(p, ([0.6,1],[0.6,1],0.5))} .

Example 3.34: Let P ={p}
{(p,(0.2,0.7,0.8))} be N, ,(P) TN, =
{On,, 1w, A}isa NoyTSon (P,zy, ) . A° =
{{(p,(0.8,03,0.2))} . Let g =
{{(»,(0.9,0.8,0.1))} be any N,,(P) . Since ,
Ney —cl (§) =1y, € 1y, when G S 1y .
Hence , G is N,,G*—CS . But G is not
Ny gsa®—CS . Also, Nya®* —0S = Ny, —
oS = {0y, , 1y, & ,D,E,F} , Nya—CS=
{On,, 1n,, AS,L,M,N},  where D=
{(»,([0.8,1],[0.7,1],[0,0.2D)} , E = {(»p,
(fo.2,0.7], [0.7,1], [0,0.8]))} , F={p,
(fo.8,1], [0.7,1], [0.3,0.8]))} , L= {p,

and A=

([0,0.2], [0,0.3], [0.8,1]))} , M ={{p,
([0,08], [0,0.3], [0.2,0.7]))} , N =
{p,(0.3,08],[0,0.3],[0.81]D)} . Now ,

Neya — int(Noyya — cl(§)) = Npya —
int(lNeu) 1y,, = Neya— int(Neua -
cl(§)) = 1n,, € Ney — int (0) = & :
whenever G € O, 0 = {{p, ([09,1], [0.8,1],
[0,0.1]))} . Hence, Gisnot N, gsa* — CS .
Remark 3.35: The concept of N,,g — CS and
N.,gsa™ — CS are independent .

Example 3.36: Let P ={p} and A=
{{(p,(0.3,0.6,0.7))} be N,,(P) TN, =
{ONeu , 1Neu'A} isa Ng,TS on (P, TNeu) A=
{{(p,(0.7,04,03))} . Let g =
{{(»,(0.2,0.3,0.9))} be any N,,(P) . Nga* —
0S = Ngya-0S = {0y, , 1y, &, D, E,
F} and Npya—CS={0y,,, 1y, A°, L,
M,N} , where D={p, ([07,1],
[06,1], [0,03))},E={p, ([0.3,0.6],
[06,1], [0,0.7D))} ., F={(p, ([0.7,1],
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[0.6,1], [0.4,0.7]))} , L= {{», ([0,0.3],
[0,0.4], [0.7,1]))} , M ={p, ([0,0.7],
[0,04], [0.3,06])) , N= {(p,
([0.4,0.7],[0,0.4],[0.7,1]))} . Now, N, a —
int(Neua — cl(g)) = Ngya —int(J)  =0y,,,
where ] =
{(»,(0.2,0.3],[0.3,0.4],[0.7,0.9]))} . Noya —
int(Neua — cl(g)) = Oy,, C N,y —
int(A),N,, — int(D), Ny — int(E), Ny —
int(F) ,Ngy, — int(1y,, ) = &, 1y, , whenever
G< A, D,E,F,1y,,. Hence, G is Ny gsa™ —
CS .ButGisnot N,,g — CS ,because N,,, — cl
(G) =A° L K, whereGS X .

Example 3.37: Let P ={p} and A=
{(p,(0.8,0.5,0.2))} be N,,(P) TN, =
{On,, 1, A} isa NgTSon (Pty,,) . A° =
{{(p,(0.2,05,0.8))} . Let G=
{(p,(0.9,0.7,0.2))} be any N,,(P) . Since ,
Ngy —cl (G) =1y, € 1y, when G S 1y .
Hence , G is Ng,g—CS . But G is not
Ng,gsa® —CS . Also, Noya* —0S = Ny o —

0s= f{on, 1n,,A.D} , Nea—CS=
{ONeul 1Neul AC ) E}, Whel‘e D = {( p )
(f0.8,1], [0.5,1], [0,02]))} , E= {(p,

([0,0.2],[0,0.5],[0.8,1]))} . Now , N,a —
int(Neua — cl(g)) = N, a — int(lNeu) =1y,
= N, a - int (Neua - cl(g)) =1y, &

N., — int(F) =A whenever G € F , F =
{(p,([0.9,1],[0.7,1],[0,0.2]))} . Hence, G is not
Ng,gsa™ —CS .

Remark 3.38: The concept of N, P —CS and
N.,gsa™ — CS are independent .

Example 3.39: Let P ={p} and A=
{(p,(0.2,0.4,0.6))} be N,,(P) TN, =
{On,, 1, A} isa N TSon (Pty,,) . A° =
{{(p,(0.6,0.6,0.2))} . Let g =
{{(»,(0.4,0.8,0.6))} be any N, (P) . N,a* —
0S =Nga—0S= {0y, ,1y A} and

Neya — CS = {0y, , 1n,,, &}
Neya - int (Neya — cl(§)) =
N, a - int (1Neu)

= 1y, . Nyya - int (Neua — cl(g)) =1y,
Ngy — int(lNeu) = 1ly,,, Whenever G S 1y .
Hence , G is N, ,gsa®™—CS . But G is not
NP —CS , because N, —cl (Neu -
int (§)) =New —cl(H) =A£€LG .

Example 3.40: Let P ={p}
{(p,(0.7,0.8,0.3))} be N,,(P) TN, =
{ONeu , 1Neu'A} isa Ng,TS on (P, TNeu) A=
{{(p,(03,0.2,0.7))} . Let g =
{{(»,(0.6,0.5,0.9))} be any N,,(P) . Since ,
Ny — ¢l (Ngy, —int (G)) = Noy, — ¢l (0y,,) =
Oy, G . Hence, G is Ng P —CS . But§is
not N, gsa*—CS . Nga®—0S =N, a—
0s= f{on, 1n,,A.D} , Nea—CS=
{On,, 1n,, A°,E} , where D={yp,
(fo.7,1], [0.8,1], [0,0.3]))} , E =
{(p,(10,0.3],[0,0.2],[0.7,1]))} . Now , N, a —
int(Neua - cl(g)) = N a — int(lNeu) =1y,
= N,,a — int(Neua — cl(g)) =1y,, € Ney —
int(£), N, —int(D) = A whenever G € A ,
D . Hence, G is not N, gsa™ — CS .

Remark 3.41: The concept of N, b — CS and
N.,gsa™ — CS are independent .

Example 3.42: Let P ={p}
{(p,(0.3,0.2,0.8))} be N,,(P) TN, =
{On,, 1, A} isa NgTSon (Pty,,) . A° =
{(»,(0.8,0.8,0.3))} . Let g =
{{(»,(0.7,0.9,0.8))} be any N, (P) . N,a* —
0S =Nga—0S= {0y, ,1y A} and
Newa —CS = {0y, , 1y, A}
N,,a - int (Neua -cl (g)) =
Ng,a - int (lNeu)

=1y, . Ngya - int (Neua — cl(g)) =1y, S

, Now ,

and A=

and A=

Now
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N, — int(lNeu) = 1y,,, Whenever G C 1y _ .
Hence , G is Ngygsa®™—CS . But G
Ny b — CS , because N, —cl (Neu -
int(§)) N Ney — int (Ney — cl(§)) = New —
cl(A) N Ny, —int(1y,,) =A° N1y, =A &

1S not

g .
Example 3.43: Let P ={p} and A=
{p,(0.7,0.4,0.6))} be N, (P) Ty, =

{ On,, » 1N, A}isa Ny, TSon (P, TNeu) CKE =
{{(p,(0.6,0.6,0.7))} . Let g =
{(p,(0.4,0.3,0.6))} be any N,,(PP) . Since
,Noy — ¢l (Noy — int(§)) N Ngy, — int (N, —
cl(g)) = N,, — cl(ONeu) N N,, - int (1Neu) =
Oy, N 1y, =0p,<G . Hence , § is

Noyb— CS . But G is not N,,gsa”—CS .
Negya® —0S = Nyya—0S = {0y, 1y,
A,D, E} , Newa — CS ={ 0y, ,
1y, A°, F, L} , where D={p,

((0.7,1], [06,1], [0,0.6]))}, E={{p,
(fo.7,1], [0.4,0.5], [0,0.6]))} , F={p,
([0,06], [0,0.4], [0.7,1]))} , L=
{(p, (10,0.6],[0.5,0.6],[0.7,1]))}
N, a — int(Neua — cl(g)) = N,,a —
int(lNeu) = 1y,, = Nya-int (Neua —
Cl(g)) =1y, Z Ney — int(4), Ney —
int(D),N,,, — int(E) = A, whenever G € A, D
, E . Hence, G is not No,gsa™ — CS .

Remark 3.44: The concept of N,,bg — CS and
N.,gsa™ — CS are independent .

Example 3.45: Let P ={p} and A=
{{(»,(0.5,0.3,0.8))} be N, (P) TN, =
{On,, 1, A}isa N, TSon (P,7y, ). A =
{(p,(0.8,0.7,0.5))} . Let g =
{(p,(0.7,0.8,0.7))} be any N (P) . N,,a*—
0S =Ngya—0S= {0y, ,1y A} and
Neya — €S = {0y, , 1y, &},
Ngya - int ( Neya — cl(§)) =

Now

Now ,

N,,a - int (1Neu)

Neya - int (Neya — cl(G)) = 1y,, S Ney —
int(lNeu) = 1y,,, Whenever G € 1y _ . Hence,
Gis N,,gsa® —CS .ButGisnot N, bg —CS ,

Newb=cl (§)=GU((Neu -
int (Ney = c1(§))) 0 (New = €l(Ney, —
int(Q)))) -G U ((Neu — int (1y,,)) N

(Neu - Cl(A))> =g U(lNeu N Ac) =G UA =

S, where S = {(p, (0.8,0.8,0.5))} = N,,b — cl
(G)=S<ZD,E , whenever G € D ,E , where

= 1Neu =

because

D = {{p,([0.7],[0.8,1],[0,0.7]))} , E=
{(p,(]0.8,1],]0.8,1],[0.6,0.7]))} .
Example 3.46: Let P ={p} and A=

{(p,(04,0.6,08))} be N, (P) Ty, =
{ONeu g, A} isa N, TS on (]P’, TNeu) .G

{(p,(0.8,0.4,04))} . Let G =
{{(»,(0.3,0.5,0.9))} be any N,,(PP) . Since

,Neyb — cl(g) =G U <(Neu —int (Neu -
cl(Q))) n (Neu — cl(Ngy, — mt(g)))) =
G U ((Neu — int (1Neu)) n (Neu _

cl(ONeu))> =G U (Oy,, N1y,,)=GU

Oy, =G S W, whenever G € W and W is
Ng,b —0S .Hence,G is N, ,bg —CS .But §
is not Ny, ,gsa®™ —CS . Noya™ — 0S = N o —
oS = {oy,, 1y, &, D,E,F} , Nya—CS=
{On,,, 1n,,, A°, L, M, N} , where D =
{(p, ([08,1], [06,1],[0,04])} , E=
{(p, (l0.8,1], [0.6,1], [0.5,0.8]))} , F =
{(p, ([0.4,0.7], [0.6,1],[0,0.8]))} , L=
{{(p, ([0,04], [0,04], [08,1]D))} , M=
{{(p, (10,0.8], [0,0.4], [0.4,0.7]))}, N =
{{(p, ([0.5,0.8], [0,0.4],[0.8,1]))} . Now ,

Ngya - int ( Neya — cl(§)) = Npya —
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int(lNeu) 1y,, = Neya — int(Neua—
Cl(g)) = 1n,, Z Ney, — int(A), Ney, —

int(D), No, — int(E), N,, — int(F) = K,
whenever G € A, D, E, F. Hence, G is not
Ny gsa™ —CS .

Remark 3.47: The concept of N, ,ag — CS and
N gsa® — CS are independent .

Example 3.48: Let P ={p} and A=
{(p,(04,03,0.6))} be N,,(P) TN, =
{On,, 1w, A} isa NgTSon (Pty,,) . A° =
{{(p,(0.6,0.7,04))} . Let G =
{(p,(0.2,0.3,0.8))} be any N, (P) . N,a*—
0S =Nyya—0S= {0y, 1y, A} and
Ngya —CS ={0y,, , 1y, £°} , Now , Np,a —
int(Neua — cl(g)) = N a — int(AC N

1n,,) = Neya — int(A°) = AU Oy, =4A=
Neya - int (Neya — cl(§)) =& S Ny —
int(K), N, —int (1y,,) =4, 1y, :
whenever G € A, 1y, . Hence, G is Ny gsa™ —
CS .ButGisnot N,,ag — CS ,because N, a —
cl(G) = A € A, whenever G S A .

Example 3.49: Let P ={p} and A=
{(p,(0.6,0.8,0.4))} be N, (P) TN, =
{ONeu , 1Neu'A} isa Ng,TS on (P, TNeu) A=
{{(p,(0.4,0.2,0.6))} . Let g =
{{(p,(0.2,0.7,0.3))} be any N, (P) . No,a* —
0S = Ngya — 0S = {0y, , 15, &, D}, Noya —
¢S ={0y,, 1n, A5 E} ., where D=
{{p.([0.61], [0.81], [0,04]))} , E-=
{(p,([0,0.4], [0,0.2],[0.6,1]))} .Since ,
Neya —cl(§) =1y, € 1y,,, whenever G C
1y,,- Hence , G is Ngyag —CS . But G is not
Ny gsa®—CS . Now , Ny, — int(Neua —
cl(g)) = N, ,a — int(lNeu) =1y,, = Neya —
int (Neua -cl (g)) =1y, ¢

Ng, - int (F) = A , whenever G € F , where

F = {(p, ([0.6,1], [0.8,1], [0,0.3]))} . Hence ,
Gisnot Ny, gsa™ — CS .

Remark 3.50: The concept of N,,gR — CS and
Ng,gsa® — CS are independent .

Example 3.51: Let P ={p} and A=
{{(p,(0.7,0.6,0.5))} be N,,(P) TN, =
{On,, 1, A} isa NgTSon (Pty,,) . A° =
{{(p,(0.5,0.4,0.7))} . Let G =
{(p,(0.4,0.2,0.8))} be any N, (P) . Noya* —
0S = Ngya-0S ={0y, , 1y,, &, D }and
N, a — CS = {ONeu' 1y,,, A°, E}, where
D={p, ([07,1], [06,1], [0,05]))},
E={p, ([0,05], [0,0.4],[0.7,1]))} :
Now , Neya - int ( Neya — cl(§)) =
Neya - int (F) =0y, ., where F=
{{(p,([0.4,0.5], [0.2,0.4], [0.7,0.8]))} =
Neya — int(Ngy,a — cl(G)) = Oy, S Ny —
int(A) , Ny, — int (D), N, —int(1y,) = 4,
1y,, » whenever G € A, D, 1y, . Hence, G is
Nggsa®—CS . But G is not N,,gR—CS ,
because Ny R — cl(G) = 1y, € A, whenever G
CKA.

Example 3.52: Let P ={p} and A=
{(p,(0.7,0.4,0.6))} be N,,(P) TN, =
{On,, 1, A} isa N TSon (Pty,,) . A° =
{{(p,(0.6,0.6,0.7))} . Let g =
{{(»,(0.8,0.7,0.2))} be any N,,(P) . No,R —
€S ={0y,, 1n,,}. Since , NgR—cl(G) =
1n,, € 1y,,, whenever G © 1y . Hence, G is
N.y,gR —CS . But G is not N,,gsa* —CS .
Neya® — 0S = Npyya — 0S = { Oy, , 1y, A,
D,E} , Nga— CS={0y,, 1y, , A,
L,M} ,where D={(p, ([0.7,1], [0.6,1],
[0,0.6]))} , E={p, ([0.7,1], [0.4,0.5],

[0,0.6]))} . L= U», ([0,06],
[0,0.4],[0.7,1]))} : M=
{(»,([0,0.6],[0.5,0.6],[0.7,1]))} Now
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N, a — int(Neua — cl(g)) = N,,a —
int(lNeu) ly,, = Neya — int(Neua -
cl(g)) = 1y,, € Ngy — int(J), whenever G S
I, where | = {{p,([0.8,1],[0.7,1],[0,0.2]))} .
Hence , G is not N, gsa™ — CS .

Theorem 3.53: Let (P, 7y, ) bea N, TS.If B
is a Nyygsa®—CS and B S A, then A is
Ng,gsa™ —CS .

Proof:

Let A S Wand WisaNga®—0S in(P,ty,,)
. Since BE A , then BESW . Now , B is
Ny gsa®—CS , then N,a- int (Neua —
cl(B)) S N,y - int (W).But N, — cl(K) S
N,, —clB) = Nya — cl(f) S N, — cl(K)
C Nga —cdB)ES Ny —clB) = Ny, —
int (Neua — cl(A)) c N,, — int(Neua -
cl(B)) = N,y — int(Ngya — cl(A)) S Npya —
int(Neua — cl(A)) C N,, — int(Neua —
cl(B)) € Nya — int(Nyya — cl(B)) =

N,,a — int (Neua — cl(A)) c

Neya - int (Nyya — cl(B)) S Ny, —

int (W) = N,y — int (Neua - cl(A)) c
Ny, — int(W) , whenever A € W and W is a
Ngy,a*— 0S .Hence, A is Ny,gsa™ —CS .
Inter-relationship 3.54:

NP -CS Ne g = CS NeygR - CS
N
N, gsa* = CS
| -y y
Neyb = Neubg—/g‘ NII* -(S -(S

IV.NEUTROSOPHIC gsa® —OPEN SETS
Definition 4.1: A neutrosophic set A in a N, TS

(IP, TNeu) is called a neutrosophic generalized
semi alpha star open set (Newgsa™ — OS) if
N, a — cl(Neua — int(A)) 2 N, —cl(G) ,

whenever A 2 G and G is N,,a" — closed set

Example 4.2: Let P ={p} and A=
{(p,(0.4,0.5,0.7))} be N,,(P) TNy, =
{ONeu , 1Neu'A} isa Ng,TS on (P, TNeu) A=
{{(p,(0.7,0.5,0.4))} . Let g =
{(p,(0.2,0.5,0.6))} be any N,,(P) . N,,a* —
0S =Nyua—0S= {Oy,, 1y, A} and

Neya — CS = {On,, 1n, &°}. Now
Newa - cl (Npya — int(Q)) =
N.,a - cl (ONeu) =0y, = Ny, a —

cl( Noya — int(G)) = Oy, 2 Ney, —

cl(ONeu) = Oy,,,, whenever G 2 Oy . Hence, G
is Noygsa® — 0S .

Theorem 4.3: Let (]P, ‘L'Neu) bea N,,TS. Then
(1) Every N,,, — OS is N,,gsa* — OS , but not
conversely .

(2) Every Ny a — 0S
not conversely .

(3) Every N,,S — 0S
not conversely .

(4) Every N, a* — 0S
not conversely .

(5) Every N.uR — Os
not conversely .

(6) Every N, ga — 0S is N,,gsa*™ — 0S , but
not conversely .

(7) Every N, Sa — 0S is N, gsa™ — 0S , but
not conversely .

(8) Every Ny, gsa* — 0S
not conversely .

(9) Every N,,gsa* — 0S is N,,gs — OS , but
not conversely .

(10) Every N, gsa® — OS is No,gb — OS , but
not conversely .

(11) Every N, gsa® — 0S is N, g — OS ,but
not conversely .

(12) Every N, gsa™ — 0S
but not conversely .

is Noygsa™ — 0S , but
is Noygsa™ — 0S , but
is Noygsa™ — 0S , but

is Noygsa® — 0S , but

is N, B — OS , but

1S Np,mgf — 0S
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(13) Let (]P’, TNeu) be a N,,, TS . Then union of
two N,y gsa*™ — 0S
N, TS (P,ty,,) -

(14) Let {Ay}yeA be a collection of N,,gsa™ —

0S in a N, TS (P, 7y,,) - Then Uyea{4,} is
Nggsa®—0S in  N,,TS (IP, TNeu) . (ie)
Arbitrary union of N, gsa® —0S is N, ,gsa” —
0S in N, TS (P,7y,,) -

(15) Let (]P’, TNeu) be a N, TS . Then intersection
of any two N,,gsa* — 0S
in N, TS (P,7y,,) -
(16) In a N,,TS (]P’, TNeu) , we have the

following conditions
(i) Oy,, and 1y  are N, gsa®™ —0S .

is a Noygsa®™—0S in

isa N gsa™ — 0S

(1)) The intersection of any number of
Ny gsa™ — 0OS subsetsis a Ny gsa™ — 0S .
(ii1) The union of any two N,,gsa” — 0S isa
Ng,gsa® — 0S in ([P, ‘L'Neu) .
(17) The collection of N,,gsa™—0S form a
topology .
(18) The concept of N,,G*—0S and
N gsa™ — 0OS are independent .
(19) The concept of  N,,g—O0S and
Ng,gsa® — 0S are independent .
(20) The concept of  N,,P—0S and
N, gsa™ — 0OS are independent .
(21) The concept of  N,,b—0S and
N.,gsa® — 0S are independent .
(22) The concept of N,,bg—0S and
N.,gsa® — 0S are independent .
(23) The concept of N,,ag—0S and
Ng,gsa® — 0S are independent .
(24) The concept of N,,gR—0S and
Ng,gsa™ — 0S are independent .
(25) Let (P,7y,,) be a N, TS . If Bisa
Ngygsa*—0S and BCS A , then A is
Ny gsa™ —0S .
Proof :

The proof follows from theorem 3.2 to 3.54

V.N,,gsa’ —INTERIOR AND
N.,gsa* —CLOSURE
Definition 5.1: A neutrosophic set A in a N, TS
([P, ‘L'Neu) is called a neutrosophic generalized
semi alpha star interior (Negsa™ —int) and

neutrosophic generalized semi alpha star closure
(Neugsa™ — cl) of A are defined by,

(1) Negsa™ —int(K) = U{G :
GisaNggsa*—0SinP and G S A}
(i1) Newgsa™ —cl() = N{ XK :

KisaNggsa*—CSinP and A K }.
Theorem 5.2: Let ([P, ‘L'Neu) bea N,,TS. Then
for any neutrosophic subsets A and B of'a N, TS
P, we have

(1) Newgsa™ — int(4) C A

(2) A S Neagsa® — cl(&)

(3) A is Negsa®™—0S in P iff
Newgsa™ — int(f) = A

4) A is Nagsa™—CS in P iff
Newgsa™ — cl(K) = A

(5) Neugsa™ — int(Neugsa* -
int(A)) = Nepgsa® — int(4)

(6) Neugsa™ — cl(Neugsa* — cl(A)) =
Newgsa®™ — cl(4)

(7)If A< B,then Ny gsa™ — int(4) <
Neugsa™ — int(B)

(8) If A < B, then Ny gsa™ — cl(4) <
Neygsa™ — cl(B)
Proof:

(1) Nagsa®™ —int(4) = U{ G :
GisaNggsa*—0SinlP and GS A} S K.
Clearly , Neugsa™ — int(A) S A .

) Newgsa®™ — cl(A) = N{ K :
KisaNggsa*—CSinP and ASK}24.
Clearly , A € Naugsa™ — cl(4) .

(3) Let A be Newgsa™ — 0S in P . Since ACA
and A is Negsa®—0S in P, then Ae{G:
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GisaNggsa*—0SinP and GS A} =
A=U{G:GisaNegsa" -

OSinPand G<S A} . Hence , Neagsa® —
int(A) = A . Conversely , Let Negsa®™ —
int(A) = A Then , A=U{G:
G is a Neygsa® — 0S in P and G C

A} => Ae{G:GisaNggsa" —

OSinP and G S A} = Kis Neygsa®™ — 0S in
P.

(4) Let Abe Neygsa™ — CS in P . Since ACA
and A is Negsa®—CS in P, then Ae{ XK :
KisaNggsa*—CSinPand A< K} =
A=N{K:KisaNggsa" —

CSinPand A< X} . Hence , Nagsa® —
cl(h) =4 Conversely , Let Negsa® —
cl(f) =4 Then , A= N{X:
K is a Ngygsa®™ — CS in P and A <

K} = Ae{K:Kis a Nyygsa® —
CSinPand A S K} = AisNagsa®—CSinP

(5) Nagsa® —int(A) = U{G :
GisaNggsa*—0SinP and G S A} =
Neugsa®™ — int (Neygsa® — int(A)) =
U{ Neugsa* - int(g) : Neugsa* -
int(G)is a Ngygsa™ —
0S in P and Ng,gsa® — int(G) <

Newgsa™ — int(A)} = Ngygsa™ —

int(A) is Negsa®—0S in P . Hence ,
Newgsa® — int(Neygsa® — int(4)) =
Newgsa™ — int(4).

(6) Newgsa®™ — cl(A) = N{ K :
KisaNggsa*—CSinP and A<
K} =N gsa—cl (Neugsa* - cl(A)) =
N{Neygsa® — cl(K) : Ngygsa*® —
cl(X) is a Ngygsa* —

CS in P and Nggsa® — cl(A) <
Newgsa®™ — cl(K)} = Ngygsa™ —
cl(A) is Negsa®—CS in P . Hence ,

Newgsa® — cl(Neygsa™ — cl(K)) =
Newgsa™ — cl(A) .
(7) Negsa* — int(B) = U{G :
G is a Ngygsa®™ — 0Sin P and B 2
G}2U{G:GisaNegsa® -
OSinP and A2G} 2 Nagsa® —int(4f) .

Hence , Ngygsa® —int(4A) € Ny, gsa™ —
int(B) .
(®) Negsa®™ — cl(B) = N{ XK :

K is a Ngygsa™ — CS in P and B <
K} ) N{K:K is a Neygsa* —
CSinPand ASK} 2 Nagsa® —cl(f).
Hence , Noygsa® — cl(A) € Ny gsa™ — cl(B) .
Theorem 5.3: Let A be a neutrosophic set in a
Ny, TS (P, 7y,, ) - Then,

() (Negsa® = cl(K))" = Neygsa™ -
int(A°)

@ (Neygsa® —int(K))" = Neygsa* —
cl(A°)

(3) Newgsa™ — cl(ONeu) =0y, » Naugsa® —
cl(in,,) = .,

4) Nagsa™ — int(ONeu) = Oy, ,
Neugsa™ — int(lNeu) =1y,

Proof:

6] Neugsa™ — cl(4) =
N{K:KisaNggsa*—CSinPand A S
K}= (Neugsa* — cl(A))C = U{ K°¢:

K€ is a Ngygsa™ — 0S in P and A° 2
K¢} = Neygsa™ — int (4A°) .
(Newgsa® — cl(/)” = Neygsa™ — int(A) .

(2) Nagsa* — int(A) = U{G :
GisaNggsa*—0SinP and A2 G} =
(Neugsa® — int(A))c =
N{G°: G°isaNggsa®—CSinPand A° <
G¢}=Neygsa® — cl(A°) . Hence, (Neygsa™ —
int(A))c = Neygsa™ — cl(A°) .

Hence ,
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(3) Since Oy, and 1y, are Noy, — CS , then
by theorem 3.2, Oy, and 1y are N gsa® —
CS . Hence , Nagsa® —cl(Oy,) =0y, ,
Newgsa™ — cl(lNeu) =1y, -

(4) Since Oy, and 1y, are Ng, — 0S5, then

by theorem 4.3 (1) , Oy, and 1y, are

Neygsa®™ — 0S Hence , Nagsa® —
int(ONeu) =0y,, > Nagsa®— int(lNeu) =
1y, -

Theorem 5.4: Let (IP, TNeu) bea N, TS. Then
for any neutrosophic subsets A and B of'a N, TS
P, we have

(1) Neugsa™ — int(ANB) = No gsa™ —
int(A) N Ngygsa™ — int(B)

(2) Newgsa™ — cl(AUB) = Ny gsa™ —
cl(K) U Ng, gsa* — cl(B)
Proof:

€)) Newgsa™ —int(ANB) = U{G:
GisaNggsa*—0SinlP and GS ANB}
Since ANB €A and ANB < B, then by
theorem 5.2 (7) , Neagsa® —int(ANB) c
Neagsa® — int(A) and Negsa®™ — int (A N
B) € Ngugsa® — int(B) = Newgsa™ —
int(A N B) € Ngygsa® — int(A) N
Neygsa® — int(B) » (1) . Now by theorem
52 (1), Newgsa™ — int(4A) € A and Newgsa™ —
int(B) € B = Ny,gsa® — int(£) N Noy,gsa® —
int(B) S ANB = Ngygsa® — int(Ng gsa® —
int(A) N Neygsa™ — int(B)) C Nepgsa™ —
int(AnB) . By (@O , Nggsa* —
int(Neugsa* — int (A)) N Neygsa™ —
int (Neygsa® — int (B)) € Neygsa® —
int(A N B) By theorem 5.2 (5), N gsa™ —
int(A) N Ngygsa® —int(B) & Nagsa™ —
int (A n B) » (2 By (1) and @
Newgsa™ — int(A N B) = Ngygsa™ —
int(£) N Ngygsa® —int(B) .

) Since Negsa® — cl(AUB) =
((Newgsa® — cl(AU B))C)C , then by theorem
53(1),Nagsa® — cl(£ U B) = (Neygsa® —
int((A U B)C))C = (Neugsa® — int(£°n
B)) = (Negsa® — int(#°) N Neygsa® —
int(BC))C (by (1)) . Now , Neygsa™ — cl(A U
B) = (Newgsa™ —int(A))° U (Neygsa™ —
int(B))¢ = (Newgsa® — cl(£))°) U
((Neygsa® — cl(B))C)C (by theorem 5.3 (1)) .
Hence , Newgsa™ — cl(A U B) = Ngugsa™ —
cl(A) UNggsa® —cl(B).

Theorem 5.5: Let ([P, ‘L'Neu) bea N,,TS. Then
for any neutrosophic subsets A and B of a N, TS
P, we have

(1) Newgsa® — int(AUB) 2 N, gsa™ —
int(A) U Ngygsa™ — int(B)

) Newgsa® — cl(ANB) € Ny gsa™ —
cl(A) N Ngygsa™ —cl(B) .

Proof:

(1)Since A€ AUBand B € AU B, then by
theorem 52 (7) , Ngugsa®™—int(4) <
Newgsa™ — int(AU B) and Neygsa™ —
int(B) € Ngygsa™ — int(AU B) = Nagsa® —
int(AUB) 2 Ngyugsa™ — int(4A) UNg, gsa™ —
int(B) .

(2) Since ANB < Aand AN B < B, then by
theorem 5.2 (8) , Nagsa®™—cl(ANB) c
Newgsa™ — cl(A) and Negsa® — cl(ANB) <
Newgsa™ —cl(B) = Neagsa® —cl(ANB) c
Newgsa™ — cl(K) N Ngygsa®™ — cl(B) .
Remark 5.6: The following example shows that
the equality need not be hold in theorem 5.5.
Example 5.7: (1) Let P = {p} and A =
{p, (07,04,06))} be Npy(P) . Ty,
{ONeu' 1y, A} is a N, TS on (IP’,TNeu) :
A°={(p, (06,06,0.7))} . Let G={p,
(0.8,0.5,0.7) )} and H = {( p, (0.5,0.3,0.6))}
are two neutrosophic sets over P .
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(1) Negsa® —0S = {0y, 1y, A, D,E} ,
where D = {(p, ([0.7,1],[0.6,1],[0,0.6]))} ,
E= {p,(0.7,1], [0.4,0.5],[0,0.6]))}
Now , Nagsa™ — int(g) =0y, , Nagsa® —
int(H') = Oy,,. Then , Neygsa® — int(G) U
Newgsa™ —int(H) = Oy,,. Since , GUH =
{(p, (08, 05, 0.6))} , then Negsa®™ —
int(GUH)=F , where F={p,
([0.7,0.8], [0.4,0.5],0.6))} Newgsa® —
int(GUH) # Neygsa® — int(G) U
Neygsa™ —int(H) , but Negsa®™ — int(G U
H) 2 Neygsa™ — int(G) U Ngygsa™ —
int(H"). Hence , the equality need not be hold .

(2) Neygsa® — €S = {Oy,,, 1y, &, D E},
where D = {{p, ([0,0.6],[0,0.4],[0.7,1]))} ,
E= {(p, ([0,06], [0.5,0.6], [0.7,1]D)} .
Now , Nagsa® — cl(§) = 1y, , Nagsa™ —
cl(H) =1y,,. Then , Ngygsa™ — cl(§) N
Newgsa™ — cl(H) = 1y, .8Since,G N H =

{(p, (05,03,0.7))} ,then Negsa® —
cdd(gnH)=F , where F =
{p, ([0.5,0.6],[0.3,0.4],0.7))}. Nuogsa* —

cl(GNH) # Neygsa™ — cl(G) N Ngygsa™ —
cl(H), but Neygsa™ — cl(G N H) € Ny gsa™ —
cl(G) N Ngygsa™ — cl(H). Hence , the equality
need not be hold .

References:

[1] Ali Abbas, N.M., & Shuker Mahmood Khalil
, On New Classes of Neutrosophic

Continuous And Contra Mappings in
Neutrosophic Topological Spaces , Int. .
Nonlinear Anal. Appl. 12(2021), No.1 , pp.718-
725, ISSN: 2008-6822 .

[2] Atanassov , K., Intuitionistic Fuzzy Sets ,
Fuzzy Sets And Systems , pp. 87-94 , 1986 .

[3] Blessie Rebecca , & S., Francina Shalini , A.,
Neutrosophic  Generalized Regular Contra
Continuity in Neutrosophic Topological Spaces,

International Journal of Research in Advent
Technology , Vol.7, No.2 , E-ISSN:2321-9637 ,
pp.761-765 , Feb 2019 .

[4] Dhavaseelan , R., & Jafari , S., Generalized
Neutrosophic Closed Sets , New Trends In
Neutrosophic Theory And Applications , Vol. II
, pp-261-273 .

[5] Evanzalin Ebenanjar , P., Jude Immaculate ,
H., & Bazil Wilfred , C., On Neutrosophic b-
Open Sets in Neutrosophic Topological Space ,
International Conference On Applied And
Computational Mathematics , I[OP Publishing ,
Journal of Physics: Con.Series 1139(2018) .

[6] Floretin Smarandache , Neutrosophic Set: A
Generalization of Intuitionistic Fuzzy Set ,
Jorunal of Defense Resources Management ,
2010,107-116 .

[7] Jayanthi , D., @ —Generalized Closed Sets in
Neutrosophic Topological Spaces , International
Journal of Mathematics Trends And Technology
(IIMTT) , ISSN: 2231-5373 , pp.88-91 , March
2018.

[8] Maheswari ,C., & Chandrasekar , S.,
Neutrosophic bg-Closed Sets And its Continuity
, Neutrosophic Sets And Systems , Vol.36 ,
pp.108-120, 2020 .

[9] Maheswari ,C., Sathyabama M., &
Chandrasekar ,S., Neutrosophic Generalized b-
Closed Sets in Neutrosophic Topological Spaces
, International Conference on Applied And
Computional Mathematics , IOP Publishing ,
Journal of Physics , Conf.series :1139(2018) .
[10] Narmatha ,S., Glory Bebina ,E., & Vishnu
Priyaa ,R., On g —Closed Sets And Mappings
in  Neutrosophic Topological Spaces
International Journal of Innovative Technology
And  Exploring  Engineering(IJITEE)
ISSN:2278-3075 , pp.505-510 , Vol-8 , OCT
2019.



1175

[11] Pushpalatha , A., & Nandhini , T.,
Generalized Closed Sets Via Neutrosophic
Topological Spaces , Malaya Journal Of
Mathematik , Vol.7 , No.1 , pp.50-54 , 2019 .
[12] Qays Hatem Imran , Smarandache ,F., Raid
K-Al-Hamido & Dhavaseelan ,R., On New Semi
Alpha Open Sets , Neutrosophic Sets And
Systems , pp.37-42 , 18/2017.

[13] Sreeja, D., & Sarankumar , T., Generalized
Alpha Closed Sets in Neutrosophic Topological
Spaces , JASC , Journal of Applied Science &
Computations , ISSN:1076-5131 , Vol.5 , Issue
11, pp.1816-1823 , Nov-2018 .

[14] Venkateswara Rao ,V., & Srinivasa Rao
,Y., Neutrosophic Pre — Open Sets And Pre —
Closed Sets in Neutrosophic Topology |,
International Journal of ChemTech Research ,
ISSN:0974-4290 , Vol.10 , No.10 , pp.449-458 ,
2017 .

[15] Zadeh , L.A., Fuzzy Sets , Inform And
Control , Vol.8 , pp.338-353 , 1965 .



