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Abstract

In this paper, we propose a multi-class image segmentation method based

on uncertainty management by weak continuity constraints and neutrosophic

set (NS).To manage the uncertainties in the segmentation process, an image

is mapped into the NS domain. In the NS domain, the image is represented

as true, false, and indeterminate subsets. In the proposed method, accurate

segmentation is achieved by minimizing an energy function in the NS domain.

The theory of weak continuity constraints is integrated into the NS domain

to generate the energy function. The weak continuity constraints take into

account the spatial and boundary information of the segments to manage the

uncertainties in the segmentation process. The proposed method can auto-

matically segment an image iteratively without any prior knowledge about

the number of classes. The performance of the proposed method is com-

pared with state-of-the-art methods and it is found to be quite satisfactory.

The proposed method’s performance under noise perturbations is statisti-

cally validated using a modified Cramer-Rao bound. The bound predicts the

performance of image segmentation algorithms and serves as a benchmark

for segmentation results.
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1. Introduction1

The modern age is the age of automation. In this modern era, there is a2

lot of applications of image processing in metal industries [1], agriculture in-3

dustries [2], robotics [3], and medical sciences [4]. The application varies from4

automatic fault detection, quality detection to MRI and CT scan processing,5

etc. In various stages of image processing, image segmentation especially the6

segmentation of a multi-class image is one of the essential task [5]. In the7

multi-class image segmentation process, an image is segmented into different8

regions based on different features. For proper segmentation, the variations9

among the pixels in the same segment should be decreased with the increase10

in the variation among different segments. Moreover, an efficient segmen-11

tation technique should also be able to determine the boundaries between12

the segments accurately. The localization of the segment boundaries with13

the detection of segments is an ill-posed problem [6]. This is due to the14

uncertainties involved in the process of segmentation [7]. The automatic15

detection of the number of segments in an image without having any pre-16

defined knowledge is also a difficult task. As both of these problems emerge17

in highly uncertain image patterns, they must be addressed properly for an18

efficient segmentation algorithm to be developed.19

20
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1.1. Related works21

The literature on different types of segmentation techniques is quite rich.22

Currently, the segmentation techniques based on the edge, graph, region, and23

energy are quite popular. Zhang et al. [8] proposed a graph-based technique24

for fast image segmentation. Here, an image was segmented based on the25

partitioning of the graph. In the paper, Bragantini et al. [9] extended the26

concept of Image Foresting Transform (IFT) for the graph-based classifica-27

tion of different objects in an image. The graph-based dominant set concept28

was utilized by Mequanint et al. [10] for the segmentation of an image into29

different classes. Niu et al. [11] proposed a region-based method based on30

local similarity for the segmentation of regions in an image. The method re-31

quired no pre-processing and thus preserved the image structure accurately.32

Edge or contour-based methods were used by the authors in [12, 13]. In33

the edge-based methods, the gradient was utilized to generate the proper34

segments. Among all the conventional methods, segmentations based on35

thresholding are very popular due to the simplicity of the techniques. Multi-36

level thresholding based on Tsallis-Havrda-Charvat entropy was proposed by37

Borjigin et al. [14]. Upadhyay et al. [15] proposed multilevel image thresh-38

olding using Kapur’s entropy. Several unconventional techniques were also39

utilized by some researchers for the segmentation of an image. Algebraic40

topology-based image segmentation was proposed by Assaf et al. [16]. A41

persistent homology technique of algebraic topology was utilized here for the42

segmentation purpose. Wang et al. [17] presented a geometric flow-based43

bandlet transform for segmentation. The particle replanting algorithm was44

employed here to deal with the region merging or separating in an image.45

3
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The methods mentioned above gave no attention to manage the uncer-46

tainties that arise in the segmentation process. Thus, the methods were less47

tolerant of the ambiguities due to complex image patterns, different types of48

perturbations etc [18].49

In the literature on segmentation, a lot of methods used uncertainty hand-50

ing techniques for the accurate classification of regions in an image. They51

mainly used fuzzy set [19, 20, 21], rough set [22] or neutrosophic set [23] for52

uncertainty handling. In the paper [24] we proposed a type-2 fuzzy set-based53

multi-class image segmentation. Out of the three sets, the neutrosophic set54

(NS) is relatively new and it is very popular to handle various types of un-55

certainties. The applications of NS in the field of image segmentation were56

found to be quite effective [25, 26].57

Due to high computational complexity in multi-class image segmenta-58

tion, several researchers used different meta-heuristic search algorithms to59

compute the thresholds. In the paper proposed by Li et al. [27] authors used60

fuzzy coyote optimization algorithm for multi-class segmentation. They used61

Otsu and fuzzy entropy as their objective functions. They did not consider62

the boundary information between the regions of an image. Wunnava et al.63

[28] proposed an adaptive Harris hawks optimization method for multi-class64

image segmentation. Multi-level thresholding by minimizing Tsallis fuzzy en-65

tropy was proposed by Raj et al. [29]. Here they utilized a differential evo-66

lution algorithm to search the thresholds. The authors in the paper [30]67

investigated butterfly optimization and gases Brownian motion optimization68

for multi-class segmentation. Bat algorithm and type-2 fuzzy-based image69

segmentation was proposed by us in the paper [31]. The limitation of the70

4
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meta-heuristic search-based algorithms is that, in most cases, they are not71

fully automatic. That means, the number of the thresholds should be pre-de-72

fined. Moreover, a large number of parameters should be initialized in those73

algorithms.74

One ideal segmentation technique should have some important proper-75

ties. The technique should consider the spatial information along with the76

gray level information for capturing the texture of a segment. The method77

should also consider the boundary information with the utilization of some78

proper uncertainty handling tools.79

1.2. Proposed method and novelty of the method80

Some of the methods found in the literature incorporate local information81

for segmentation [14, 32]. But the methods have no provision for capturing82

the boundary information between the segments. Moreover, in most of the83

methods, the number of classes or segments are ad-hoc or fixed. That means84

they should have prior knowledge about the number of segments in an image.85

Additionally, the conventional methods, which do not have any uncertainties86

handling tools could not reduce the ambiguities in an image. These limita-87

tions restrict the methods to reach the highest level of accuracy and they88

also leave room for improvement of the methods for practical applications.89

Because of the above limitations, we propose an automatic multi-class im-90

age segmentation method based on weak continuity constraints. The weak91

continuity constraints help to localize the boundaries between the segments92

in the image. It also takes into account local or spatial information during93

segmentation. In the field of computer vision, weak continuity constraints94

were efficiently used for image reconstruction [33, 34]. Weak continuity con-95
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straints in a set of data are the constraints that can be violated but with96

a penalty. The property is used to localize the discontinuities in a set of97

reconstructed values. One can find in [34] that weak continuity constraints98

are powerful tools for discontinuity detection. Conventional methods for dis-99

continuity detection blur the original signal. No such problem arises in weak00

continuity constraints and they detect the discontinuities robustly and ac-01

curately without any prior information about the position of discontinuities.02

The boundaries between the classes in a segmented image may not be strong03

due to low-intensity change, i.e low gradient at the boundary area between04

the two classes. This may increase the uncertainties in the segmentation05

process. Thresholding depending only on the intensity values of the pixels06

may disconnect the weak boundaries. The thresholding using weak continu-07

ity constraints helps to localize the segmentation boundaries, and thus it is08

useful for uncertainty management.09

As already mentioned recently, we have proposed a segmentation method10

using weak continuity constraints in the type-2 fuzzy set domain [24] with11

high accuracy. But, the limitation of a type-2 fuzzy set is that it requires a12

type-reduction, which has high computational complexity. Given the above13

limitations, in this paper, we propose weak continuity constraints-based seg-14

mentation in the NS domain.15

To manage the uncertainties in the segmentation process accurately, we16

apply the weak continuity constraints in the NS domain. The NS was pro-17

posed by Florentin Smarandache [23]. An NS is represented by three subsets.18

They are true, indeterminate, and false subsets. For an image segmentation19

process by NS, the image is converted into a neutrosophic image. This is20
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followed by the minimization of the uncertainties to generate the segments21

[35, 36, 37].22

The novelty of the proposed method is that here we propose an energy23

function in the NS domain based on weak continuity constraints for image24

segmentation. The energy function acts as an objective function for seg-25

mentation in the NS domain. The objective function can express the gray26

level and spatial ambiguity in an image in the NS domain and the mini-27

mization of the function minimizes the ambiguities. The proposed method28

automatically determines the segments iteratively in an image without any29

prior knowledge. The iteration stops when a proposed base condition is sat-30

isfied. The schematic diagram of the proposed method is shown in Figure 1.31

We have already mentioned that we incorporated the weak continuity32

constraints in the fuzzy set domain for segmentation [24, 21]. In image seg-33

mentation using a fuzzy set, one pixel can have different membership for34

representing the belongingness of the pixel into different classes. But, it has35

no provision for representing the portion in between the classes explicitly.36

Logically, the portion should be represented separately by another set. In37

NS, the set is called an indeterminate subset. Thus, the representation of an38

image into an NS domain is significantly different from the representation of39

the image into fuzzy domain. In this paper, we incorporate the weak conti-40

nuity constraints in the NS domain for automatic multi-class segmentation.41

We use the indeterminate subset of the NS for boundary regions and the42

true subset of the NS for non-boundary regions. It is expected that the two43

subset representation of NS will give better performance than that of the44

conventional fuzzy set in the segmentation process.45

7
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Figure 1: Schematic diagram of the proposed method
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The rest of the paper is as follows: The brief introduction of the neutro-46

sophic set (NS), mapping of an image into the NS domain, the theory of weak47

continuity constraints, the application of the weak continuity constraints in48

the NS domain for segmentation, and proposed algorithm are described in49

Section 2. The results are discussed in Section 3. The section includes differ-50

ent quantitative measures, comparison with the other methods on different51

datasets, and statistical validation by modified Cramer-Rao bound.52

2. Segmentation based on neutrosophic set with weak continuity53

constraints54

2.1. Neutrosophic set55

Let A be a neutrosophic set (NS). An element x from the union of dis-56

course U will belong to A as x(T, I, F ). It means that the belongingness of57

x to true subset T is t%, indeterminate subset I is i% and false subset F is58

f%. T ,I and F represents the standard or non-standard subsets, which have59

the open interval represented by ]−0, 1+[. The elements of T ,I and F can60

have any value between [0 1]. For practical use it is assumed T, I, F ⊂ [0 1]61

with t + f = 1 and i ∈ [0 1]. Details theory about NS can be found in [23].62

2.2. Mapping of an image into neutrosophic domain63

An image in the NS domain is called a neutrosophic image (NI). Let us64

consider an L level image R of dimensions P × Q where R(i, j) represents65

the intensity of a pixel at the position (i, j): i = 1, 2, .., P, j = 1, 2, ....Q. The66

neutrosophic image is given by three subsets: T ,I and F . In a neutrosophic67

image, a pixel belongs to the three subsets and they are represented as T (i, j),68

9
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I(i, j) and F (i, j). The mapping of the image into the NS domain is given69

by the following equations [38].70

T (i, j) = 1 − Rmax − R(i, j)

Rmax − Rmin

(1)

71

I(i, j) = 1 − dmax − d(i, j)

dmax − dmin

(2)

72

d(i, j) = abs(R(i, j) − R(i, j)) (3)

73

dmax = max{d(i, j)|i ∈ P, j ∈ Q} (4)

74

dmin = min{d(i, j)|i ∈ P, j ∈ Q} (5)

75

F (i, j) = 1 − T (i, j) (6)

Here, R(i, j) is calculated by taking the mean of the pixel intensities within76

a local neighborhood of dimensions with the window size w × w. The R(i, j)77

is placed at the mid-position of the window. The window size w × w for78

mapping an image into the NS domain in the proposed method is taken as79

7 × 7. The value of I(i, j) is utilized to calculate the degree of indeterminacy80

of a pixel, which represents the uncertainties in deciding the brightness of a81

pixel. The contrast in the image is increased in the NS domain by α −mean82

and β −enhancement operations [39]. These two operations make the image83

10
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more effective for the process of segmentation.84

85

2.3. Multi-thresholding in NS domain86

In the proposed method, the multi-class segmentation is achieved by87

multi-thresholding. In a thresholding process, if a pixel x is less than the88

threshold t i.e x < t, then x belongs to the background region. Again, if a89

pixel x is greater than or equal to t i.e x ≥ t, then the pixel belongs to the90

object region. In an NI, the corresponding element of x is given by xNI . That91

means xNI(i, j) represents the NI image value of x(i, j).92

In the NS domain, the total entropy of the subsets is used to measure93

the uncertainties in the segmentation process. But the measure does not94

take into consideration the neighborhood information of the boundary points95

between the classes. So, the measure may be biased towards the high or96

low value of the subsets and it has no separate provision to introduce the97

boundary information in the entropy measure. To circumvent the problem,98

we introduce the concept of weak continuity constraints in the segmentation99

process. In the next section, we will discuss the weak continuity constraints.00

2.4. Incorporation of weak continuity constraints in NS domain01

We will describe the incorporation of weak continuity constraints in the02

NS domain in this subsection. First, we’ll go over the theory of weak conti-03

nuity constraints.04

2.4.1. String under weak continuity constraints05

Most of the problems in computer vision can be treated as optimization06

problems. For example, segmentation, edge detection, surface reconstruction,07

11
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etc. can be converted into an optimization problem. The limitation of a con-08

ventional optimization function is that there is no provision to treat the09

discontinuities explicitly. But the knowledge of discontinuity is essential for10

the proper solution of different problems in computer vision. The knowledge11

can be incorporated with the help of weak continuity constraints. In weak12

continuity constraints, for a set of values, the constraints can be violated at13

a cost. Thus, a penalty term comes into play with the violation of conti-14

nuity constraints and it helps to localize the point of discontinuities in the15

weak region. Due to this unique property, the concept is used in computer16

vision techniques for localization of discontinuities or edges [33, 34]. For the17

NS-based segmentation using weak continuity constraints, we embrace the18

theory of weak elastic string under weak continuity constraints.19

In computer vision, string theory is used for the visual reconstruction20

of data [33]. In the visual reconstruction, the objective is to interpolate a21

data ds(x) to a data us(x) in a string such that the energy of the string22

is minimum. In doing so the string may be broken at the point of weak23

continuities and the discontinuities are localized. The characteristic of the24

string is expressed by the energy of the string. The energy is the sum of25

three parts that define the string. They are the measure of faithfulness Ds,26

stretching energy Ss and penalty Ps. Mathematically, the three components27

are written as28

Ds =

∫ N

0

(us − ds)
2dx

Ss = λ2
s

∫ N

0

(u′
s)

2dx

(7)

12

Jo
ur

na
l P

re
-p

ro
of



2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

Journal Pre-proof
The Ps represents the total penalty with a constant penalty parameter γs29

for each break in the string. λ2
s is the measure of elasticity of the string.30

For the reconstruction process λs is a scale constant [33]. The objective is31

to minimize the energy Es = Ds + Ss + Ps. In the discrete form, the string32

energy is expressed as follows33

Measure of faithfulness Ds =
N∑

i=1

(usi
− dsi

)2

Stretching energy Ss = λ2
s

N−1∑

i=1

(usi
− usi+1

)2(1 − lsi
)

Penalty Ps = γs

N−1∑

i=1

lsi
(8)

Here lsi
is the boolean variable and it is 1 at the point of discontinuities and34

otherwise it is 0.35

2.4.2. Weak continuity based proposed energy function in NS domain for36

segmentation37

In the process of image segmentation, an image is divided into a set of38

disjoint classes. Thus, it can be said that it is a mapping process in which39

each pixel of an image R is mapped into one class. The mapping function40

f : R → Rg where Rg denotes the group of all pixels and Rg1, Rg2....Rgc are41

the c segments then Rg = Rg1

∪
Rg2

∪
....

∪
Rgc such that Rgi

∩
Rgj = ϕ42

where i ̸= j and i, j ∈ [1 c]. The segment i is represented by a prototype43

(e.g segment center) v(Rgi). The pixel values are either constant or vary very44

slowly, i.e they are almost continuous within a segment Rgi. The variation45

of the pixel values would be high at the boundary between the two segments.46

13

Jo
ur

na
l P

re
-p

ro
of



2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

Journal Pre-proof
The boundary is the location of the discontinuity between the segments.47

Thus, the Rgi is continuous at every point except at the boundaries where the48

weak continuity constraints would be violated. Thus, it can be said that the49

segmentation process interpolates each pixel into different segments by v(Rgi)50

and the boundaries between the two segments are the point of discontinuities51

where the pixel values change significantly. So, the segmentation process can52

be expressed by an energy function in the NS domain. The energy function53

ENI which can associate the knowledge of discontinuities in the segmentation54

process is defined by55

ENI = DNI + SNI + PNI (9)
56

DNI =
c∑

i=1

∑

x∈Rgi

(x − v(Rgi))
2

SNI = λ2

c∑

i=1

∑

x∈Rgi

∑

y∈Nx

(xNI − yNI)2(1 − l(x))

PNI = γ

c∑

i=1

∑

x∈Rgi

l(x) (10)

In the above equation v(Rgi) is the segment center of Rgi and it can be57

written as58

v(Rgi) =

∑
x∈Rgi

xNI .x∑
x∈Rgi

xNI

(11)

where xNI ∈ T . In the above equation, y ∈ Nx represents the set of neighbor-59

hood pixels of x within a local window of size λ×λ. At the boundary points60

between two segments l(x) = 1 and at the non-boundary points l(x) = 0. In61

Eq.(10) the parameters λ, γ, l(x) are analogous to the scale parameter λs,62

the penalty parameter γs and the boolean variable lsi
of the weak string.63
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The accurate segmentation of an image is obtained by minimizing ENI i.e64

the total energy generated by the true subset.65

2.4.3. Representation of uncertainties by the energy function in NS domain66

In this section, we discuss the representation of uncertainties by the three67

components DNI , SNI , and PNI of the weak continuity constraints in the68

NS domain. To determine the parameters λ and γ in Eq.(10) we use the69

indeterminate subset of NI.70

Here, DNI represents the sum of the distance of the pixels values from71

the segment center. As already discussed, the segment center of Rgi is given72

by v(Rgi) and DNI signifies the difference between the pixel values and the73

segment prototype in which they belong.74

For calculating SNI the sum of the distance of the center pixel from the75

neighborhood pixels in the window of size λ × λ is computed. The window76

size λ × λ is computed based on the indeterminate subset I. There exists a77

tradeoff between the high value and small value of λ. The small value of λ is78

unable to represent the texture information properly. On the other hand, a79

high value of λ may blend the properties of the two segments. This situation80

may increase the uncertainties in the segmentation process. To find the81

proper size of λ we utilize the idea of spectral flatness measure (SFM) [40].82

The SFM of the indeterminate subset is computed. The SFM closes to 183

signifies the image contains a lot of edges and the λ should have a low value.84

Again, λ should have a high value when SFM is closed to 0. In the proposed85

method, if SFM > 0.5, then λ = 5 and if SFM ≤ 0.5, then λ = 9.86

In the segmentation process, the term PNI is related to the localization87

of the discontinuities between the segments. In the segmentation process88

15
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using thresholding, the neighborhood points (x, y) where (x ≤ t&y > t) or89

(x > t&y ≤ t) are the points of discontinuity where the weak continuity con-90

straints should be violated. The violations of the continuity constraints come91

with a penalty γ. In the proposed method, if the indeterminacy I at the92

boundary points is high, γ is taken low. The reason is that the high value93

of indeterminacy means there is a high chance of the presence of boundaries94

between the different segments. In this scenario, the low value of γ keeps the95

penalty low to make the total energy low and the discontinuities are local-96

ized at the boundary points. In the same line of logic, γ is taken high when97

the value of indeterminacy in the boundary regions is low. In the proposed98

method, the γ is taken as99

γ =
1

I(x) + 1
(12)

where I(x) is the value of indeterminacy at x in the indeterminate subset.00

Here, the management of the uncertainties means the reduction of energy01

by reducing the DNI , SNI , and PNI . To show that the reduction of energy02

reduces the uncertainties, we prove the following statements.03

(1) In the segmentation process, the term DNI represents the gray level04

ambiguity in NS domain.05

Proof: The gray level ambiguity signifies the difficulty in deciding whether06

a gray level belongs to a particular segment of pixels or not. The ambiguity07

will be minimum if the pixels belong to the right segment. That means for08

minimum ambiguity, the distance of a pixel should be minimum from the09

segment prototype to which it belongs. Thus, it is obvious that DNI repre-10

sents the gray level ambiguity in the NS domain. Minimization of this term11

minimizes the uncertainties due to the gray level ambiguity.12
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(2) The term SNI + PNI represents the spatial ambiguity in NS domain.13

Proof: In the segmentation process, spatial ambiguity represents the diffi-14

culty in deciding the spatial properties of a segment. In the proposed energy15

function, SNI measures the change of intensity values within a scale of λ.16

The term SNI signifies the change of NI pixels values over a local neighbor-17

hood in non-boundary pixels. Within a proper class, the value of SNI should18

be minimum since in a proper segment the pixels are the most uniform i.e19

SNI → 0. On the other hand, PNI signifies the spatial information at the20

boundary between the segments. The penalty will be minimized if the proper21

boundary is detected at x with a high indeterminate value I(x). Thus, the22

term SNI + PNI represents the spatial ambiguity of an image, and minimiza-23

tion of SNI + PNI minimizes the ambiguity.24

From the above discussion, it is clear that the minimization of the energy25

ENI minimizes the gray level and spatial ambiguities in an image. Thus, the26

uncertainties in the segmentation are managed by the reduction of energy.27

Moreover, the weak continuity constraints help to localize the discontinu-28

ities in a string. So, from the segmentation point of view, the inclusion of29

weak continuity constraints in the pixel values of the NI helps to localize the30

segmentation boundaries accurately. In the proposed method, the energy31

function ENI acts as an objective function for the image segmentation and32

the purpose of the proposed method is to minimize the objective function33

to generate the accurate segments by managing the uncertainties. Next, we34

prove the following theorem.35

Theorem 1: The accurate threshold t produces minimum energy ENI in the36

NS domain.37
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Proof : Let us consider t be an accurate threshold of an image R ∈ [xmin xmax].38

Let us assume that the threshold t will generate the segments Rg1 and Rg239

in the image. Let t′ be another threshold in R and t ̸= t′. Let Rg′
1 and Rg′

240

are the two segments generated by t′. Since, t is an accurate threshold the41

NS true value (i.e T ) of the segments Rg1 and Rg2 are almost uniform. That42

means x ≈ y, ∀(x, y) ∈ TRg1 , and x ≈ y, ∀(x, y) ∈ TRg2 . Here, TRg1 and TRg243

represent true values of the regions Rg1 and Rg2 respectively. But, for the44

threshold t′ we can find ∃(x, y) ∈ TRg′
1

such that x ̸= y. Similarly, we can45

find ∃(x, y) ∈ TRg′
2

such that x ̸= y. So, the gray level ambiguity is lower if46

we choose the threshold t. So, we can write DNIt < DNIt′ from Eq.(10). Here,47

DNIt and DNIt′ represents DNI due to t and t′ respectively. Similarly, since48

the neighborhood pixel true values are almost uniform, if t is chosen, we49

can say SNIt < SNIt′ from Eq.(10). Now, as t′ will detect the false bound-50

ary, as per the theory of weak continuity constraints, the penalty would be51

more if we choose t′ as a threshold point. So, we can write PNIt < PNIt′ . So,52

we can say Dt + SNIt + PNIt < DNIt′ + SNIt′ + PNIt′ ⇒ ENIt < ENIt′ . Hence53

the proof.54

In the next subsection we present the algorithm for multi-class image seg-55

mentation.56

2.5. Proposed iterative algorithm for segmentation57

In the proposed method, no prior knowledge about the number of classes58

is used for the segmentation. The number of classes is determined auto-59

matically using an iterative scheme. In the process, first, the image R =60

[xmin xmax] is transformed into NI. It is followed by the determination of61

background set Rb = [xmin t] and object set Ro = [t+1 xmax] with the en-62
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ergies ENIb
and ENIo respectively in the NS domain depending on a threshold63

t ∈ [xmin xmax]. The threshold t for which the energy ENI = ENIb
+ ENIo64

is minimum is the correct threshold which segments the image into object65

and background accurately. Then the set which possesses more energy than66

the other ( i.e either ENIb
> ENIo or ENIo > ENIb

) is again divided into67

two subsets. The process is repeated iteratively until a stopping criterion is68

satisfied. That means a tree structure is generated until a stopping criterion69

is satisfied. The stopping criterion is based on segmentation index (CIK) for70

a set of segments K = {Rg1, Rg2, ..., Rgc} and it is defined as71

CIK =

∑c
i=1 ENIRgi

var(v(Rg1), v(Rg2), ..., v(Rgc))
(13)

In the above equation, ENIRi
is the energy of a segment Rgi and var(.) is72

the variance. From the theory of weak continuity constraints for a proper73

set of classes, the total energy should be low. Again from the segmentation74

point of view the total variation among the segment centers v(Rgi)’s should75

be high. In the above equation, the segment centers are determined from76

the true subset T by Eq.(11). That means for a proper set of segments, the77

CIK should be as low as possible. The iterative process will stop at ith level78

when CIKi−1
> CIKi

< CIKi+1
where Ki−1, Ki and Ki+1 represent the set79

of segments at (i − 1)th, ith and (i + 1)th level of the generated tree. The80

proposed method is shown in Algorithm 1.81

Figure 2 shows the segmentation process of an image R containing three82

regions. They are circular (Rg2), triangular (Rg4) and background (Rg3) re-83

gions. At first the image is divided into Rg1 and Rg2 regions. Let us assume84
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Figure 2: Iterative segmentation of an image

that ENIRg1
> ENIRg2

. Thus, the region Rg1 is again divided into the regions85

Rg3 and Rg4. The iteration stops here because the segmentation index of86

{Rg2, Rg3, Rg4} given by CI{Rg2,Rg3,Rg4} is the minimum among all the sub-87

sets K in R.88

2.6. Computational complexity89

The computational complexity (worst case) of the proposed method is90

given as follows. Let us assume the image contains n pixels and the image91

can be divided into c segments. Thus, the computational complexity of the92

proposed method is given by O(cn2).93

3. Results and discussion94

In this section, we discuss the performance of the proposed method on95

different datasets. For this, at first in the next subsection, we describe dif-96
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ferent performance measures and a technique for statistical validation using97

modified Cramer-Rao bound.98

3.1. Performance measures and statistical validation99

In this section, we will first describe different quantitative measures fol-00

lowed by statistical validation using modified Cramer-Rao bound.01

3.1.1. Quantitative measures02

For measuring the performance of the proposed method quantitatively,03

we used four measures. The measures are Segmentation Accuracy (SA) [41],04

Rand index (RI) [42], Global Consistency Error (GCE) [42] and Fuzzy evalu-05

ation (FE) [43]. The SA measures the correctly classified pixels with respect06

to the total number of pixels. Higher SA indicates better segmentation re-07

sults. The SA is given by08

SA =
c∑

i

Ai ∪ Ci∑c
j=1 Ci

(14)

Here, Ai represents the ith class found by the algorithm and Ci represents09

the ith class given by the ground truth and n is the total number of pixels.10

The RI index tends to 1 when the segmented image is close to the ground11

truth. The RI index tends to 0 means poor performance by the method.12

Mathematically, the RI is given by13

RI = 1 − a + b

n(n − 1)/2
(15)

where a is the number of the pixels that belong to the same segment in seg-14

mentation result and ground truth, and b is the number of the pixels in the15
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different regions in segmentation result and ground truth. The GCE repre-16

sents the similarities between the segmented image with the corresponding17

ground truth. The consistency is measured by how similar regions are as-18

signed to similar segments in both results (segmentation result and ground19

truth). It varies between 0 and 1. GCE closes to 0 when the segmented image20

is similar to ground-truth.21

All the measures described above indicate the performance of an unsuper-22

vised segmentation method. But, due to the subjective nature of the image23

segmentation, it is difficult to measure the performances of the methods us-24

ing the crisp techniques described above. To minimize the difficulty, we also25

used fuzzy-based evaluation techniques proposed by the authors in [43]. In26

this technique, a fuzzy-based F − score is used to evaluate the performance27

of a segmentation method. The FE is the F − score in the fuzzy domain.28

The F − score in the fuzzy domain is given by29

F − score =
2 × Pr × Re

Pr + Re
(16)

Here, Pr and Re represent the fuzzy precision and fuzzy recall of a seg-30

mentation result. The details about the two measures can be found in [43].31

32

3.1.2. Statistical validation using modified Cramer-Rao bound33

In the previous subsection, we have described some methods used for seg-34

mentation evaluation. But, one can not overlook the fact that the segmenta-35

tion performance of a method depends on the image at hand [44]. Thus, the36

segmentation output may vary extensively depending on the image content.37
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Input: The gray level image R = [xmin xmax].
Output: Multi-class segmentation by a set of thresholds Th.

Initialisation : Th = {ϕ} flag = 0, CIold = 0 xmin = min{x|x ∈ R}
,xmax = max{x|x ∈ R} .

1: Map the image into NS domain to generate NI made by the
Eq.(1)-Eq.(6). Initialize λ by SFM of indeterminate subset I.

2: for t = xmin to xmax do
3: Find the segment center v(Rb) for background Rb = [xmin t] using

Eq.(11). Similarly, find v(Ro) for object Ro = [t + 1 xmax] in the NS
domain by Eq.(11).

4: Calculate γ for boundary regions using the Eq.(12) and
indeterminate subset I.

5: Evaluate the energies ENIb
, ENIo by the terms DNI SNI and PNI for

object and background using the parameters λ and γ and True subset
T and Indeterminate subset I.

6: Find ENI = ENIb
+ ENIo

7: end for
8: Find t for which ENI is minimum.
9: Compute Th = Th

∪{t}, CIcurrent, current being the set of segments at
current level.

10: if flag = 0 then
11: CIold = CIcurrent + 1, flag = 1
12: end if
13: if (CIcurrent < CIold) then
14: CIold = CIcurrent

15: else
16: Goto END.
17: end if
18: if (ERb

> ERo) then
19: Put xmax = t and go to step 2.
20: else
21: Put xmin = t + 1 and go to step 2.
22: end if
23: END: Segment the image by the thresholds Th.

Algorithm 1: Proposed algorithm for automatic multi-class segmentation
by multi-thresholding.
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So, it is logical to bound the performance of a method for a particular image.38

Peng et al. [45] proposed modified Cramer-Rao bound (mCRB) to find the39

maximum achievable performance of a segmentation method on an individual40

image. The performance was based on the mean square error (MSE) between41

the ground truth and the segmentation result. In the proposed method we42

use the lower mCRB to bound the performances. The lower bound indicates43

the minimum MSE achievable by any segmentation technique. The differ-44

ence between the lower bound and the MSE of a method on an individual45

image indicates the space for improvement of the method on the image.46

3.2. Performance measures using different datasets and comparison47

In this section, we measured the performance of the proposed method on48

different test images. The test images include synthetic images [46], non-49

destructive testing (NDT) images from [47] and Kaggle 2018 Data Science50

Bowl dataset from [48]. The non-destructive testing (NDT) technique is used51

by industries for fault detection. The Kaggle dataset is useful for research52

biologists. To measure the efficiency of the proposed we also applied the53

method on natural images from Weizmann [49]. The size of the images varies54

from 200×200 to 500×500. We compared the performances of the proposed55

method with a fuzzy-based method by Bustince et al. [19], an energy-based56

method Wang et al. [50], NS based methods by Guo et al. [51], Jha et al. [52]57

and Multi-thresholding based method by Upadhyay et al. [15]. In this paper,58

the last three methods in [51], [15] and [52] are identified as method M1,59

method M2, and method M3 respectively. The purpose of using the different60

NS-based methods was to verify the claim by us that the proposed method61

of segmentation has better uncertainty management capacity than that of62
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Figure 3: Row wise(1) Set of synthetic test images (2) Segmentation results by the pro-
posed method.

the other methods in the NS domain.63

3.2.1. Results on synthetic images64

In this subsection, we applied the proposed method to different synthetic65

images. The synthetic images contained different classes in them and the66

proposed method had no prior knowledge about that. The objective is to67

show that the proposed method can determine the classes automatically. It68

is to be noted that for the segmentation process, the proposed method only69

considered the pixel intensity values, and no other features were utilized for70

the segmentation process. The qualitative results are shown in Figure 3.71

In the results, the different colors represent the different segments. From72

the results, it can be seen that the proposed method detected the segments73

correctly with the proper number of segments. That means the segmentation74

boundaries were localized properly with the minimization of the energy. The75

reason is that the proposed method managed the uncertainties properly with76

the minimization of the NS-based energy function. Moreover, the energy77

was minimized only when the correct number of segments was generated78

iteratively.79
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3.2.2. Results on NDT images, outdoor scene images and other natural im-80

ages81

Segmentations on outdoor scene images are useful in various automation82

applications. Since these images were captured outdoors, the illumination83

conditions may vary widely. This causes high uncertainties in those images.84

In this subsection, we show the results of the proposed method on outdoor85

scene images from [49]. We also show the results on NDT images. In Fig-86

ure 4 we show the performance of the proposed method on some NDT im-87

ages. As already mentioned, the NDT technique is used by many industries88

for fault detection. Automatic segmentation would make the job easier for89

them. From the visual inspection, it can be said that the proposed method90

segmented the images correctly and localized the segmentation boundaries91

properly. The gray level and spatial ambiguities in the shown images were92

high and the ambiguities made the images difficult for segmentation. The93

fact is evident from the visual inspection of the images. From the figure, it94

is evident that the histograms are either uni-modal or there is no clear valley95

between the classes. These types of images were very difficult to segment.96

Moreover, in those images the number of classes was unknown. The proposed97

method almost correctly determined the number of classes automatically de-98

pending on the measure CIK . The weak continuity constraints in the energy99

function helped to localize the boundaries even in the low-intensity difference00

between the two classes. The minimization of the stretching energy SNI and01

penalty term PNI reduced the spatial ambiguities and the reduction of DNI02

reduced the gray level ambiguities in the images.03

Here we compared the proposed method with the other methods both04
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Figure 4: Row wise (1) NDT test images. (2) Segmentation results by the proposed
method.

qualitatively and quantitatively on the outdoor scene images. From the re-05

sults in Figure 5, we can see the qualitative performances of the methods.06

The quantitative performances are shown in Table 1. From the results, it07

can be said that the proposed method performed better than that of the08

other methods compared here. The method by Bustince [19] used the fuzzy-09

based uncertainty reduction technique for segmentation. Though the fuzzy10

set was a powerful tool for uncertainty reduction, the NS-based approach in11

the proposed method made it more suitable for managing uncertainty. The12

method in M1 [51] used NS-based segmentation inspired by fuzzy-c means13

for segmentation. The method used the concept of ambiguity segment to14

consider the data points at the segmentation boundaries and reduced uncer-15

tainties by reducing an objective function. But the objective function did16

not consider any neighborhood information and it had no provision for local-17

ization of segmentation boundaries depending on neighborhood information.18

The method in M3 [52] used Dice’s Coefficients in the NS domain for seg-19

mentation. For this, the authors employed a filter to capture neighborhood20
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information. But, the filtering operation may decrease the localization ac-21

curacy by increasing the uncertainties. A Multi-thresholding based method22

was used in M2 [15] to segment an image. Here the researchers minimized23

Kapur’s entropy to handle the uncertainties. In the method, the thresholds24

were found by the evolutionary Crow search algorithm. But, the method25

gave no attention to the boundaries of different segments. The method by26

Wang [50] used an energy-based technique for segmentation. But the method27

had no uncertainties handling the procedure in it.

Table 1: Quantitative performance of different methods on the natural images from [49].
↑ means higher values represent better performance and ↓ means lower values represent
better performance

Image Bustince [19] Wang [50] M1 [51] M2 [15] M3 [52] Proposed

SA↑ 0.8215 0.8281 0.8312 0.8441 0.8494 0.8801

GCE ↓ 0.3314 0.3125 0.3035 0.2491 0.2027 0.1980

RI ↑ 0.8321 0.8381 0.8427 0.8523 0.8531 0.8824

FE ↑ 0.8011 0.8312 0.8401 0.8517 0.8549 0.9089

28

3.2.3. Results on Kaggle nuclei image29

The proposed method was applied to the nuclei images from the Kaggle30

2018 dataset. The dataset contained a variety of biological images. Here,31

the nuclei images were derived from several living beings like humans, mice,32

and flies. The images were taken in different conditions, like fluorescent and33

varying illuminations, etc. The uncertainties in the image patterns were34

high, as evident from the visual inspection of the images shown in Figure35

6. The qualitative results of the proposed method are shown in the figure.36

Different test images from the Kaggle 2018 dataset are shown in row 1 of the37

figure. The segmentation results by the proposed method are shown in row 2.38
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Figure 5: Column wise (a) Original outdoor scene test image.(b) Segmentation by
Bustince [19]. (c) Segmentation by Wang [50].(d) Segmentation by method M1 [51].(e)
Segmentation by method M2 [15]. (f) Segmentation by the method M3 [52] (g) Segmen-
tation by the proposed method.
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The different colors indicate different segments in the images. Visually, it is39

evident that the proposed method could segment the images properly. If the40

continuities in the values were considerably low due to the presence of true41

boundaries, the energy was the lowest with the violation of the constraints42

and the thresholds were detected. Of course, the penalty came into play with43

the localization of boundaries. It is to be noted that the number of classes44

was not known a priori in the proposed method. The average quantitative45

performance of the proposed method and all the other methods mentioned46

here are shown in Table 2. From the performances, it is clear that the47

proposed method could localize the segmentation boundaries accurately with48

proper segmentation of the classes. It is to be mentioned here that all the49

other methods mentioned here, had prior knowledge of the number of classes50

in the images.

Table 2: Quantitative performance of different methods on the images from Kaggle dataset
[48]. ↑ means higher values represent better performance and ↓ means lower values repre-
sent better performance.

Image Bustince [19] Wang [50] M1 [51] M2 [15] M3 [52] Proposed

SA↑ 0.7014 0.8832 0.8834 0.8840 0.8914 0.9001

GCE ↓ 0.3902 0.3271 0.3265 0.3012 0.2771 0.1890

RI ↑ 0.7133 0.9011 0.9061 0.9121 0.9172 0.9426

FE ↑ 0.7802 0.8001 0.8214 0.8355 0.8612 0.9000
51

3.2.4. Results under different perturbations52

In this subsection, we examined the robustness of the different meth-53

ods under noisy and blurred images. For this purpose, we utilized the NDT54

images. Two sample test images are shown in Figure 7. The corresponding55

qualitative results under the different perturbations on the test images are56

shown in Figure 8. The SAs of the different methods under blurring are shown57

30

Jo
ur

na
l P

re
-p

ro
of



5

5

5

5

5

5

5

5

5

5

5

Journal Pre-proof
Figure 6: Row wise (1) Original nuclei test images (2) Results using proposed method.
Different colors are used to indicate different segments.

in Table 3. From the results, it can be seen that the proposed method is quite58

robust under a moderate amount of perturbations. The reason may be that59

under the different perturbations both gray level and spatial ambiguity in-60

crease. In the proposed method, the NS helped to reduce the ambiguities by61

incorporating the weak continuity constraints. In the next subsection, we will62

examine the performance bound of the methods under noise corruption.63

Table 3: The SA of different methods on the blurred images by Gaussian filter with
different σ values on NDT dataset [47].

σ Bustince [19] Wang [50] M1 [51] M2 [15] M3 [52] Proposed

σ = 4 0.7215 0.7422 0.7624 0.7732 0.7843 0.8010

σ = 6 0.6092 0.7471 0.7542 0.7589 0.7654 0.7940

3.2.5. Statistical validation by modified Cramer-Rao bound64

It is already mentioned in Section 3.1 that the performance of the un-65

supervised segmentation algorithm may vary depending upon the image in66

hand. So, it is logical to mention the performance bound of a method on a67

particular image. The performances of the proposed method under different68
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Figure 7: NDT test images for experiments with perturbations.

Figure 8: Segmentation results on the images corrupted noise and blurring. Column-wise
(a) Row (1) and Row (2): Test images with Gaussian noise of mean 0 and std 0.16. Row
(3) and Row (4): Test image blurred by Gaussian filter(σ = 4). (b) Ground truth. (c) Seg-
mentation by Bustince [19].(d) Segmentation by Wang [50](e) Segmentation by method
M1 [51].(f) Segmentation by method M2 [15]. (g) Segmentation by the method M3 [52].(h)
Segmentation by the proposed method.
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Gaussian noises are shown in Figure 9. To statistically bound the perfor-69

mance of the proposed method and all other methods mentioned here we70

used the modified Cramer-Rao bound(mCRB). The robustness of the meth-71

ods under the different amounts of corruptions by noise can be mentioned72

using the bound. For this, we measured the MSE of the segmentation re-73

sults under different amounts of noise and the lower bound of mCRB for74

MSE using the method by Peng [45]. We used the measure on the Kaggle75

2018 dataset and found out the average performances. To estimate the lower76

bound the basic non-overlapping regions of the images were taken from the77

ground truth provided in the dataset. The B-spline function used in the78

technique was cubic B-spline and the knots were taken after 8 pixels in both79

horizontal and vertical directions. White Gaussian noise was added with a80

variance of σ2 and the performances were measured for the methods under81

the noise corruption. One sample test image, lower mCRB, and the perfor-82

mances of different methods under different noise perturbations are shown in83

Figure 10. The dotted line in the graph of Figure 10(b) indicates the mini-84

mum MSE that can be achieved by a segmentation method at different SNR85

on the image in Figure 10(a). The other lines represent the MSE achieved86

by the different methods on the image. The average MSEs by the methods87

and the lower bound of MSE on the Kaggle dataset is shown in Figure 11.88

From the results, it is seen that the proposed method performed satisfactorily89

in terms of lower MSE compared to other methods. The proposed method90

was followed by method M3 in terms of statistical performance. The reason91

for the robustness of the proposed method is as follows. In the proposed92

method, the weak continuity constraints in the NS domain helped to local-93
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Figure 9: Results by the proposed method on Kaggle images under different Gaussian
noise corruption. Column-wise (a) Row(1): Test image. Row (2): Ground truth. (b) Row
(1):Test image with Gaussian noise of mean 0 and std 0.09 Row (2): Segmentation by the
proposed method. (c) Row (1):Test image with Gaussian noise of mean 0 and std 0.19
Row (2): Segmentation by the proposed method. (d) Row (1):Test image with Gaussian
noise of mean 0 and std 0.24 Row (2): Segmentation by the proposed method.

ize the boundaries even in noise corruption. In determining the boundaries,94

the uncertainties were not increased. On the contrary, due to the lack of95

boundary information and the inability to localize the boundaries properly,96

the other methods can not reduce the uncertainties properly.97

3.2.6. Comparisons with type-1 fuzzy and type-2 fuzzy set (FS) based uncer-98

tainty handling tools99

In this subsection, we compared the concept of weak continuity con-00

straints with type-1 [21] and type-2 fuzzy set [24] based uncertainty han-01

dling tools with the NS-based approach. We applied the method on Kaggle02

dataset[48]. The results are shown in Table 4. From, the table it is clear that03

NS in combination with weak continuity constraints is better than that of04

type-1 fuzzy set. On the other hand, in terms of qualitative measure type-205

fuzzy set in combination with weak continuity constraints is better than that06

of the neutrosophic set. But, the main limitation of the type-2 based ap-07

proach is its type reduction bottleneck. The standard Karnik-Mendel tech-08
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Figure 10: (a) Original test image. (b)Lower bound of MSE and performance by different
methods on the image.

Figure 11: Lower modified Cramer-Rao bound for MSE and performances of different
methods under noise corruption.
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nique [53] for type reduction is costly. The reason is that a type-2 fuzzy09

membership function contains an infinite number of embedded type-1 fuzzy10

membership functions. For accurate type reduction of N sample points,11

there are requirements of N − 1 t-norm operations, N multiplications, and12

2(N − 1) division operations. Research is going on to reduce computational13

complexity [54]. But, no such costly operations are required for a neutro-14

sophic set. So, it is up to the user whether he/she requires high accuracy15

with high computational complexity or he/she requires good accuracy with16

low computational complexity.17

Table 4: Quantitative comparisons of weak continuity constraints with type-1 FS, type-2
FS and neutrosophic set on Kaggle dataset [48].

Image type-1 FS [21] type-2 [24] FS Neutrosophic set (Proposed)

SA↑ 0.8140 0.9213 0.9001

GCE ↓ 0.3241 0.1761 0.1890

RI ↑ 0.8120 0.9841 0.9426

FE ↑ 0.8245 0.9184 0.9000

3.2.7. Speed versus accuracy comparison of the proposed method with other18

uncertainty handling methods19

In a scientific experiment, speed and accuracy are the two important fea-20

tures of performance. In the previous subsection, we tested the performance21

of the proposed method using different measures. The measures did not take22

into account the proposed method’s speed, i.e. its run time. Here, we used23

the rate correct score (RCS) [55] to compare the performance of the pro-24

posed method to the other methods. The measure takes into consideration25

the accuracy as well as the speed of a method. The RCS is given by26

RCS =
v∑
RT

(17)
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Where RT is the response time and v is the number of correct responses.27

A higher RCS means better performance of a method. In this paper, we28

considered RT as the run time of the methods compared here. The correct29

responses were considered based on segmentation accuracy SA. If the seg-30

mentation accuracy was more than 0.95, then the response was considered as31

a correct response. The score of RCS indicates the number of correct results32

obtained per second. The Kaggle 2018, Weizmann, and NDT image datasets33

were used for the comparisons. We compared the proposed method with a34

type-2 based uncertainty handling model in [24] and the conventional type-135

based system proposed in the paper [21]. As already stated in the previous36

section, both the type-1 FS and type-2 FS-based systems incorporated the37

concept of weak continuity for multi-class image segmentation. The results38

are shown in Table 5. All the methods were run using MATLAB 2014 with39

8GB RAM.40

From the results, it is clear that the NS-based proposed method gave

Table 5: Performance measure of the different methods by RCS. The RCS indicate the
number of the correct results obtained per second.

Image dataset type-1 FS [21] type-2 FS [24] Neutrosophic set (Proposed method)

NDT image [47] 0.128 0.189 0.210

Weizmann [49] 0.132 0.184 0.202

Kaggle 2018 [48] 0.129 0.180 0.192
41

the best performances in terms of RCS compared to both the type-1 FS and42

type-2 FS-based uncertainty handling models. The reason may be that the43

run time of the method [24] is high compared to the proposed method due to44

the interval nature of the type-2 FS. On the other hand, the NS based pro-45

posed method can handle the uncertainties better than the type-1 FS based46

method described in [21].47
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4. Conclusions and future works48

Management of uncertainties in an image pattern is one of the major49

problems in image segmentation. The current measures of uncertainties do50

not take into account the boundary information. In this paper, we have pro-51

posed an NS-based multi-class segmentation technique in combination with52

the theory of weak continuity constraints. The weak continuity constraints53

take care of the boundary information and help to localize the segmentation54

boundaries accurately. By doing this, the gray level and spatial ambiguities55

are decreased in the segmentation process. The energy function in the NS56

domain acts as an objective function in the segmentation process. We have57

shown that the minimization of the objective function minimizes the gray58

and spatial level ambiguities. The proposed technique helps to overcome the59

limitation of current techniques for image segmentation in the NS domain60

by taking into consideration the localization of segment boundaries. In the61

proposed method, the accurate thresholds values are determined iteratively62

by minimizing the energy function without any prior knowledge about the63

number of classes. The iteration produces a tree structure for the segmen-64

tation process. The iteration stops depending on a stopping criterion called65

the segmentation index. The technique is advantageous in situations when66

the number of classes is not available.67

The method performed quite well on the synthetic and variety of natural68

and NDT images. The images contain highly uncertain image patterns as evi-69

dent from their histograms. The method performs better both quantitatively70

and qualitatively than that of the other methods compared here. Also, the71

performance of the proposed method on the highly uncertain Kaggle nuclei72
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images is better than that of the state-of-the-art methods. The robustness73

of the proposed method under the noise perturbations is satisfactory and it74

is verified statistically by modified Cramer-Rao bound.75

The proposed method is an iterative process for segmentation and hence76

slower than a non-iterative process. Future research may be directed towards77

the speed up of the iterative process to make it time-efficient. The proposed78

technique can also be applied to a rough set, which is also a powerful tool for79

uncertainty reduction in the segmentation process. We are currently inves-80

tigating the technique to apply the weak string energy concept in the rough81

set domain. The scope for future research is also to apply the sting theory82

to complex textured images.83
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                                                            Highlights

The method segments an image using the concept of weak continuity constraints.

The constraints in neutrosophic domain help to manage uncertainties.

The method automatically segments an image without prior knowledge about

number of classes.
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