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Abstract

The collection of edge complement spanning subgraphs of a simple graph is an abelian group with respect to
the symmetric difference operation.

Keywords:  Edge-Complement graph; spanning graph, commutative algebra; symmetric difference;
characteristic function.

1 Introduction

The authors [1] introduced the concept of Edge complement graph and authors [2] proved some results related
to these concepts. In [3], [4] and [5] similar concepts are explained with respect to graphs. In [6], it is proved
that collection of subsets of a set is an abelian group, with respect to the symmetric difference(A). In this paper,
the authors extend this idea on to the Edge Complement Spanning subgraph of a simple graph while defining the
characteristic function on graphs and proved related results on characteristic functions on graphs [7-9]
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1.1 Definition
A graph G with vertices p and edges ¢ is called a (p, g) graph, where p and q are respectively known as the order

and the size of the graph. The (p, ¢) graph with ¢ = 0, is called an empty graph and is denoted by®. H is a
spanning subgraph of a graph G if V(H) =V (G)

1.2 Definition

Let G,,E,)be a graph and H(V, ,E,)be a spanning subgraph of G. The edge complement of H in G is
obtained by deleting all the edges of H from G and is denoted by HZU . For simplicity, we refer H  for H;U .

From the definition of edge complement graph, we have the following results:
V(H)=V(H")=V(G)
E(H)c E(G), E(H")< E(G)
E(HUH®) =E(G)and E(HNH) =¢
So, the edge complement of subgraphs of a graph satisfies the structure property.

1.3 Definition

The symmetric difference of the spanning graphs H(V, ,E,) and KV, ,E,) of G(V,,E,) is a spanning graph
HAK of G whose edge set is Eypx = Ey U Ex — Ey N Ey

1.4 Example
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1.5 Definition

Let G be any simple graph, H be a edge complement spanning subgraph of G. The characteristic function y on
H in G is defined for each u;u; € E(G) by

(1 if wu €E(H)
Xu (i) = {0 if wu; & E(H)
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2 EDGE Complement Graph

2.1 Lemma

Let H, K be the spanning subgraphs of G then y; = yyx ifand only if H = K.

Proof:
For each u;u; € E(H),
1if wu; € E(H)
xu(uy) = {0 if wu; & E(H)
1 if wu; € E(K)
- {0 if u & E(K)
= xx (uiuy)

Therefore, for each u;u; € E(H) and yy = Xk, then )(K(uiuj) = 1. So E(H) € E(K). Similarly, E(K) €
E(H). Hence, H = K.

2.2 Lemma

Xue=1—xy
Proof:
For each u;u; € E(G),
clu:u;) = 3
Xue(Uilly 0 if uu; & E(H)
1-0 lf uiuj € E(Hc)
1-1if wu; ¢ E(HY)

0 if wu & E(H)
1 if uu; € E(H)
1 if wu; € E(H)
=1- {0 if & E(H)
=@ —XH)(uiuj)
Hence, yyc =1 —xy

=1-

2.3 Lemma

Xunk = XH - Xk
Proof:

For each u;u; € E(G),
1if wuj € E(HNK)
Xrng (W) = {O if wu; & E(HNK)
(1 if wu; € E(H) and uu; € E(K)
B {0 if wu & E(H) or uu; € E(K)
1 if wu;€ E(H) (1 if wu; € E(K)
N {0 if w & E(H) '{0 if wu € E(K)
= XH(uiuj) Xx (Uiwy)
= (Xu- X)) (i)
Hence, XYunk = Xu - Xk
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Obviously when K = @, yyne = 0, shows that @ is the identity and yynyc = xp follows that H is the inverse
of H with respect to N. Also XHn)nM = XHnk - XM = X1 - Xk-Xm = Xu - Xknm = Xunknm) apparently shoes
the associative property and evidently Yynx = Xu - Xk = Xk - Xu = Xxnu Shows the commutative property.

2.4 Lemma

XHUK)® = XHEnKS

Proof
For each u;u; € E(G),
X(HUK)C(uiuj) ~ o lf wy; ¢ E(H U K)C
1 if wu € E(HUK)
(1 if wu; € E(H) and wju; € E(K)
~ |0 if wu; € E(H) or wu; € E(K)
_ (1 if wu; € E(H®) and wu; € E(K®)
“ |0 if wu; € E(H) or wou; & E(K©)
_ 1 lf uineE(HCan)
~ 0 if wu; € E(HCNK®)
=XH°n1(C(uiuj)
XHuK)® = XH n K
Hence
X(HyUHy U ... UHR)S = XHi 0 HyC N...n HRS
2.5 Lemma
XHuk = Xu + Xk — Xunk
Proof:
By Lemma 2.2
Xnuk = 1= Xmuk)©
=1—=Xucnke
=1—ypc.xge by Lemma 2.3
=1-(A-xuw) - 1—xx)
=1-[1— gy —xx + Xu-Xkl
= Xn + Xk — Xunk by Lemma 2.3
2.6 Lemma
XH-k =XH — XHnk
Proof:
XH -k = XHnK®
= XH - Xk©
=X - Xke
=xy (1— xx)
=XH — Xu - Xk
=XH — XHnk
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2.7 Lemma

Xuak = Xu t Xk — 2 Xunx

Proof:
XHAK = X(HUK)-(HNK)
= XHuk — X(HUK)N(HNK) by Lemma 2.6
= XHuk — X(HnK)
=Xu t Xk — Xunk — X(Hnk)
=Xu Xk — 2 Xunk

Obviously, 1. When K = @,
Xuao = X+ Xo =2 Xuno = Xu  Since xo =0 and 2 yuyno =2 xo =0
Xo is the identity.
2. Consider Yyax = Xu + Xk — 2 Xunk
=Xu t Xk —2Xxknw = Xkan
3.When H=K Y, =Xu+Xu—2Xunn =0

So, H is the inverse of H it’s self with respect to symmetric difference.

4. Consider

Xy ) AH; = Xigan, + Xbg + (72) XHyaH,0H,
= Xu, t Xy ¥ (C2)Xuy0m, + Xuy t (—2) Xu,amy) Xas

= Xu, + Xu, + Xy + 2 Xuy0m, ¥ (20, Xuy + (2 Xy Xy + (—2)° Xuynmy- Xus
Xey + Xy + Xy ¥ (C2)Xm,0m, + (C2) X000 + (52) Xmy0 1, +(_2)2XH10H20 Hj
Xuy + Xuy, + Xus + (C2) Xupons + (2 X0, Xy + (2 X0y H(=2)2 X, Xbiyo 1
= Xuy t X, + Xy ¥ (C2) Xup0m, + (2) 0w, Otwy, + X3 + (52) X w0 1]
= Xu, t Xu, t Xu, T (_2))(1-1201-13 +(=2) [XHl-XHZAI-Ig,]
= Xu, t Xy + (—2) Xuynmyam,
= XHq A (Hp A Hg)

3 Abelian Group on Edge Complement Graph
3.1 Theorem

The collection [1(G) of edge-complement spanning subgraphs of a simple graph is a abelian group with respect
to graph union U graph intersection N and graph symmetric difference A

4 Conclusion
The authors proved some algebraic results on spanning graphs by defining the characteristic function, which can

be extended to the general graphs. These ideas can also be extended to the recently developed concepts of super
hyper graphs and n-super hyper graphs.
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