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Abstract

Neutrosophy is a flourishing arena which conceptualizes the notion of true, falsity and
indeterminancy attributes of an event. In the study of dynamical systems, an orbit is a collection of points
related by the evolution function of the dynamical system. Hence in this paper we focus on introducing
the concept of neutrosophic orbit topological space denoted as (X, zwo). Also, some of the important
characteristics of neutrosophic orbit open sets are discussed with suitable examples.

Keywords: Neutrosophic orbit open set, Neutrosophic orbit topology, Neutrosophic orbit topological
spaces

Introduction

Fuzzy concept has invaded almost all branches of Mathematics since its introduction of the concept
of fuzzy set by Zadeh [14]. Fuzzy sets have applications in many fields. The idea of fuzzy set is
welcomed because it handles uncertainty and vagueness which Cantorian set could not address. However,
in reality, it may not always be true that the degree of non-membership of an element in a fuzzy set is
equal to 1 minus the membership degree because there may be some hesitation degree. Therefore, a
generalization of fuzzy sets was introduced byAtanassov [1] as intuitionistic fuzzy sets (IFS) which
incorporated the degree of hesitation called hesitation margin (and is defined as 1 minus the sum of
membership and non-membership degrees respectively). As a generalization of intuitionistic fuzzy sets
neutrosophic set was formulated by Smarandache [8-10] originally gave the definition of a neutrosophic
set and neutrosophic logic. The neutrosophic logic is a formal frame trying to measure the truth,
indeterminacy and falsehood. In 2012 Salama and Alblowi [11,12] introduced the concept of
neutrosophic topological spaces(NTOP). The concept of orbit function in general metric space was
introduced by Devaney [2]. The orbit in mathematics has an important role in the study of dynamical

systems. The concept of fuzzy orbit open sets under the mapping f : X — X in a fuzzy topological

space (X ,T)was introduced by Malathi and Uma[4]. The concept of fuzzy orbit topological spaces was
introduced by Majeed and El-Sheikh[5]. The concept of intuitionistic fuzzy orbit set and intuitionistic
fuzzy orbit topological space was introduced by Priscilla and Irudayam [3]. The concept of neutrosophic
orbit set was introduced by Madhumathi et al. [6]. The purpose of this paper is to study the collection of
all neutrosophic orbit open sets under the mapping f : X — X . we introduce the necessary conditions
on the mapping f in order to obtain a fixed orbit of a neutrosophic set (i.e., f(u) = pu) for any
neutrosophic orbit open set g under the mapping f. Also, some properties of neutrosophic orbit open sets
related with union (intersection) of these sets are introduced. we also prove that the family of all
neutrosophic orbit open sets constructs a new neutrosophic topological space. This new space is called
neutrosophic orbit topological space (X ,T NO)‘ Furthermore, the concept of neutrosophic orbit interior

(closure) is defined. Finally, the category of neutrosophic orbit topological spaces (NOTOP) is defined.
And we show this category is isomorphic to a subcategory of the category of NTOP.
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Preliminaries

1 Definition [9] Let X be a nonempty set. A neutrosophic set (NS for short) A is an object having the
form A = <x,AT,A',A™> where AT, AL AF represent the degree of membership , the degree of indeterminacy
and the degree of non-membership respectively of each element x€X to the set A.
2 Definition [9] Let X be a non empty set, A = <x,AT, ALA™> and B = <x,B",B, B®> be neutrosophic sets
on X, and let {A; : i€ J} be an arbitrary family of neutrosophic sets in X, where A; = <x,AT, Al, AF>

(i) A SBifand only if AT< BT, Al= B'and AF= BF

(ii) A= Bifand onlyif A = Band B = A.

(i)  A=<x,A%1-ALAT>

>iv) ANB=<x,ATABT, AWB,AFVBF>

) AUB=<x,ATVBT,AIABLAFABF>

(vi) UA; = <x,VA;T,AALAA >

(Vii) NA;= <X,/\AiT,VAil,VAiF>

(vi) A-B=AAB.

(ix) On =<x,0,1,1>; 1y =<x,1,0,0>.
3 Definition [11] A neutrosophic topology (NT for short) on a nonempty set X is a family t of
neutrosophic set in X satisfying the following axioms:

(i) On, InET.

(il) Gi1AG: € 1 for any G1,G2€ 1.

(iii) VGi€ 7 for any arbitrary family {G; :i€J} C 1.

In this case the pair (X, 7) is called a neutrosophic topological space (NTS for short) and any neutrosophic
set in 1 is called a neutrosophic open set(NOS for short) in X. The complement A of a neutrosophic open
set A is called a neutrosophic closed set (NCS for short) in X.

4 Definition [11] Let (X, T) be a neutrosophic topological space and A = <X, AT, ALAF> be a set in X.
Then the closure and interior of A are defined by

Ncl(A) = A{K : K is a neutrosophic closed set in X and A =X K},

Nint(A) = ¥{G : G is a neutrosophic open set in X and G = A}.

It can be also shown that Ncl(A) is a neutrosophic closed set and Nint(A) is a neutrosophic open set in X,
and A is a neutrosophic closed set in X iff Ncl(A) = A; and A is a neutrosophic open set in X iff Nint(A)
=A.

5 Definition [2] Orbit of a point x in X under the mapping fis Ofx)={x, f(x), f3(x),...}

6 Definition [6] Let X be a nonempty set and f: X — X be any mapping. Let @ be any neutrosophic set in
X. The neutrosophic orbit Of@) of a under the mapping f is defined as Or(a) = {a.f!(a),P(@),...M(a)},
On(a) = {a.fi(a),P(q),.. (@)} , On(a) = {a,f'(a),f(a),..f(a)} forae Xandn € Z".

7 Definition [6] Let X be a nonempty set and let f : X— X be any mapping. The neutrosophic orbit set of
a under the mapping f is defined as NOfa) = <a,Or(a),0n(@),Or(a)> for a€ X, where Orr(a)=
{a M (@AHa)A.. A @)}, On(a)={a VI (a)VE(a)V..VI(a)}, Om(a)= {a VI (a)VE(a)V...vi(a)}.

8 Definition [6] Let (X, 7) be a neutrosophic topological space. Let f : X — X be any mapping. The
neutrosophic orbit set under the mapping f which is in neutrosophic topology 7 is called neutrosophic
orbit open set under the mapping f. Its complement is called a neutrosophic orbit closed set under the
mapping f.

9 Example Let X={a, b, c}=Y. Define t = {O, In, @, y}wherea”,yT: X - ] -0, 1+[
al,y!: X - ] -0, 1+[

af,yf :X—>]70, 1+[

are defined as

aT(a) = 0.3,a’(a) = 0.5,af(a) = 0.6,a”(b) = 0.4,a’(b) = 0.6,a(b) = 0.8,a”(c) = 0.1,
a'(c) =0.3,af(c) =0.7

y'(a) = 0.1,y (a) = 0.6,¥F(a) = 0.8,yT(b) = 0.1,y'(b) = 0.6,y (b) = 0.8,

yT =0.1,¥'(c) = 0.6,y (c) = 0.8.
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Define f : X— X as f(a)=c, f(b)=a, f(c)=b. The neutrosophic orbit set of @ under the mapping f is defined
as NOg(a) = a nf'(a)nf2(a)N...nf"(a), NO{a)=y. Then y is a neutrosophic orbit open set under the
mapping f.

From the above definition its clear that every neutrosophic orbit open set under the mapping f is an open
neutrosophic set in X. But the converse is not true, in this example the neutrosohic set ais an open
neutrosophic set, however it is not neutrosophic orbit open set under the mapping f, because there is not
exists a neutrosophic set 9 € I¥such that NO¢(9) = a.

10 Definition [13] A mapping f:(X, ) = (Y, 7) is called neutrosophic continuous if the inverse image of
every closed set in Y is neutrosophic closed in X.

Some properties of neutrosophic orbit open sets

In our work we consider X as a nonempty countable set,we give the conditions on a mapping f: X —
X,to obtain a fixed neutrosophic orbit open set(i.e.,f()) = p) for any neutrosophic orbit open set p, and
study some properties of these sets.
Theorem 3.1:
Let (X,t) be a NTOP and f: X — X be any bijective mapping.Then f(i) = p for any neutrosophic orbit
open set punder the mappingf.
Proof:
Let (X, T) be a NTOPand f: X — X be a bijective mapping. Then we have 3 cases:
Case 1:
If f(x;) = xj; x;,X; € Xandi # jforalli,j €A .Suppose X = {x;,X,} andf: X — Xdefined as
f(x1) = x5, f(x,) = x4. Let W be a neutrosophic orbit open set under the mapping f.
Then there exists a neutrosophic set A € I¥suchthatNO¢(A) = A N f(A) N f2(A) ... = .
Let A = {(Xq, Uy, V1, Wy), (X, Uz, Vo, W5); Xq, X5 € X, Uy, Uy, Vq, Vo, Wy, W, € I}. This implies
f(}\) = {(Xlr Uy, vz, WZ)! (X2; Ui, V1, Wl)}r fz (}\) = {(Xlr Uy, vy, Wl)l (X2; Uy, Va, WZ)}!
& NO¢(A) = {(x4q, [inf(uy, uy, uy, ...), sup(vy, vy, vy, ... ), sup(wy, wy, wy, ... )],
(x4, [inf(uy , uq, uy,...), sup(vy, v, vy, ... ), sup(wy, wy, wy, ... )]}

= {(x1, [min{uy, u}, max{vy, v, }, max{w,, w,}],

(X2, [min{uy, up}, max{vy, v, }, max{wy, w;)}]} = p
In general, if X = {x4, X5, .... Jandp be a neutrosophic orbit open set under the mapping f, then there exists
a neutrosophic set
A = {(xq,uy, vy, Wy), (X2, Uz, Vo, W), (X3, Uz, V3, W3) ... ... } = {(xyu;, v, wp); x; € X, w3, vi, w; € Li EA}
Such that NO¢(A) = p. That means
NO¢(A) = {(x;, [inf{u;}, sup{vi}, sup{wi}]); x; € X, u;, v, w; € Li € A}
= {(x;, [r,s,t]); x; € X, {r = inf{u;}, s = sup{v;},t = sup{w;}; u;, v, w; €1},i=n
Now for eachx; € X, we have

.u(xi) lf f—l(xj) )
f(x;) = flxp)=x;
(0,1,1) if fH(x)=0
From the hypothesis and the definition of fwe get f(u)(xj) = u(x;) =r,s,tforall x; € X. Hence f(u) =

L.

Case 2:

If f(x;) = x;; X;,%; € Xand i = j for some i,j €A. In this case the least number of elements in X must be 3
elements. So,Suppose that if X = {x4, X, X3},then from the hypothesis and the definition of f, the mapping
f:X > Xcan be defined as f(x;)=xq,f(x;) =x5andf(x;) = xz(i. e.,f(x;) = x;wheni=j =
1and f(x;) = xj,i # jwhen i,j € {2,3}). Let u be a neutrosophic orbit open set under the mapping f.
Then there exists a neutrosophic set A € I¥ such that NOg(A) = L n f() N f2(L) ... = .

Let A = {(xq,uy, V1, Wy), (Xp, Uz, Vp, W), (X3, U3, V3, W3); X; € X, u, vi, w; € i =1,2,3}.Then from the
definition of f, we get

f) = {(xq, uy, vi, 1), (X2, U3, V3, W3), (X3, Uz, V2, W3)},

F2(0) = {(xy, ug, Vi, Wy), (X2, Uz, V2, W3), (X3, U3, V3, W3)} .

& NO¢(V) = (X4, uq, vy, Wy), (X, [inf{uy, us, uy ... }, sup{v,, v5, v, ... }, sup{w,, ws, w, ... }],

(x3, [inf{us, uy, us ...}, sup{vs, v,, v5 ... }, sup{ws, w,, wy ... }]

= (X1, Uy, V1, Wy), (X2, [min{uy, us}, max{v,, vs}, max{w,, ws}],
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(x3, [min{us, u,}, max{vs, v, }, max{ws, w,}]

In general, if X = {X{,X5,....} and p be a neutrosophic orbit open set under the mappingf, then there
exists a neutrosophic set

A = {(xq,uy, vy, Wp), (X, Uz, V2, W), (X3, Us, V3, W3) .. } = {(Xi, uj, vi, Wi); X; € X, 13, v, Wi € L1 EA}
Such that NO¢(A) = p. This implies

NO;(A) = { (x4, Qui, vi, W) ); f(xp) = Xj,1=1j,1 €A
(xy, [inf{u;}, sup{vi}, sup{w;}], ); f(x;) = x;,1 # j,i €A
_ (xi, Qug, vy, wp) )3 f(xp) = xj,i=j,i €A
(x;, (r,5,0)); r = inf{u;}, s = sup{v;}, t = sup{w;}; f(x;) = xj,1 # j,i €A

=p
Now for each x; €X, we have

U we e zo
() (x;) = n(x) = fGxi)=x;

(0,1,1) iff~ ' (x) =0
From the hypothesis and the definition of f,we get for all x; € X.

_ (ui,Vi,Wi) ifi = ]

fG () = {(r, 5,0, i # |
Hence f(p) = .

Case 3:

If fis the identity mapping. In this case, every open neutrosophic set in X is neutrosophic orbit open set
under the mapping fandf(p) = p for every neutrosophic set p € IX.Thus the proof is obtained.

Theorem 3.2:

Let (X,7) be a NTOPand f: X — X be any constant mapping. Then f(u) = u for any neutrosophic orbit
open set u under the mapping f.

Proof:

Let (X, 7) be a neutrosophic topological space.

Let u be a neutrosophic orbit open set under the mapping f.

Then, from Definition, there exists a neutrosophic set A = {(x;, u;, vi, w;); X; € X, u;, v;, wj € I,i €A} such
that NO¢ (1) = p.

Since f is constant mapping, this implies there exists a fixed element x; € X such that f(x;) = x; for all
x; €EXandi €A

Now form, the definition of f(A)for all x; € X, we have

A if f71(x;
) = Uf(m:xj ) fri) =0
(0,1,1) otherwise

Thus

[supiea{A(x)}, infieAlA(x)}, infienfA(x)}] if Xj = Xk,
fA(x) = {(0,1,1) if X # x
Therefore, £(2) = {(xi, supicrAGD}, infienlAG)}, infien AN}
This means f (1) is a neutrosophic point in X with support
Xy and degree sup;c,{M(x;)}, degree infic,{A(X;)}, degree infic {1 (x;)}.
By the same way we have
2 = {Ca, supienlA(x)}, infieafA(x)}, infieald(x )1},
3 = {(t supieafA ()}, inficr AGDD, inficr AGDY),
For more clearing we have the following:
A = {(xy, ug, vy, wy), (X, Uy, V2, W2), o, (Xpe, Uy Uiy W), o0 }
fQ) = {(x1,0,1,1), (x2,0,1,1), .., (g, supsep{d(x)}, infieafA(x)}, infien{A(x)}), ...}
2 = {(x1,0,1,), (x2,0,1,1), ..., (e, supieafd(x)}, infieafd(x)}, infieald(x)}), .3
f3(/1) = {(xlr 0'1'1)1 (x2; 011'1)1 ey (xkr supiEA{ﬂ-(xi)}l infieA{/l(xi)}' infiE/\{ﬂ'(xi)}})r }
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Thus NO;(2) = 2 N £() N F2(M) ...
NO;(2)
= [(x1, (0,1,1)), (x5, (0,1,1)) ... (o4, min{usy,, sup;en{A(x;)3}, max{vy, infiea{A(x:)}}, max{wy, infie {1 (x)}})]

~ { (x;,0,1,1) ifi#k
B (xx, min{uy, sup;ea{d(x;)}}, max{vy, infie{A(x;)}}, max{wy, infic {A(x)}}) ifi=k

=pu
This yield NOs(4) = p is a neutrosophic point in X with support x and degree min
{uk, sup;ea{(x;)} },degree max{vy, infiea{A(x;)}}, degree max{wy, infie{M(x:)}}-

Hence, from the definition of f, we get f(u) = .

Remark 3.3:

The condition to be f:X — X is bijective or constant is necessary condition to obtain fixed neutrosophic
orbit open sets for any neutrosophic orbit open set 4 under the mapping f.

For more explain, we give an example for a neutrosophic topological space (X,) and f:X — X not
bijective, we show that (u) # ¢ for some neutrosophic orbit open set ¢ under the mapping f.

Example 3.4:

Let X = {xy, X3, X3, X4, x5 }.Define T = {0, 1, u}where u € I defined as

= {(x1,00,1,1)), (x5, (0.1,0.4,0.9)), (x5, (0,0.8,1)), (x4, (0.6,0.2,0.4) ), (x5, (0.6,0.2,0.4)) }

Define f: X = X as f(x;) = x4, f (x3) = x1, f(x3) = x5, f(x4) = x5, f(x5) = x,.1t is clear that f is not
bijective mapping(i.e., f is not one to one and not onto).Let A € I* defined as follows:

A = {(x,,0.1,0.3,0.9), (x5, 0.2,0.4,0.8), (x5,0,0.8,1), (x4, 0.6,0.2,0.4), (x5,0.7,0.1,0.3)}.

Then the neutrosophic orbit of 2 are NOg(A) = A N f(A) N f2(A) ... = p. which is

FD) ={(x,,0,1,1), (x5,0.1,0.3,0.9), (x5,0.2,0.4,0.8), (x,,0.7,0.1,0.3), (x5, 0.6,0.2,0.4)}

F2() = {(x,,0,1,1), (x5, 0.2,0.4,0.8), (x5,0.1,0.3,0.9), (x,, 0.6,0.2,0.4), (x5, 0.7,0.1,0.3)}

3 = {(x,,0,1,1), (x5, 0.1,0.3,0.9), (x3,0.2,0.4,0.8), (x,,0.7,0.1,0.3), (x5, 0.6,0.2,0.4)}

Therefore, the neutrosophic orbit set of 1 is NO¢(A) = AN f(A) N f2(A) ... = .

NO¢(A) = {(x4,[inf{0.1,0,0,0 ...},sup{0.3,1,1, ... },sup{0.9,1,1, ... }],

(x, [inf{0.2,0.1,0.2,0.1, ... }, sup{0.4,0.3,0.4 ... }, sup{0.8,0.9,0.8 ... }],

(x3,[inf{0,0.2,0.1,0.2, ...}, sup{0.8,0.4,0.3,0.4, ...}, sup{1,0.8,0.9,0.8, ... }],

(x4, [inf{0.6,0.7,0.6,0.7, ... },sup{0.2,0.1,0.2,0.1, ... }, sup{0.4,0.3,0.4,0.3, ... }],

(xs, [inf{0.7,0.6,0.7,0.6, ... }, sup{0.1,0.2,0.1,0.2, ... },sup{0.3,0.4,0.3,0.4.. }],

{Exl, 0,1,1)), (x5, (0.1,0.4,0.9)), (x3, (0,0.8,1)), (x4, (0.6,0.2,0.4)), (x5, (0.6,0.2,0.4)) }= n

Thus, the open neutrosophic set {1 is neutrosophic orbit open set under the mapping f. But f(i) # p.

From Theorem 3.1 and 3.2 we obtain the following result

Result 3.5:

Let (X,7) be a NTOPand f:X — X be any mapping such that either f is bijective mapping or f is
constant mapping and  is a neutrosophic orbit open set under the mapping f, then f(u) = u.

In our work, we consider the mapping f:X — X that satisfies the conditions this Result.

Proposition 3.6:

Let (X, ) be a NTOPand f:X — X be any mapping. If y is a neutrosophic orbit open set under the
mapping f, then NO¢( ) =u .

Proof:

The proof follows directly from the definition of NOf(u ) and Result 3.5. i.e.,

NOF(W) =pun fw) nf2@wn ..

From Result 3.5, we have f(u) = , this implies f2(u) = f(f(u)) = u, f3(w) = f(f%(w)) = u,... Hence,
NOf(p) = p.

Theorem 3.7:

Let (X,7) be a neutrosophic topological space and f:X — X be a mapping.

If u; and u, are neutrosophic orbit open sets under the mapping f, then NOr(uy N pp) = NO(py) N
NOf(uz)

Proof:

First we prove the theorem if f is bijective mapping. From Theorem 3.1, we have 3 cases.

We prove the theorem in case 1.
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The proof of theorem in case 2 is similar to case 1, and the prove of theorem in case 3 is easy.

Case 1:

Suppose that f is bijective mapping and f (x;) = x;;x;, x;€X and { # j for all i,j€ A.

Let p; and p, are neutrosophic orbit open sets under the mapping f.

Then, there exist A;,A,EIX defined as A; = {(x;,u;, vi,w;);x,€X, u;, v, W;ELIE A} and 4, =
{(xi, 15, Si» tl)’ xl'EX, T, Siy tlEl,LE A}SuCh that NOf(/ll) = Uy and NOf(lz) = Uy.

From Theorem 3.1 case 1, we have NOy(4;) = {(xi, (u,v, W));u = inf{u;, i EA} = yuy, v = supf{y;,i €
A} =, w = sup{w;, i EA}} = 1y

And NOf(4,) = {(x;, (r,s,t); v = inf{r;, i EA} = pp, s = sup{s;, i EA}} = u,, t = sup{t;, i EA} =
Thus, iy N u, = {(x;, [min{w, r}, max{v, s}, max{w, t}]); x; € X,i EA}.

Let a = min{u, r}, b = max{v, s}, c = max{w, t}.

Now for allx; € X, j €EA.

U = wowe if f7(x) % 0
flun ﬂz)(xj) = flx)=x;

(0,1,1) if f{(x)=0
= (a,b,0)
Hence f (1 N pz) = pty N o This impliesf?(uy N ) = py 0 pi, f2 (g O 1) = g Ny ..
Therefore, from the definition of NOf(y; N u,) and Theorem 3.1 we get
NOs(uy N pz) = py N pt = NO;(pg) N NOs ().
Case 2:
Suppose that f is bijective mapping and f(x;) = x;;x;, x;€X and i=j for all i,j€ A.
Let yy and u, are neutrosophic orbit open sets under the mapping f.
Then, there exist A;, A,€IX defined as A; = {(x;, u;, v;, w;); X, EX, u;, v;, w;ELIE A} and A, = {(17, 5, £;);
x;€X, 1,5, t;,€LIE A}such that NOf(4;) = py andNOs(4,) = p,.
From Theorem 3.1 case 2, we have
NOf (1) = {(xi, (ui,vi,wi));f(xi) =x;,i = j, (x;, [u = inf{u;, 1 €A}, v = sup{v;, i EAL,w =
sup{w;,i €A}]); f(x;) = x;,i # j} = pyand
NOr(4;) = {(xl-, (7, si, tl-)) () =xj,i = j,(x;, [r = inf{r;,i €A}, s = sup{s;, [ EA},t
= sup{t;, i EA}]; f(x) = x5, 0 # j} = po.
_ {(xi: [min{u;, 7;}, max{v;, s;}, max{w;, t;}]);  f(x;) = x;,i = ]',}
Thus uy N, = ) R
(x;, [min{u, r}, max{v, s}, max{w, t}]); fx) =x,i#j
Let k = min{m;, 5;},t = max{n;, ;}. Now for allx; € X, j €A

(N (x)  iff M (x;) =0
a0 ) (x) = Uf(xi)=’ff !

(0,1,1) if fi(x)=0
_ ({[min{uw;, i}, max{v;, s;}, max{w;, t;}]}, if fOq) =xi=]
- {[min{u, r}, max{v, s}, max{w, t}]}, if fx) =x,i#j
Hence f(uy N pz) = py N .
This impliesf?(uy N pz) = py N pip, f2 (g N pz) = py N fip ..
Therefore, from the definition of NOf(y; N u,) and Theorem 3.1 we get
NOf(py N pz) = py N pp = NOf(py) N NOp ().
Case 3:
Now, if f is constant mapping, let ¢ and u, are neutrosophic orbit open sets under the mapping f.
Then, there exist A;,4, € I¥ defined as A, = {(x;,u;, v;,w;); x,€X,u;, v;, w;ELIE A} and A, =
{(xi,ri, Si) tl.)s xiEX 15, Si, tiEI,iE A}such that NOf(;{l) = l,lland NOf(;{z) = Uy.
From Theorem 3.2, we have

NOf(44)

_ { (xir Orl'l) lfl * k
- (g, [min{ (), supeafas ()3}, max{(vk), in}ciE/\{/11(xi)}}: maX{(Wk)' infiea{ls (xl.)}}]] ) ifi=k
=M

NOf(4;)

B { (x;,0,0,0) ifi+k
a Cexes [min{(rk)' supiea{ds (x)}}, max{(sk)' infieall (xi)}}‘ max{(tk), inﬁEA{Al(xi)}}]]) ifi=k
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= U2
Thus

My 0
( (x;,0,0,0) ifi+k

|k max[max{(wk), infieafdy (xl-)}}], max{(tk), infieafAs (xi)}}]]

ifi=k
Thismeans that u; N ppis a  neutrosophic point in X  with  support X,  and
degree [min[min{(uy), supie{A; (x)}}1, [min{(ry), supiea{As ) 111,

_ JI (xk' min[min{(uk)r supie/\{ﬂ-l (xi)}}l min{(rk)l Supie/\{/’{l (xl)}}]' max [max{(vk)' infiE/\{ll (xi)}}]r max{(sk), infiE/\{Al (xl)}}]]

)

[max [ max{(v\), infiex (A (x)}}, max{(s1), infiea{As (x)}}], [max [ max{(w.), infier (s (x)}}], max{(ti), infiea (A2 (<) }}1]

Hence from the definition of f we getf(u; N p,) = Wy N p,. This implies f2(p; N Wy) = wy N Wy,
By Npp) = Ny
Therefore, from the definition of NO¢(p; N ;) and Theorem 3.2 we get

NO¢(1y N Hz) = py N Py = NOg(py) N NO¢(pz).

Hence the proof

Theorem 3.8:

Let (X,7) be a NTOPand f: X — X be a mapping.Let {u,}qea be any family of neutrosophic orbit open
sets under the mapping f,then NO¢(Ugea Ho) = Ugea NO¢(1g)

Proof:

The outline of proofing this theorem is proceeds in a way similar to Theorem 3.7. As in Theorem 3.7, we
consider 3 cases:

Case 1:

Suppose that f is bijective mapping

andf(x;) = xj;x;,%; € Xand i # j forall i,j EA.

Let {uy}qen be any family of neutrosophic orbit open sets under the mapping f,then there existsA, €
IX,a €A defined as A, = {(Xi,uia,via,wia); X; € X,u5,, Vi, wi, €Li E/\}such that NO¢(A,) =
K for all o« € A. From Theorem 3.1 case 1, we have

NOs(4,) = {(xi, (ua,va,va));ua = inf{uia,i E/\},va = sup{via,i E/\},Wa = sup{w;,,, { EA}} = g
Thus (UtxeA I’lD{) = {(Xir [SupthA (ua)]t infaEA[(Va)]: inf[xEA [(th); Xj € X'iEA}~

Let a= supgea(Ug), b = infes (vy), ¢ = infgep (We). Now for all x; € X, j EA.

f(U ( ) _ Uf(xi):x]- (Uf(xi):x]- ua)(xi) iff_l(x]-) 0

(Vaea Bl 0,1,1) itf1(x) = 0

= (a,b,0)

Hence f(Ugen Ho) = (Ugea Ko)- This implies £2(Ugea o) = (Ugea Be)s F* (Uaea Ma) = (Uaea Mo, -
Therefore from the definition of NO¢(U e 1) and Theorem 3.1 we get

NOf (Ugea Ha) = (Ugen Ha) =Ygea NOf (l'la)

Case 2:

Suppose that f is bijective mapping and f(x;) = x;;x;,x; € X and i = j for all i,j €EA.

Let {ug}oea be any family of neutrosophic orbit open sets under the mapping f, then there exists A, €
X, a €A defined as Aq = {(x;ui,vi, Wi )i % € X,up, vi_, wi, €1Li €A} such that NO¢(A) =
K for all o« € A. From Theorem 3.1 case 2 we have

NO((A,) = {(xi, (uia,via,wia );f(xi) = x,1=j, (xp [inf{uia},sup{via},sup{wia}]
putu, = inf{u- i E/\},va = sup{via,i E/\},wa = sup{wia,i E/\},it follows:

i’
(Voen o) = {(Xir supgea(Uig ), infaea (i), inftxeA(wia)) f(x) = x;,1 =},

(%1, Supaea (ug), iInfuea (V) infoen (We) ); 1 EA); £(x;) = x;,1 # j}.

Let k = supgea(mj, n; ), t = infea[1 — (m;,n; )], p = supgealinf{m,}, sup{ng}],

q= inf{xEA[1 - [inf{ma}r Sup{na}]]
Now for all Xj €X,j EA

f(Uo{EA p-tx) (X])

= Uf(xi)=x]- (Uf(xi)=x]- p-a)(xi) iff~* (Xj) +0
0,1,1) iff(x) =0
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_ {SupthA(uia)'infaEA(Via)' infthA(Wia) if f(x;)) =x;,i=}j,
suPgea (U, infaea (Va), infuea(We)  if £(x;) = xj,1 # j

Hence f(uthA p-a) = (UtxeA p-tx)- This implies fz(UthA p-tx) = (UthA p-a): fS(UaeA p-a) =

(Ugea o), - - Therefore from the definition of NO¢(Uyea 1) and Theorem 3.1 we getf

NOf(Ugea Ho) = (Ugen Ho) =Ugen NO¢(1q)

Case 3:

Now if f is any constant mapping,

Let {ug}oea be any family of neutrosophic orbit open sets under the mapping f, then there exists A, €

X, a €A defined as A, = {(xi,uia,via,wia); xX; € X, u;, Vi, Wi, €L1i E/\} such that NO¢(A,) =

Y, forall a € A.

From Theorem 3.2 we get,

NO¢(A,)

_ { (x,0,1,1) ifi #k

" (% min{uy, supien{Aq (x)}}, max{vi, infie\ Ao (xi)}}, max{wi, infier Ao (x)33) ifi=k
Thus,

(U(XEA ua)

(x,0,1,1) ifi # k

B (Xkr SupaeA{min{ukar Supio’:‘/\{}‘o{ (Xl)}}r infaeA{maX{Vka' infio’:‘/\)‘tx (Xi)}}' infaeA{maX{Wkar infiEA{)‘tx (Xl)}}) ifi =k

This means (Ugea Ue) iS a neutrosophic point in X with support x, and

degree [supgea{min{(my,), supieafhe G)} ) max { (i), infier e G
Hence from the definition of f we get f(Ugea Ho) = (Ugea Hg)- This implies £2(Ugea He) = (Ugea Ho)s
£3(Ugea Ho)(Ugea Ky, - - Therefore from the definition of NO¢(Ugen 1) and Theorem 3.2 we get

Nof(UthA Ha) = (UthA uu) = Ugen Nof(utx)
Hence the proof.

Neutrosophic orbit topological spaces

In this section we show that the family of all neutrosophic orbit open sets under the mapping f
constrict a neutrosophic orbit topology on X, denoted by 75, which is coarser than t.
Theorem 4.1:
Let (X,7) be a NTS and f: X — X be a mapping.Let Ty, denote to the family of all neutrosophic orbit
open sets under the mapping f.Then, Tyq is a neutrosophic topology on X coaser than T.
Proof:
We must show Ty, satisfies the 3 axioms of the definition of neutrosophic topology. It is clear that 0 and
1 are neutrosophic orbit open sets because there exist A = 0 and v = Isuch that N Of(A) = 0€er and NO(

v) = 1 €r. Thus, 6ETN0 and IE‘[ND‘
Let y; and u,be neutrosophic orbit open sets under the mapping f.To show p; N u, is a neutrosophic orbit
open sets under the mapping f, we must find a neutrosophic set 2 € I¥ such that
NOs(W) = N €T

If we choose 4 = p; N u,then from Theorem 3.3 and Proposition 3.6 we have
NOs(A) = NOs (g N pz) = NOp(ug) N NOf(p2) = iy Nty
On the other hand, since every neutrosophic orbit open set is an open neutrosophic set in X, then y; N
U2 €T
Hence, the result.
Let {14 }4ea be any family of neutrosophic orbit open sets under the mapping f. Let 2=(Ugep Ug) -
Then from Theorem 3.9, NOf (1) = NOf(Vgen Ua) = Uaen NOr(Ue) = (Ugea ta)-And (Ugen Ug) € T.
Thus, Ty is a neutrosophic topology on X.
Furthermore, 7y, C7 since every neutrosophic orbit open set is an open neutrosophic set in X.
Definition 4.2:
Let (X,7) be a NTOPand f:X — X be a mapping. The pair (X,7y¢) is called neutrosophic orbit topological
space (NOT) associated with (X,7) if it satisfies the following axioms

(1) 0€Ty, and 1€Ty,

(i1) G, NG, € Typ, foranyG,, G, € Typ
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(iii) U G; € tyo, foranyarbitrary family{G;, G; € Ty, i € I}

Example 4.3:
1. For any nonempty countable set X, T9,={0, 1} is a neutrosophic orbit topology on X, and is
called the indiscrete neutrosophic orbit topology.
2. For any nonempty countable set X, if f:X — X is the identity mapping, then tyy = T

Next the notion of neutrosophic orbit closure (resp. interior) of a neutrosophic set is introduced.
Definition 4.4:
Let (X,7yo ) be a neutrosophic orbit topological space and A€I¥. The neutrosophic orbit closure of A,
denoted by cly(4), is the intersection of all neutrosophic orbit closed supersets under the mapping f of 4.
ie.,
clyo) =n{p e X/p 24,1~ p € 130}
And, the neutrosophic orbit interior of A, denoted by inty(A), is the union of all neutrosophic orbit open
subsets under the mapping f of 11i.e.,
intyo (1) =U{p € I"/p S L,p € Tyo}
Clearly, clyo(R) (resp., intyo(A)) is the smallest (resp., largest)neutrosophic orbit closed (resp., open) set
under the mapping f which contains (resp., contained in) A.
Proposition 4.5:
Let (X,Tyo ) be a neutrosophic orbit topological space and A€I*. Then
intyo(1) € int(A) € 1< cl(A) € clyo(L)
Proof:
The proof follows directly from the fact that every neutrosophic orbit closed (resp., open) set under the
mapping f is closed (resp., open) neutrosophic set.
Proposition 4.6:
Let (X, Tyo) be a neutrosophic orbit topological space and 4, u € I¥.Then
1. clyo(0) = 0 and clyo(T) = 1.
A C clyo ()
Clo (AU 1) = cliyo (1) U clyo (1)
if A € pu, thenclyy (1) € clyo ()
clyo (Clzvo (/D) = clyo (1)
AisaneutrosophicorbitclosedsetunderthemappingfiffA = clyg ().

ARl N

Proof: Straightforward

Proposition 4.7:

Let (X, Tyo) be a neutrosophic orbit topological space and 4, u € I*.Then
intyo (6) =0and intyo (T) =1.

intyo(1) € A.

intyo (AU p) = intye(4) U intyo (1)

if A € u, thenintyo (1) S intyo (1)

intyo (intyo (1)) = intye (D)
Aisaneutrosophicorbitopensetunderthemappingfiff

A= intNo(}\).

AN

Proof: Straightforward
Theorem 4.8:
Let (X, Tyo) be a neutrosophic orbit topological space and A € I*X. Then,

1. 1—intyo(A) = clyo(1 = 2).
2. 1—clyo(d) = intyy(1 — 2).

Proof:
We prove that part 1 and by the similar way one can prove part 2.From Proposition 4.7 part 2 inty, (1) S

1 so by taking the complement we have 1 — A € 1 — inty,(1).Since 1 — inty, () is a neutrosophic
orbit closed set and by Proposition 4.6 part 4,ClN0(I — /1) C clyo (T — intyo (A)) =1 —intyo(1).
Hence ClNO (T - /1) c I - intNo (/‘l).
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Conversely, by Proposition 4.6 part 21-1¢ clNO(T - A).By taking the complement 1- clyo (I -
/1) C A.Since clyy (T - A) is a neutrosophic orbit closed set. Thenl — cly, (T - A)is a neutrosophic orbit
open set and by Proposition 4.7 part 6,we have 1 — clNo(T—A) C intyo(4),again by taking the
complement we obtain,

1 —intyo(A) S clyo(1 = 2).

Theorem 4.9:

Let f: (X, Tyo) = (Y, r,’vo) andg: (Y, tyo) = (Z, r,’(,o) be any 2 mappings.Then g o fis any neutrosophic
continuous mapping if f and g are neutrosophic continuous.

Proof:

Let V be a orbit open set in (Z, T,'\',O). Then g! (V) is neutrosophic orbit open in (Y, Tyo)(since g is
neutrosophic continuous), and hence f!(g'(v)) is neutrosophic orbit open in (X, Tyo)(since f is
neutrosophic continuous). But f'(g'(v)) = (g° f)"1(V). Thus the composition function go f is
neutrosophic continuous.

Category of neutrosophic orbit topological spaces

In this section, we will construct the category of NOTOP, and study its relation with the category of
NTOP.
Definition5.1:
Let NOTOPbe the collection of all NOTOP(X,Tyo ), (Y.Tyo) ... associated with (X,t ),(Y.7'), ...
respectively. For each pair of objects (X,Tyo), (Y,Tyo) ofNOTOP, define Mor((X,Tyo ), (Y,Tyo)) to bethe
set of all neutrosophic continuous mapping f with respect to Tyoandty, Composition of 2 morphisms f:
(X,Tno) = (Y,Tno).g: (Y.Tno) = (Z,Tyo) is defined by gof:(X,tyo) — (Z’ TXIO)'
Theorem 5.2:
NOTOPis a category.
Proof:
First, from Theorem 4.9, the composition of neutrosophic continuous mappings between NOTOP is also
neutrosophiccontinuous, hence the composition of morphisms is well defined and associative. Second, to
each object (X,Tyo) in NOTOP define the identity morphism 1(x ;i (X, Tno) = (X, Tno) by the idtity
set mapping. Thus, we get to the required result.
Remark 5.3:
NOTOPis not a subcategory of NTOP, because if f is intuitionistic fuzzy continuous from (X,7y¢) to
(Y,Ty0), then f need not to be neutrosophic continuous from (X,)to (¥,t’). That is mean Mor((X,Tyo),
(Y,Tn0)) € Mor((X,7),(Y,7")). We give an example to explain that.
Example 5.4:
Let X = {x1,x;, x3}andY = {y;,y,,y5}. Definet = {0, 1, Afandt’ = {0, 1, py, p, }
wherel € 1Xandy,, y, € I¥suchthatA = {(x,,0.2,0.4,0.8), (x,,0.3,0.5,0.7), (x3, 0.3,0.5,0.7)},
1, = {(y1,0.2,0.4,0.8), (y,, 0.3,0.5,0.7), (y5,0.3,0.5,0.7)} and ,

= {(y4,0.6,0.3,0.4), (y,, 0.5,0.5,0.5), (v3,0.7,0.5,0.3) }

clearly(X, 1), (Y, T) areNTOP.
Definef: (X, 1) = (Y, 1), f;: X = Xandf,:Y - Yasf(x,) = y;, f(x;) = y3,f(x3) = y,,
fi(x1) = X1’f1()i2) = X3, f1(X3) ffzandfz(xﬂ =Xy, [(X2) = X3,f5(x3) = Xy
Thentyg = {6 l,A}andri\]O = {O, 1, yl}. Itisclearthatfisaneutrosophiccontinuous
withrespecttotygandtyg.
Butfisnotaneutrosophiccontinuouswithrespecttotandt , sincep,isanopen
neutrosophicsetinY, howeverf ~*(,) isnotaneutrosophicopensetinX.
Theorem 5.5:
NOTOP isomorphic to a subcategory of NTOP.
Proof:
Let NTOPw be a collection {(X,Ix)} of objects in NTOP, such that Iy is the indiscrete neutrosophic
topology on X. For any pair of objects (X,Ix),(Y,ly) of NTOPw, take Mor((X,Ix),(Y,ly)) (in NTOP) as the
set of morphisms in NTOPw. Then it is clear NTOPw is a subcategory of NTOP. Now define F: NOTOP
— NTOPw by F((X,tyo ) = (X,Iy) and for each morphism f :(X,tyo ) — (Y,Tyo) define F(f) = f:(X,Iy)
— (Y,Iy). It can be verified that F is indeed a bijective functor. Thus NOTOP isomorphic to NTOP.
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Remark 5.6: From the above theorem, we can say that NOTOP is embedded in NTOP as a subcategory.

Conclusions

In this paper, we study the collection of neutrosophic orbit open sets under the mapping f:X — X.
We give the necessary conditions on the mapping f in order to obtain a fixed orbit of a neutrosophic set
for any neutrosophic orbit open set under the mapping f. As a main result, we prove the family of all
neutrosophic orbit open sets constructs a neutrosophic orbit topological space.In addition, the category of
NOTOPand neutrosophic continuous mappings NOTOP is defined. And we show this category is
isomorphic to a subcategory of the category of NTOP.
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