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Abstract

Stochastic and neutrosophic theory are effective tools for modeling real-world phenomena and natural
dynamical systems, where inputs are often affected by stochastic noises and outputs often contain both
randomness and indeterminacy. In this work, we present a new type of stochastic differential equations
(SDE) driven by an one-dimensional Brownian motion that can be considered as an efficient tool to de-
scribe the uncertain behavior of dynamical systems operating in interval neutrosophic environments with
stochastic noises. After introducing some basic foundations on neutrosophic arithmetic, neutrosophic
calculus and neutrosophic stochastic process, we define the new form of interval neutrosophic stochastic
differential equations taking values in neutrosophic environment. Under some suitable conditions, the
unique existence result of stochastic solution is obtained based on the use of Picard successive approxi-
mation. We also introduce an efficient numerical algorithm, namely Euler - Maruyama method, to solve
the numerical solution of proposed problem and further demonstrate the effectiveness of the numeri-
cal method by solving some examples in stochastic biological systems such as stochastic logistic growth
model, stochastic Lotka-Volterra predator-prey model, and stochastic SARS model, respectively.

Keywords: Interval neutrosophic numbers; Interval neutrosophic calculus; Interval neutrosophic
stochastic process; Euler - Maruyama method.

1. Introduction

Neutrosophic sets introduced by Smarandache [28] are known as the general framework for unification
of many existing sets such as fuzzy sets, intuitionistic fuzzy sets, paraconsistent sets, etc. The main role of
neutrosophic sets is to characterize each logical statement and set in a 3D-neutrosophic space, where each
dimension of the space represents respectively the truth (7'), the falsehood (F') and the indeterminacy (1)
of the statement under consideration respectively. Compared to the concepts of intuitionistic fuzzy sets
introduced by Atanassov [4], fuzzy sets introduced by Zadeh [47] or other types of uncertainty, it may be
asserted that in case of a neutrosophic set, it is possible to determine not only the truth of information
but also its indeterminacy/neutrality and falsity degree, which may be defined as new independent
components of fuzzy sets. Recently, neutrosophic sets and systems have been rapidly developing and
manifesting their importance in many fields of science and technology. Indeed, due to the indeterminacy
parameter can help a more detailed definition of membership functions, the usage of neutrosophic sets
in decision making can produce better results. On the other hand, by the definition of neutrosophic
set, we can assert that it will be very useful in distinguishing absolute values from relative values. In
fact, neutrosophic sets may also be used to find the differences between absolute truth and relative
truth, absolute falsehood and relative falsehood in logic and, absolute membership/non-membership,
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and relative membership/non-membership. Therefore, many fields in science and engineering have been
paid more attention to explore research topics that underpin neutrosophic set and logic, neutrosophic
probability and statistics, neutrosophic dynamical system, and modeling. For instance, neutrosophic
precalculus and neutrosophic calculus were introduced by Smarandache [31] based on preceding results of
interval analysis, while Cevik et. al. [10] studied various results on the algebraic structures of neutrosophic
sets. In addition, some other related topics such as neutrosophic measure, neutrosophic probability and
and statistics are yet to be explored [29, 30, 42]. Especially, neutrosophic sets and systems have great
applicability in various fields of engineering, see for example [3, 11, 19, 27, 38, 37, 44].

Recently, neutrosophic sets and related problems have been gaining popularity and attraction from
researchers. In the real-world situations, it is the fact that the degree of truth, indeterminacy and falsity
of an arbitrary statement sometimes can not be defined by an exactly value, but it can be given in
the form of possible interval value. Thus, it leads to the requirement of studying the problems in the
interval neutrosophic set (INS) environment. After the pioneering work of Smarandache, Wang et al. [43]
proposed the concept of interval neutrosophic set which is a particular case of neutrosophic sets. Here,
each interval neutrosophic set can be described by a membership interval, a non-membership interval and
an indeterminate interval. It is worth mentioning that interval-valued neutrosophic set along with single-
valued neutrosophic set are two great applicable objects, that have achieved great success in various areas
of real-world processes such as medical diagnosis [1], database [2], image processing [49], decision making
problem [16, 18, 24] and so on. Some recent considerable literature related to interval neutrosophic sets
is reflected by the contribution of Wang et al. [43] with the focus on interval neutrosophic sets and initial
foundation on the set-theoretic operators. Another result on the operations of interval neutrosophic
sets was proposed in [7, 20, 25]. Furthermore, [46] established the similarity measures between interval
neutrosophic sets based on Hamming and Euclidean distance.

When real-world processes are modeled by dynamical systems, there always exist different kinds of
uncertainty due to the imprecision of measurement equipment, imperfect human judgments, and opin-
ions on parameters. In fact, differential systems with uncertainty such as fuzzy differential equations or
set-valued differential equations have been significantly investigated. However, there are only few studies
on intuitionistic fuzzy differential equation or neutrosophic differential equations. Ettoussi et al. [14]
studied the existence and uniqueness of the intuitionistic fuzzy differential equation using the succes-
sive approximation method. The existence and uniqueness of solution to intuitionistic fuzzy differential
equation was also discussed by Melliani [21] by using intuitionistic fuzzy semigroup and the contraction
mapping principle. The differential system with initial value as triangular intuitionistic fuzzy number
was solved by Modal and Roy [22]. Son et al. [34] introduced the calculus of single-valued neutrosophic
functions under granular computing which was further used to analyze classes of neutrosophic differential
equations. In the work [26], the authors applied fuzzy set theory to design an adaptive robust control
based on a creative uncertainty decomposition for the optimal control design problem of underactuated
dynamical systems with uncertainty. Recently, Campagner et al. [8] studied the application of rough set
theory and proposed an abstract knowledge representation formalism to represent the uncertainty and
partial knowledge in dynamical systems. Furthermore, the probability theory defined on the space of
intuitionistic fuzzy numbers has also obtained a great achievement. Indeed, Szmidt and Kacprzyk [41]
proposed the concept of an intuitionistic fuzzy event and the probability of an intuitionistic fuzzy event.
Here, the proposed probability is such that when considered an intuitionistic fuzzy event becomes a fuzzy
event, the proposed interval reduces to the probability of a fuzzy event defined by Zadeh [48]. After that,
in [13], the authors extended the notion of fuzzy probabilities by representing probabilities through the
intuitionistic fuzzy numbers in sense of Atanassov. Next, Wang et.al. discussed in [45] some characteristic
properties of intuitionistic fuzzy sets and introduced the concept of intuitionistic fuzzy random variables.
In addition, the expected value of intuitionistic fuzzy random variables was defined and the law of large
numbers of intuitionistic fuzzy random variables was also given. However, it can be seen that there is
not any work discussed the interval intuitionistic stochastic differential equations.

On the other hand, it is well-known that many phenomena and processes occurring in real-world
always contain some types of uncertainty, simultaneously. For example, in structural dynamical systems
in biology, the designed systems are constructed from a group of experiment and measurement processes



in order to predict the long term behavior of a population. The mathematical modeling process of a
desired dynamical system needs to introduce more than one type of uncertainty. Indeed, the random
factors added into input data or input variables, such as the size of population at any certain time or
the source of food and water, etc., create the random or stochastic dynamic of our considered dynamical
systems and make them become stochastic dynamical systems while some other neutral factors, such as
internal competition or mild illness, still remain in this population biology. This indeterminacy input
causes the output of systems to not be a fixed value as in classical random dynamical systems. Hence,
there is a need to model the real-world process by combining both random and neutral factors in a
dynamical system instead of a classical random dynamical system. This leads to the foundation of an
interesting concept of a dynamical system, namely a neutrosophic random dynamical system.

Motivated by aforesaid, we establish the analysis of random mappings taking values in the set of
interval neutrosophic numbers and introduce some new concepts on interval neutrosophic stochastic
process, interval neutrosophic stochastic differential equations. The contributions of this paper are as
follows:

1. We propose a parametric representation, namely («, 3,v) — cuts, of interval neutrosophic numbers.
This representation proves its advantage when we define the parametric form of derivative and
integral as well as building up numerical algorithms for interval neutrosophic dynamical systems.
Next, we introduce the concept of po — distance and some other useful properties. In addition,
the concept of interval neutrosophic derivative plays a key role in considering interval neutrosophic
differential equations and systems.

2. Secondly, we introduce a new notion of interval neutrosophic stochastic process. Some fundamental
concepts and related properties such as random variables, Ito integral, stochastic process are defined
in the environment of interval neutrosophic numbers. Then, we can study the Cauchy problem
for interval neutrosophic stochastic differential equations. The unique existence of the stochastic
solution is presented in Theorem 5.1 based on Picard’s successive approximation. After that,
we propose the Euler - Maruyama method for numerically solving the considered problem. The
convergent of this method is presented in Theorem 5.2.

3. Finally, in order to demonstrate the significance and effectiveness of our theoretical results, we
investigate some real-world biological and medical problems modeled by stochastic interval neutro-
sophic differential equations such as stochastic Malthusian growth model, stochastic Lotka-Volterra
predator-prey model and stochastic SARS model in the neutrosophic environment. Some analyt-
ical and numerical methods are conducted to solve the exact and approximate stochastic interval
neutrosophic solutions of the considered problems. It should be noted that this research directly
employs the concepts of derivative and integral calculus as essential tools to investigate dynamical
systems of neutrosophic objects, that will open up a valuable approach in studying applied science
in an uncertain environment.

The organizational structure of this paper is as follows: In Section 2, we recall some preliminaries on
the space of interval neutrosophic sets and interval neutrosophic numbers. Especially, we introduce here
the notion of (v, 8,v) — cuts of interval neutrosophic number as a bridge connected interval neutrosophic
arithmetic with set-valued arithmetic. Next, we introduce the calculus of interval neutrosophic mappings
in Section 3 with some basic concepts of calculus such as metric, the continuity, differentiability and
integrability of interval neutrosophic mappings. In Section 4, we present basic concepts about interval
neutrosophic random variables, interval neutrosophic stochastic processes and some of their interesting
properties. The next section is devoted to introducing a new class of differential equation, namely,
interval neutrosophic stochastic differential equations. The existence and uniqueness theorem as well as
the numerical method are also presented. Next, Section 6 introduces some biological real-world problems
to illustrate theoretical results. At last, the Conclusions and Appendix are discussed.

2. Interval neutrosophic number

In this section, we recall from [4, 5, 28, 33, 44] some essential concepts of generalized fuzzy sets such



as intuitionistic fuzzy sets, interval-valued intuitionistic fuzzy sets, inconsistent intuitionistic fuzzy sets
and neutrosophic sets. In addition, with the introduction of the level sets form of neutrosophic numbers,
we define the arithmetic operations on the space of neutrosophic sets.

Definition 2.1 ([4]). An intuitionistic fuzzy set (IFS) A, defined on the universe of discourse X, is of
the form

A={(z,pa(z),va(z)) 2 € X},

in which the functions p4 : X — [0,1], v4 : X — [0,1] presents the degree of membership and the
degree of non-membership of an element x € X to A. These membership functions are constrained by
inequalities

0 <palx)+rvalz) <1.

A generalization of the notion of intuitionistic fuzzy set was given in the spirit of ordinary interval
valued fuzzy sets, namely interval intuitionistic fuzzy set, see [5].

Definition 2.2 ([5]). An interval valued intutionistic fuzzy set (IVIFS) A over X has the form
A={(z,Ma(x),Na(z)): z € X},

where M4(xz) C [0,1] and Ny(z) C [0,1] are intervals and for every z € X, we have sup Ma(z) +
sup Ny(z) < 1.

Definition 2.3 ([33]). An inconsistent intuitionistic fuzzy set (IIF'S) A over the universe of discourse X
can be represented in following form

A= {<I7MA($):VA(:E)7LA(I)> HEES X}7

where pa(x),va(x),ta(z) € [0,1] are the membership degree, neutral degree, non-membership degree
of the element z, respectively, and 0 < pa(x) + va(z) + ta(z) < 1. In addition, the function m4(z) =
1 —pa(x) —va(xz) — ta(z) denotes for the refusal degree of the element .

Smarandache presented some types of advanced fuzzy sets, namely neutrosophic sets, interval neu-
trosophic sets and interval neutrosophic numbers, which will be considered throughout the paper.

Definition 2.4 ([28]). A neutrosophic set (NS) A, defined on the universe of discourse X and denoted
generally by x, can be represented in following form

A={{z,Ta(x),Ia(x),Fa(z)): 2z € X},

in which T4 : X —7]0,1[" presents the degree of confidence which will be called by truth membership
function; T4 : X —7]0, 1[* presents the degree of uncertainty, namely, indeterminacy membership func-
tion; F4 : X —7]0, 1[T is the falsity membership function representing the degree of scepticism; and these
membership functions are constrained by inequalities 0~ < Ta(z) + Ia(z) +Fa(z) < 3T.

Remark 2.1. According to Definition 2.2 and Definition 2.4, we can see that three components of a neu-
trosophic set A are independent and their sum may be up to 3, that shows the importance of independence
of the neutrosophic components among themselves, while the ITFS’s components p4(x), va(x), ta(x), ma(z)
are dependent concerning each other and their sum is constrained in [0, 1].

Definition 2.5 ([44]). Suppose that X is a universal space of points and € X C R. An interval
neutrosophic set A in X can be characterized by three quantities: the truth membership function T 4(z),
indeterminacy membership function I4(«) and falsity membership function F 4(z). In particular, for each
z € X, Ta(z), Ia(z), Fa(z) € [0,1] and we can present the set A as follow

A= {(z: [Th(@), T4(@)] [Th(@). T4@)] . [Fa(@). Fa@))) 2 € X

where 0 < TY(z) + I%(x) + FY%(z) < 3. Throughout this work, we will consider a class of interval
neutrosophic sets on the real line R and denote it by %/. Such interval neutrosophic set is then called
interval neutrosophic number.



Example 2.1. Let A be an interval triangular neutrosophic number whose graphical representation is
given in Figure 1.

- " |===The upper truth m.f
4 The lower truth m.f

<<<<<<<<<< The lower indeterminacy m.{

----- The upper indeterminacy m.f
————— The lower failsity m.f

= ==The upper failsity m.{

01

Figure 1: An illustration of interval triangular neutrosophic number

Here, the three characterized membership functions of the interval neutrosophic triangular number A
are given in the forms of triangular fuzzy numbers.

2-1  we14,16], L2 gel[l14.5,16],
1 3
l _ 2 T = 163 o 10 T = 16,
Ta@=4n" . x € [16,22] TA®D = 1w x € [16,21.5]
6 12 » 44l 110 ~ 55 » 4290
0 otherwise, 0 otherwise,
—£ -4 gpel12,15], —£ 43 xe(125,15]
7 9
1 _ 10 xTr = 15, _ 10 xr = 15,
T =95 " n x € [15,17] Ta() z L 3 e[15,16.5]
20 ~ 20 Rt 15~ 10 2 +0-9]5
1 otherwise, 1 otherwise,
24T pe15,18], —5+ 12 1 e(16,18],
1 4
. 5 x =18, 7 z =18,
=1, 7, ) Fiw)=1,°
53 x € [18,21], 10— 1 x € [18,20],
1 otherwise, 1 otherwise,

Definition 2.6. Let A be an interval triangular neutrosophic number. Then, the neutrosophic number
A can be rewritten in following canonical form

A= ({(a1,b1,c13\1), (@1, b1,¢15 M)}, {(az, b2, c25 X2), (@2, b2,C2; A2) }

{ (a3, b3, c3; A3), (@3, b3, c3;X3) } ), (1)

where \; < \;, and \;, \; € [0,1] for all i = 1, 3. Here, (a,b,c; ) is denoted for a triangular function with
parameters shown in Figure 2.



Figure 2: The triangular function (a,b,c; \)

The canonical form of the interval triangular neutrosophic number A can be given as follows:

A= ({(14,16,22;0.5), (14.5,16,21.5;0.3)} , {(12,15,17;0.7), (12.5,15,16.5;0.9)} ,
{(15,18,21;0.5), (16, 18,20 0.8)} ).

Definition 2.7. Let A be an interval neutrosophic number defined by
A= {(@ [Th(@), 14()] . [Th(@), Th(@)]  [Fae) Fa@)]) : = € R}
We define the («, 8,7) — cut of A by level sets of each component as follows:

(Al = {# €ER:Tu(2) > o, Ta(z) < B,Fa(z) <7},

where a, 3, v € [0,1] and o + 8 + v < 3. In addition, the parametric form of A can be given by
(4] a,5.) = [ {1AL (@), A} (@) [A% (@), A% ()] {[AL(8), A4 (8)): [4%.(8), A%(B)] }
o doam.ao] o

Remark 2.2. We can see that the canonical form (1) is equivalent to the parametric form (2). However,
in practical terms, the parametric form (2) is more convenient for computing and applicable numerical
algorithms than canonical form (1).

Remark 2.3. Since the upper and lower membership functions can be written as triangular forms in
fuzzy numbers, an interval neutrosophic number A can be represented in parametric form (2). Then by
using Negoita-Ralescu characterization theorem [23], we can obtain the canonical form of the interval
neutrosophic number A.

Example 2.2. We apply the formula (2) to determine the parametric form of the interval triangular
neutrosophic number A defined in Example 2.1. For this aim, we need to determine the parametric
form of each component of the number A. For example, the parametric form of the first component of
the number A, consisting of two triangular functions (14, 16,22;0.5) and (14.5, 16, 21.5;0.3), is shown in
Figure 3.
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Figure 3: The parametric form of the first component of interval neutrosophic number A
Here, for the a — cuts of the truth membership function T4(z), we will find the set {x € R : T4(z) > a},

which means {z € R : T, () > a} and {z € R : T%(z) > a}. In addition, according to Example 2.1, we
have the truth membership function T4(z) is

21 ze14,16], L2 ze(14.516],
1 3
! 2 r =16, ) 1% z =16,
T =1nT o 62 R BT S
6 12 7 ) 440 im0 55 T » 449
0 otherwise, 0 otherwise,

Therefore, we immediately obtain

55
{x ER:Ty(z) > } Al (a)] = [14.5 +5a,21.5 — 3(1} ,
{x e R:TY(x) > a} =[A%(a), AY ()] = [14 + 4,22 — 120].
Then, the parametric form of the first component is

%)

{ [14.5 + 5a,21.5 — ?a] ;[14 + 4,22 — 12a]} .

Similarly, it follows that the (a, 8,7) — cuts of the interval triangular neutrosophic number A is given by

55
25 5 30 20
15— 28,15+ 28| : |15 - 28,15+ =
(- 2022 o~ Bnss 2]
{[18 — 2.5~,18 + 2.57]; [18 — 67, 18 + 64]}],
for each a € [0,0.5], 8 € [0.7,1], v € [0.5,1].

Next, we introduce the concepts of equality and four basic arithmetic operations on the set % such
as addition, multiplication, scalar multiplication and division. Firstly, we assume that

A= { (@ [Th(@) Th@)] . [T4@). T4@)] . [Fa@).Fi@)]) 2 € R},
B = {(a: [Tp(2). T(@)] [T(@). TE(@)] , [Fh (@), F(@)]) : 2 € R}



are two interval neutrosophic numbers whose parametric representations are given by

Al sy = | {14 (@), AL (@ 142 (@), A% (@)1} {[Auﬁ) LB (A% (8), AL(8
(AL (), AL (D [A%(0), A% ()]
(Bl = | {IBL (@), BL(0)]: [B" (). B2 ()]} {Bl (8). BL(8)]: [B(3 Bi(ﬂ)

[BL(v), BL ()] [B*

]

respectively for all parameters a, 3, v € [0, 1].

Remark 2.4. In [43], the authors defined some mathematical algorithms of interval neutrosophic sets
via truth-membership, indeterminacy-membership and falsity-membership functions. However, the cal-
culation of these operations is not simple. In this paper, we will introduce the basic operators of interval
neutrosophic sets via their parametric forms. Let us note that we consider interval neutrosophic numbers
on the universal X C R, so the level-sets functions of T (z), T4(z), I4(z), I%(x) and Fy(z), F4(x) are
the closed intervals of R.

Definition 2.8. Two interval neutrosophic numbers A and B are called equal, denoted by A = B, if
and only if

Ty () = Th(x), T4(2) = Th(@),
Iy (z) = T(x), Ti(x) = I(),
Fiy(z) = Fig(x), F4(z) = F(2),

for each = € R.

Definition 2.9 (Addition). Let A, B be two interval neutrosophic numbers. Then, the sum of two
interval neutrosophic numbers A and B, denoted by A + B, is an interval neutrosophic number C'

¢ = {(@: [16@),18()]  [16@). 1), [F@).Fe@)]) 12 e R],
whose parametric representation is given by
(Cllas =| {[AL (@) + BL(a), 4! (@) + B! ()}5[A" (a) + B (), A% (a) + Bl (a)]
{[Al_(ﬁ) +BL(B), A (B) + BL(B)); [A%(B) + BX(B), AL (B) + BL(5)]

{14L(3) + BL(3). 4, (1) + BL ()] [4% () + B (3), A4(1) + BL ()]} |-

L
J

Remark 2.5. The level-sets of the additional operator A + B is obtained as the sum of («, 8,y) —
cuts of A and B in the sense of Minskovskii addition. Moreover, the addition of interval neutrosophic
numbers are well-defined. In fact, by doing the same argument as in Proposition 1.5.2. [17], we can
see that [C](aﬂm is the level-sets of an interval neutrosophic number and by using Negoita-Ralescu
characterization theorem [23], we receive the canonical form of the interval neutrosophic number C. This
implies A + B is also an interval neutrosophic number.

Example 2.3. Let A be the interval triangular neutrosophic number defined in Example 2.2 and B be
an interval triangular neutrosophic number given by
B = <{(87 9,11;0.5), (8.5,9,10;0.3)},{(6,7,8;0.7),(6.5,7,7.5;0.9) }
{(2,4,5;0.5),(3,4,4.5;0.8)} ).



According to the formula (2), the (o, 8,7) — cuts of the number B is defined by

9

{{4—2%4+iv] ;[4—4%4+2’V]H,

for all a, 8,7 € [0, 1]. Now, for each «, 8,7 € [0, 1], we have

5 10 5 5 10 10
[B](a_ﬂﬁ) = H {8.5 + ga, 10 — 3(1] i [8 + 2,10 — 404}} , { [7 — §6,7+ 5] ; [7 — 7,6’,7—1— 76} } ,

[ 20 65
[Clasm) ZH 23+ 50,315 - 3a] 1[22 4+ 6,32 — 16a]} ,
[ 10 20 40 30
22— —B,224+ 28| ;|22 - —B,22 + =
{_ 36’ +9/8:|7|: 7ﬂa +75:|},
[ 15 15
{ 22—47,22+47} ;[22—107,22—1—87]}}

Finally, we can convert the above parametric form to the canonical form of C

C = ({(22,25,32;0.5), (23,25,31.5;0.3)} , { (18,22, 25; 0.7), (19, 22, 24; 0.9)}
{(17,22,26;0.5), (19,22,25;0.8)} ).

Definition 2.10 (Scalar multiplication). Let A be an interval neutrosophic number whose parametric
representation is defined by the formula (2). Then, we define the scalar multiplication of the interval
neutrosophic number A with a constant A € R corresponding to two following cases:

(i) If A € R* then the scalar multiplication of the interval neutrosophic number A with X is an interval
neutrosophic number, denoted by AA, whose parametric representation is given by

P = [{ DAL @) AL (@) DA (@), AL (@)} {AALB), AL B DAL(8), A AL (B)]}
{PAL), A4, ()] DAz (), A (]} -

(ii) If A € R~ then the scalar multiplication of the interval neutrosophic number A with A is an interval
neutrosophic number, denoted by AA, whose parametric representation is given by

M5y = [ { AL (@), AL ()]s A (@), A4 (0)] ] {AAL (8), AL ()] A (8), A4 (B)]}

{DAL ). 4L () A (). A4 (] ]

Example 2.4. Let A be the number defined in Example 2.2. Now, we consider the multiplication of A
by a scalar via its (o, 8,y) — cuts

(i) Multiplying by a positive crisp number A = 2:
110
[214]( ) :{{[29—1—1004,43— Sa] ;[28+8a,44—24a]} ,

50 10 60 40
{[30— 5530+ 35} : {30— 5,30 + 76] }

a,By
7
{[36 — 57,36 + 57); [36 — 127,36 + 124]} }

By converting the above parametric form to the canonical form, we obtain

24 = ( {(28,32,44;0.5), (29,32,43;0.3)}, {(24,30,34;0.7), (25, 30, 33;0.9) }
{(30,36,42;0.5), (32, 36,40;0.8)} ).

9



(ii) Multiplying by a negative crisp number A\ = —2:
2A = 4 110 2 1 ;|—44 4+ 24 2
= ]wm—[ 43+ ~3-0,—29 — 100 ; [~44 + 240, ~28 — 8a, ] ¢,

10 50 40 60
{ {—30 - 36, —30 + 95} ; [—30 — 7,3, —30 + 75} } ;
{[~36 — 5, —36 + 57); [~36 + 127, —36 — 127]}}.
By converting the above parametric form to the canonical form, we obtain
(=2)A = ({(—44,-32,-28;0.5), (—43, -32,-29;0.3)} , {(—34, —30, —24;0.7),

(—33,-30,-25;0.9)} , {(—42, —36, —30; 0.5), (—40, —36, —32; 0.8)} ).

Definition 2.11 (Difference). Let A, B be two interval neutrosophic numbers. Then, the difference of
A and B, denoted by A Sy, B, is an interval neutrosophic number C' of the form

0 = {(@: |[T6(@), T8(2)] | 16@), 18()], [Fo@),Fe@)]) : = € R,
whose parametric representation is given by
(Clasmy = [ {IC1 (@), CL@ [C2(@), C3 ()]} {ICL(®). CLB)): [C2(8), €1 (8))}
{lcto.cLokictm.cemit ],

for all a, 8, v € [0,1]. In particular, we have

[CL (), CL ()] = [min{ AL (1) — BL (), A\ () ~ BL(w) }
max { A" () = BL (), A% (1) - BL(w) }
[C (), CY ()] = [min {A” () — B (), A% (1) — BY (1)},
masx {A" (1) — B" (1), A" () — BY (0)}] -
Here, the parameter u € [0, 1] represents for o, 3 or 7.

Example 2.5. Let A and B be numbers defined in Example 2.2 and Example 2.3. Then, by Definition
2.11, we directly obtain that the difference A &, B is an interval neutrosophic number C, where the
parametric representation of C' is

[Cliasy = {{{6—#—10& §—15oz ;[6—}—201,12—804}},{[8—23/8,84-106];{S—M,SA—M}},

372 9 7 7
{{14—?,14—5—?} ;[14—27,14—#—47}”,

where a, 3, v € [0, 1]. Moreover, we have the canonical form of the number C' as follows:
C= < {(6,7,8,12;0.5), (6,7,11.5;0.3)},{(6,8,9;0.7), (6,8,9;0.9)} , {(13, 14, 16; 0.5), (13, 14, 15; 0.8) } >
Based on three above arithmetic operations, we introduce some properties of arithmetic on % .

Proposition 2.1. Let A, B,C be interval neutrosophic numbers and A1, o € R. Then, the following
assertions are fulfilled:

(i) (A+B)+C=A+(B+0C);
(ii) M(A+ B) =MA+ M\ B;
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(iil) (A1 4+ A2)A = A+ XA;

(iv) (AtA2)A = Ai(X2d);

(v) If the difference A Spey B exists and Ay > 0 then M\ (A Opey B) = M A Open M1B;

(vi) If the difference A Spey B ezists and A\ < 0 then A (A Speu B) = (—1)[(—MA4) Snew (—A1B)];
Proof. See Appendix. O

3. Interval neutrosophic calculus

This section is devoted to establishing some fundamental analysis concepts of interval neutrosophic
space and interval neutrosophic functions such as the metric space, the continuity, the interval neutro-
sophic derivative or the integral. For simplicity in representation, we denote

[Al}m = [AL (), A ()], [AY]#2 = [AY (12), A% (u2)].

Definition 3.1 (po, — distance). Let A and B be two interval neutrosophic numbers whose parametric

representations are given by
(] ) [ (o)

(] sy [ sy A )

respectively, for each a, 3, v € [0,1]. Then, we define the distance poo(+,-) on the space % by

(Al (.4

[Bl(a,87)

3
Hi i . )
poo (4,8) =3 swp {m ([A]"[B]") #1341
> s a4 [5) }
where dy is the Hausdorff distance and the indices p; are given by uy = «, pe = 8, uz = 7.

Theorem 3.1. The poo — distance is a metric on the space % and it satisfies some following essential
properties:

(i) poo (A+C,B+C) = pss (4, B),
(ii) poo (A+ C,B + D) < pso (A, B) 4 peo (C, D),
(iit) poo (AA, AB) = [A| poo (A, B),
(1) poo (A Sneu C, B Sneu D) < pos (A, B) + peo (C, D)
forall A, B, C, D € % and X € R.
Proof. See Appendix. O

Definition 3.2. An interval neutrosophic function (or IN—function for short) f : [a,b] C R — % is
defined by level-setwise

16 = {{[T50 @) T @] - [Tr0/@) Ty @] [Freo @) Fy @] ) 2 € B}

whose parametric form is given as follows
s = [{[70] st} { ] o} (] e
= [{(F®" (@), £ (@) 170 @), SO @] { FOLB), FOL BB FO (B, FOL )]}
{FOL) FOL L O, FOL ]}
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Definition 3.3 (The differentiability). Let f : (a,b) C R — % be an interval neutrosophic function and
to € (a,b). Then, we say that the function f is differentiable at the point ¢ if there exists an element
f'(to) € % such that the following limit

%&%% [f(to + h) Sneu F(to)] = F(to),

holds for all A > 0 sufficiently small. The interval neutrosophic number f'(¢y) is then called interval
neutrosophic derivative (or IN—derivative) of the function f at the point tg. The interval neutrosophic
function f is differentiable on (a,b) if and only if the IN—derivative f’(¢) exists for all ¢ € (a,b). In this
case, the mapping f/(t) is called the IN—derivative of the function f on (a,b).

Proposition 3.1. If f has IN—derivative f'(t) then

70 = {([Tr @ T @] [T @ T @) [Fro @iy @] ) 2 € B

with respective parametric representation

7O = [{[70] 5101} { [ro) s 1o} {fra] " e

= {1 @@, FOL @5 @), £ O @1} {1058, £ OLBL I O6), 5L}
{Ir®L e, FOL OB, £ O} ]

Next, the concept of Lebesgue integral for IN—functions can be given as follows

Definition 3.4. Let f : [a,b] C R — % be an interval neutrosophic function whose (o, 3,7) — cuts is

a B
B a5 = [{ LR ¥ { O [f(t)“]ﬁ} Alrer]’ [f(t)“]”}] :
b
Then, the Lebesgue integral of interval neutrosophic function f, denoted by / f(r)dr, is known as

the Aumann integral of set-valued functions. The space of all Lebesgue integrabl% interval neutrosophic
functions defined on [a, b] is denoted by L! ([a,b], % ).

4. Interval neutrosophic stochastic process

Denote by £ (R) the space of all nonempty, compact subsets of R. Next, we introduce the concept
of Hausdorff metric dg by

dig (A, B) := sup inf ||a — b||, sup inf ||a — b
1 (A, B) = max {sup nf [l 0], sup int 0]}

where A, B € #(R) and | - || is the usual norm in R. From [17], it is well-known that the space
 (R) endowed with the metric dp is a complete metric space.In addition, some fundamental arithmetic
operations in .# (R) such addition and scalar multiplication, are defined as follows:

A+B={a+blac A, be B},
A+{b} ={a+blac A},
A ={Xa|a€ A},

for all A, B € #Z(R), b € R and A € R\ {0}. Thus, it is easy to see that the space (£ (R),+,) is a
semi-linear metric space. Denote (€, &7, P) by the complete probability space.

12



Definition 4.1. An interval neutrosophic random variable u is a mapping u : 2 — % such that

{(@; [Tu(e) (@)D} (@, [Tu) (@)D} @, [Fu) (@)])} € & < 2,
for every z € R, where & denotes for the Borel subsets of JZ (R).

Remark 4.1. The above definition is compatible with the concept of intuitionistic fuzzy random variable
proposed by Wang et.al. [45]. The difference here is that each component of the interval neutrosophic
random variable u is known as a set-valued random variable while each component of an intuitionistic
random variable is a real-valued random variable.

Denote .# (S, o/, % ) by the set of all interval neutrosophic random variables u : @ — % such that
the set-valued mappings [Ty ()], [I.(z)] and [Fy(z)] : Q — # (R) are & — measurable, see e.g. [9].

n(w)

Figure 4: An illustration of interval triangular neutrosophic random variable

Denote LP (2, o7, P; # (R)) by the set of all &/ — measurable and LP — integrably bounded set-valued
random variables. Here, we will give some basic concepts of interval neutrosophic random processes:

Definition 4.2. An interval neutrosophic random variable u : 2 — % is said to be LP — integrably
bounded if [T, (z)], [Iu(z)], [Fu(z)] € LP(Q,,P; ¢ (R)) for each p > 1. In addition, denote by
LP (2, o/ ,P; %) the set of all LP — integrably bounded interval neutrosophic random variables, in which
u, v € LP(Q, o/ ,P; %) are considered to be identical if P ({poo(u,v) = 0}) = 1.

Next, for each interval J = [0,7] C R, we consider a complete probability space (2,7, P) and equip
it with a filtration {4 }+c satisfying following hypotheses

(i) {4 }+cs is an increasing and right continuous family of sub o — algebras of <7;
(ii) 2% contains all P — null sets.
Then, the concept of interval neutrosophic stochastic process is given as follows:
Definition 4.3. (a) Mapping u : J x Q — 7 is called an interval neutrosophic stochastic process if

(i) For any fixed w € Q, u(-,w) is a neutrosophic valued function;

(ii) For any fixed ¢ € J, u(t,-) is an interval neutrosophic random variable.

(b) An interval neutrosophic stochastic process u : J X Q — % is said to be poo — continuous if almost
all trajectory u(-,w) : J — % are continuous functions with respect to peo.

Definition 4.4. An interval neutrosophic stochastic process u : J x Q — % is said to be:
(i) {}ies — adapted if for all t € J, all set-valued functions [T, (z)], [Ty (%)], [Fue) ()] defined

on () is o/ — measurable,
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(ii) measurable if [Ty (z)], [Iu(2)], [Fu(z)] : JxQ — H(R) are #(J)®47 — measurable multi-functions,
in which Z(J) denotes for Borel o — algebra of subsets of J.

(iii) non-anticipating or N'— measurable if it is {2 };c; — adapted and measurable.

For each p > 1, we denote by LP(J x Q,N;R) the set of all non-anticipating real-valued stochastic

processes h : J x 0 — R such that
T
E (/ |h(7)|pd7> < .
0

Definition 4.5. An interval neutrosophic stochastic process u : J x Q — % is said to be LP — integrably
bounded if there exists h € LP(J x Q,N;R) such that

poo (u(t, ), {0}) < h(t,w),
for a.e. (t,w) € J x Q. Moreover, we denote
LPIXQUN;%)={u:J X Q — % : unon-anticipating and LP — integrably bounded} .
Remark 4.2. For more simplicity, we denote

o n(w) = pu(w) stands for P ({w € Q|n(w) = p(w)}) =1 for all nu € A (Q, A, U),

o u(t,w) Rl v(t,w) stands for P ({w € Q| u(t,w) = v(t,w) for all t € J}) = 1 for all interval neutro-

sophic stochastic processes u, v,
and similar notations are also used to define inequalities.

In the following, we introduce the concept of interval neutrosophic random variable, which plays
an important role in defining the concept of stochastic solution to the Cauchy problem for interval
neutrosophic stochastic differential equations

Definition 4.6. Let z € LP (J x Q,N;% ) be arbitrary with p > 1. Then, the interval neutrosophic
stochastic Lebesgue integral of z is known as an interval neutrosophic random variable

wH/z(T,w)dT EU.
J

¢
Then, the notation / z(7,w)dr can be understood as / Lo, (7)2(7, w)dr.
0 J

Some properties of interval neutrosophic random variables can be found in the following

Proposition 4.1. For each p > 1, if 21, 20 € LP (J x QN ;%) then

¢
1) T x Q23 (t,w)— / z1(T,w)dr € U belongs to LP (J x QN U ),
0
¢
(ii) The interval neutrosophic stochastic process (t,w) / 21(T,w)dT is peo — continuous,
0

(iii) sup pho </Os z1(T,w)dr, /Os zg(T,w)dT> ng =1 /Ot Lo (z1(1,w), 2a(T,w)) dr,

s€(0,t]

(iv) For each t € J, the following estimation holds

E sup /% ( /0 i (rw)dr, /0 ’ zZ(T,w)dT> ) /0 "B (), ()

s€[0,¢]
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Consider the embedding mapping
{} R>%
2 {z} = ([1,1],[0,0],[0,0]) /= ®3)

that maps each real number z into an interval neutrosophic number {z}. Here, note that if mapping
z :  — R is a real-valued random variable defined on a probability space (Q,.o/,P) then mapping
{2z} : Q@ — 7 is an interval neutrosophic random variable.

Remark 4.3. If z : Q@ — R is a real-valued random variable which is {7 }:c; — adapted (measurable,
respectively) then {z} : Q@ — % is an {4 }cj — adapted (measurable, respectively) neutrosophic valued
random variable.

Next, consider a complete probability space (€2, o7, P) with a filtration {7 }+cs satisfying hypotheses:
(i) {#}tes is an increasing and right continuous family of sub o — algebras of <7
(ii) % contains all P — null sets.

Now, we will recall some basic concepts of interval neutrosophic stochastic It6 integral. First of
all, we denote by B = {B(t)}tcs an one-dimensional {4 },c;— Brownian motion. Then, for each
z € L2 (J x Q,N;R), the classical stochastic It6 integral is defined by

/OTz(T, w)dB(T).

Definition 4.7. An interval neutrosophic stochastic It6 integral of z is an interval neutrosophic random
variable

Q5w {/OT Z(T,w)dB(T)(w)} cu.

¢
Here, for each t € J, the interval neutrosophic stochastic It6 integral { / z(r,w)dB(T)(w)} is known as
0

{/Otz(f, w)dB(r)(w)} = {/OT H[()’t](T)z(T,w)dB(T)(w)}.

Figure 5: An illustration of interval neutrosophic stochastic process

The following propositions play key roles in the proof of the existence and uniqueness of stochastic
solution in the next section
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Proposition 4.2. For each z € L2 (J x Q,N;R), the mapping

()= { [ s}
belongs to L2 (J x QN %).

¢
Proposition 4.3. The neutrosophic stochastic process { / (T, w)dB(T)} is continuous with respect
0 teJ
to metric poo for each z € L2 (J x Q,N;R).

Proposition 4.4. For each z1, 72 € L2 (J x Q,N;R), the estimation

E sup /2 ({ | at w)dB(r)} 7 { [ atn w)dBm}) <sz R ([0} ea(rw)}) dr

s€[0,t]

holds for every t € J.

5. Interval neutrosophic stochastic differential equations

Consider a complete probability space (€,.o/,P), where the filtration {<#}ics satisfies the usual
hypotheses:

(i) {4 }ies is an increasing and right continuous family of sub o — algebras of &7;

(ii) 2% contains all P — null sets.

5.1. State the problem

This section is devoted to investigating the unique solvability for a class of interval neutrosophic
stochastic differential equations that can be symbolized in the following form

2 (t)dt = f(t 2()dt + {0t 2(0))dB(1)},  teJ=[0,T], (4)
subject to the initial condition
2(0) T2 20, (5)

in which {B(t)}+cs is the one dimensional {7} — Brownian motion defined on (2, &, {# }ics,P), 20 is
an interval neutrosophic random variable and f: J X QX % — % and ® : J x Q X % — R are given
functions that will be specified later. Firstly, we define the concept of stochastic solution to Cauchy
problem (4) - (5):

Definition 5.1. An interval neutrosophic stochastic process z : J x 0 — % is said to be a stochastic
solution of the Cauchy problem (4) - (5) if it satisfies following conditions:

() z€ L2(J x QN;%);
(ii) z is continuous w.r.t peo;

(iii) For each t € J, z(t,w) "=" 2o + /Otf(T,w,z(T, w))dr + {/Otfb(T,w,z(T,w))dB(T)}.

Definition 5.2. An interval neutrosophic stochastic process z : J x  — % is said to be a unique
stochastic solution of the Cauchy problem (4) - (5) if and only if

(i) z is a stochastic solution of Cauchy problem (4) - (5);

(ii) If y is another stochastic solution of Cauchy problem (4) - (5) then z(¢,w) /Rl y(t,w).
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Next, the existence and uniqueness of Cauchy problem (4) - (5) is obtained under following hypotheses:

(A1) The mapping f : J X QX % — U is N @ B,..|%B,.. — measurable and ® : J x @ x % — R is
N ® B, |B(R) — measurable;

(A2) There exists L > 0 such that the inequality
max {2, (f (1,0, ), £t w,0)); 1Dt w,10) — Dt w,v)[2} < Lo, (u,v);
holds P — a.e. for every t € J =[0,7] and u, v € %;
(A3) There exists C' > 0 such that the inequality
max {p3; (f(t,w,{0}),{0}); |@(t,w, {0})[} <,
holds P — a.e. for every ¢t € J = [0,T].

The main technique used to prove the existence and uniqueness of Cauchy problem (4) - (5) is the
Picard successive approximation method. For this aim, we define a Picard type sequence {z,} : J X Q —
%« as follows:

JP.1
Z()(t) =" 20,

() T2 zo+/0tf(7,w,zn1(T,w))d7+{/0t<1>(7',w,zn1(T,w))dB(T)}. (©)

It should be noted that the sequence {z,} is well-defined po, — continuous interval neutrosophic
stochastic processes from £2(JxQ, N'; % ). Thus, it follows that each element of the Picard approximation
{2y} defined by (6) is an interval neutrosophic stochastic process which is non-anticipating and L% —
integrably bounded. Next, we will show that the sequence {z,} satisfies following property:

Lemma 5.1. For each zo € L*(Q, o/ ,P; %), if all hypotheses (A1), (A2) and (A3) are fulfilled then the
sequence {z,} satisfies the following estimation

Esup p2 (2n(t), {0}) < (M + MTEp (20, {0})) €M7 for each n € N,
teJ

where Ay = 3 [Ep% (20, {0}) 4+ 26T? + 16xT| and Ao = 6L(T + 8).
Proof. See Appendix. O

5.2. Main results

Theorem 5.1. Assume that zy € L*(Q, o/, ;%) and all hypotheses (A1), (A2) and (A3) are fulfilled.
Then, Cauchy problem (4) - (5) has a unique stochastic solution.

Proof. The proof is divided into two following steps:

(Existence). For each n € N and t € J, we denote e,(t) = E sup p2 (2n(7), 24_1(7)). Then, by using
T7€[0,¢]
mathematical induction principle, we will estimate the value of ey (t) for each ¢t € J. Indeed, if n = 1

then we have

e1(t) =E sup p% (/ (s, 20)ds + {/OTCD(s,zo)dB(s)},{O})

T€[0,t]

<28 swp ([ stszatonas,0y) + 2 ({ [ 2t aaoraio | o)
<2 ([ st zatoas, [ stsstonas) 4 ([ st tonas o)) +
i ({ [ ot sanae | [Cae onase )+ ({ [ o6 oniee )} o))
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According to Proposition 4.1 and Proposition 4.4, we infer that
et) <4 [ﬂE/O (P2 (f(5,20), f(5,{0})) + pi (f(s,{0}), {0})) ds
+8E/0 (2% ({2 (s, 20)}, {@(s, {O1)}) + p2 ({f (5, {0})}, {0})) ds | .

By (A2) and (A3), it implies that e; (£) < M, where My = 4 [LTEp? (20, {0}) 4+ (T + 8) + 8LEp2 (20, {0})].
By doing similar arguments, we also obtain

ensa() AT+ OE [ 2 Calo)s2ua (o)
0

t
< AL(T +8) / E sup pl (2n(7), 20-1(7)) ds
0 T€[0,s]

— 4L(T +8) /Ot en(s)ds.

Therefore, by mathematical induction principle, we obtain

_ M RLT+8)"
= 2L(T + 8) n!

en(t) for all n € N. (7)

As a consequence, by Chebyshev inequality and the inequality (7), we directly get

M, [BL(T +8)T]"
T+ 8) n! '

1
P s 2 _ — | <4qr <
(TEE?T]POO(%(T%% 1(7)) > 4n> < 4%, (T) < 2L

(o)
L(T "
Note that the series Z M

n=1

0 converges. Thus, by applying Borel-Cantelli lemma, we have
n!

1. ..
P (Ti}(l)pT] 02 (20 (1), 201 (1)) > on infinitely 0ften> =0,

which means that for a.e w € Q, there exists Ny = No(w) € N such that

9 1
sup p5(2n(7), 2n-1(7)) < o~ for all n > No.
e0,7) 2

Let us consider the set Q. € &7 satisfying P(£2.) = 1. Then, we can conclude that for each w € ., the
sequence {z,(-,w)} uniformly converges to a function Z(-,w) : J — % . Moreover, it is easy to see that
the function Z is ps, — continuous. Next, we define a mapping z : J x Q — % as follows:

(4 w) Z(-w) if we Qe
z(-w) =
freely chosen function if w e Q\ Q.

Firstly, we can see that for every t € J, dy ([zn(t, W)](a,8,7) * [z(t,w)](aﬁﬁ)) — 0 as n — oo, which follows
that [2(t,)](a,5,) : ¥ = % is an @ — measurable multi-function. Thus, the process z is continuous and

{e/}1c7 — adapted and is also non-anticipating. On the other hand, since z,(t) € £3(Q, o, P; %), we
deduce that

T
2 [ (0. {0)) < TEsup 2 (o(2). {0)) < o,
0 teJ
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which follows that z € £2(J x Q,N;%). Finally, we will show that the process z is a stochastic solution
of Cauchy problem (4) - (5). Indeed, one can observe that

Ep2, <z(t),zo + /Otf(s,z(s))ds + {/Oté(s,z(s))dB(s)D

<2, ([ sisstonis+ { [ 0(s.c60a) | [ s monis+{ [ 06 mlsnine )
FER(2(1), (1))

Due to EpZ (2(t), zn(t)) — 0 as n — oo, it suffices to show that the first term of right-hand side also
converges to 0. Indeed, by Proposition 4.1, Proposition 4.4 and the hypothesis (A2), we immediately get

it ([ stsistnas +{ [ atszonao ). [ sts.znas+{ [ o cuonan})

<2 ([ 5.2, [ 1s.mtonas) + 5% ({ [ 0t s} { [ et nise )]
T

<2L(T + 8)/0 Ep2 (2n-1(s),2(s))ds — 0 as n — oo.
Thus, we receive Ep?, (z(t)7zo + /Ot f(s,2(s))ds + {/Ot @(s,z(s))dB(s)}) = 0, which yields
e (0 [ s6s.260as +{ [ ats.sonamio}) 2o

t t

or equivalently, pZ, (z(t),zo —I—/ f(s,2(s))ds + {/ @(s,z(s))dB(s)}) 210 due to the Poo — conti-

nuity of the proposed stochasticoprocess. Hence, t}(l)e function z is a stochastic solution of the Cauchy

problem (4) - (5).

(Uniqueness). In order to show the unique existence of stochastic solution z, we assume by contrary

that there exist two distinct stochastic processes z, Z : J x 0 — % which are stochastic solutions of

Cauchy problem (4) - (5). For each t € J, we denote e(t) := E sup p2, (z(7),Z(7)). Then, we have
T€[0,t]

¢ ¢
e(t) =3L(t+ 8)E/0 P2 (2(s),Z(s))ds < 3L(t + S)E/ e(s)ds.

0
By Gronwall inequality, it implies that e(t) = 0 for each t € J, or equivalently, sup poo(2(%),z(t)) =)
teJ
Hence, we can conclude that z(t) = z(¢) for all ¢ € J, that is, z = Z. The proof is completed. O

Remark 5.1. Numerical methods are widely known due to their effective capacities in solving various
mathematical, physical and engineering problems even when they are unable to obtain analytical solutions
by using analysis methods and transformations. Numerical methods give the approximate values of
solutions of considered problems at a certain point. In this paper, to solve the Cauchy problem for the
neutrosophic stochastic differential equation, we will conduct an numerical algorithm based on Euler-
Maruyama (EM) method which was discussed in [15].

Consider the following Cauchy problem to interval neutrosophic differential equation

X'(t)dt E' ft, X (0)dt + {D(t, X(1)dB(t)},  teJ=0,T],
x©0) B X,
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Theorem 5.2. If the hypotheses (A1), (A2) and (A8) are fulfilled then the difference equation generated
by Fuler — Maruyama method

X]'+1 = Xj + f(Tj,X]') At + {@(Tj,Xj)AWj}, ] = 0,27 .. .7N R 1,

approzimately solves the Cauchy problem (8) and the global error at any t € [0,T] is O ((At)?).

T
Proof. Firstly, we divide the interval [0,7T] into N equal sub-intervals whose lengths are At = — for a

big enough natural number N. For each j =1,2,..., N, we denote 7; = jAt. Then, our proof is divided
into following steps: Step 1. In this step, we will compute the sequence {X,,} ~ {X(7,)} to approximate
the stochastic solution of the Cauchy problem (8). First of all, we will simulate a Brownian motion by
using discretized Brownian motion, in which W(t) is sampled at the discrete ¢ values. To this end, we
consider

AW; = Wi —W;, j=0,2,....,N—1,

where AW; ~ VAt N'(0,1). In addition, we use the function randn to generate a random number drawn
from the A(0,1) distribution. Next, let X (7;) be abbreviated as X;. Then, at t = t; and t = t;;1, we
obtain

X(7j41) = Xo+ /(:Hl f(s,X(s))ds + {/07_7+1 @(s,X(s))dW(s)} ,
X(75) = Xo+ /OTj f(s,X(s))ds + {/0

T

’ q>(s,X(s))dW(s)} .

Then, by subtracting the first equation to the second one, it yields

X(rpe) = X(m) = [ Hlsx(s))ds + { [ <1><s,X<s>>dW<s>} .

j j
For the first integral, by using the conventional deterministic quadrature rule, we have
Tj+1
[ s X(0)s = £33 X(5)) (1 = ) = £ (7, ) A,
7
The second integral can be estimated by using It6’s formula
Ti+1
/ D(s, X(s))dW (s) = (75, X (7)) [W(7j41) — W(T))] = (75, X;) [Wjs1 — Wj] = &(75, X;) AW
7j

Therefore, we obtain
Xj+1:X]‘—|—f(Tj,Xj)At—|—{‘I’(Tj,Xj)AWj}7 7j=0,2,...,N—1, (9)

is the difference equation that approximately computes the stochastic solution of the Cauchy problem

(8).
Step 2. (Error estimation) Our aim is to estimate the error peo (Xpn, X (75)).
Firstly, denote €; = X; — X (7;) and Aej = e¢j11 —€;. Then, for each n € N, we have

Ag, = En+l —En = (Xn—H - X(TTL—H)) - (XTL - X(Tn))
(Xn+1 - Xn) - (X(Tn+1) - X(Tn))

~1f () At 4 (0, X a0,0] - | e {/ B(s, X)W (5}

_ {f (s X)) At — /TT+ f(s,X(s))ds} + [{@(Tn,xn)AWn} _ {[+ @(s,X(s))dW(s)}] ,
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which follows that

poo (D, {0}) < o <f (TMXn)At,/T:nH f(s,X(s))ds>

+om (@ 02w [ s 0w )

n

=By + By,
where
E1 < poo (f (7o, Xn) AL, f (7, X (7)) AD) + poc (f(Tn,X(Tn))At,/ "N f(s,X(s))ds)
< poo (f (T, Xn) 5 f (70, X (70))) AL + /‘m+1 Poo (f(Tns X(10)), f(8, X(s))) ds
< Voo (X X(1) At 4 [ VEpoo (X (1), X (s)) ds
" 2

— VIpolen, ()t 4 MVEIBD

and

Tn+1

Es = pso <{(I’(Tn,Xn)AWn}, {/Tn @(s,X(s))dW(s)})

< VLpoo (Xn, X (1)) AWy, ~ VLpoo (€4, {0}) Bu VAL, for By, ~ N(0,1).
Therefore, we directly obtain
+ VLpoo(en, {0}) BVAL
MV (At)?
2 )

pos (A&, {0}) < VLpoo(en, {0}) At + %(At)z

< VIpso(en, {0}) (At + Bn@) +

MVL(At)
or equivalently, poo(gn+1,{0}) < poo(en, {0}) (1 + VLAt ++/ LB,V At) + # Here, for simplic-

ity in representation, we denote Cy = 1 + VLAt + B,V LAt and C) = %(At)z. Then, we have
Poo(En+1,{0}) < Copos(en, {0}) + C1
< Co (Copos(en—1,{0}) + C1) + C4
= Cpoc(en—1,{0}) + C1(1 + Co)
< G§ (Copoo(en—2,{0}) + C1) + C1(1+ Cy)
= Cpoo(en—2,{0}) + C1(1+ Co + CF)
By mathematical induction principle, we receive

Poo(Ens+1,{0}) < Cflpoc(e0,{0}) + C1 (1 4+ Co+ CF + ...+ CF 1)
cyr -1
—_n 0
= Cf peo(€0,{0}) + C1 Co—1°
In addition, since the fact that g = Xo — X (79) = {0}, it implies that

Cgfl B M\/E(At)z (1+\EAt+Bn\/LAt) -1

Poo(en+1,{0}) < C1

Co—1 2 VLAt + B,VLAt
_ MVt (enﬁAHmbLAt - 1)
= 2
MVL(At)®
_ # (eVEmt BT 1) 50 as AL 0. (10)
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Therefore, we can conclude that X,, — X(7,) as A — 0, which means that the EM method converges and
the global error is O ((At)?). Moreover, the error estimation of the EM method is defined in (10). O

Remark 5.2. If the function ®(¢, X(¢)) = 0 for all ¢ € [0,7] then the interval neutrosophic stochastic
Cauchy problem (8) becomes a Cauchy problem to interval neutrosophic differential systems. Then, the
scheme presented in Theorem 5.2 is similar to the familiar Euler scheme in numerical analysis. Thus, a
modification of the Euler scheme can be applied to solve the numerical solution of the problem.

Remark 5.3. In the following, we will summarize a procedure to numerically solve Cauchy problem (8)
to the interval neutrosophic stochastic differential systems:

Step 1 Discrete the time domain [0, 7] into N sub-intervals [¢;, t;11] with partition’s length At = %;

Step 2 Construct the difference formula (9) corresponding to the considered problem and evaluate the
finite terms of difference sequence {X,}. Here, note that the random parts are the Brownian
motions which are approximated by using the norm distribution;

Step 3 Using mathematical programs to plot the values of sequence {X,} that are approximate to
the solution of the considered problem. Here, note that the random part is generated by using
Matlab function rand () and the graph of the initial condition Xy is constructed by converting into
parametric form (2) and plotting the level sets of each component.

6. Applications

Now, we will apply theoretical results to investigate some real-world models that can be described by
interval neutrosophic stochastic differential equations:

Example 6.1. In this example, we investigate the Malthusian model that describes the population
growth of a microbes species N(t)

JP.1
{dN(t) J;la(t)N(t), e T— 0. an

N(0) =" No,

in which N(t) represents for the size of population at time ¢ and a(t) represents for the relative rate
of growth at time ¢, that is not exactly known, but subject to some random environmental effects
a(t) = r(t) + W (t), where the white noise W (¢) has the strength o € R.

It is a given fact that it is possible to observe under the microscope, large number of the microbes
that always move continuously and change their positions quickly. Moreover, due to the imprecision
of measurement equipment, imperfect human judgments or opinions on parameters, it is too difficult
to estimate the initial number of individuals precisely or determine exactly the precise values of the
initial density Vg and hence, every initial datum of the model always contain itself a certain degree of
uncertainty. In reality, it is often accepted to communicate the initial datum as linguistic expressions like
“small”, “large”, “huge”, which not only contains some neutral information but also has a considerable
degree of falsity. Furthermore, the initial data may come from unreliable sources, so the data contains a
certain degree of indeterminacy and falsity that need to be taken into account in our model, see Chapter
2 in [32] for more explanation of neutrosophic dynamical systems. The neutrosophic sets are suitable
objects which can express both the true, false and indeterminate degree of data in itself. So, it is regarded
as the most suitable concept to express the initial density Ng. In this example, it is assumed that “The
initial data is approximately 7000”, which means that it may be less than or more than a little bit. Here,
we propose to use the fuzzy sets of triangular form (6500, 7000, 7500) to present this statement, i.e., the
value of initial data can vary from 6500 to 7500 where 7000 is the value getting the highest truth degree.
However, this presentation still has a certain degree of unreliability and it is obvious that there are some
doubts for this choice because the error in estimation seems to be quite big. Hence, the neutrality and
falsity must be all taken into account in the initial data Ny = (6500, 7000, 7500). In particular, the truth,
indeterminacy and falsity membership functions of the number Ny can be chosen as follows:

22



e 13 2 € [6500,7000],

1000 — 2
1
3 x = 7000,
Th(z)={ .2 . N
5~ 100 € [7000, 7500,
0 otherwise,
—5is+ 8 2 € 6500,7000],
4
5 x = 7000,
R (o) =1,
3500 + 2 z € [7000, 7500],
1 otherwise,

—sis+ B 2 € 6500, 7000],

1 & = 7000, )
Pl =9 . FY (2) = 1.
5000 T 2 x € [7000, 7500],
1 otherwise,

According to the result introduced in [34], the («, 8,7) — cuts of the number Ny can be represented as
follows:

(6500 + 1000cx, 7500 — 1000a],
[Nol(a.5.) = | [9000 — 25008, 5000 + 25004], | ,
[11500 — 5000+, 2500 + 5000~]

for each a € [0,0.5], 8 € [0.8,1.0] and v € [0.9,1.0]. In this example, let us assume that the function
r(t) = r is a constant. Then, the differential equation of the considered problem is equivalent to

AN (t) "' rN(t)dt + o N(t)dB(t), (12)

where B(¢) is an one dimensional {4} — Brownian motion defined on (Q, <7, {4 }ics,P) and o = 0.3
represents for the strength of noise. For each t € J, denote

ft,N(t))=rN(t) O(t,N(t)) = oN(t)

It can be seen that the mapping f and ® satisfy all assumptions (A1) - (A3). Thus, Theorem 5.1
guarantees the unique existence of a stochastic solution of the problem (12).

Numerical Solution: Now, based on the numerical method presented in Theorem 5.2, we will introduce
the algorithm of EM method to solve the ecosystem (12). Note that if o = 0, the difference equations
(9) becomes the Euler approximation to the logistic model (11).
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Algorithm 1: Euler-Maruyama method to solve the ecosystem (12)

Input: The interval [0, 10], the value of parameters r, o, n, 'num’, the partition § and initial
condition Nj.

Output: The numerical solution & stochastic solution of the ecosystem (11)

Data: Set the variable and initial state vectors

1 Y = zeros(num, n);
2 Ye = zeros(1, n);
3 meantime = zeros(n, 10);
4 extinction = 0;
/* Numerical stochastic solution of the ecosystem (11) */
5 fori=1,2,...,num do
6 dW = sqrt(delta)*randn(l, n); // random number is generated by function randn
7 Yt = NO; // set initial condition
8 for j=1,2,...,ndo
9 Yt = Yt + r*delta*Yt + sig*Yt*dW(y);
10 Y(i,5) = Yt;
11 Set bool = Y(4,:) > 0;

12 if sum(bool)==n then
13 L plot([0 : delta : T],[NO,Y (4,:)],’g’)

14 else
15 meantime(: , extinction + 1) = 1 — bool;
16 extinction = extinction + 1;

17 time = find(1 — bool, 1);

18 | plot(]0 : delta : time * delta],[NO,Y (4, 1 : time)],’r");

B // plot the numerical stochastic solution
/* Numerical solution of the ecosystem (11) */
19 fori=1,2,...,n do

20 Yte = Yte + r*Yte*delta;

21 Ye(j) = Yte;

2

N

plot([0 : delta : TY, [XO0, Ye]) // plot the numerical solution

As a consequence, by applying the above algorithm, the numerical solution and numerical stochastic
solution of the ecosystem (12) are obtained. In addition, graphical representations of numerical solutions
are shown in Figure 6 and Figure 7 by using the Matlab program.

—— The numerical solution N(t) with o = 0.3

—— The numerical solution N(t) with o = 0

5000

2000

The approximate solution N(t,w)

1000

Time

Figure 6: The truth membership function of the numerical solution of the problem (12) with r = —0.8, where the blue
smooth curve presents the numerical solution of the ecosystem (11) (no random noise) and the brown non-smooth curve is
the numerical stochastic solution of the stochastic differential equation (12).
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x107

——The numerical solution N(t) with o = 0.3

2| ——The numerical solution N(t) with o = 0

The approximate solution N(t,w)

Time

Figure 7: The truth membership function of the numerical solution of the problem (12) with » = 0.8, where the blue smooth
curve presents the numerical solution of the ecosystem (11) (no random noise) and the brown non-smooth curve is the
numerical stochastic solution of the stochastic differential equation (12).

Analytical Solution: Firstly, the interval neutrosophic stochastic differential equation (12) is equivalent
to

dN(t) JP.1
NG rdt + odB(t).

Due to the fact that B(0) = 0, the above equality becomes

AN (7) JBL L
N t+ oB(t). (13)

In order to evaluate the above integral, we will apply the It formula for a function ¥(¢) = In¢ and obtain

Jp1 d(N(t)) 1 Je1 d(N(t)) a2 N2(t) Jp1 d(N(t)) o?
AN = =5y ~ o TV O = T e 4T N 2
d(N(t)) spa ’

Hence, it follows that = d(InN(t)) + %dt. Thus, from (13), we can conclude that

In <x((f)))> B! <7’ - U;) t+oB(t),

that implies

02
N(t) "Z' Noer—)tHeBO ¢ > ¢, (14)
Finally, the graphical representations of the analytic stochastic solution N (t,w) compared with the nu-

merical stochastic solution obtained by proposed method are shown in Figure 8 and Figure 9 by using
Matlab programs.
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——  The analytical solution

——  The numerical solution |

n
a
g
8
8

The solutiol
5 g8 3
g8 8 8

3
H
8

Figure 8 The truth membership function of the stochastic solution N(t) of the problem (12) with » = —0.8 and ¢ = 0.3,
where the red curve represents for the analytical stochastic solution given in the formula (14) and the blue curve is the
numerical solution of the problem (12) obtained by Euler-Maruyama method

o
x10°
12 T T T

———  The analytical solution

——  The numerical solution

The solution N(t,w)
B -

Figure 9: The truth membership function of the stochastic solution N(¢) of the problem (12) with » = 0.8 and o = 0.3,
where the red curve represents for the analytical stochastic solution given in the formula (14) and the blue curve is the
numerical solution of the problem (12) obtained by Euler-Maruyama method

Example 6.2. In this example, we will apply the theoretical foundations on interval neutrosophic differ-
ential equations and interval neutrosophic stochastic processes to model and investigate Lotka - Volterra
predator-prey model. According to the discussion of Lotka in 1920, the interaction between predators Ys
and its preys Y7 satisfies following reactions:

(Reaction 1) X +Y; & 2Y7,

(Reaction 2) Y + Yy 2 25,

(Reaction 3) Y3 25 7.
The above reactions imply some remarkable dynamical properties of Lotka - Volterra predator-prey model
Reaction 1: Under the full feed conditions, the prey population Y7 increases with rate constant cy;
Reaction 2: The population of the predators Ys increases with a rate constant co as they eat preys Yi;
Reaction 3: The predators Y5 die in natural environment with rate constant cs.

Here, the amount of species X in Reaction 1 is assumed constant. Several years later, Volterra studied
the use of following reaction-rate differential equations

dYi(t

1(t) =1 XY — Y1Yo,
dlgzt(t) (15)
% = CQYlS/Q - C3Y2.
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On the other hand, since the fact that natural environments are stochastic and deterministic models
fail to describe basic phenomenon of natural systems in the changing environment which may cause
random variations in the predator-prey growth rate and death rate, stochastic models are considered
for an accurate approximation of such dynamics of interactions. It is well-known that the noise plays
a vital role in the structure of biological systems. Here, the Gaussian white noise is considered as a
useful concept to model rapidly fluctuating phenomena. Moreover, the initial data and parameters of the
population state always contain both truth and falsity degrees that is the reason why it can not be given
in a certain form. Hence, we can conclude that the modeling of initial data as an interval neutrosophic
random variable is natural and necessary. Motivated by aforesaid, a realistic model of population dynamic
is investigated under the combination of two interesting concepts: neutrosophic and random. Then, the
differential equation (15) becomes the following neutrosophic stochastic differential equation

avi(t) "' (XY — e:V1Ys) dt + oYy (£)dB(1), a6)
dYa(t) "E' (a1 Ys — e3Ya) dt + oY (t)dB(1),
for each t € J = [0, T, subject to the initial conditions
JP.1
{Yl(o) = Ylo (17)
JP.1 1,0
Y3(0) =Yy

Here, the values of parameters are

ClX = 10, Cy = 0.01 C3 = 10 o =0.1.

In addition, the initial numbers of predators (coyotes) and preys (rabbits) are given in following table

Table 1: The initial data of the Lotka-Volterra stochastic predator-prey model

Membershi
(;m f-rs P The initial prey Ylo The initial predator Y20
unction
580 — % z € [1800, 2000], 155 — % z € [1400, 1500],
4 4
s x = 2000, s x = 1500,
Truth m.f Tyo(@) = 445 Typ(@) = 645
ruth m. L T — 359 T € [2000,2200], 2 = — 155« € [1500,1600],
0 otherwise, 0 otherwise,
TQ;/lU (x)=0 T;*/2U (z)=0
—3000 T 10 € [1800,2000], —&s5+ L2z €[1400,1500],
9 9
o x = 2000, = z = 1500,
Ind . £ Ily[] (z) = - 1 Ily[] (z) = 10 3
ndeterminacy m. 1 2000 8R! x € [2000, 2200], 2 To00 — & z € [1500, 1600],
1 otherwise, 1 otherwise,
Ilf/lo (z)=1 I;*/QU (z)=1
— 006 T 1?4 z € [1800, 2000], —s00 T % z € [1400, 1500],
. : x = 2000, . - x = 1500,
Falsi £ Fyo (z) = 6 Fio (z) = 1
alsity m. 1 To00 — £ x € [2000, 2200], 2 0~ F z € [1500, 1600],
1 otherwise, 1 otherwise,
Flo(z)=1 Flo(z)=1
b @) b @

According to Definition 2.7, the parametric forms of the initial data Y and Y are

[1800 + 250a, 2200 — 2500/,

[Y7] [3800 — 200043, 200 + 20004], | ,

(@By) —
“E\[2800 — 10007, 1200 + 10004]
[1400 + 1250, 1600 — 1254],
0
Y9 (o 5y = | [2400 — 10008,900 + 1000], | ,

[1900 — 5007y, 1100 + 5007]
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for each a € [0,0.8], 8 € [0.9,1.0] and v € [0.8,1.0].

For illustration, the SSA stochastic solver Matlab program is used to simulate the uncertain behavior
the stochastic Lotka-Volterra predator-prey model (16) with initial condition (17). In particular, Figure
10 is plotted to show the populations of predators (coyotes) Y2 and preys (rabbits) Y1 against time over
the interval [0, 10], where the leading and lagging curves represent for the Y; (prey) population and the
Ys> (predator) population, respectively. The second figure (Figure 11) presents the numbers of predators
Y and preys Y7 versus time ¢ € [0, 30].

000 Lotka-Volterra Reaction - Y1 vs. Y2
T T

6000 — 4
5000 [~
4000 [~
3000

2000 —

Number of coyotes (Yz)

1000 [~

[ 1000 2000 3000 4000 5000 6000 7000

Number of rabbits (\®]

Figure 10: The phrase portrait of the number of rabbits Y7 to the number of coyotes Y2

5000

Lotka-Volterra F ion - State History
T T T

The number of rabbits Y,

4500 [~ — The number of coyotes Y2

4000 [

prey

3500

g
38

——

2500
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1500 - |}
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Number of predator

—
‘5:5555::::::::1:::::
_—
—_—
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e

Figure 11: The (0.8,0.9,0.8) — cut of number of rabbits and coyotes over the time [0, 30]

Example 6.3. This example is devoted to discussing a simple model for the spread of SARS epidemic
disease in a given community, that is based on the two-compartment "S—I" (or Susceptible-Infectious)
epidemic model. Here, the proposed SARS model is mathematically modeled in the following logistic
equation form

%}Et) =AS(t) (N = S(¢)), (18)
in which
e The quantity S(t) represents for the number of infected and susceptible individuals at time ¢ (days);
e The coefficient A is proportional constant;
e The quantity N represents for the total number of individuals.
In the real-world scenario, SARS epidemic model provides a predictive result only to some extent,

it is natural to consider that there is a need to take into account the stochastic environment. Thus,
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a stochastic component can be added into this model to give a new form of differential equation with
stochastic noise. Now, our aim is to investigate the following stochastic differential equation

dS(t) = AS(t) (N — S(t)) dt + pS(t)dW (t) (19)
subject to the initial condition
5(0) = So, (20)

where A, p are real constant and W (t) represents a Brownian motion.

In addition, we can see that in reality, it is natural to consider the initial datum Sy as an uncertain
quantity. Indeed, because of a lack of knowledge or incomplete statistical information, it cannot be
measured exactly. Moreover, the measured data also contains a certain degree of indeterminacy and
falsity. Hence, we represent the initial datum Sy as the following interval neutrosophic number whose
truth, indeterminacy and falsity membership functions are given in the following table.

Membe'rshlp The left membership function The right membership function
function
£ -4 w€[100,120], £ -5 z€[100,120],
£ x = 120, L x = 120,
Truth m.f Té, (z) = 5 TS, (z) = 2
B _ 2 2e[120,140], I— & gz €[120,140],
0 otherwise, 0 otherwise,
—%5+3 =z €[100,110],
2 z =110
Indeterminacy m.f | Ik (z) = 5 \ 16 (z)=1
0 & -2 2 e[110,130], 0
1 otherwise,
—3z 4 4 7 e[110,120],
7
= z =120
Falsity m.f Fy (z) = 10 ’ Fs () =1
% Bz g ei20,140], |
1 otherwise,

The respective numerical solution and numerical stochastic solution of the SARS epidemic disease
model (19) with the initial condition (20) are numerically solved by employing the Euler-Maruyama
(EM) method discussed in previous example. The graphical representations of the numerical solutions
are shown in Figure 12.
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Figure 12: The membership functions of the numerical solution of the SARS epidemic model over the interval [0, 5], where
the smooth curves represent for the numerical solution of the SARS epidemic model (18) - (20) (no noise) and the non-
smooth curves represents for the numerical stochastic solution of the stochastic SARS epidemic model (19) - (20)

Remark 6.1. The obtained theoretical results of this work are the foundation for the investigations of
neutrosophic dynamical systems and neutrosophic stochastic dynamical systems. Indeed, it proves the
applicability in better modeling of various real-world phenomena and processes in many fields of science
due to the generalization of the proposed model. Additionally, it also shows the capability to develop
and study some related problems

e The construction of a solution formula for the initial value problem to interval neutrosophic stochas-
tic differential systems is one of the important contributions of this work. Motivated by this result,
we can develop it to study some more complex problems such as Cauchy problems with non-local
initial data

JP.1

2(0) = g(=(1)),

or some qualitative problems of solutions such as the data dependence, stability or sensitivity, etc.

{z’(t)dt TEY b4, 2(4))dt + {®(t, 2(t))dB(t)}, € [0,T],
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e The control problems for the neutrosophic stochastic differential systems are still new and updated
problems that open up many attractive problems in the theory of neutrosophic sets and systems.
Here, we consider a controlled neutrosophic stochastic differential systems of the form

Z(t)dt E (¢, 2(8))dt + glult))dt + {B(t, 2(£))dB(¢)}. (21)
By applying the method of constant variation, we can construct the solution formula with respect
to the control input v and then, we can use some familiar techniques in stochastic analysis and
functional analysis to investigate the controllability or observability of the controlled system (21).
In addition, if we consider an optimal control problem that receives the neutrosophic stochastic
differential system (21) as the dynamical constraint [12, 35, 36], we obtain a neutrosophic stochastic
optimal control problem. Which may be a promising research in both theoretical and practical
domains.

7. Conclusions

The paper is concerned with the calculus on the space of interval neutrosophic numbers, the inter-
val neutrosophic stochastic processes and their applications in studying the Cauchy problem to interval
neutrosophic stochastic differential equations. This type of stochastic differential equations consists of
two types of uncertainties that appear in various real-world problems, i.e. ambiguity driven by interval
neutrosophic mappings and randomness caused by stochastic noises. Our approach is a generalized com-
bination of many abstract theories including stochasticity, the theory of interval neutrosophic sets and
the theory of stochastic differential equations. In addition, it is well-known that one of the common limi-
tations of the introduction of uncertain quantities in dynamical systems is that the additional information
that is used for modeling must come from the expert knowledge of the researchers and certainly they
only reflect the personal viewpoints of researchers about the processes. Hence, the consequence is that
the considered systems are often more complicated. Moreover, there is also a difficulty in dealing with
the input and output information due to the fact that the more input information we require, the harder
it is to elicit such information in output. Despite these difficulties, this paper defines some fundamental
arithmetic properties of the space of interval neutrosophic numbers and the calculus of interval neutro-
sophic mappings in order to early establish the basic foundation of the study of analysis and stochastic
analysis for neutrosophic valued functions, which are the new fields of research.

In the paper [6], the authors studied the relation between advanced fuzzy sets and interval-valued
intuitionistic fuzzy sets and claimed that inconsistent intuitionistic fuzzy set, picture fuzzy set and neu-
trosophic fuzzy set can be represented by an interval-valued intuitionistic fuzzy sets by a trivial nor-
malization. The research of Atanassov and Vassliev has opened up a new perspective on our future
studies in the space of advanced fuzzy sets. In this paper, with the foundation of neutrosophic arith-
metic operations, one of our contributions is the introduction of calculus of interval neutrosophic-valued
functions. Indeed, the concepts of interval neutrosophic derivative and interval neutrosophic stochastic
process are firstly presented based on the interval neutrosophic difference, that are the basis for defining
the interval neutrosophic stochastic differential equations. Main contributions of this work are about the
existence and uniqueness theorem of the stochastic solution (Theorem 5.1) and the convergent numerical
method theorem (Theorem 5.2). Additionally, in order to demonstrate the potential applicability of the
theoretical results, some biological systems are investigated in terms of interval neutrosophic stochastic
differential equations. Our research will be the background for further studies on neutrosophic dynamical
systems, neutrosophic differential equations, neutrosophic control system. Moreover, the proposed nu-
merical scheme is constructed for the Cauchy problem of general form, that proves its widely applicable
capacity for various classes of real-world models. The current work opens up many potential applications
in applied science and engineering that directly employ derivative and integral calculus as the essential
tools to study control problems or qualitative properties of the interval neutrosophic stochastic solu-
tions such as stability, attractive property or boundedness or solving numerical of interval neutrosophic
dynamical systems by some advance methods [39, 40].
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8. Appendix

Proof of Proposition 2.1. Based on Definitions 2.9 - 2.11, the five first assertions can be easily proved by
converting the numbers A, B, C' into parametric representations and then, applying arithmetic operations
between subsets of R to get the parametric form of desired results. In the following, we will give the
proof of the assertion (vi).

Let A and B be two arbitrary interval neutrosophic numbers such that the difference C = A S,y B
exists. Then, according to Definition 2.11, the parametric representation of C' is given by

(Cllape = | {ICL (@), CL@); [C2(a), C(a)] | . {[CL(B). CLBIE [C2(8), CL(B)]
{ict@.cLakictm.crm} ],
where the level-sets of each components are given by
[CL (), €L ()] = [min {AL () = BL(w), A% () ~ BL(w) }
max { A" () = BL(), A, (1) - BL() }

[C™ (1), CY ()] = [min {AY () — B (1), A% (1) — BY(w)}
max { A% () — BE (), A" () — B ()}

Here, we use the notation u € [0, 1] to denote for the parameters «, 3, € [0, 1].
Then, by using the definition of scalar multiplication and the hypothesis A1 < 0, we have

MCL (), 4] = [min {20 (4700 = BLw ) 2 (440 = BL () }.
max{)q (AI_(M) —B' (1 )) AL (Al (1) = Bﬁ_(ﬂ)) H
=(-1) {min {(—)\1)( - BL ) ( Bi(u))} ’

max{( )\1)( () — ( )) (=A )( + () = Bi(ﬂ))H

By doing similar arguments, we also get
MO (1), €] = (1) [min {(=2) (A% () = B (). (=20) (A% (1) = B ()}

mase { (=A0) (4 ) = B2 (1)) (=2) (A% ()~ BY ()}
On the other hand, by Definition 2.10 (i), we have

(=) Al iy = [{[(—A1>A£<a> (=M AL (@) [(-A)A™ (@), (M) AL (@)}
{i=xats Al)Ai(ﬂ)];[(—Al)Ai(ﬁ),(—Al)Ai(ﬂ)]},
{120 AL (), (=X AL () (=M A% (), (M) AL ()]} ]
(Bl ) = [ {(FADBL(@), (-M)BL (@) (- B (@), (-3) B (@)}
{-ABLEB), (A BB (-M)BE(8), (-M)BLB)
{I=20BL), (A BLAL (M) BE (), (—a) BE]} |-
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In addition, since the difference A Spe,, B exists and (—A1) > 0, the assertion (v) implies that
(_>\1) [A Oneu B] - (_Al)A Oneu (—)\1)B,

which follows that [(—A1) (A Sneu B)](a,5,9) = [(=A1)A Sneu (=A1) B (4,5,
Denote E = (—A1) (A Speu B). Then, we immediately obtain

(Bl,5) = | {[E- (@), BY ()] B (@), B ()]}, {[EL(8), EL(8)): [EX(B), EL(B)] }
{IBL (), L [E2), B2 ()1} |-

where the level-sets of each components of E are

for all u € [0,1]. Thus, we directly get that A\ (A Spey B) = (—1) [(—A1A4) Spew (—\1B)]. O

Proof of Theorem 3.1. Let A, B C' be interval neutrosophic numbers whose (, 3,7) — cuts are given by
{[a] 5t} { 1]’ [A“]"} A" [AUP}}

won = [{[B] e} { 8] sy | {[B] 1)

= {1} {lo s} (e )

for each «, 3,7 € [0, 1], respectively. Now, we will show that the po, — distance satisfies all conditions
of a metric on the space %. Due to the fact that the Hausdorff distances dy ([4']", [B']"") and
dg ([AY)",[BY]") are always non-negative, we directly obtain that po(A4, B) > 0. On the other hand,
from the equality poo(A, B) = 0, it implies that

([ [577) =o.

for all p; € [0,1], which means that [Al]’“ = [Bl}m for all 4 = 1,2,3. Hence, according to the assertion
(ii) of Definition 2.8, we immediately get that A = B.

In addition, the equality poo(A, B) = poo(B, A) is obvious since the definition of the distance po.
The rest of proof is to show that

[A](oé-ﬂxy) -

[B]

Pc(A, B) < poo (A, C) + poo (B, C) .

By using the property dy(X,Y) < dg(X,Z) +dy(Z,Y) for all subsets X,Y, Z C R, the above assertion
holds. The proof is completed. O

Proof of Proposition 4.2. Let z € £L2(J x Q,N;R) be arbitrary. It is well-known from the classical It6
S

integral that the mapping (¢,w) — [ z(7,w)dB(7) is a non-anticipating real-valued stochastic process.
0

Hence, it implies that

() { [ s(raBin ) = @1 0.0L 0,00/ [ r.)iB0)
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is non-anticipating, too. Now, the rest of our proof is to show that z is L?—integrably bounded. Indeed,
for each s € [0,T], we have

//poo ({/ o w)dB(r)},{O}) Pldw)dt
//sup{ ({(/Osz(r,w)dB(T)y a, [0]“) +dyg (K/O zl(T,w)dB(T)>T, [6]“) }QP(dw)dt

J

://{ +(r,w)dB(7) ’/Osz(T,w)dB(T) }2P(dw)dt
J
§2/ { (r.yiB ()| ‘/OSZ(T,w)dB(T) Q}P(dw)dt
2/ / (r > + l12(r,) |} dr ()t
J Q0
§4T/ 2(r, @) |? P(dw)dt.
J Q
Hence, the proof is completed. O

Proof of Proposition 4.3. Let z € L2 (J x Q,N;R) be fixed. Then, for each w € Q and ¢, s € J such that
s < t, we have

poo ({/Otz(T,w)dB(T)} , {/Osz(r,w)dB(T)}) — e ({/:Z(T,w)dB(T)},{O}) .

By doing similar arguments as in Proposition 4.2, we receive
t s
poo ({/ Z(T,w)dB(T)} , {/ +(r,w)dB(r }) < 2/ 20, )| ds.
0 0
Since the process z(-,w) is integrably bounded then we have

¢
/ llz(7,w)|| ds — 0 as s — T,
S

t
which follows the left-sided continuity of the stochastic process {/ 2(T, w)dB(T)} . Similarly, we also
0 teJ

obtain the right-sided continuity of this stochastic process.

Proof of Proposition 4.4. By the definition of embedding mapping (3), it yields
{/0 M dB(T)} - ([1,1],[0,0],[0,0})// 21(r,w)dB(7)
{/ 2a(ryw dB(T)} — ([1,1],[0,0], [0, 0]} // 20(7,w)dB(7).

0
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Then, for each t € J and z1, 20 € L2(J x Q, N;R), we receive

B s g3 ({/O zl(T,w)dB(T)} , {/O zQ(T,w)dB(T)D
== 2 o[ (L ) [ (] srm)

o ([( [ st T ([ strorm) )|

}2

:E(gsem{‘ / () — 2a(rw)dB(7) +‘ / a1(r,w) — 22(7, w)dB(7)
SIESSGL[B%]Q{‘/Oszl(T,w)—zg(T,w)dB(T) 2—!— /Oszl(T,w)—ZQ(T,w)dB(T) 2}.

Next, by using Doob inequality and the Ito isometry, we directly obtain

B s o2 ({/0 zl(T,w)dB(T)} , {/O zQ(T,w)dB(T)D
< 8E{ 2

<8 [ (Ia(re) - (o)l + [a(ne) - o))

/8 z1(1,w) — 2zo(1,w)dB(T)
0

1

/S 21(1,w) — z9(T,w)dB(T)
0

)
< 8K /0 (Il=1(,w) = z2(r, W) + |21 (7, w) = 22(7, w)|))? dr

< SE /0 "2 {a(r o)} {za(rw))) dr.

O
Proof of Lemma 5.1. Firstly, for each n € N and ¢ € J, we denote X,,(t) =E sup p% (2.(7), {0}). Then,

T€[0,t]
by the definition of the function z,(¢), we immediately obtain

Xn(t) <3

B Gon0)) + & sup o ([ 1G5, a(6))s, )

7€[0,t]

+E mup ({ [ ot z0rtamio } 7{0})} .

Then, by using Proposition 4.1, Proposition 4.4 and the triangle inequality, we receive
t
X, (0) < 3 B0 {OD) + 218 | (72 (/5201 (9),£(5110D) + 2 (105, 0D, 0D) s

168 [ (e (805,201 (1)), (805, 10D)) + A (8051 (0))) (0)) ds} |

By using assumptions (A2) and (A3), one gets

Xn(t) <3 {Epgo(zo, {0}) 4 2xt% 4 16kt + 2L(t + 8)E /Ot P2 (zn-1(s),{0}) ds] <A+ A /Ot Xp—1(s)ds.
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For each big enough number Ny € N, the last inequality implies that

t

Xo(t) < A A X ds.
Jnax a(t) < A4 Xo [ D X 1(s)ds

In addition, since max X, 1(t) < Xo(t) + max X,(t) = Ep% (20,{0})) + | fnax. Xn(t), it follows
0 SN INo

that

1<n<N,

1<n<No

¢
< 2
Jmax Xn(t) < A+ MNTEpZ (20, {0}) + Ao /0 | max Xn(s)ds,

for each k € N and ¢t € J. Next, by employing Gronwall inequality, we have

max X, (t) < (M + ATEpZ (20, {0})) T ted

1<n<Ny
Therefore, the proof is completed. O
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