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Table Detection in Scanned Document
Images

Yi Xiao and Qing-Hua Qin

Department of Engineering,
Australian National University, Canberra, ACT 0200,
Australia
Email: ginghua.qin@anu.edu.au

ABSTRACT

Vertically and horizontally aligned text cells and/or ruling lines are
the basic elements in a table image. This paper develops an
algorithm based on Delaunay ftriangulation and Freeman
chaincode to identify such table image through measuring the
widths and orientations of the connected components of the image
and locate the aligned text cell regions in the image. Experiments
show that the proposed method can effectively detect general
formatted tables.

KEY WORDS

Table detection, document image, Delaunay triangulation, chaincode

1. INTRODUCTION

Tables are an effective means for communicating information in documents.
Identification of such tables is a challenging problem in document layout analysis.
A table structure identifying algorithm is used to segment tables from the document
pages and extract the information from these tables. Table detection is a crucial
step for table structure identification.

Among the current document layout analysis systems, the specific problem of table
detection has been neither addressed nor solved for the class of tables with variaty
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of ruling lines or irregular table_cells (Lee et al., 2000). Most layout analysis
methods (Jain and Yu, 1998; Mao et al., 2003) segment and classify document
images into three basic categories: text, graphics, and pictures. Tables are usually
classified as graphics or text.

Lee et al. (2000) presented a knowledge-based method for sophisticated
geometric structure analysis of technical journal pages. Their knowledge base
encodes geometric characteristics that are not only common in technical journals
but also publication-specific in the form of rules. The method identifies tables by
splitting or grouping segmented regions into composite layout components.

Jain and Yu (1998) grouped pixels into Block Adjacency Graph (BAG) nodes, while
BAG nodes are grouped into connected components and horizontal and vertical
lines, connected components are grouped into generalized text lines (GTLs), and
GTLs are grouped into region blocks. For table identification, Jain and Yu first
extract horizontal and vertical lines from non-text regions. They then test the
lengths of the top and bottom lines, the mean and standard deviation of the
orientations of both horizontal and vertical lines. Finally, they measure the average
height and variation of the connected components in a table region. The methods
of both Jain and Yu (1998) and Lee et al. (2000) have limitations for detecting
unconnected tables.

Wang et al. (2004) recently presented a general formatted table structure
understanding algorithm designed using optimization methods. The algorithm is
probability-based, where the probabilities are estimated from geometric
measurements made on the various entities in a large training set. With the
algorithm, false alarms may, however, occur for flow charts, and tables with
irregular text cells may be undetectable.

From the above review, we focus here on developing an algorithm based on
Delaunay triangulation and Freeman chaincode for detecting general formatted
tables in structured articles such as journals. With this algorithm, the limitations of
ruling line connections and the number of characters in a text cell, occurred in the
approaches mentioned above, has been removed. The proposed algorithm can,
thus, effectively distinguish tables from drawings, flowcharts and mathematical
expressions. It should be mentioned that tables are visually recognizable by a
specific typography (alignment, fixed line space, character sizes, fields, cells, ruling
lines) organized in a consistent manner. The computational geometric data
structure-Delaunay triangulation (DT) (Okabe et al., 2000) is well suited for
describing the specific typography of table structures in a document image. Xiao
and Yan (2003) used DT for text block segmentation by statistically analysing the
sizes and orientation of the triangles. With their method, table regions may be
classified as non-text regions. In this paper, we further our analysis of the specific
triangles that occupy tabular text regions and the margins between table cells.
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2. METHOD

A non-text region C of the binary document image is specified by a set of
connected components {cc,}. cc, is characterized by its boundary B(cc,) and
upper left and lower right bounding box coordinates (x,(cc,),y,(cc,)),
((x,(cc,),y,(cc,))), where x, <x, and y, < y,. Cis divided into a large connected

component set and a small connected component set for table ruling line and table
text detection.

2.1 Ruling Line Identification
= Large connected components and their local width distribution

We define L as
L={cc|(x, —x)>AX or (y, —y,)>AY} (1)

L is the set of large connected components on the region C. AX and AY are the
values which are set to be greater than the width and height of a character’s
bounding box.

The local width of a connected component is calculated by the length of the
corresponding internal edge in the constrained Delaunay triangulation (CDT)
(Chew, 1987) of a connected component’s boundary (Fukushima, 1997; Xiao and
Yan, 2004). An internal edge is a Delaunay edge not on the boundary. Figure 1
illustrates the internal edges in a connected component.

An internal
edge

An external
edge

Figure 1 The internal edges (thin line segments) and the external edges (broad
line segments) in a character “C”.
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From the histogram of h(w) we can obtain the local width distribution of
connected components, where w is the length of an internal edge in pixels.

Line-structured connected components are identified by the maximum local width
(w__ ). Here we have

w. = max(w| h(w)=0,wefl,2,.m}) (2)

L is a line structured connected component setif w___ <th . Here th, is the width
limitation of a line.

Figure 2 illustrates the local width distribution of the large connected components
in non-text regions for five typical cases. In Figure 2, ruling lines and mathematical

symbols have the smallest w__ . The halftone image in Figure 2 (c) has the largest
w,_.. - All the line structured components have their w___ smaller than 110 (pixels).

(a) Inatable (w

max

=179, w

=5Lw,, =16) (b) In a drawing (w,, i =11)



International Journal of Tomography & Statistics 5

| L

h(c)  h(w) h(c’) h(w)

(c) In a halftone image(w,,, =591, w_, =11) (d) In a flowchart (w_, =103,w_, =16)

A
) n
i i
/ /
h(c) h(w)
(e) In an equation (w,, =37,w,,, =16)

Figure 2 Local width and chaincode distributions (¢, = ¢, mod 4 ) of connected
components.

= Line orientation measuring

A boundary is represented by an ordered sequence B ={p,,(x,,y,)}, where |=
1, 2.-.n, x, and y, are integer multiples of D (the grid constant), and where
p, = p,- The boundary can also be expressed as a sequence of the chaincode



6 IJTS, Vol. 3, No. JJ05, June-July 2005

F ={c,} (Freeman et al., 1970), where ¢, is a code for the direction from p,, to
p, - There are eight possible directions coded from 0 to 7 as shown in Figure 3.

N

s 1N

Figure 3 Eight directions coded by chaincodes.

The chaincode distribution reveals the line orientation. For a vertical line, codes 2’
and ‘6’ dominate the sequence, whereas codes ‘0’ and ‘4’ dominate a horizontal
line sequence. Table 1 lists the number of chaincodes for the images in Figure 2.
From Figure 2 and Table 1 we can see that the table ruling lines, flowcharts and
mathematical symbols have large numbers of even codes and small numbers of
odd codes. The drawing in Figure 2 (b) has a nearly equivalent number of even
and odd codes. The halftone image in Figure 2 (c) has a large number of odd
codes and a small number of even codes. Furthermore, the mathematical symbols
in Figure 2 (e) have a small number of codes ‘0’ and ‘4’ as they contain no
horizontal lines.

Table 1 Chaincode distributions

Chaincode

histogram h(0) h(1) h(2) h(3)
Image
Figure 2 (a) 4355 132 1819 145
Figure 2 (b) 1972 9131 2088 1893
Figure 2 (c) 361 1919 481 1876
Figure 2 (d) 3474 246 1062 242
Figure 2 (e) 12 46 772 46

= Table ruling line identification
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The table ruling line set is identified by measuring the local width and the
chaincode distribution of the connected component as follows:

Let F'={d,}, where d, =c, module 4, c, is a code in the corresponding chaincode

sequences of L. h(d) is the histogram of dj . L is a table ruling line set if

1) Wi <th, (3)
2) h(0) + h(2) > k, * (h(L) + h(3)) 4)
3) h(2) < k, * h(0) (5)

where equation (4) indicates both the vertical and horizontal lines are dominant;
while equation (5) indicates only the horizontal lines are dominant. In our
experiment, all the table ruling lines can be distinguished from other lines using
equations (4) and (5) with k, =3,k, =5.

2.2 Tabular Text Identification
Given
T=C-L, (6)

where T represents the sparse text in the region, we construct a Delaunay
triangulation on the centroids P of the {cc,} in T. Let t, be a Delaunay triangle in

the Delaunay triangulation over P. 1, is charaterized by six parameters ef, e,

i

s

S 1 m s 1 m K 1 m K 1 m N
e/, a;, o and a;,denoted as {e, e ,e;, a;,a;,a;} = 1,.Here ¢;, ¢ and ¢,
are the longest, second longest and shortest edges of 1, respectively; oci, a

m

and o are the acute angles between a horizontal line and e!, e

" and e
respectively.

=  Triangle classification

Four types of triangles are defined:



8 IJTS, Vol. 3, No. JJ05, June-July 2005

Vertical ~triangle (z,): A triangle 1, with o) <a,, o, >a,
(a,, =10%,a,, =50°).

Horizontal triangle (7,): A triangle 1, with o >a,, a0/ <a,
(o, =40°,a,, =80°).

Text region triangle (7, ): Triangles in text cell regions.

Margin triangle(7, ): Triangles in the margins between text cells in different
columns.

In a tabular text region, 7,and 7, must be unemptied. Figure 4 shows the text
region triangles (7,) and margin triangles (7, ) in a table region. Triangles are

t

clustered as 7,and T, based on the orientations and connections of the triangles.
The procedure is as follows:

T, searching:
i. Mark the vertical triangles that satisfy ej < h, as text region triangles;

i. For each non-text region triangle t,, if it is adjacent to two text region

triangles and has horizontal (xﬁ or o', mark the adjacent triangle as a text
region triangle. The step continues until no more text region triangles are
marked;

iii. Mark any single text region triangle as a non-text region triangle.
T, searching:
i. Mark the horizontal triangles with 2* AX < e/ < M, as margin triangles;

ii. For each non-margin triangle t,, if it is adjacent to a margin triangle and

satisfies o, >a , —20°, mark the triangle as a margin triangle. The step
continues until no more margin triangles are marked,;
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iii. Mark any single margin triangle as a non-margin triangle.

Method Mesh [N fiz fin

BEM N=10 1.0374 0.45353 0.1905
20 10727 0.4702 0.1952
30 1.0811 0.4790 0.1990
40 1.0820 0.4803 0.1998
FEM M=24 0.9832 0.4304 0.1813
48 1.0284 0.4442 0.1851
72 1.0603 0.4559 0.1894
96 1.0622 0.4572 0.1901
(a)

(b)

Figure 4 Text region triangles and margin triangles in a table. (a) A table image;
(b) Text region triangles and margin triangles for the image in (a), filled with
different colours.

= Table text identification

Let S,, S, and S be the total areas of 7, T, and all the triangles respectively. It
should be mentioned that S, here represents the area of tabular text region and
S, the area of margins between text cells. As an illustration S, stands for the total
areas of the yellow triangles and S, total areas of the grey triangles in Figure 4.

Figure 5is a S,/S-S,,/S diagram of sparse text images. 140 typical sparse text

images are used. These images include 68 table images, 49 equation images, 21
drawing images and 4 flowchart images. Most of the table images are within the

regions of S,/5>0.14and S, /S>0.1.
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We identify T as tabular text if S, /S > th, and S,, / S>th,. The setting of
threshold values 7, and th, are detailed in Section 3.

1 -
0.8 -
a ..
, o %o
0 06 o $0 * table
= *® o o
D 04- . ¢ .,’. “..: = equation
= " . O .- * drawing
*
0.2 - 4 e . * flowchart
S . 0-.- . i * 0
IR IPEY S LY o L
0 0.2 04 0.6 0.8 1
St/S

Figure 5 S/S-S,/S plot for sparse text images.

As an equation or a drawing may have table-like arrangement, we need to apply
the table ruling line test to distinguish such items from tables. On the other hand,
misidentification may occur when a table is irregular. Examples are shown in
Figure 6.

2.3 Table Identification

Figure 7 provides the overview of our table detection algorithm. The input is the
connected component set C of a non-text block region. After ruling line analysis,
halftone images, curved drawings, and equations with matrix are excluded from
table image candidature. Table text analysis is applied further for table image
identifying.
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r=0: u=0 x=a: =i, (4) X7 coser  sine (X
y=0: v=0, y=b: v=0 (3) Y’ |-sine cosa )Y )

u 14

(a) An equation with table-like structure. (b) An equation with table-like structure.

Training Classification Accuracy (%) Training Time Test Time
Procedure Face RI’I'U;.{“J‘“‘H“ View R’:'r'ng'h.if.i:m per view (sec)  per view !(nt'c'j
- 20 8
tandom 9.0 f0.8 (1.8 max (.79 max
max=1000, min=04.3)  {max=87.1, min=76.3)
jelected 100.0 8.6 (1.8 max (.69 max
{max=89.3, min==87.4}
I
selected 10000 998 1.6 max 540 max
{max=1000, min = 99.7}

01 2 3 435
x/d

(c) A drawing with table-like structure. (d) A table image classified as a non-table

image

Figure 6 Misclassification of images with sparse text.



12 IJTS, Vol. 3, No. JJ05, June-July 2005

Divide C into two subsets T and L
based on Egs. (1) and (3)

Yes

L=p?

No

Is L aruling
line set?

No

Is T a table
text set?

Cisnota
table text set
C is a table
\ 4 text set
End
v
End

Figure 7 The table detection algorithm
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Missed Detect  False
System faces rate  detects
10) Nets 1,2 =+ AND{0) — threshold(2,3) = overlap elimination 39 T48% 0
11) Nets 1,2 — threshold(2,2) — overlap elimination —+ AND(2) 24 B4.5% 8
12) Netz 1,2 -3 threshold(2,2) — overlap — OR(2) — thrashold(2,1) — overlap 15 90.3% 42
Detector using a multi-layer network [21] 36 T6.8% 5
Detector using perceptron [21] 28 819% 13
Support Vector Machine [14] 39 742% 20
(a)
1 Wlrase il Tinse L P Conference Program K ense Algorithm Represenation Similarity measure
TERFRET
e AE—BKIT Excalibur Co. Unknown Unknown
) 130 PA-10:00 PM . #H Labhy.Internatianal MIT Media Lab 95 PCA I
1ZHIA Conference Registrativa Student Wamion, MIT Media Lab 96 PCA-difference space MAP Bayesian Statistic
L Ningho University Michigan St. U. Fischer di:;cmfmmm. L )
December 14 T Rutgers 1. Greyscale projection Weighted Ly
Tuesday 6400 PM o U. of So. CA. Dyuamic Link Architeeture  Elastie graph matching
Diining Room
- - e —— (Gabor Jets)
ropogopn | FEMESRELENGIRGR U. of MD 96 Fischer discriminant I
Organizing Comeittee Mocting U, of MD 97 Fischer discriminant Weighted Ly
TA00T:40 AM N Breakfast Basoline PC. Ly
Dining Keam Bascline Cor Angle
FF R Opening Ceremony”
H00-8:30 AM Eif BT MRk (C)
Chairs: LL Wang and DN Chen M TR
R:30-0:50 AM : iy
Xiushan
9:50.10:20 AM o T
5 -2 N N
Algorithan wallery 1 gallery 2 .
10:20-11:40 AM Keynote Presentations 1 A [] 0 8 '- n )
Wed . T, 9 9 9 i : '|\.|
12:00AM-1:30PM WL unch e ) 6 7 1 5 7 [
Diming Room 4 2 | | 3 3
TR AHERY W 7 1 i 1 5 7
Bt Session Presentations 1 Conference 3 = g : 4 g
630 PM W/ Conference Reception 1 6 [ 1 5 5
1 1 ] 2 2 1
(b) : 2 3 2 2 1 1
Awe g Senore [(=1 08LT (XY 0918 0543 [LE 1
Capable bs handle with Hesd
Approsch | © :" (d )
Lam et al |2] Shki
{18 1794 wma
1
Takeos o ak. x *
19197 D Connectivity | Ad,.
1-D 2 1/3
D 3 175
e o al 1] * 8 1/7
19K
. 3D 6 17
18 1713
ez e L 19T ¥ 2 47
(1998

Feng o al [13]
(1998)

The propesd
el

(e)

Figure 8 Detected table images.
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3. EXPERIMENT AND DISCUSSION

Our algorithm has been tested on more than 900 non-text regions including
halftones, drawings, flowcharts, equations and tables. The images were captured
from journals from IEEE ALL Society Periodical Package, Stringer-Verlag and
Science direct.

=  Accuracy analysis

Based on the proposed algorithm, we have achieved a 94.4% accuracy rate of
table detection for the 900 non-text block regions, while Jain and Yu (1998)
achieved 89% and Wang et al. (2004) 91% accuracy rate using the methods
described in their papers.

Figure 8 shows some of the detected table images. It includes tables with various
ruling lines and text cells. With Jain and Yu’s method, unconnected tables in
Figure 8 (c) and Figure 8 (d) are failed to be identified and the tables with irregular
table cells shown in Figure 8 (a) and Figure 8 (e) are misdetected with the method
of Wang et al. (2004).

False alarms mainly occur in equation images, as some mathematical expressions
have a similar geometrical structure to that of table images. An example is shown
in Figure 6 (a). Misclassification occurs when the column space is narrower than
the table line space. An example is shown in Figure 9.

Training Classification Accuracy (%) Training Time Test Time
Procedur Fare Recognition View Recognition per view {sec) | per view {sec)
9a.0 K -
Random 98.( 50.8 0.8 max 0.79 max
(max=100.0, min="14.3} (max=8T.1, min=76.3}
. . 26
Selected 100060 88.6 0.8 max 0,649 max
(max=89.3 min=87 .4}
i . 09.8 ; -
Selected 1000 2 1.6 max 5.0 max
{max=100.0, min = %0.7)

Figure 9 A table image misidentified as a non-table image.
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=  Processing time

Table 2 and 3 give the processing time for the current version of our C program for
the images in Figures 2 and 8. Most of the processing time is used for triangle
classification. The local width calculation of an image object may take longer time
than other kinds of objects. When the number of characters increases, the time for

S,/S-S,,/S computing may increase sharply.

Table 2 Processing time for ruling line identification

Line orientation Local width

estimation calculation

Image (seconds) (seconds)
Figure 2 (a) 0.1 9.83
Figure 2 (b) 0.11 5.66
Figure 2 (c) 0.05 6.53
Figure 2 (d) 0.06 3.79
Figure 2 (e) <0.01 0.44

Table 3 Processing time for table text identification

Delauany Si-Sn,

triangulation calculation

Image (seconds) (seconds)
Figure 8 (a) 0.06 0.1
Figure 8 (b) 0.22 3.60
Figure 8 (c) 0.11 1.21
Figure 8 (d) 0.1 0.88
Figure 8 (e) 0.11 0.44

Figure 8 (f) 0.10 0.05
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=  Threshold selection

The threshold values are related to the specific typography of table structures in a
document image. Table 4 lists the threshold values used for table detection. AX
and AY are obtained from the statistics of the image itself. They are the most
frequent width and height respectively of the bounding boxes of the connected
components, which indicate the width and height of a character used in the

document image. k&, and k, are determined by the knowledge of the table structure
in a document image. o, o, o, and o,, are tolerance thresholds for measuring

the alignment of characters. 4, and M, are the space tolerances between text
cells.

Table 4 Threshold values for table detection.

AX  AY TW k] K2 (4% (079 (04 (075 ht Mm ﬂ’l, thm
sk xx o owx 3 50 100 500 40° 80° 15%AY 10*AX 0.14 0.1

** indicates that the value is set based on the document image itself.

th, and th, are the sensitivity thresholds that affect the performance of table
detection. Accuracy rate versus th, and th, are shown in Figure 10. From this
figure we can see that the accuracy reaches highest when 4, is around 0.14 and
th,, is around 0.1. When th, or th, is small, many equations and drawings may be

misclassified as tables, and when 4, or th, is large, tables may be misidentified as
non-tables.

0.8 | /—0—0\. 08 | -,
0.6 4 0.6

0.4 - 04 4
0.2 4 0.2
0 ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘
0 0.05 0.1 0.15 0.2 0.25 0 0.1 0.2 0.3

Figure 10 The accuracy rate in terms of th, and th,, .
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4. CONCLUSION

The Delaunay triangulation-based local width calculating and Freeman chaincode
statistics can efficiently measure horizontal and vertical lines, and text cells in the
table can be recognized by the clustering of different classified triangles. The
proposed method is used for general formatted table detection. Experiments show
that with this method, tables can be separated from other non-text regions such as
halftones, equations and drawings, and any tables with wider column spacing are
detectable. In particular, the limitations of ruling line connections and the number
of characters in a text cell, occurred in the existing approaches mentioned above,
has been removed in the proposed algorithm. Further work on table ruling line
analysis can be carried out to improve the detection of tables with narrow column
spacing.
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ABSTRACT

In this paper we have proposed a semi-heuristic optimization algorithm for
designing optimal plant layouts in process-focused manufacturing/service
facilities. Our proposed algorithm marries the well-known CRAFT
(Computerized Relative Allocation of Facilites Technique) with the
Hungarian assignment algorithm. Being a semi-heuristic search, MASS
can be potentially more efficient in terms of CPU engagement time as it
can converge on the global optimum faster than the traditional CRAFT,
which is a pure heuristic. We also present a numerical illustration of our
proposed algorithm.

KEY WORDS

CRAFT, facilities layout planning, Hungarian assignment algorithm.

INTRODUCTION

The fundamental integration phase in the design of productive systems is the
layout of production facilities. A working definition of layout may be given as the
arrangement of machinery and flow of materials from one facility to another, which
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minimizes material-handling costs while considering any physical restrictions on
such arrangement.

Usually this layout design is based either on considerations of machine-time cost
and product availability; thus making the production system product-focused; or on
considerations of quality and flexibility; thereby making the system process-
focused. It is natural that while product-focused systems are better off with a ‘line
layout’ dictated by available technologies and prevailing job designs, process-
focused systems, which are more concerned with job organization, opt for a
‘functional layout’. Of course, in reality the actual facility layout often lies
somewhere in between a pure line layout and a pure functional layout format;
governed by the specific demands of a particular production plant. Since our
present paper concerns only functional layout design for process-focused systems,
this is the only layout design we will discuss here.

The main goal to keep in mind is to minimize material handling costs - therefore
the departments that incur the most interdepartmental movement should be
located closest to one another. The main type of design layouts is Block
diagramming, which refers to the movement of materials in existing or proposed
facility. This information is usually provided with a from/to chart or a load summary
chart, which gives the average number of unit loads moved between departments.
A load-unit can be a single unit, a pallet of material, a bin of material, or a crate of
material. The next step is to design the layout by calculating the composite
movements between departments and rank them from most movement to least
movement. Composite movement refers to the back-and-forth movement between
each pair of departments. Finally, trial layouts are placed on a grid that graphically
represents the relative distances between departments. This grid then becomes
the objective of optimization when determining the optimal plant layout. We give a
schematic representation of the basic operational considerations in a process-
focused system as follows:

Updating skills and Fomting of the m- Establisimg  the

reeouTces raquired for process Gems to the might sisticel

2 partvcular procesk appropriase  fuschiomal ETOCRER conined
aear I ooder Do machamiz=
facilitin ProcRckizs

Process fasdback

Fligurs 1
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In designing the optimal functional layout, the fundamental question to be
addressed is that of ‘relative location of facilities’. The locations will depend on the
need for one pair of facilities to be adjacent (or physically close) to each other
relative to the need for all other pairs of facilities to be similarly adjacent (or
physically close) to each other. Locations must be allocated based on the relative
gains and losses for the alternatives and seek to minimize some indicative
measure of the cost of having non-adjacent locations of facilities. Constraints of
space prevents us from going into the details of the several criteria used to
determine the gains or losses from the relative location of facilities and the
available sequence analysis techniques for addressing the question; for which we
advise the interested reader to look up any standard handbook of
production/operations management.

COMPUTERIZED RELATIVE ALLOCATION OF FACILITIES TECHNIQUE
Computerized Relative Allocation of Facilities Technique (CRAFT) (Buffa, Armour
and Vollman, 1964) is a computerized heuristic algorithm that takes in load matrix
of interdepartmental flow and transaction costs with a representation of a block
layout as the inputs. The block layout could either be an existing layout or; for a
new facility, any arbitrary initial layout. The algorithm then computes the
departmental locations and returns an estimate of the total interaction costs for the
initial layout. The governing algorithm is designed to compute the impact on a cost
measure for two-way or three-way swapping in the location of the facilities. For
each swap, the various interaction costs are computed afresh and the load matrix
and the change in cost (increase or decrease) is noted and stored in the RAM. The
algorithm proceeds this way through all possible combinations of swaps
accommodated by the software. The basic procedure is repeated a number of
times resulting in a more efficient block layout every time till such time when no
further cost reduction is possible. The final block layout is then printed out to serve
as the basis for a detailed layout template of the facilities at a later stage. Since its
formulation, more powerful versions of CRAFT have been developed but these too
follow the same, basic heuristic routine and therefore tend to be highly CPU-
intensive (Khalil, 1973; Hicks and Cowan, 1976).

The basic computational disadvantage of a CRAFT-type technique is that one
always has got to start with an arbitrary initial solution (Carrie, 1980). This means
that there is no mathematical certainty of attaining the desired optimal solution
after a given number of iterations. If the starting solution is quite close to the
optimal solution by chance, then the final solution is attained only after a few
iterations. However, as there is no guarantee that the starting solution will be close
to the global optimum, the expected number of iterations required to arrive at the
final solution tend to be quite large thereby straining computing resources (Driscoll
and Sangi, 1988).

In this paper we propose and illustrate the Modified Assignment (MASS) algorithm
as an extension to the traditional CRAFT, to enable faster convergence to the
optimal solution. This we propose to do by marrying CRAFT technique with the



22 IJTS, Vol. 3, No. JJ05, June-July 2005

Hungarian assignment algorithm. As our proposed algorithm is semi-heuristic, it is
likely to be less CPU-intensive than any traditional, purely heuristic CRAFT-type
algorithm.

THE HUNGARIAN ASSIGNMENT ALGORITHM

A general assignment problem may be framed as a special case of the balanced
transportation problem with availability and demand constraints summing up to
unity. Mathematically, it has the following general linear programming form:

Minimize X CiniJ-
Subject to ZX; =1, foreachi,j=1,2...n

In terms of the classical assignment problem, C; is the cost of assigning the i" job
to the jth individual and X; is the number of assignments of the i job to the jth
individual. In words, the problem may be stated as assigning each of n individuals
to n jobs so that exactly one individual is assigned to each job in such a way as to
minimize the total cost.

To ensure satisfaction of the basic requirements of the assignment problem, the
basic feasible solutions of the corresponding balanced transportation problem
must be integer valued. However, any such basic feasible solution will contain (2n
— 1) variables out of which (n — 1) variables will be zero thereby introducing a high
level of degeneracy in the solution making the usual solution technique of a
transportation problem very inefficient.

This has resulted in mathematicians devising an alternative, more efficient
algorithm for solving this class of problems, which has come to be commonly
known as the Hungarian assignment algorithm. This algorithm is based on the
following optimality theorem:

Theorem: If a constant number is added to any row and/or column of the cost
matrix of an assignment-type problem, then the resulting assignment-type problem
has exactly the same set of optimal solutions as the original problem and vice
versa.

Proof: Let Ajand B; (i, j = 1, 2 ... n) be added to the ith row and/or jth column
respectively of the cost matrix. Then the revised cost elements are C; = C; + A
+Bj. The revised cost of aSSignment is ZZC”*XU =2x (Cij + A+ B]) Xij = ZZCUX” +
ZA; XX; + 2BZX;. But by the imposed assignment constraint £X; = 1 (fori, j=1, 2
... n), we have the revised cost as ZXC;X; + ZA; + XB; i.e. the cost differs from the
original by a constant. As the revised costs differ from the originals by a constant,
which is independent of the decision variables, an optimal solution to one is also
optimal solution to the other and vice versa.
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The optimality theorem can be used in two different ways to solve the assignment
problem. First, if in an assignment problem, some cost elements are negative, the
problem may be converted into an equivalent assignment problem by adding a
positive constant to each of the entries in the cost matrix so that they all become
non-negative. Next, the important thing to look for is a feasible solution that has
zero assignment cost after adding suitable constants to the rows and columns.
Since it has been assumed that all entries are now non-negative, this assignment
must be the globally optimal one (Mustafi, 1996).

Given a zero assignment, a straight line is drawn through it (a horizontal line in
case of a row and a vertical line in case of a column), which prevents any other
assignment in that particular row/column. The governing algorithm then seeks to
find the minimum number of such straight lines, which would cover all the zero
entries to avoid any redundancy. Let us say that k such lines are required to cover
all the zeroes. Then the necessary condition for optimality is that number of zeroes
assigned is equal to k and the sufficient condition for optimality is that k is equal to
n for an n x n cost matrix.

MASS (MODIFIED ASSIGNMENT) ALGORITHM

The basic idea of our proposed algorithm is to develop a systematic scheme to
arrive at the initial input block layout to be fed into the CRAFT program so that the
program does not have to start off from any initial (and possibly inefficient)
solution. Thus, by subjecting the problem of finding an initial block layout to a
mathematical scheme, we in effect reduce the purely heuristic algorithm of CRAFT
to a semi-heuristic one. Our proposed MASS algorithm follows the following
sequential steps:

Step 1: We formulate the load matrix such that each entry | represents the load
carried from facility i to facility j.

Step 2: We insert l; = M, where M is a large positive number, into all the vacant
cells of the load matrix si nifyin%that no inter-facility load transportation is required
or possible between the i” and j~ vacant cells.

Step 3: We solve the problem on the lines of a standard assignment problem
using the Hungarian assignment algorithm treating the load matrix as the cost
matrix.

Step 4: We draft the initial block layout trying to keep the inter-facility distance dij*
between the i" and jth assigned facilities to the minimum possible magnitude,
subject to the available floor area and architectural design of the shop floor.

Step 5: We proceed using the CRAFT program to arrive at the optimal layout by
iteratively improving upon the starting solution provided by* the Hungarian
assignment algorithm till the overall load function L = XX ljd; subject to any
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particular bounds imposed on the problem.

The Hungarian assignment algorithm will ensure that the initial block layout is at
least very close to the global optimum if not globally optimal itself. Therefore the
subsequent CRAFT procedure will converge on the global optimum much faster
starting from this near-optimal initial input block layout and will be much less CPU-
intensive than any traditional CRAFT-type algorithm. Thus MASS is not a stand-
alone optimization tool but rather a rider on the traditional CRAFT that tries to
ensure faster convergence to the optimal block layout for process-focused
systems, by making the search semi-heuristic.

That MASS will be an improvement over traditional CRAFT in terms of
computational efficiency is rather intuitive. At its worst the computational efficiency
of MASS will be same as that of traditional CRAFT (in the rather unlikely scenario
that the CRAFT heuristic chances upon the best possible layout in its very first
iteration). In all other scenarios, MASS will give an initial solution to CRAFT which
is much more likely to be closer to the global optimal than any random initial
solution as under traditional CRAFT.

We provide a numerical illustration of the MASS algorithm in the Appendix by
designing the optimal block layout of a small, single-storied, process-focused
manufacturing plant with six different facilities and a rectangular shop floor design.
The model can however be extended to cover bigger plants with a higher number
of facilities. Also the MASS approach we have advocated here can even be
extended to deal with the multi-floor version of CRAFT (Johnson, 1982) by
constructing a separate assignment table for each floor subject to any
predecessor-successor relationship among the facilities.
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APPENDIX: NUMERICAL ILLUSTRATION OF MASS

We consider a small, single-storied process-focused manufacturing plant with a
rectangular shop floor plan having six different facilities. We mark these facilities
as F, Fy, Fu, Fv, Fv and Fy,. The architectural design requires that there be an
aisle of at least 2 meters width between two adjacent facilities and the total floor
area of the plant is 64meters x 22meters. Based on the different types of jobs
processed, the loads to be transported between the different facilities are supplied
in the load matrix below:

TABLE 1

F F, F, Fur Fy Fy
F - 20 - - Z 25
Fi 10 - 15 - N -
Fi - - - 30 N -
Fiv - - 50 - N 40
Fy _ _ _ _ _ 10
Fu - - - - 15 -

We put in a very large positive value M in each of the vacant cells of the load
matrix to signify that no inter-facility transfer of load is required or is permissible for
these cells:

TABLE 2

F Fl :I 1 Fr' Fr F-|'I
F '.-' FLE M i '.-' 5
Fi 10 o 12 i M o
Fii M o i = M o
Fis N N 0 i M 40
Fs M o i i M 1o
Fa " e e o 1= e
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Next we apply the standard Hungarian assignment algorithm to obtain the initial

solution:

IJTS, Vol. 3, No. JJ05, June-July 2005

TAELE &

FH' FI‘ r-'ll

Fi [ G -5 [ B M2 5§
Fs G MAG 0 A0 [l A
G [ M3

-0 M40 @

A0 [l @
[ ] G MAS

Above is the assignment table after first iteration. There are two rows and three
columns that are covered i.e. k = 5. But as this is a 6x6 load matrix, the above
solution is sub-optimal. So we make a second iteration:

TABLE &

3 Fa For Fa

Fi d-20 Lt .25 W15 ] i
g g M5 .5
M35 a4 a M.30

-5 i 40 g

15 .20 M0 g
Fia .20 i-20 25 M5 g M5

Now columns F, Fy,, F\v, Fv, and rows F, and F,, are covered i.e. k = 6. As this is a
6x6 load matrix the above solution is optimal.
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The optimal assignment table (subject to the 2 meters of aisle between adjacent
facilities) is shown below:

TAELE G

Fi Fi Fa Fas Fy Fa

Initial layout of facilities as dictated by the Hungarian assignment algorithm:

Figure 2
Fi Fu Fv
Fu Fiv Fv

The above layout conforms to the rectangular floor plan of the plant and also
places the assigned facilities adjacent to each other with an aisle of 2 meters width
between them. Thus F, is adjacent to F), Fy, is adjacent to F,,and Fy is adjacent to
FV|.

Based on the cost information provided in the load-matrix the total cost in terms of
load-units for the above layout can be calculated as follows:
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L =2{(20 + 10) + (50 + 30) + (10 + 15)} + (44 x 25) + (22 x 40) + (22 x 15) = 2580.

By feeding the above optimal solution into the CRAFT program the final, the global
optimum is found in a single iteration. The final, best layout as obtained by CRAFT
is:

Figure 3
I:I I:VI I:IV
I:II I:V I:III

Based on the cost information provided in the load-matrix the total cost in terms of
load-units for the optimal layout can be calculated as follows:

L* = 2{(10 + 20) + (15 + 10) + (5 + 30)} + (22 x 25) + (44 x 15) + (22 x 40) = 2360.

Therefore the final solution is an improvement of just 220 load-units over the initial
solution! This shows that this initial solution fed into CRAFT is indeed near optimal
and can thus ensure a faster convergence.
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ABSTRACT

In this paper we study robustness of recursive median filters
(RMFs) by using a recently introduced method called output
distributional influence function (ODIF). Unlike the traditionally
used methods, such as the influence function and the change-of-
variance function, the ODIF provides information about the
robustness of finite length filters. So the ODIF is not only a good
theoretical analysis tool but it can also be used in real filtering
situations for selecting filters behaving as desired in the presence
of contamination. The usefulness of the ODIF in the analysis of the
robustness of the RMFs is demonstrated in illustrative examples
and the robustness of the RMF is compared with the robustness of
the standard median filter (SMF).
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INTRODUCTION

Modern robust statistics began in 1960 with the papers by Tukey [1960] and
Anscombe [1960]. The first theoretic approach to robust statistics was introduced
by Huber [1964] where he used an asymptotic minimax framework. An extension
of this basic idea is presented in his book Huber [1981]. Hampel [1968], [1974]
originated a different theoretic approach based on influence functions (IFs) which
especially after the book by Hampel et al. [1986] have become popular tools. A
survey on robustness in signal processing can be found e.g. in Kassam & Poor
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[1985].

There are different views on robustness. In this paper the robustness is seen in
terms of the output distribution but, for example, in filter optimization robustness
can also be seen as regarding the increase in error resulting from changing model
conditions as in Grigoryan and Dougherty [1999].

The IF, introduced by Hampel under the name influence curve (IC), is a useful

heuristic tool of robust statistics for studying the performance of estimators under
noisy conditions.

Definition 1. The IF of estimator T at underlying probability distribution F is given
by

1F(y) - lim T((1-&)F +&A, |- T(F)

e—0" pes

for those y where this limit exists.

In this definition Ay is the probability measure which puts mass 1 at the pointy .
The IF gives the effect that an infinitesimal contamination at point y has on the

estimator T when divided by the mass of the contamination. So the IF gives
asymptotic bias caused by the contamination and thus characterizes properties of
the estimator as the number of observations approaches infinity.

We denote by @ and ¢ the distribution and the density functions of the standard
normal distribution. The influence functions for the mean and the median are

shown in Fig. 1 where the underlying distribution F = @ . For the mean the gross
error sensitivity, i.e., the worst influence which a small amount of contamination of
fixed size can have on the value of the estimator, equals infinity and for the median

it is finite and equals\/%zl.253. So for the mean single outlier can carry the
estimate over all bounds but for the median an outlier has a fixed influence.
The IF gives only one aspect of robustness of an estimator, namely local

robustness of the asymptotic value of the estimator. Another important aspect is
the local robustness of the asymptotic variance. Asymptotic variance of estimator

T at F denoted by V(T,F) is defined to be the variance of \/ﬁ[T(FN)—T(F)]

asN — oo, where E is the empirical distribution of sample (X,,X,,...,Xy)-

Local robustness of the asymptotic variance can be characterized by the change-
of-variance function (CVF) defined as follows by Hampel et al. [1986].
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Definition 2. The CVF of estimator T at F is defined as

V(T,(1-£)F +£A,)~ V(T,F)

€

CVF(y) = lim
e>0"
for those y where this limit exists.

IfF = ®, the CVF of the mean is y2 —1, which is displayed in Fig. 2 by the solid

line. In the same figure the CVF of the median at F = ® is shown by the dashed
line. It has a constant value 7~ 3.142 elsewhere but at zero, where the graph
has a negative delta function. If the CVF is negative, the asymptotic variance of the
estimator has decreased, and if positive, the asymptotic variance has increased.
So for the mean, the asymptotic variance decreases if the contamination is in the
interval (—1,1). The further the contamination is from this interval the more the

asymptotic variance is increased and a single outlier can carry the asymptotic
variance over all bounds. For the median, contamination at the origin reduces the
asymptotic variance significantly and the contamination anywhere else causes only
a small constant increase to the asymptotic variance of the median. So the median
is robust also in this sense of asymptotic variance.

OUTPUT DISTRIBUTIONAL INFLUENCE FUNCTION

Since the IF is an asymptotic measure, it describes properties of infinite length
filters which may differ from those of finite length filters used in the real world
filtering applications. It would be more useful and more interesting to examine
properties of these finite length filters rather than the asymptotic properties. In the
case where the output distribution of a filter can be expressed in a closed form as
a function of the distribution functions of the input samples we proposed in
Peltonen et al. [2001] output distributional influence function (ODIF) for analyzing
the robustness of the finite length filters.

We assume here that the input samples are independent and identically distributed
(i.i.d.) random variables. First we need a way to denote the output distribution
function of a filter when a fraction ¢ of the input samples has different distribution

than the rest of the samples. We denote by H(l_S)F+8Gy () the output distribution
H(-) of the filter where every occurrence of the common distribution function F
of the input samples is replaced by (1-&)F+&G, and G, can be any distribution
function with meany . As usual, we define h(l_g)F+8Gy (x) =%H(1—8)F+8Gy (x). We

gave the following definition for the ODIF for the distribution function in Peltonen et
al. [2001].
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Definition 3. Let the output distribution function of a filter be Hy(-) where F(-) is

the common distribution function of the input samples and let Gy(-) be a
distribution function having meany. Then the ODIF for the distribution function

Q) is

H(H)Fm(}y (x)—Hg(x)
€

Q(x,y) = lim
e—>0"
for those X and y where this limit exists.

If the output distribution function H(-) can be expressed as a simple function of

the input distribution F and thus does not contain any derivative of F, the ODIF
for the distribution function €2(-) can be expressed as Peltonen et al. [2001]

he(x)
f(x)

Q(x,y) =—E=(G, () -F(x)). (1)

In Peltonen et al. [2001] we defined the ODIF in the same way as for the
distribution function in Definition 3 also for the density function and moments. The
ODIFs for the density function, expectation and variance were derived to be

0
(D(X’ Y) = &Q(X: Y)a (2)
0,0 = [ xo(x,y)dx 3)
and
0, ()= [ Xo(x,y)dx-2u, o,), (4)

where iy, is the mean of the distribution H;.

The ODIF for the expectation provides similar quantitative information and similar
quantities can be derived from it as from the IF but now for finite length filters.
Similar connection exists between the ODIF for the variance multiplied by the filter
length and the CVF.
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ODIFS FOR STANDARD MEDIAN

In this paper we assume that the filter length N is odd, i.e. N=2n+1. In
Peltonen et al. [2001] we derived the ODIFs for the standard median filter (SMF).
The ODIFs for the distribution and density functions of the SMF of N samples
were obtained to be

Q(x,y) = (j)' F(0)"(1-F(0)" (G, ()~ F(x))
and
o(x,y) = ¥ [nF(x)"(1-F(x))"" (1-2F(x))f(x) (G, (x) - F(x))

(n)?
+F(x)"(1-F(x))" (g, ()~ f(x))].

When F=® and Gy = Ay, the following forms were obtained for the ODIFs for

the expectation and variance of the SMF of N samples

0,(3)= (S)' [n [, x0(0)™" (1= 0(0)" gx)dx + y0(3)" (1-0(1))"] (5)
and
®_ (y)= (:‘I)'z [n fw X2CD(X)n+1(1 —CD(X))IH¢(X)dX

+n f D)™ (1-D(x)) " P(x)dx + y*D(y)" (1- D(y))"

~(n+1) [ X000 (1-D(x))'d(x)elx]. ©)

Figs. 3 and 4 show the ODIFs for the expectation and variance of the SMFs of
lengths 3, 5 and 15. These figures show the good robustness against outliers that
the SMF has and how increase in filter length improves the robustness.
Robustness of the SMF has been considered in more detail in Peltonen et al.
[2001].
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ODIFS FOR RECURSIVE MEDIAN

Recursive extension of the SMF is the recursive median filter (RMF) defined by
Nodes and Gallagher [1982] as

y(i) =med{y(i—n),y(i—-n+1),...,y(i—1),x(),..,x(1+n)}

where x(i) and y(i) are the input and output sequences, respectively. This

means that some of the already filtered samples are used in the calculation of the
output, which of course improves the noise removal capability of the RMF when
compared to the SMF. Unfortunately this also means loss of details and highly
correlated output samples for the RMF.

For the images we have a scanning window of some chosen shape (e.g. square,
rectangle, plus or cross) inside of which the samples are numbered by some
numbering scheme consistent with the scanning order. The image samples inside

this window are often denoted as X,,X,,..., Xy . Now the output of the SMF is
Y =med{X,X,,..., Xy} and of the RMF is

Y =med{Y,,Y,,....Y,, X1, X, ,20---» X } - In the RMF X, in the image is

replaced by Y and when the window moves to the next position in the scanning
order the labeling of the samples inside the window is redone and filtering is
repeated for this position. The most common scanning order is from top left row by
row downwards. Below is an example of this case where the scanning window is
3x 3 square. On the left hand side are the input samples inside this window for the
SMF and on the right for the RMF:

n+l1°

Xl XZ X3 Yl Y2 Y3
X, X5 X, Y, X, X,
X7 XS X9 X7 XS X9

The center sample X is the sample being filtered and in this scanning order one

can notice that the already filtered samples of the RMF are on upper row and on
left of the center sample. In the two-dimensional case the properties of the
recursive filter depend on the scanning order that can also be some other than the
one given above.

The output distribution of the RMF for i.i.d. input values is given by the following
proposition in Shmulevich et al. [1999].

Proposition 1. Let the samples of the input sequence x(i) of the RMF be i.i.d.
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random variables having a common distribution function F(-). Then the output
distribution function H(x) of the RMF of N samples is

-1
~ 1-Fx))  1-Fx)"
HF(X)_[”[ F(x) J 1—(1—F(x>)““J '

The density function of the RMF obtained by differentiation is

hy(x) = F(x)( F(x) ! —1)“[(F(x) ~1)Fx) | [(1-F(x))"(n—(2n + DF(x)
+Hn+DF(x)* + F(x)"™ =F(x)""?)—n+F(x)"" ((n+ )F(x)-1)]

A(1=F(x))"" +(F0)" 1) (F(x) ! 1) -1,

n+l

The ODIFs can be used for studying the robustness of the RMF as in Pelfonen
[2003]. In the following example we derive formula for the ODIFs for the

expectation and variance of the RMF of length 3 when F=® and Gy = Ay :

Example 1. Let us consider the RMF of length 3. The ODIF for the distribution

function obtained by using Eq. (1) is

4-5F(x)+2F(x)* -F(x)’
(1-F(x) +F(x)*)’

Q(x,y) = F(x) (Gy(x)-F(x))

and the ODIF for the density function obtained by using Eq. (2) is
2 -3F(x) —3F(x)* + 2F(x)’
(1-F(x)+F(x)*)’

4-5F(x)+2F(x)* -F(x)*
(1-F(x)+F(x)*)*

o(x,y) = 2f(x) (G, (x)-F(x))

+F(x)

(g, (x)—f(x)).

When F=® and Gy :Ay we can derive by using Eq. (3) the ODIF for the
expectation to be
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_ 2 -3D(x) = 3D(x)* + 2P (x)’
@,()=2] x4 —om-oGyy

4-50(y) +20(y)’ - P(y)’

(1-0(y) +D(y)*)’
+ EO x®(x)P(x)(8 —15D(x) + 5D(x)* — 4D (x)’ +3D(x)* —D(x)*)
x(1—®(x)+DP(x)*) > d.

D(y)

When F=® and Gy = A, for this filter Hy, = 0 and we obtain from Eq. (4) that

the ODIF for the variance is

B ) 2 -3P(x)-3D(x)* +2D(x)’
@ (0)=2[ () (- 0(x)+ O(x))

4=50(») +20(y)’ —@(y)’

(1-D(y)+D(y)*)
+ fw XD (x)p(x)(8—15D(x) + 5D (x)* —4D(x)’ +3D(x)* —D(x)°)
x(1—D(x)+D(x)*) dk.

+y°®(y)

In Fig. 5 are shown the ODIFs for the expectation of the RMF of Example 1 and of
the RMFs of lengths 5 and 15 when F =® and Gy = Ay . From this figure we can

see that the supremum of the absolute value of the ODIF for the expectation of the
RMF is limited and has higher value for smaller filter length. So the robustness
against outliers can clearly be observed.

In Fig. 6 are shown the ODIFs for the variance multiplied by the filter length for the
same three cases as in Fig. 5 for the expectation. From this figure we can see that
in the variance sense the robustness against outliers gets very much better as the
filter length increases.

In order to make comparisons easier the ODIFs for the expectation of the SMF and
the RMF from Figs. 3 and 5 are presented again in Fig. 7 for filter lengths 3 and
15. We can see that the robustness against outliers is slightly better for the RMF
than for the SMF of the same length. This can be understood for example by
considering how the RMF actually uses also the signal values encountered before
the current window position while the SMF uses strictly the values inside the filter
window in the calculation of the output. Thus the true amount of samples used is
different although the window lengths are equal.
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In the case of variance in Fig. 8 the differences are even larger between the RMF
and the SMF and the robustness of the RMF against outliers in the variance sense
is significantly better than that of the SMF. This results from the correlatedness of
the RMF outputs and their tighter concentration around the mean value, which
increases heavily as the filter length increases.

Robustness against small fluctuations in the observations at some point can be
measured by considering the slope of the ODIF for the expectation in that point. In
the context of IFs this type of robustness is measured by local-shift sensitivity.
From Fig. 7 we can observe that near the center of symmetry (origin) the slopes of
the graphs for the RMFs have higher values than the corresponding graphs for the
SMFs have and in this sense the SMF has better robustness. This type of
robustness however is much less important than robustness against outliers.

CONCLUSIONS

Recently derived output distribution of the RMFs by Shmulevich et al. [1999] has
made it possible to study more thoroughly statistical properties of the RMFs than
what has been possible in the past. In this paper we examined the robustness of
the RMFs by using the ODIF which is a recently introduced tool for determining the
robustness of finite length filters. Comparisons between the robustness properties
of the SMF and the RMF were also made.
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Figure 1. The IFs of the mean () and the median (--) atF=® .
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Figure 2. The CVFs of the mean (-) and the median (--) atF =® .
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Figure 3. The ODIFs for the expectation of the SMFs of lengths 3 (solid line), 5
(short dashes) and 15 (long dashes) at F = ® and Gy =A,.

Figure 4. The ODIFs for the variance of the SMFs of lengths 3 (solid line), 5 (short
dashes) and 15 (long dashes) multiplied by the filter length N at F=®

and Gy = Ay.
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Figure 5. The ODIFs for the expectation of the RMFs of lengths 3 (solid line), 5
(short dashes) and 15 (long dashes) at F =® and Gy = Ay )

g

Figure 6. The ODIFs for the variance of the RMFs of lengths 3 (solid line), 5 (short
dashes) and 15 (long dashes) multiplied by the filter length N at F=®

and Gy = Ay.
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Figure 7. The ODIFs for the expectation of the RMFs of lengths 3 (solid line) and
15 (medium dashes) and of the SMFs of lengths 3 (small dashes) and 15 (long

dashes)at F=® and Gy =A,.
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Figure 8. The ODIFs for the variance of the RMFs of lengths 3 (solid line) and 15
(medium dashes) and of the SMFs of lengths 3 (small dashes) and 15 (long

dashes) multiplied by the filter length N at F=® and Gy = Ay.
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ABSTRACT

MRI scanners produce Fourier coefficients of the magnetic
moment field due to spinning protons from the water molecules
present in the cross section under consideration. MRI images are
reconstructed from the associated partial sums of Fourier series of
two variables. As the basic measurements that give rise to such
images consist of the Fourier data it is natural to consider MRI
compressions based on trigonometric series. In the present paper,
besides characterizing cross-sections belonging to certain Besov
spaces by a sequence of trigonometric polynomials obtained from
their Fourier Series, we also obtain theoretical storage bounds for
a proposed compression algorithm. Compressed images are
analyzed from the point of view of artefacts and subsequent use in
the tissue parameter calculations.

KEY WORDS

MRI, Fourier reconstruction, Besov spaces, modulii of smoothness, Hardy’s
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INTRODUCTION

A study of Besov Spaces Bg’k(Lp(I)) has been made in the context of
compression of wavelet decompositions by R.A.DeVore, B.Jawerth and V.A.Popov
[4]. They characterized functions having certain prescribed degree of
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approximation by dyadic splines. The interpolation spaces between a pair of Besov
Spaces have also been studied by R.A.DeVore and V.A.Popov [5]. In 1992,
R.A.DeVore, B.Jawerth and B.J.Lucier [3] have proposed a compression algorithm
based on wavelet decomposition. They associate to each set of pixel values a

function f given by
z Cj,k(l)j,k ’

k20,j=(j;,j2)

H7
I

(0.1)

where ¢ji’'s are the wavelet coefficients of f. ¢;’'s are generated from a single
function ¢ by their dyadic dilates and translates given by,

(0.2) 5 (0) = 02" x - j).

After obtaining a wavelet-based decomposition of the form (0.1), the compression
algorithm quantizes the transform coefficients to obtain quantized coefficients Ej,k
and the compressed function takes the form,

(0.3) f = Z Ej,k(l)j,k :

k20,j=(j;, )

Their theory relates the smoothness of images in certain smoothness classes
called Besov Spaces [5], which are defined as follows:

Definition (1.4.4) (Besov Spaces):

Fix . > 0 and an integer k > 0. Define the k-th forward difference with a prameter h
€ R by

AY f(x):= f(x)
and, forj=1,.....k,
AL f(x):= A f(x+ hy— AL f(x).
For 1< p <o, the k-th modulus of smoothness in Ly(l) is defined as

P
o (f, 1), =sup| [| A} FPdx |
Irh

hj<t

and, for p = o,

o (fty=sup(A}, £ (x)]),

|h|<t
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where |, = {x €1: x+rh €1} A'{l f(x) is defined iff x €1,. The Besov space,
BY* (L, (1)) norm is defined as

B ML, (D) |f|| (J.[t (f t) ]q dtj

for1< p <o, 0<q<o, and, for q = o,

||fHBOfk(L ([)) Hf” +Sup[t_aa)k(f t)

>0

If]

By definition, f € B (L, (1)) if [|f]] .. < o,
y ini € q ( p( ))I || HBq‘k(Lp(I)) 0

The error function in Ly(l) is given by,

(1.4.5) ay(f), = inf

? has < N coefficients )

L,y
For certain choices of ¢, DeVore, Jawerth and Popov [4] have shown that,
(1.4.6) ay(f),=0N"“"*) & feBI (L, (D)

where, a/2 + 1/p = 1/q.

They have proposed a compression algorithm based on the wavelet

decomposition of f. The quantization strategy to obtain C. , ’s is that they satisfy,

iR

< NVe,

L, (1)

(1.4.7) H Cip — Jk O

Here N, the quantization parameter, is a chosen positive integer, and it determines
the amount of compression. The number N, of nonzero coefficients €, ’s is

shown to satisfy,

q
(1.4.8) N<CN|f B0y

The paper is organized as follows. The first section contains preliminaries
including the definition of Besov Spaces. These spaces are identified with
weighted sequence spaces 1‘; (X) (defined more precisely in section two). The
norm equivalence is obtained in section two. In section three, we prove a Hardy
type inequality and some lemmas including bound on Fourier coefficients by
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integral modulus of smoothness. These lemmas are used in our main theorem and
subsequent storage bounds.

Direct and inverse theorems, which relate MR images in Besov spaces and their
degree of approximation by partial sums of Fourier series, are presented in section
four.

Compression algorithms based on Fourier and Poission approximation process
and theoretical storage bounds for MR images are obtained in section five. Section
six deals with the compression of the raw data and the paper ends with section
seven where the numerical experiments and results are discussed.

We have tried to keep the presentation accessible and self contained, by including
proofs, as far as possible.

1. BESOV SPACES

We use the following notations throughout this paper. Let | = [0,211]2 and f(x),
(x1,X2)" = x € |, be the analog intensity distribution function of the underlying cross
section viewed as a mapping from | to the interval [0,1],

f: 10,2z - [0,1].

The function f(x) is of two variables, with. Let n = (ny,ny)’ € Z; and h = (hy, hy)' €
R, The operations addition and dot product are given by, x + h = (x4+h4, xo+h3),
x.h = x4hy + xohy, x.n = x4n4+xon,, for t >0, |h| < t = |hy| < t, |hy| < tand for any
positive integer k, kh = (kh4, kh,).

For a fixed a > 0 and an integer k > 0. The k-th forward difference with a parameter
h=(hs, h,)’ €l is given by: A} f(x):=f(x), and,

AL F(x) = A F(x+h)— AT (X)L = 1,00k X = (Xexo) € .

For 1< p <, the k-th modulus of smoothness in Ly(l) is defined as

(1.1) a)k(f,t)p:sup(ﬂ A’;f(x)y’dx]

|h|<t

and, for p = o,
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(1.2) o, (f,1) = sup(|A', 7(x)])

|h|<t

The Besov space Bg"k(Lp (I)) (cf., R.A.DeVore, et al. [4]) norm is defined as

2z » dt Va
(13) ||f||B;k(LI,([)) :||f||p+(J-[t a)k(f’t)P]q 7}
0

f0r1SpSOO, 1§q<oo andforq:oo’

(1.4) 1 €llgosp iy 2= 11l +sup[t™ o (F,0), ]
t>0

-k i
where f € BZ (L, (D) iff ||f||Bq°"k(Lp(I)) < .

The limits of integral, in the right hand side of (1.3) go from 0 to « in the definition
used in [4]. Since we are dealing with 2% periodic functions we let the limits run
from 0 to 2n. Although Besov spaces are defined for 0 < q < 1, we restrict
ourselves to the normed spaces, i.e. g > 1. We note that when q = «, we require
o (f,t), to decay at least as fast as O(t*) as t—0, whereas when q < oo,
o, (f, t)p should decay at a slightly faster rate. As o, (f,t), <20, (f,t),,

(1.5) fe BYM(L, () =fe BX(L, (D).
It follows by induction that for any k' > k, f will be in Bg’kl (L, if fis

in Bg"k (L,(D). If both k and k" are strictly greater than o, then B‘;’k(Lp(I)) is

equivalent to Bg’k] (L,(D). This result is presented in the form of a theorem.
Theorem 1.1: If k' > k > « then, H'”BQ‘*(L,,(I)) ~ ||.|\Bg,k-(Lp(I)) .

To prove this theorem we need three lemmas, which are as follows.

Lemma 1.1: The k-th differences A", #(x) of a function of two variable f satisfy

k (k
Ay f (%) = Z(UJ A’ f (x+Uh).
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Proof: For the case of a one variable function the above identity is available (see
Timan [71]). Here we prove the above identity for two variables by using induction
on k.

For k =1,

Ky f (9= 100 +2h,% +2) — f(x,x,)
=f6 +2,%,+20)— f(x +h, %, 1)+ 0 +h,x, +1)— f(x,,)
=K f(c+h)+X f(x)

The identity is true for k=1, let us assume that it is true for k-1 and we prove for k.

AkZh f(x)
= A f 2y - A8 £ (x)

_z[ j[Ak Vf(x+2h+vh)— A% 1f(x+uh)]
=

:Z(k _IJ[A'T e+ 2+ )= K f (et hev o)+ K7 fc+ ) = K7 f(e+-ub)
0 1%

k-1
_ Zf‘ B 1][A’;f(x+ Ity + 8 f x|
=0 1%

k= =V
=Z(k _1J[A’§1f(x+ m)]+ K f e+ khy+ K, f () + jku IJ[A’;L/(H m)]
o

v=l o=l

£ EHH)
Ahf(x+bh)]+Ahf(x+kh)+Ah (), as 45 |=
B v-1 v )
k
=Z£k J[A’;,f(xﬂh)l
=0 19

Lemma1.2: Let 1< p < oo, and f € Ly(l) then,

Yo
wf.0), < M f ]+ deu ,

where the constant M does not depend on f.
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Proof: For the case of functions of one variable and p = «, the proof is available
(Timan, [10, p.108]). For functions of two variables and for 1< p < o, the proof is
similar. We just give the outline:

|4 02" ] = [By Lemma 1.1]

k k k k
S|l rxrom -6 7o
v=0

P
Hence, %,/ (x)~2* a7 ()] < f}(ﬁ]{"z;ﬂwlf(x+ uh) | k2 o, h)}
=100 e

Consider, € = (g,,€,), putting here, successively h=2"¢ (m=0,1,...... ,k-1) and
taking 0<g4,&; < t. We obtain system of inequalities of the form

A%, £ () -2" A% f(x)” oo ay SR O (12" 8)

Multiply both sides by 2™ and summing for m=0,1,...,r-1 and using the fact that
ok+1(f,u), is non-decreasing with u, we get

2"1(0 (f u)
—r i k+1 > ;
“2 ‘ k2"gf( ) I‘;f( )Hn = Ztk ' k+1 s ’

t

which implies that

(16) o <20 e+t ij“)

Proceeding as in above with f(x) replaced by ¢(x) = f(2= - x), i.e.
o(x,,x,)=f(2n—-x,,2n—Xx,), we obtain

an  |Recof <20 e jMdu,

o 1/p . 1/p o 1/p
(1.8) (j gf(X)‘deJ s[ gf(X)‘deJ { gf(X)‘deJ
0 0 4

J J

=Js + Jy, say.

We have,
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1/p 1/p
2 V4
(1.9) Jz=[f Aif(x)pdxj =[I

T 0

. 1/p
Ak ren-p)” dy] - [ [lat o0 dy}
0

Hence from (1.6), (1.7), (1.8) and (1.9) it follows that

Edu Now by

(1.10) ‘ fwk”u(%

2
A f o <2277 2%t
p
t
using the following lemma, Hardy’s inequality (Butzer and Berens [2, p.199]), in
conjunction with the lemma 1.2 we will complete a proof of theorem 1.1.

We choose integer r=r(t) such that 2z /4 <2"tk <27 /2 this gives by (1.10) that

RE S [ (S
u

(1.11) ‘ L,[0.27—ke] ™

Since ¢ < tis arbitrary the result follows from (1.11).

Now by using the following Hardy’s inequality (Butzer and Berens [2, p.199]), in
conjunction with the lemma 1.2 we will complete a proof of theorem 1.1.

Hardy’s inequality: Let oo > 0, 1 < q <. If y(s) is a non-negative measurable
function on (0,0) (measurable with respect to the measure ds/s), then

q 1/q /g
i ds | dt 1% _a d.

1/q

0 0 q o 1/q
(1.13) j[’a IW(S)%J % S%{I(saw(s))q %} .

0 0
Proof of Theorem 1.1: ®,,, (f,t), <20, (f,t)

= 1] <C|f]

BH(L, (D) BN (L, (D)

Conversely, by Lemma 1.2,

1/¢q

2 Va [ag 27/ 2k 1
N e e R e e e

0 0 t
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1/q

k t

q-1 2z 2z 2z g
g o (fou) du | dr
(1.12) <m,2 ¢ | JA Jieo e, 6[{1" jklu—ﬂ dr

t

1/q
27|

2 q
ko (@ (fsu) du | dt
My 1], M where 1= |t [Pl d | de
0 ; u u t

sF o (f.5),,0<5<2

Taking w(s) ={ d , by the Hardy’s inequality,
0

,8>2r1

1/q

L= [l jy/(s)é al o C,i j(s"—o’;//(s))’é [By Lemma 2.1.3]
0 ; s t ’ 0 K

where the constant C,x depends only on a and k. Hence
o 1/q
—a ds
(115) Il Sca,k{j(s wk+1(fas)p)q_] .

N
0

Substituting (1.15) in (1.14),]| £ || Hence the proof.

<
s,y Sl g,y -

In the next section we define certain sequence norm and will show its equivalence
with this Besov space norm.

2. EQUIVALENT NORMS

In the present section we identify Besov Space BZ (L, (D) norm with a weighted
sequence space lfl‘ norm by proving their norm equivalence.

If a = {a,} is a sequence whose component functions are in the quasi normed
space X, the 1§ (X) norms, for 1 < q < o, is defined as:

© 1 1/q
7
e Sbal I 1)

n=l1 n

(2.1) |

with the usual change to a supremum norm when q = . When {a,} is a sequence
of real numbers, we replace ||an||[x by |an| in (2.1) and denote the resulting norm by

(&)

.
Iy



International Journal of Tomography & Statistics 53

Theorem 2.1: For f € Ly(1), f e B (L, (D) iff fo,(127/n), | 12

Proof: Let {a)r(f,er/n)p}ne Iy . Then,i[naa)r(fﬁﬂ/n)p]q(l/n) < .

n=1

o Tk
I[t o,(f.1), ]q dt Ik [f“a)r f, t)p]q ﬂ, [@, non decreasing]
k= lz%ﬂ !

aq

(f 2_;;}‘1% Z”I/k di _ 2m  (k+1)

1
"k t (k+Dk 27k
Z%H ( )

< ! 3

(27)“ =

<Cuy i [kaa)r (fs27r/k)p ]q (1/k) < o [by hypothesis].
P

It follows that f e Bg (L, (D)) . Conversely, let f € Bg (L, (1)),

2,
0 > j[t “o.(f.1), ]qd’ 21/[[‘“w(ft)]

>Z[n o, (f 27 [(n+1)), ]qn/[n(n+1)]>2Lz [(n+D)* o, (f 27 (n+1)) 1 n+1)

n=1

qdl

Therefore, {a), (f2z/n), }ne 12, completing the proof.

In the next section we shall prove some lemmas which will be used along with this
norm equivalence to characterize Magnetic Resonance Images in Besov spaces.

3. AHARDY TYPE INEQUALITY AND BOUND ON FOURIER COEFFICIENTS:

In this section we shall obtain a bound for Fourier coefficients in terms of modulus
of smoothness and in what follows, we shall prove a Hardy type inequality which
will be used in proving the inverse theorem in the next section.

Lemma3.1:Letc>1,p>1and S, =a, +a, +---+a,_  wherea;>0 then

0

Saes) < Ky Ync(na,)”, (Koo = lcF)
n=1

n=1
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Proof: Let Sy = 0. Define ¢, = n® + (n+1)° +...... then ¢, < k n"°. This follows
0 1-¢
from the fact that n ™ +(n+1) +...... < d—)f _ o we take k:%.
c— c—
m+1

in“’s,f =f(¢n ~ 1S :iqﬁ,,s;’—iczms:’ =§mj¢nSf—Z¢nS5_1
1 1 1 1 1 2
3¢151p+i¢n(55 _55—1) S¢51(S1p _Séj)*i%(sf _Srf—l)
2 2
<S5z -s2,) <k 0w (8287, ) < k> n (s, -5, sy
1
m
< kP,CZnI_CSf_Ia”’ where k,, :%

n='P /P §P(na, ), where l+i:1
p p

IN
==

_M§

pc

m m Vp m 1y
z nSy <k,,. (z n~(na, )”] [z n Sfj [by Holders inequality]
1

m 1/p m I/p m m
= (lenCSfj < kp’C[Zl:nc(nan )pJ ,i.e., Zn_cS,fSKp’cZn_c(nan)p .

1 1
Corollary 3.1: If ¢ > 1,9 >1, §,=>" 3" a; where a;> 0, there is a constant

depending only on g and ¢, such that ™" n“S{<K, .>" n™* (nzann )q .

qv’ n=1

n
where Pjn = Z% , we have
k=1

Proof: As S, =R +---+ P,

no
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in’cS,f £KqCZn (nP”) [ applying lemma 3.1]

:Kq,cancan , [ where T, = ZHakn]
n= k=1

< Kaﬂcin_c (n*a,,)?.
n=1
The following lemma bounds the Fourier coefficients.
Lemma 3.2: Iff e Ly(I), 1<p<ow,k e Z", and n = (ny, np)’ =0,
‘f(n)‘ <C,o,(f,1),,
where, t= 7 /[2(|n, |+]|n, [)]> 0. The constant Cy is independent of f.

Proof: Let us consider, | = [0,27:]2, h=(hy,h)) el,n=(ny, ny) € Z; , X = (X4, X2) €
I, dx=dx,dx,, and the dot product n.x = n4x; + n,x,. We have,

(o) =4y | (A5 £ )= A7 £ () )™ e
1

— (47[2)—1 ein.h _[Alﬁflf(x)ef’-”‘xdx—(@zz)71 .[Alz—l‘f(x)e—in.xdx
i I
~ (4r?)"! (ein.h _I)J'Al;l—lf(x)efin.xdx — (4r2)"! (ein.h _1)" J'f(x)e—in.xdx
I i

N u in- h/z( ih/2 _ i h/zlhf(n)‘<(4” ) -ﬂA f(x)‘dx

k 1/p
= 25in%h‘ ‘f‘(n)‘g(4;;2)—1(4;r )' U‘A’;f(x)‘ dx} ( by, Holder’s inequality).

Let r=7z/[2(n | +]|ny )], and k= (A, h,) = (tsgn(nl),tsgn(n2 )), .

- ‘2kH f(n)‘ <C,a,(f.1), where C, =1/(4z}'" ‘f(n)‘ w0 (£.1),
where, C,x =12 ( ) ]. Hence the proof.

In the next section we shall present the direct and inverse theorem.
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4. SOME DIRECT AND INVERS

E THEOREMS

Here, in the direct theorem we treat the cases 1 < p <o and p = 1, « separately.
For the case 1< p < o we use the partial sums of Fourier series, and for p =1, «,

the Steklov approximations are used to establish

the results. Inverse results are

obtained for the trigonometric polynomials of best approximation. To prove our
main theorem, certain results about the trigonometric polynomials of best
approximation for functions of two variables are required, and these are available
in the literature. Here we just state the results. These results are based on partial

modulus of smoothness (Timan [10]).

For functions of two variables the partial modulii of smoothness are defined as

follows.

Definition 4.1. (Partial Modulus of Smoothness)

(z)k (f;u,0) =supsup i (_l)ku(

¥ MSM

X MSV

é)k (f;oa V) =supsup i(_l)ku(

and for 1 <p <o,

k

L

&, (f:1.0)" =sup | Z(—l)“[

Méu 7

L

@, (f30,v)}, =sup Ii(—l)k"“{kjf(xl +ut,x,) dx.

Mév 7 |v=0
Definition 4.2. (Total Modulus of Smoothness)

@, (f5u,v) =supsup

|l <u | By | <V

k
v

v=0
k
19

Ihy|<u hyl<v 7 50

& (f;u,v)" = supsup I‘i(—l)k‘“( jf(x1 +Uhy,x, + Uh,)

Jf(x1 +ut,x,)| dx,

Zk:(_l)k_u( jf(x1 +Uhy,x, +Uh,)

k

]f(x+ut,y)

C

bl

>

L

jf(x,yﬂ)t)

’

dx, (1< p <o0).
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Definition 4.3. (Mixed Modulus of Smoothness)

@y (f3u,v) = sup sup
Vi<t hy <

A A, £ ()

= sup sup
|y <u |y |<v

k1 k l
D=yt (UJ(ﬂJ_f(xl +Uhy, Xy +Uhy)

v=0u=0

and, for 1 <p < e,

X kol (kY1
wk,/(f;”s")z = sup sup J‘z z(_l)kH L ( j[ Jf(xl + Uhy, x5 + Uhy)dx .
|y|<ut |y |<v 1 lo=0 =0 LA\ H

The relation between moduli of smoothness is as follows (Timan [10]).

k
@) max{d (f10.0), & (fOMf Sy (fiuy) < Z(ﬁj@ku,u<f;u,v>.

v=0
For the case when u = v = t, we have @ (f;uv)= (f;t), where o, (f;t)for
functions of two variable is defined by equations (1.1) and (1.2). Let
E,(f), :||/'—Tn||p where the function f is of two variables, and T,(x) is the
trigonometric polynomial of best approximation, or order n,n in the corresponding
variables x4,Xo.

Theorem 4.1: Consider the function f(x) with x = (x4, x2)’, defined throughout the
whole space of the variables x; and x, and having period 2% in each of these
variables. If 1 <p <o, andiff e Ly(l), then for any integers ki, ko, n>0, with k
= (kq, k2) we have

EN(f), < Cy (@ (£10+1,0), +y, (£01/n+1)), ),

where Cy is a constant depending only on k, and w(f; t1,t2), is the corresponding
integral partial modulus of smoothness.

From the above theorem and (4.1) it is clear that, for 1 <p < oo,
(4.2) Ey (1), $C o (f.0),,

wheret = 1/(n+1) and k = k; = ky. The ok(f ; t) in the right hand side of (4.2) is the
modulus of smoothness for functions of two variables, as defined in (1.1). Next we
state a theorem which relates approximation by partial sums of Fourier series and
the best approximation in case of 1 < q < .
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Theorem 4.2: If 1 < q < 0 and if the function f(x), x = (x4, X2), periodic in both the
variables of period 2n belongs to Ly on |, then forany n >0,

1/q
{ [[re-sm () dx} <C,Ey(f)q
1

where C, is a constant depending only on q and SZ(f; x) is the partial sum of order
n,n of the Fourier Series of f(x4,x2).

Proof: Let T,(x) be the trigonometric polynomial of best approximation, of order (n,
n) in the corresponding variables (x4, X»). Using that S: are uniformly bounded
operators on Lq(l) for 1 < q < =, for a constant C, depending only on q, we have,

I =S, (O, =l f-T,+T, —SZ(f)IIqS(HH S ||q)||f—Tn I, <C E,(f), -

Next we state a converse theorem for best approximations by trigonometric
polynomials.

Theorem 4.3: If for a certain q (1 < q < ) the function f(x) belongs to the class L,
over the square I, and E:_nz (YN, np=0,1,2 ... ) is the sequence of best
approximation by trigonometric polynomials Tnlnz (x), of order ns,n, in the
corresponding variables x4 and x, then whatever the integers k4,k; may be, the

inequality

/ﬂ ka

oy i, (f 1/ 1/ n), < it ZZ(U +D) 0, + DR ES, (),

0;=00,=0

remains valid, where C,(l’k2 is a constant depending only on ki, k, and

@y, 1, (f.1/n1/n), is the corresponding mixed modulus of smoothness.

Theorem 4.4: If feBZ’k (L, (D) foracertainp (1 <p<w),q(1<q<cwx)andk
and o such that 0 < a < k, then E,(f),} €, where Eq(f), = || f = Su(f) [l, and
Sn(f) is the partial sum of order (n, n) in the corresponding variables (x4,x) of the
Fourier series for the function f.

Proof: i[n”’En(f)p]q 1 C, i[naE:(f)p]q(l/n) [ by theorem 4.2]
=1 n

n=l1
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< Cyx i [naa)k (f1/n), ]" (1/n)  [by (4.2)]

n=1
<o [bytheorem 2.1]

= {En (), }n e l;. Hence the proof.

For the case p = 1, «, we make use of Steklov approximations.

Definition 4.4. (W™"(l) Space): Let 1 < p < o, W™P(1) is space of all functions for
which ||f||mp < ©, where the norm is given by,

||f||m,p:||f||Lp([) +||f(m) ||Lp(1)-

Steklov Approximations

The m-th Steklov approximations {f;m }, (n > 0, m = 1,2...) is defined as

()= ( j j jf(x) ()" A 0 e,

For 1 <p <o, for every f € Ly(l), {f,m } € W™(l) and we have the following:

Theorem 4.5: Foreveryfe L,(I) 1<p<o andn >0,

l£-£,.. Hp <o, (f,n),.

Proof: f, . (x)—f(x) = ( jmnj. nj.(l)mHAm f(x) n,---dn,,.

i=1

Using Generalized Minkowski’s inequality we have,

I£,... 1] s(ﬂJm(ﬂjm A" £(x)
P m m zfli

i=1 P
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< sup
[b[<n

A';;f(x)up

= o,f,mn), .

Theorem 4.6: If feBZ’k (L, () foracertainp (1 <p<w), q(1<q<wx)and for
any k and o such that 0 < a <k, then je, (f), € 15, where eq(f), = || f—f ||, and
f.’s correspond to f, x, the k-th Steklov approximation of the function f, for n = k/n.

Proof: The proof of theorem 4.6 is similar to that of theorem 4.4 and uses theorem
4.5.

An inverse theorem for the best approximation by trigonometric polynomials is
obtained next:

Theorem 4.7: If f € Lyl), 1 < p < o, and {E; (f)p }n € l;‘, where
E:(f)p = ||f—Tn , where T,(x) with x = (x4, X2)' is the trigonometric polynomial
best approximation of f of order (n, n) in the variables (x4, x,), then for all k and «
such that 0 < o <k, feBZ’k (L, (D).

Proof: By theorem 2.1, the result would follow if Z[n"‘a)k (f.1/n), ]q (1/n) < .

n=1
Consider, ®, and (?)k’U the total and mixed modulus of smoothness respectively
(cf: definitions 4.2 and 4.3). For n > 0, we have,

k

a)k(f;%jz o (f31/n1/n)< Z[i]d)kv‘v(f;l/n,l/n)

v=0

Sk Ck < < k-v-1 v-1 %
SZO o n_"z 2 (o +D) (L + D7 E,,, (f)

v, =00,=0

[by theorem 4.3]

k k n n N
< ZO(UJ (C/n Y Yn*?E,, ()

0 =00,=0

<K Y YA EL, (f),

v;=00,=0

where EZ}UZ (f) is the best approximation of orders v4,0; in variables x,x; of f(x).
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Therefore, we have

i[n“wk(f,l/n)p]"(l/n) < i[n“(ck /n")ﬁj f;;“%fjiul (), 1/ n)
n=1 n=1

v, =lv, =1

<G Y n s [Se= Y Y ay, a; =n*EL(f),]
n=1

i=1 j=1

< Ck an(H(kﬂ)q)Srql

n=l1
[(1+(k-a)g)>1"g>0and0<a<K]

Applying the corollary of lemma 3.1 we get,

o0
—(1+(k- 2
Cq,kzn (1+( a)q)(n ann)q

n=1

IN

> Iy (£17m), F 1/m)
n=l1

IA

Cyx Z [n“E:(f)p]qn_ln_kanq

n=l

o0 - 1 .
< Cq,kZ:I [n En(f)p]q; <o, [by hypothesis].
Here the constant C, depends only on q and k and is independent of the function

f.= fe BY*(L,(I)) and hence the proof.

In the next section we propose a compression algorithm for MR images and
obtain storage bounds for the same.

5. COMPRESSION ALGORITHM AND STORAGE BOUNDS
Let the given MRI image be

(5.1) f(x,y) = chjkei(juky)_
ik

We apply an invertible transformation on the Fourier coefficient's to get a new
function T . This transformation could be based on a known convolving function or

otherwise, so that
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(5.2) f(x,y) = D 8,0,
j.k

with ‘Ej’k‘ < ‘cj’k‘ holding. The next step in the compression algorithm is to modify
Cjx'sto cjf’k ’s such that only non zero cik 's are to be retained. Normally the
zero coefficients occur in clusters so that the storage indexing is a minimal.The
Compression Ratio (C.R) is given by

(5.3) CR= Uncompressed image size—Compressed image size
' Uncompressed image size

A higher compression ratio in the method is obtained indeed because of the
number of vanishing cj-:k ’s . The compressed image data file contains a header.
Patient information and certain parameters are stored in the header. We store the
zero frequency term in the header and all other frequency terms are stored by
using the following algorithm consisting of four steps.

Algorithm 5.1 :
Step 1 : Calculate c;’s from the pixel data p;i’s using FFT.

Step 2 : Calculat¢;, 's from c;i’s for the chosen convolving function.

Step 3 : Choose a positive integer N and numbers 1 < p <o, a > 0. Choose q
such that aq > 2 and quantized coefficients c;k that satisfy

. 1
(i) [€ ¢ [ <—,
R N

(i) [ | <[y and,
(i) G, = 01f [€,,]< % |

Step 4 : Store non zero cik ’s using a variable length coding procedure (cf: 1.2).

Now we give a bound on storage space required for the above algorithm, here the
¢, s are the Fourier coefficients of the pixel data and f is the approximation of f
by partial sums of Fourier series. With n = (n4, n,)’, we define
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> |0, |+ ]m =0 .

Frnh =max} |7 a,.nm,)

From the definition it is clear that,

(5.4) > [0, <> arn i (np + £ 00).

neZn,eZ n|=1

where fsm (0) is the maximum of the set containing one element, f(O) It is stored
in the header. We do not include the zero frequency information, in our
compression estimates. A small storage space is usually reserved for the header
information. By lemma 3.2, we have,

(5.5)

I (|”|)‘ <Crop(f:1/]n]) .
The above relation is used in obtaining storage bounds for the algorithm 5.1
Theorem 5.1 (Storage bound): If f e Bg’k(Lp(I)), 1<p<ow,0<gq<w 0<ac<k

and aq > 2, the number n of non-zero coefficients c;,k 's in algorithm 5.1,

fin- _ P, —1 g1/
satisfies: < C,N|f B(';’k(Lp(l))_(L [t @, (f,0),19¢ " dn)"e .

q
where
BYH(L, (1) i

Proof: Let N be the quantization parameter in the algorithm 5.1 and n is the
number of non-zero coefficients. Let the zero frequency information f(0), be
stored in the header as per our compression procedure. We have

T3 o] < Z|Cj,k|q <2 2 ‘J}(nlanzf

N C;k %0 ik meZnyeZ

[ ‘c;k £|cj’k|, by algorithm 5.1, ¢; = f(J,k) ]

<> 4|n| fASm(| n|)|? [by (5.4). For|n |=0,storage isin the header]

n=1

=C i“ [nllep(f31/[n )l by (5.5)]

|n|=1
< CYn| o (f:1/ |0 [veq>2=aq-1>1]

[nl=1

SCY[nl® o (f51/1n N1/ n|<C|f

In]=1

q
BY M (L, (1))
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= n < CN|f

BYN(L, (1)

Poisson Approximation Process

Poisson’s approximation (see Zygmund [11]) for the image is achieved by

[ml+n]

multiplying the Fourier coefficients f(m,n) byr , (0 <r<1). This convolution
induces smoothness in the image. The lower the value of r the higher the
smoothness. The value of r is taken to be near 1 to avoid blurring. Algorithm 5.1
is applied for image compression with coefficients Ej,k as the Poisson coefficients,

ie. ., = f(m,n)r"" with the image represented as

7 — 5 Li(x+ky)
(5.6) 7, y)—zjjk g, pelUh)
Now the quantized coefficients clk ‘s are chosen as per algorithm 5.1

- q _ q B
‘cj,k —c;’k‘ <N, \’”‘]Mk‘ |q_ <N 30;,1{ 0.

The compressed image is represented as,

(57) f* (X’ y) — z Cj’k ei(jX+ky) .
j.k

Theorem 5.2 (Storage bound for Poisson approximation process): If
feBZ’k(Lp(I)) for1<p<ow,0<q<mw,0<a<k 0<r<1,andaq> 2, thenn
the number of non zero coefficients cik s in the above algorithm satisfies

n < Ckqu‘f

, where ‘JN’

B (L, (1))

2z -
= J’[t’“a)k(f,t)p]qfldt)”q.
0

BIM(L, (1))

Proof: Let N be the quantization parameter as in the algorithm 5.1 and n the
number of non zero coefficients. We have

< 2 | ,k| <z| W'Y | g nl,n2)|q [by algorithm 2.5.4,|C;’k|S|cjwk,

Jk1¢0 nmeZnyeZ

R/
N

Cix = _f(j,k) & _/}(0,0) is stored in header]
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q
BEM (L, (1)’

=>n < C, Nr! |f

<Y alnl TR By 25.3)

n|=1
© q
<Cr'Y 4(n|w;(f;1/|n]) [By(2.54) and0<r<I]

|n|=1

o0
<C iy n|“" a f
|n|=1 ||

» q
<C, r? Z{m“ wk(f;iﬂ Lsck ri|t

q
j [“aq>2=aq-1>1]

q
BEN(L, (1)

6. COMPRESSION OF RAW DATA

The usual MRI image is the magnitude image reconstruction from the complex
signal data. However, MRI offers various other reconstructions e.g., real,
imaginary and phase images and each gives information of specific significance for
medical diagnosis. For example, the phase images (see Stark and Bradley [9])
help determine if a blood vessel is patent or if it is filled with clotted blood instead.
The presence of flowing blood is suggested if a blood vessel in a phase image has
a pattern of stripes distinct from tissues that are known to be stationary. They also
provide information about the flow of Cerebro Spinal Fluid (CSF) (See Partain et
al. [6]). Real images are advantageous for certain techniques notably inversion
recovery (See Partain et al. [7]). The information present in real, imaginary and
phase images thus complement the MR signals present in the modulus images.
One can reconstruct all these from the raw data.

The raw data contains frequency information, with the magnitude decaying as the
frequency increases. The maximum magnitude of the raw data in the exterior of
concentric circles about zero frequency decays (see Graph (6.1), for a typical
MRI). The decay is faster if the image under investigation is more smooth. This
decay property gives rise to compression of raw data. In Graph 6.1 Frequency
circles in the x-axis refers to the radius of the concentric circles considered with
center as the zero frequency term. Instead of storing the raw data in the matrix
form, they can be stored in concentric circles and a variable length coding based
on the a priori information obtained from graph 6.1 can be used so that the
preceding zero entries corresponding to each circle need not be stored.
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7. EXPERIMENTAL RESULTS

Algorithm 5.1 has been implemented on the test image set 1 consisting of 256x256
magnitude reconstructions of four different cross sections. The required Fourier
coefficients are computed using FFT routines, due to Cooley and Tuckey (see
Brigham, [1]). Images after certain compression and decompression of test
images are shown in Images 7.1-7.3. Performances of algorithm 5.1 are plotted in
Graphs 7.1-7.4. Computation of tissue parameters using a certain test image set
is done following the method proposed in Rao et al. [8]. First the computations of
the tissue parameters are done on the uncompressed images and they are
compared with the parameter images computed from compressed images at
various levels of compression. Along with the computed images (Images 7.4-7.7),
maps of points where the computations are not carried out are given. The effect of
compression in tissue parameter computations is listed in Table 7.1. The test
images used in these experiments are normalized to take two bytes per pixel. To
estimate the amount of distortion induced because of compression and
decompression, we use two kinds of error measures, they are defined as follows.
The amount of compression obtained is measured, by percentage compression
(P.C) given by

Percentage Compression (P.C) = Compression Ratio (C.R) X 100.

The following quantities are used for measuring the error in decompression,

D10 - 1) |

all pixels

PEOI

all pixels

Relativel; Error (11,) =

1
[ Z|f(i>-F<i)|2]2

all pixels

Relativel, Error (rl,) =

’

[ zf@)zf

all pixels

> IG) - () |

all pixels

Total no. of pixels

Average |4 Error (aly) =
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all pixels

[ er(i)-?(nf}z

Average |, Error (al,)

Total no. of pixels

In the above expressions f is the uncompressed image and f is the
decompressed image. For the compression of T4, T, and spin density weighted
images, we store them in a set of three images corresponding to one cross
section. The total size of the set is used for calculating the percentage
compression.

The decompressed images at 55,60 and 65% compression levels are shown in
Images 7.1-7.3. The graphs of Percentage compression vs relative error are
presented in Graphs 7.1-7.4. From the images and graphs we observe that there
is no visual deterioration of images up to 60% compression. After that the image
architechture deteriorates slightly. Apart from test images performance of
algorithm 5.1 has been tested on images corresponding to several other cross
sections and the results obtained are similar. Upto 60% compression is suggested
for the images under consideration.

In some specific cases of diagnosis, computed T4, T, and density images are used.
Three images from a certain test image set which corresponded to the same
cross-sections from which these parameters can be calulated in retrospect were
compressed and stored as a set. Images 7.4-7.7 and the corresponding error
table shows that upto 57% compression the |;-relative error after decompression is
less than 5%. At around 67% compression we note from Table 7.1 that the
relative |1-error goes upto 15%.

Images 7.8-7.9 are reconstructed using compressed raw data. Reconstructed
images with compressed raw data are compared with the ones obtained
reconstructed from raw data without compression. From the following images and
the error graph (Graph 7.5) we note that the distortion is not perceivable by human
eye up to 65% compression. Above that level, slight deterioration is observed.
The test raw data permits 65% compression through algorithm 5.1 without a visual
loss of information.
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Decay of Fourier Coefficients
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y— Maximum magnitude of the raw data in the exterior of frequency circle.
Graph 6.1

Image 7.0



70 IJTS, Vol. 3, No. JJ05, June-July 2005

55 % Compression using Algorithm 5.1

Image 7.1
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60 % Compression using Algorithm 5.1

Image 7.2
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65 % Compression using Algorithm 5.1

Image 7.3
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Percentage Compression vs. Relative Error
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T1, T2 and Spin Density Computed from Uncompressed Images

Spin Density Points not Computated

Image 7.4
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From 47.38 % Compressed Image Set

Spin Density Points not Computated

Image 7.5
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Computed from 57.68 % Compressed Image set

Spin Density Points not Computated

Image 7.6
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Computed from 66.75 % Compressed image set

Spin Density Points not Computated

Image 7.7
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Compression of Raw Data

Raw data uncompressed Raw data 65 % compressed
Image 7.8

Raw data 70 % compressed Raw data 75 % compressed
Image 7.9
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Effect of Compression in the Computation of Tissue Parameters

Relative errors obtained are with respect to the parameters computed from
uncompressed images. In the following table, P.C stands for percentage
compression, rly and rl, stands for relative I, error and relative |, error.

P.C ™ T2 P.D
r|1 rlz r|1 rlz r|1 r|2
47.38 |0.023001 |0.108814 | 0.038972 | 0.082052 | 0.017739 | 0.110434

57.68 |0.058826 | 0.153803 | 0.048279 | 0.117673 | 0.037774 | 0.155013
58.60 |0.070829 | 0.173674 | 0.048764 | 0.125593 | 0.040470 | 0.173440
62.41 |0.121785|0.210169 | 0.061526 | 0.153636 | 0.071345 | 0.205007
66.75 |0.151067 | 0.259694 | 0.060059 | 0.158104 | 0.080254 | 0.237892
71.20 |0.172699 | 0.309278 | 0.066849 | 0.178419 | 0.093853 | 0.269737

Table 7.1

Percentage Compression vs. Average l4-Error
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ABSTRACT

This short technical paper advocates a bootstrapping algorithm from
which we can form a statistically reliable opinion based on limited clinically
observed data, regarding whether an osteo-hyperplasia could actually be
a case of Ewing’s osteosarcoma. The basic premise underlying our
methodology is that a primary bone tumour, if it is indeed Ewing’s
osteosarcoma, cannot increase in volume beyond some critical limit
without showing metastasis. We propose a statistical method to
extrapolate such critical limit to primary tumour volume. Our model does
not involve any physiological variables but rather is entirely based on time
series observations of increase in primary tumour volume from the point
of initial detection to the actual detection of metastases.
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INTRODUCTION

To date, oncogenetic studies of EWS/FLI-11 induced malignant transformation
have largely relied upon experimental manipulation of Ewing’s bone tumour cell
lines and fibroblasts that have been induced to express the oncogene. It has been
shown that the biology of Ewing’s tumour cells in vitro is dramatically different
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between cells grown as mono-layers and cells grown as anchorage-independent,
multi-cellular spheroids (MCS). The latter is more representative of primary
Ewing’s tumour in vivo (Lawlor et. al, 2002). MCS are clusters of cancer cells, used
in the laboratory to study the early stages of avascular tumour growth. Mature
MCS possess a well-defined structure, comprising a central core of necrotic i.e.
dead cells, surrounded by a layer of non-proliferating, quiescent cells, with
proliferating cells restricted to the outer, nutrient-rich layer of the tumour. As such,
they are often used to assess the efficacy of new anti-cancer drugs and treatment
therapies. The majority of mathematical models focus on the growth of MCS or
avascular tumour growth. Most recent works have focused on the evolution of
MCS growing in response to a single, externally-supplied nutrient, such as oxygen
or glucose, and usually two growth inhibitors (Marusic et. al., 1994).

Mathematical models of MCS growth typically consist of an ordinary differential
equation (ODE) coupled to one or more reaction-diffusion equations (RDEs). The
ODE is derived from mass conservation and describes the evolution of the outer
tumour boundary, whereas the RDEs describe the distribution within the tumour of
vital nutrients such as oxygen and glucose and growth inhibitors (Dorman and
Deutsch, 2002). However studies of this type, no matter how mathematically
refined, often fall short of direct clinical applicability because of rather rigorous
restrictions imposed on the boundary conditions. Moreover, these models focus
more on the structural evolution of a tumour that is already positively classified as
cancerous rather than on the clinically pertinent question of whether an initially
benign growth can at a subsequent stage become invasive and show metastases
(De Vita et. al., 2001).

What we therefore aim to devise in our present paper is a bootstrapping algorithm
from which we can form an educated opinion based on clinically observed data,
regarding whether a bone growth initially diagnosed as benign can subsequently
prove to be malignant (i.e. specifically, a case of Ewing’'s osteosarcoma) . The
strength of our proposed algorithm lies mainly in its computational simplicity — our
model does not involve any physiological variables but is entirely based on time
series observations of progression in tumour volume from the first observation
point till detection of metastases.

LITERATURE SUPPORT

In a clinical study conducted by Hense et. al. (1999), restricted to patients with
suspected Ewing’s sarcoma, tumour volumes of more than 100 ml and the
presence of primary metastases were identified as determinants of poor prognosis
in patients with such tumours. Diagnoses of primary tumours were ascertained
exclusively by biopsies. The diagnosis of primary metastases was based on
thoracic computed tomography or on whole body bone scans. It was observed that
of 559 of the patients (approx. 68% in a total sample size of 821) had a volume
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above 100 ml with smaller tumours being more common in childhood than in late
adolescence and early adulthood. Extensive volumes were observed in almost
90% of the tumours located in femur and pelvis while they were less common in
other sites (p < 0.001). On average, 26% of all patients were detected with
clinically apparent primary metastases.

The detection rate of metastases was markedly higher in patients diagnosed after
1991 (p < 0.001). Primary metastases were also significantly more common for
tumours originating in the pelvis and for other tumours in the Ewing’s family of
tumours (EFT); mainly the peripheral neuro-ectodermal tumours (PNET); (p <
0.01). Tumours greater than 100 ml were positively associated with metastatic
disease (p < 0.001). Multivariate analyses, which included simultaneously all
univariate predictors in a logistic regression model, indicated the observed
associations were mostly unconfounded. Further it has been found that the
metastatic potential of human tumours is encoded in the bulk of a primary tumour,
thus challenging the notion that metastases arise from sparse cells within a
primary tumour that have the ability to metastasize (Sridhar Ramaswamy et. al.,
2003). These studies lend credence to our fundamental premise about a critical
primary tumour volume being used as a classification factor to distinguish between
benign and potentially malignant bone growth.

STATISTICAL MODELLING METHODOLOGY

Assuming that the temporal drift process governing the progression in size of a
primary Ewing tumour of the bone to be linear (the computationally simplest
process), we suggest a straightforward computational technique to generate a
large family of possible tumour propagation paths based on clinically observed
growth patterns under laboratory conditions. In case the governing process is
decidedly non-linear, then our proposed scheme would not be applicable and in
such a case one will have to rely on a completely non-parametric classification
technique like e.g. an Artificial Neural Network (ANN).

Our proposed approach is a bootstrapping one, whereby a linear autoregression
model is fitted through the origin to the observation data in the first stage. If one or
more beta coefficients are found to be significant at least at a 95% level for the
fitted model then, in the second stage, the autoregression equation is formulated
and solved as a linear difference equation to extract the governing equation.

In the final stage, the governing equation obtained as above is plotted, for different
values of the constant coefficients, as a family of possible temporal progression
curves generated to explain the propagation property of that particular strain of
tumour. The critical volume of the primary growth can thereafter be visually
extrapolated from the observed cluster of points where the generated family of
primary tumour progression curves shows a definite uptrend vis-a-vis the actual
progression curve.
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If no beta coefficient is found to be significant in the first stage, a non-linear
temporal progression process is strongly suspected and the algorithm terminates
without proceeding onto the subsequent stages, thereby implicitly recommending
the problem to a non-parametric classification model.

The mathematical structure of our proposed model may be given as follows:

Progression in primary Ewing tumour size over time expressed as an n-step
general autoregressive process through the origin:

S, =Y B .S,  +¢ |
_. iSO i "

Formulated as a linear, difference equation we can write:

-S,+BS, +B,S, ,+..+BS,  =-¢ an

Taking S; common and applying the negative shift operator throughout, we get:
[-1+BE ' +BE>+. . +BE"]S =—¢ o

Now applying the positive shift operator throughout we get:

B+ BE™ + BE 4 B, =

The characteristic equation of the above form is then obtained as follows:

. fq” 'I' ﬁ|r" - + ﬁ]r'” " + + ( n + {(‘) - 0 {-\'}]

Here r is the root of the characteristic equation. After solving for r, the governing
equation can be derived in accordance with the well-known analytical solution
techniques for ordinary linear difference equations (Kelly and Peterson, 2000).

SIMULATED CLINICAL STUDY

We set up a simulated clinical study applying our modeling methodology with the
following hypothetical primary Ewing tumour progression data adapted from the
clinical study of Hense et. al. (1999) as given in Table | below:
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Table 1
Observation (t) Primary Ewing tumour volume (in ml.)
(At point of first detection)

1 3
~ 5
3 9
4 19
5 39
6 91
e 102

(At the point of detection of metastasis)

Figure |
Primary Tumor Growth Curve
120

= 100 e

E a0 o~

E 40 /

S 20 ____________/

0 T T T T T
0 1 2 3 4 5 6 7 8
Observations (t)

The temporal progression path of the primary growth from the point of first
detection to the onset of metastasis is plotted above in Figure I.

We have fitted an AR (2) model to the primary tumour growth data as follows:

E (Sy) = -1.01081081S,., + 5.32365561S,., (V1)

The R? of the fitted model is approximately 0.8311 and the F-statistic is 9.83832
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with an associated p-value of approximately 0.04812. Therefore the fitted model
definitely has an overall predictive utility at the 5% level of significance. The
residuals of the above AR (2) fitted model are given in Table Il as follows:

Table 11
Observation Predicted S, Residuals
1 -5.05405405 12.05405405
2 19.5426024 -10.5426024
3 28.168292 -9.168292003
4 28.7074951 10.29250488
5 61.7278351 29.27216495
6 115.638785 -13.63878518

The average of the residuals comes to 3.044841. Therefore the linear difference
equation to be solved in this case is as follows:

X;=-1.01081081X.4 + 5.32365561X,., + 3.044841 (v

Applying usual solution techniques, the general solution to equation (VII) is
obtained as follows:

X, = ¢4 (2.43124756) * + c, (-3.44205837) * (Vi)
Here ¢4 and c, are the constant coefficients which may now be suitably varied to
generate family of possible primary tumour progression curves as in Figure Il
below:

Figure 11

—Observed volume
Generated primary tumour growth curves — (099, 0.01)
400 (0.98,0.02)
E 300 £ (0.97,0.03)
£ ——(0.96, 0.04)
£ 200 / —(0.95, 0.05)
2 100 i ——(0.94, 0.06)
g ; - ___...-“fd/r ——(0.93,0.07)
0 2 4 8 8 (0.92, 0.08)
Observations (t) (0.1, 0.09)
(0.90, 0.10)
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In the above plot, we have varied c, in the range 0.01 to 0.10 and imposed the
condition ¢, = 1 — ¢,. The other obvious condition is that choice of ¢, and ¢, would
be such as to rule out any absurd case of negative volume. Of course the choice of
the governing equation parameters would also depend on specific clinical
considerations (King, 2000).

CONCLUSION

From Figure IlI, it becomes visually apparent that continuing increase in the
observed size of the primary growth beyond approximately 52 ml. in volume would
be potentially malignant as this would imply that the tumour would possibly keep
exhibiting uncontrolled progression till it shows metastasis. This could also be
obtained arithmetically as the average volume for t = 5. Therefore the critical
volume could be fixed around 2 ml. as per the computational results obtained in
our illustrative example.

Though our computational study is intended to be purely illustrative as we have
worked with hypothetical figures and hence cannot yield any clinical conclusion,
we believe we have hereby aptly demonstrated the essential algorithm of our
statistical approach and justified its practical usability under laboratory settings.
This is not intended to be a clinical paper and in defense, it may be stated that
given the immense potential of computer modeling and simulation in present times,
a number of mathematical tumor growth studies are being conducted now that are
essentially theoretical rather than clinical in nature (Swanson et. al. 2003;
Tabatabai, Williams and Bursac, 2005).

We have used a difference equation model rather than a differential equation one
because under practical laboratory settings, observations cannot be made
continuously but only at discrete time intervals. However, as already stated
previously, the numerical example we have provided is purely demonstrative - its
purpose is illustrating the computational modeling technique rather than drawing
clinically viable conclusions based on the model coefficients. Having said that, we
definitely feel that there is an immediate scope of taking our line of research further
forward by actually implementing an autoregressive process to model in vitro
growth of MCS with clinically observed data.
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