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Abstract

The classical game theory has been extended for soft set structures, and
thus, soft game theory, fuzzy soft game theory, intuitionistic fuzzy soft
game theory, neutrosophic soft game theory have been introduced. The
payoff function in the soft game approaches is the set-valued function
and allows the use of set operations to obtain solution, which makes it
very convenient and easily applicable in practice. Also, in these game
approaches, the strategies can be determined as attributes/parameters.
That is, all these soft game theories are designed to manipulate
parametric information using a single-attribute function. However,
another powerful tool is needed to process parametric information
obtained using multi-attribute function. To model such problems
mathematically, the concept of hypersoft set has proposed. In this paper,
a game theory model based on hypersoft set called hypersoft game
theory is constructed. In this game theory, payoff function is the set-
valued function and the strategies are chosen as multi-attributes. A
two-person hypersoft game is developed and different solution methods
(such as hypersoft saddle point method, hypersoft elimination method,
hypersoft Nash equilibrium method) are produced for such games. Also,
the proposed methods are successfully applied to game theory-based
decision making problems that may be encountered in real life. Finally,
the two-person hypersoft game is extended to the n-person hypersoft
game. Nash equilibrium of an n-person hypersoft game is described and
an application for this solution method is presented.

Keywords: Hypersoft sets, Hyperpayoffs, two-person hypersoft
games, n-person hypersoft games

0z

Klasik oyun teorisi esnek kiime yapilari icin genisletilmistir ve béylece
esnek oyun teorisi, bulanik esnek oyun teorisi, sezgisel bulanik esnek
oyun teorisi, nétrosofik esnek oyun teorisi tanitilmistir. Esnek oyun
yaklasimlarinda getiri fonksiyonu, kiime-degerli fonksiyondur ve ¢6ztim
elde etmek icin kiime islemlerinin kullanilmasina izin verir, bu da onu
pratikte cok uygun ve kolay uygulanabilir kilar. Ayrica bu oyun
yaklasimlarinda stratejiler nitelikler/parametreler olarak
belirlenebilir. Yani, tim bu esnek oyun teorileri, tek-nitelikli
fonksiyonlart  kullanarak  parametrik  bilgileri  islemek igin
tasarlanmigtir. Ancak, cok-nitelikli fonksiyon kullanilarak elde edilen
parametrik bilgileri islemek icin baska bir giiclii araca ihtiyag vardir.
Bu tiir problemleri matematiksel olarak modellemek icin hiperesnek
kiime kavrami énerilmistir. Bu makalede, hiperesnek oyun teorisi adi
verilen hiperesnek kiimeye dayali bir oyun teorisi modeli
olusturulmustur. Bu oyun teorisinde, getiri fonksiyonu kiime-degerli
fonksiyondur ve stratejiler cok-nitelikli olarak secilir. Iki kisilik bir
hyperesnek oyun gelistirilmis ve bu tiir oyunlar icin farkli ¢éziim
yéntemleri (hiperesnek eyer noktasi yéntemi, hiperesnek eliminasyon
yontemi, hiperesnek Nash dengesi yéntemi gibi) liretilmistir. Ayrica
énerilen yéntemler, gercek hayatta karsilasilabilecek oyun teorisi
tabanli karar verme problemlerine basarili bir sekilde uygulanmistir.
Son olarak, iki kisilik hiperesnek oyun n-kigilik hiperesnek oyuna
genisletilmistir. Bir n-kisilik hiperesnek oyunun Nash dengesi
tanimlanmis ve bu ¢6ziim yontemi i¢in bir uygulama sunulmustur.

Anahtar kelimeler: Hiperesnek kiimeler, hiperesnek getiriler, iki
kisilik hiperesnek oyunlar, n-kisilik hiperesnek oyunlar

1 Introduction

In the real world, more often the information that we collect
from various sources is not precise. This happens due to a lack
of knowledge, missing information, communication gap, vague
concept, or some other related issues. With the progress of
science and technology, the level of uncertainty of particular
information increased and so an extensive study is needed to
assess such kind of information with an effective mathematical
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tool. Various mathematical tools are introduced to encounter
numerous types of uncertainty up to a certain level. A few of
them are fuzzy set [1], intuitionistic fuzzy set [2], and
neutrosophic set [3]. Furthermore, realizing the importance of
mixing two or more tools, researchers introduced many hybrid
models to handle uncertainty. Also, in recent years, fuzzy-based
modifications of hierarchical process models used in decision
making have been studied [4]-[7].



The fuzzy sets are based on membership functions with some
restricted criteria, but these sets do not provide parametric
evaluations. To cope with these difficulties, Molodtsov [8]
offered the soft sets theory in his research paper. The main
advantage of introducing the soft set theory is that it is
independent of choosing membership function and so it is
flexible to handle any uncertain information parametrically. It
provides an approximate description of a parameterized class
of sets. Motivated by Molodtsov’s soft set concept, Maji et al. [9]
introduced new operations on soft sets. Cagman et al. [10]
redefined the soft sets that are useful to improve the earlier
results. Aygiin et al. [11] and Riaz et al. [12] studied forms of
soft set operations. In recent years, developments on the matrix
representations of soft sets have attracted the attention of
researchers because they provide convenience/practicality in
calculations in some cases. [13]-[16].

Furthermore, the different extended types or hybridization of a
soft set theory captures more attention from the researchers as
it can accommodate more uncertain information than the
ordinary soft set. Some of them are intuitionistic fuzzy soft sets
[17], neutrosophic soft sets [18], interval-valued neutrosophic
soft sets [19], Pythagorean fuzzy soft sets [20], three-valued
soft sets [21], N-soft sets [22],[23], Pythagorean fuzzy N-soft
sets [24], neutrosophic N-soft sets [25], VFP-soft sets [26], and
etc.. Hypersoft set was introduced by Smarandache [27] as
another extension of soft set. Hypersoft set is formed by
changing single-attribute function in the sft set with a multi-
attribute function and thus it looks more logical and handy to
address complexity involved in some decision making
problems. Also, the use of the multi-attribute function gives
more options for the decision makers to assign as many
attributes as they want to study more characteristics of an
object. In recent years, considering the advantages of hypersoft
sets, many studies have been carried out on these sets and
seminal articles have been published [28]-[31].

Game theory is a versatile mathematical tool that is designed
for not only scientific study of the actions or moves of players
or teams when they interact, but to assess or analyze their
strategies under certain restrictions, payoff the players, their
proclivity, their knowledge, and some other associated factors.
It is perceived a lot of attention to the researchers as it takes
care of different conflicts of interest, which arise due to the hazy
or noisy nature of strategies of the decision-makers. Here a
player/decision-maker signifies an individual or a group; it
depends on the physical nature of the game. Game theory has
been applied successfully in social sciences, economics, applied
sciences, operation research, political sciences, decision-
making, etc. There may be cooperative/non-cooperative games
and the strategies of the players may be pure /mixed. There
exist zero-sum/non-zero-sum games. The main objective of
introducing the theory of games is to control the unknown
strategies that influence the outcome. Neumann and
Morgenstern [32] are the pioneer of the origination of the
theory of games and economic behavior and Nash [33]
furthered it in the year 1954. A few years later, game theory

earned its popularity among researchers and they developed it
to a great extent. By embedding fuzzy sets in classical game
theory, different types of fuzzy games are introduced [34]-[36].
In [37], the authors focused on the probabilistic linguistic
matrix games based on the fuzzy theories. Some resarchers
studied several methodologies on fuzzy cooperative games and
fuzzy non-cooperative games [38], [39]. Li and Tu [40]
developed a new method to solving general intuitionistic fuzzy
matrix games, which takes into account the degree of
acceptance that general intuitionistic fuzzy constraints can be
violated. In [41]-[43], different approaches were proposed for
solving matrix games with neutrosophic payoffs and their
applications in environmental behavior were presented.
Fuzzy/ intuistionistic/ neutrosophic matrix game models are
based on fuzzy sets/ intuitionistic fuzzy sets/ neutrosophic sets
resp. and these sets are characterized by the membership (M)/
non-mebership (NM)/indeterminacy (I) functions. We know
that such game models are useful to address uncertainty but
there exists difficulty to assign M/NM/I functions for each
particular case. In the fuzzy/ intuistionistic/ neutrosophic
games, the payoff functions are real valued and therefore the
solutions of such games are obtained by using arithmetic
operations. There exists a difficulty to set the M/NM/I functions
in each particular case and also the fuzzy/intuitionistic
fuzzy/neutrosophic set operations based on the arithmetic
operations with M/NM/I functions seem unnatural due to the
nature of the M/NM/I functions is generally individual. To
remove such difficulty, Deli et al. introduced a new game called
the soft game [44]. A soft game is associated with a soft set
which makes this game flexible and convenient. In the soft
games, both the strategy sets and soft payoffs are crisp. For
further development of the soft games, the fuzzy soft games
[45], intuitionistic fuzzy soft games [46], neutrosophic fuzzy
soft games [47], linguistic single-valued neutrosophic soft game
[48], simplified neutrosophic multiplicative soft game [49], and
neutrosophic cubic soft expert sets based game [50] were
introduced. All of these soft game theory models are based on
the single-attribute (S-A) function (see Table 1).

Table 1. Games based on fuzzy sets and soft sets

Games Membership Parameter(Strategy)
Functions Functions
M NM I S-A M-A
Fuzzy games v X X X X
Intuitionistic v v X X X
fuzzy games
Neutrosophic v v v X X
games
Soft games X X X v
Fuzzy soft v X X v
games
Intuitionistic v v X v X
fuzzy soft
games
Neutrosophic v v v v X
soft games

¥"means Yes and x means No.



They are insufficient to model multi-attributed (M-A) game
theory in the soft set environment. So far, we have not
witnessed that the game theory has been promoted using a
hypersoft set. That's why, the motivation of this paper is to
develop soft game theory and apply it for decision making in a
systematic manner.

In this paper, we initiate a model of multi-attributed game
theory in the soft set environment, which is called hypersoft
game theory. This game theory can consider as an extension of
soft game to tackle uncertainty with more accuracy. The use of
the hypersoft set in game theory surely provides numerous
choices to the decision makers to attain optimal solutions by
using hypersoft payoffs. Thus, payoff functions of the hypersoft
games are multi-argument functions and the solution of the
game is obtained by using the set-theoretic operations of
hypersoft sets making this game more versatile and promising
than the existing games. The proposed game theory models
make it possible to deal with different complex types of
strategic games (see Figure 1).

GAME THEORY MODELS
BASED ON
SOFT STRUCTURES

USING USING

SINGLE- i}
ATTRIBUTE MULTI-ATTRIBUTE
FUNCTION

FUNCTION

L T - - 2 1
P . Hypersoft
Soft G Fuzzy Soft I“;:;tzlo's'ff?c Neutrosophic Game
oft Game Game Ga’x’ne Soft Game (Proposed)

Figure 1. Relation between soft game theory models and
hypersoft game theory

The other parts of this article are organized as follows. In
Section 2, the cocepts of soft set, soft payoff, hypersoft set and
inverse hypersoft set are recalled. In Section 3, two-person
hypersoft game is described and the related properties are
discussed. Section 4 introduces n-person hypersoft games.
Section 5 is devoted to the conclusion of the paper.

2 Preliminaries

In this section, we discuss some fundamental concepts that are
relevant for the subsequent sections.

2.1 Softset

Definition 2.1. ([8]) Let R be a set of universe and Pow(R) be
a power set of R. Also, X be a set of attributes (or criteria,
parameters) and 2% C X. Then, a pair (f, %) is said to be a soft set

over R, where { is a mapping given by {: A — Pow R).

Example 2.2. Let R = {01, 0, 03, 04, 05 }be the set of televisions
under  consideration, X = {3y = brand, »x, = color,»3 =
size,n, = style } be the set of attributes and 2 = X. Suppose
that the following is obtained by evaluating televisions
according to the specified attributes.

f(}fl) = {01'02'04}! T(HZ) = {0’2!0’5}' f(%3) = {01'04}1 and
f(”zt) = {01, 03,05}

Then, the soft set (f, %) is given as
. 1, {01, 0%, 04}), (3,{02, 05}),
(f,?l):{(l{l 204}), (t2, {02 5})}_

(13, {01, 04}), (4, {01, 03, 05})

The tabular structure of this soft set (f, QI) is shown in Table 2.

Table 2. Tabular structure of the soft set (f, %).

(%)  xp(brand)  x, (color)  x3(size) x4 (style)
oy 1 0 1 1
oy 1 1 0 0
o3 0 0 0 1
o4 1 0 1 0
o5 0 1 0 1

2.2. Soft payoff

Definition 2.3. ([44]) Let M and N are the sets of strategies. A
choice of behavior is termed to be an action. The elements of
M x N are said to be action pairs. That is, M x I is the set of
available actions.

Definition 2.4. ([44]) Suppose R is a set of alternatives and its
power set Pow(®R). Also, let M and N be the strategy sets of
Player 1 and Player 2, resp. Then a function A: 9t X 9 -
Pow(R) is known as a soft payoff function and ¥(m,n) € M X
N, A(m, n) is called a soft payoff.

2.3. Hypersoft set

Definition 2.5. ([27]) Let R be a set of the universe and its
power set Pow(R). Also, we assume aq, a3 ,..., a,(n = 1) isn
attributes which the related attribute values are denoted by the
sets Uy, As,.., A, with A, N A, =@ fors, t €{1,2,...,n}and s #
t. Then, the pair I,®) =
{((}{1,}{2, e ), Y0 2, 1) (0, 12, 1) €

P and y (!, %2, ...,x™) € Pow(R)} is called the hypersoft set
over R, where P =U; X A, X ... X A, and y: P = Pow(R).

Example 2.6. Let R = {f;,1,, 3,14, 85} be a set of motorcycles
under consideration. Also, we consider the attributes as
a;=color, a,=comfort-performance, az=weight, a,=type. Their
corresponding attribute value sets areX; = {white, black,
red}, X, = {comfort, performance}, X; =
{heavy, light, medium} and X, = {crusier, sport,touring}.
Assume that U; € X;(i = 1,2,3,4) such that %, = {black,red},
A, = {comfort,performance}, U; = {heavy} and A, =
{sport, touring}. Then, by using multi-attribute function, the
hypersoftset (I, B) = (y, Ay X A, X A3 X A,) can be presented
as

((black, comfort, heavy, sport),{cy, 05, 03}),
((black, comfort, heavy, touring),{cy, 03, 04}),
((black, performance, heavy, sport), {03, o5}),
. ((black, performance, heavy, touring),{o4, crz}),
9 = ((red, comfort, heavy, sport), (D),
((red, comfort, heavy, touring), {o>, o3, 05}),

((red, per formance, heavy, sport), ®),

((red, per formance, heavy, touring),{c,, o3})



Definition 2.7. Suppose that (y;, A, X Uy X ... X W,) = (T, By)
and (y2, B1 X By X ... X By,) = (I, B,) is two hypersoft sets
over the common universe R. Then,

a) The hypersoft set (y1,%; X A, X ... X Ay,) is a subset
of (¥,,B1 X B, X ... X B,,), denoted by
o, Uy XUy X .. X Uy) € (Y2, B X By X .. X B,), if
Wy XUy X .. XA, €B; X B, X ... X B, and y;(a) &
yo(a) forall @ = (34,32, ..., n™) € Uy X Wy X ... X Ay,
[51]

b) The hypersoft sets (yi, % XA, X..xA,) and
(2, B1 X B, X ... X B,,) are equal, denoted by
Yo, Uy XUy X X Wy) = (Y2, B1 X By X .. X By),
iff(yy, Wy X Ay X o X Ap) € (v2, By X By X ... X By,)
and (12, B; X By X .. X B,) € (¥, WYy X Ay X ... X
Ay). [51]

c¢) The complement of hypersoft set (y;,; X A, X ... X
A,), denoted by (y1, Uy X Ay X ... X A)¢ = (¥f, Yy X
Ay X .. XAy, if yfl@)=R—y(a) for all a=
Get, a2, ™) € Uy X Ay X .o x Uy, [31]

d) The restricted intersection of hypersoft sets (I, B;)
and (I,B,) is defined and denoted by (I3, B3) =
(T, B N (I5,B,)  where P3=PB; NP, and
y3(a)=y1(a) Ny, (a) for all @ = (s, %2, ..., x™) € Ps.
[31,51]

e) The extended intersection of hypersoft sets (I, B;)
and (T,,B,) is defined and denoted by (I3, B3) =
(Iy, B1) 1 (T, B,), where B3 = PB; U B, and for all
a = (', x? .., n") € B,

r1(@), ifa € Py — P
y3(@)=1 v2(a), ifa€eP, — P, [31,51]
y1(@) Ny (@), ifa € By NP

f) The restricted union of hypersoft sets (I, B;) and
(I, B,) is defined and denoted by (I3,B3) =
(Ty, B1) U (I, B,), where B3 = B, N P, and y3(a) =
y1(@) Uy,y(a) foralla = (31,2, ..., ™) € PB5.[31,51]

g) The extended union of hypersoft sets (I}, B;) and
(T, B,) is defined and denoted by (I3, B3) =
(T, By) U (T, B,), where B3 =B, U B, and for all
a= (12, ., 1) € Py

71(@), ifa € P; — B,
y3(@)={v2(a), ifa € P, — P, [31,51]
r1(@) Vyz(a),ifa € By NP,

h) The restricted difference of hypersoft sets (I}, B;)
and (I, B,) is defined and denoted by (I3, B3) =
(T, B \ (I, B>), where B3 = B, NP, and y3(a) =
y1(@) \ y2(a) forall @ = (31,32, ...,x™) € PB3. [51]

i) The extended difference hypersoft sets (I}, B;) and
(I, B,) is defined and denoted by (I3, Bs3) =
Ty, B1) \ (I, B,), where B3 =P, UP, and for all
a = (1%, ., 1) € Py

y1(a), ifa € P, — B,
y3(@)=19, ifa € B, —PB, [29]
1@\ y;(@),ifa € B, N B,

Definition 2.8. Let (T,B) be a hypersoft set such thaty: P —
Pow(R) where = A; X A, X ... X A,. The strength of ; in the
hypersoft set (I, B) is described and denoted by

Yl . 1
X UD) = W, Vi )

where |.| means the cardinality of set. By Eq. (1), it is obvious
that 0 < X(F,‘B)(li) <1 Vi

Example 2.9. Let R = {04, 05, 03, 04, 05} be a set of alternatives.
Also, let A, = {n}, 33}, Uy = (2}, U3 = (63,53}, Uy = ()
such that P = A; X A, X A3 X Ay, ie,

P = {ll = Odd, n?, 13, 1), 1, = (H%,H%,xi.xf),}

Iy = (g, u2, 013, uD), 1y = (g, u2, 13, 1)

Assume that the hypersoft set (I',B) is described as y(l;,) =
{o1,02, 03}, v(lp) = {02,053}, y(l3) = {01, 03,04, 05} and y(1,) =
{01, 03} That's, the hypersoft set (T, B) is

(T, PB)=

{(lll {Olr 02, 03})r (IZ' {Ovzr 03}): (13, {Olv 03,0, 05})! (l4v {0'1. 03})}

3 2
Then, we calculate as (g (1) = > Xas ) = > XTH I3) =
4 2
E and ){(rm) (14) = g
Definition 2.10. Assume (I,B) is a hypersoft set such
that y: 8 = Pow(R) where = U; X A, X ... X A,,. Then the
inverse hypersoft set corresponding to (T',B) is denoted by

(T, R) where y: R - Pow(B).

Definition 2.11. Let (T, R) be an inverse hypersoft set such that
Y:R - Pow(P) where P = Ay X A, X ... X Ay,. The strength of
o; in the inverse hypersoft set (T, R) is described and denoted
by

el @
TR

where |.| means the cardinality of set. By Eq. (2), it is obvious
that 0 < X(T,?{)(Ui) <1Vi

XEs (o) =

Example 2.12. LetR = {0q,03,05,04,05} be a set of
alternatives. Also, let U, = {al,3d}, A, = (2}, U =
(33,13}, Ay = {3} such that P = Ay, x Ay X W5 X Ay, e,

P = {11 = G, ), = (%%.z%.xi.xf).}
Iy = Gk, 12,13, 18), 1y = (b, 12,543, 1)

Assume that the inverse hypersoft set (T, R) is described as
¥(o1) = {11, 12}, ¥(o2) = {13}, ¥(03) = {l1, 14}, ¥(04) = {llvlz,lél-}'
and y(o5) = {ly, I 13}

Thus, the inverse hypersoft set (T, R) is given by

T, R)=

{(o1, {11, 153), (02, {13D), (03, {11, 14 D), ((74. {11. 12,14}). (0“5. {11. 12,13})}
Then, we calculate asy o) (1) = %, xcm(o2) = %, X (os) =

1 3 3
2 X@w(0a) = 7 and y g (os) = 2.



3 Two-person hypersoft games

In this section, we introduce two-person hypersoft (tphs) game
with hypersoft payoffs and present its application.

All of the soft game theory models in the literature are based on
the single-attribute function. They are insufficient to model
multi-attributed game theory in the soft set environment.
However, in game theory problems encountered in many fields,
the strategies based on multi-attributes are selected. In order
to model such game theory problems and present solutions for
them, we propose to extend soft game theory using the
hypersoft sets (because the parameter set (domain) in the
structure of hypersoft set is in the form of multi-attributes).
Therefore, hypersotf payoff function (based on multi-
attributes) and hypersoft game theory model are created as
follows.

Payoff function is used for modeling human behavior. Payoff
function for a player is a mapping from the cross-product of
players strategy spaces to the players set of payoffs [52]. Now,
we consider that player strategy spaces consist of multi-
attributes and the players set of payoffs is the power set of the
alternative set, i.e. the payoffs are subsets of the alternative set.
Thus, the following definition is presented for the hypersoft
payoff function.

Definition 3.1. Let R be a set of alternatives and a4, a5 ,...,
a,(n>1) be n attributes (strategies) which the related
attribute denoted by the sets UA; =
0,35, e ) Wy = {07,345, o 0 ) U, =
el ngy oy Jwith AN A, = @ for s, t € {1,2,...,n} and s #
t. Also, let B = Ay X Ay X ... X W and L, = (53, 1%, -, #fy) €
Pwherel <v<nl<i*<my. F={ll ..k} and 6=
{15, .., [5,} (1 < 51,5, < n) be the strategy sets (where, [,] €
B). Then, the set-valued function

values are

Yu:& X ® - Pow(R) 3)

is called a hypersoft payoff function. For each (I, Zq) ET X6,
the value yy (1, Zq) is said to be a hypersoft payoff.

Definition  3.2. Let F={l,l;..,lg;} and 6=
(.0 ..., ZSZ} (1 < 54,5, < n) be two sets of strategies of Player
1 and Player 2 resp., R be an alternative set and yy :§ X 6 —

Pow(®R) be a hypersoft payoff function for ¥ = 1,2.Then for
each k, a two-person hypersoft game (tphs-game) over R is
defined by a hypersoft set given as

T & X &)={((p L), i (1 1)) : (1 ) € F 4)
®, yHK(lp, Zq) € Pow(ﬂi)}

Note 1. Throughout this article, the tphs-game (T),, & X ®) can
also be denoted as [, for short.

Definition 3.3. The tphs-game is played in the following
manner:

Assume that Player 1 chooses a strategy [, € ¥ and
simultaneously Player 2 chooses a strategy Zq € ®. When the
two players interact, then each player x = 1,2 receives the
hypersoft payoffs yy, (1, iq) of hypersoft game [’ and it can be
shown in Table 3.

Table 3. Tabular structure of the tphs-game [',.

I il 12 lsz

L YH, (L, lvl) YHK(ll: Zz) VH, (L Zsz)
L, VH,((IZ' Z1) VH, L2 Zz) YH, Iz, Zsz)

151 )/HK(lsl' Zl) )/HK(lsl' ZZ) Yu, (lsli z,52)

Example 3.4. In recent years, with the development of
technology, people's habits of accessing news and information
have also changed. Written media such as newspapers and
magazines lost their popularity in reaching the news. Instead,
people started to follow internet news websites (or internet
newspaper) from computers and smart phones. The internet
news sites are in competition to reach more readers. Some
factors (content, readibility, etc.) may make a type of news
presented on an internet news site attract more attention from
the reader.

Consider two internet news sites (Player 1 and Player 2) that
offer the same types of news. Let R = {04, 05, 03, 74, 05} be the
types of news that these two sites offer to the reader, where o;
(i = 1,2,...,5) are sports news, magazine news, economic news,
politics news, and technology news, respectively. Suppose that
the evaluation/analysis of these news sites is based on the
following attributes.

a, = general view and Ay = {3} = page field, »x} =
photo (quality, size), ns = message/comment board}

a, = readibility and A, = {#? = font type,n? =
plain language, #% = text flow}

az = content and U; = {33 = competence, #3 = scope, 5 =
impartiality, »3 = accuracy}
a, = accessibility and
load time,»% = flow map}

W, =3} = usefulness, ny =

Now, Player 1 and Player 2 focus on a game to determine which
the news types will appeal to more readers by considering
different combinations of these attributes (i.e., by determining
their own strategies and then considering the strategy moves of
the opponent).

Player 1 determines the multiple attributes asl; =
et 23,6, 11), L = (a1, 13,55, 0), U3 = (n3,05,63, 1), Ly =
(3, 2,13, %}) and thus creates the strategy set as & =
{l1, 1, 15, L}

Player 2 determines the multiple attributes as [; =
ek, 13,013, 1%) and [, = (e}, 3, 3, #%), and thus creates the

strategy setas & = {I},[,}.



Considering the analyzes, comments and surveys made under
the determined strategies (of Player 1 and Player 2), if Player 1
constructs a tphs-game as follows:

I( (1) tor,033), (1) {os}), \I
ral _ (L, z1):{6’1,0“2}): ((lzjz)‘v{(fp(fz'(fs}) #
| ((wh)loves}), (k) fon}), |
U (1) (02,00, 05)), (U ), Los)) )

Then the hypersoft payoffs of the tphs-game are arranged in
Table 4. (This table is created by considering ;. For example,

the first row of Table 4 represents ((ll, zl),{al,ag}) and

((ll, Zz),{03}) in ;. The other rows are created in a similar

way.)
Table 4. Tabular form of hypersoft payoffs for I.
I I, I,
L {01, 03} {o3}
l; {o1, 02} {01, 02,03}
I3 {01, 05} {o1}
ly {03, 04,05} {os}

Table 4 can be explained as follows: if Player 1 selects the
strategy I, = (#},%%, %3, #}) when Player 2 selects the strategy
I, = (i}, #3, 13, #%) then the value of the game is the hypersoft
payoff {¢,0,,03}, that is, yy, (lz, [,) = {04, 05, 3}, Thereby,
Player 1 wins the set of news {¢4, 05, 05} and Player 2 loses the
same set. Briefly, if Player 1 selects the strategy [, when Player
2 selects the strategy [, in this tphs-game then the sports news,
magazine news, and economic news on website of Player 1 gain
the attention of readers (i.e.,, more readers) in this competition.
This causes Player 2 to lose readers for the same types of news.
The other components in table can be interpreted similarly.

Similarly, Player 2 may construct another tphs-game and
execute it in a tabular form given in Table 5.

Table 5. Tabular form of hypersoft payoffs for I,.

I I I,

Ly {o1, 02,03} {o1, 02}
l; {o4} {o3,04}
I3 {02} {4, 05}
ly {o3, 05} {02,053}

From Table 5, if Player 2 selects the strategy I, =
(cd, #2,3%3,#%) when Player 1 selects the strategy [, =
(3, 12,33, %¢) then the value of the game is the hypersoft
payoff {0, 0}, that is, )/Hz(l4, [,) = {¢3, s}. In this case, Player
2 wins the set of news {03, 05} and Player 1 loses the same set.
That is, if Player 2 selects the strategy [; when Player 1 selects
the strategy [, in this tphs-game then the economic news and
technology news on website of Player 2 gain the attention of
readers (i.e., more readers) in this competition. This causes
Player 1 to lose readers for the same news types. The others can
be interpreted similarly.

Note that in Tables 4 and 5, the payoffs should be considered as
the gains of the first player (who responds to the opponent's
strategy and thus seeks gains). Therefore, it is necessary to
interpret each table according to the first player.

Definition 3.5. Let (I, X®) be a tphs-game and
(lp, Zq), (lm, Zn) € & X . Then, a Player k is said to be a rational,
if the player’s hypersoft payoff provides the following cases:

1. either vy, (I, Ig) 2 Ve (U [n) 0F Vi, (s [n) 2 Yo (s Ig),

2. if VHK(lpl Zq) =2 V{;x(ﬁ(lm' z’n) and VHK(lm' Zn) 2 Vi’gcx@(lp' [q)
then vy, (1, Ig) = ¥iixe (s In)-

Definition 3.6. Let ([, & X ®) be a tphs-game. An action
(*,1") € Fx G is called an optimal action if yy, (I*,I*) 2
Y, (LD forall (1]) € § x 6.

Definition 3.7. Let (I, §x®) be a tphs-game and
Up, 1), (L, I,) € § x ®. Then

1. if vy, (L [n) € vi, (L, [y) then the action (I, [,) is superior
over action (I, [,),

2. if )/Hx(lm, in) =vn, Uy, fq) then there is no difference
between the two actions,

3. if vy, (s I, < Yu, (lp, Zq), then either there is no difference
between the two actions or the action (I, Zq) is superior over

action (1,,,, 1))

Definition 3.8. Let [\, = (I}, § X ®) be a tphs-game over K.
Then

1. I, is called an empty tphs-game if yHK(lp, Zq) = @ for every
(Ip.1;) € § x ®, and it is denoted by ['g.

2.T) is called a universal tphs-game if y4 (1, [;) = R for every
(Ip.1;) € § x ®, and it is symbolized by Iyy.

Definition 3.9. Let I}, = (T, § X ®) be a tphs-game over .

1. T}, is said to be a two person disjoint hypersoft game (tpDhs-
game) if for each action pair, the intersection of hypersoft
payoff of players is empty set.

2.1 is said to be a two person universal hypersoft game (tpUhs-
game) if for each action pair, the union of hypersoft payoff of
players is universal set.

Proposition 3.10. Let [}, = (I, § X &) be a tpDhs-game (for
Kk = 1,2). Then, we consider the following:

i. (f9)° =1, k=12

i B\, = and B\ = .

iii. I, N I, = I,

Proof. They are straightforward, therefore omitted.

Proposition 3.11. Let [}, = (T, § X ®) be a tpUhs-game (for
Kk = 1,2). Then, we have the following properties:

i =T, and I = I}.

ii. (f9)¢ =1\, k = 1,2.

iii. [y U T, = [

Proof. They are straightforward, therefore omitted.



Proposition 3.12. Let ', = (T,, & x ®) be both tpDhs-game
and tpUhs-game (for k = 1,2). Then, the following properties
are satisfied:

i. rl\rz = l.—;l and Fz\r‘l = r;z.

ii. fl n r;z = Fq;.

iii. [y U T, = .

Proof. They are straightforward, therefore omitted.

3.1. Hypersoft Saddle Point

Definition 3.13. Let yy_ be the hypersoft payoff function of a
tphs-game [, = ([, & x ®). If the following conditions hold
then yHK(l, i) is said to be a hypersoft saddle point value and
(1,1) is said to be a hypersoft saddle point of Player « in this
tphs-game.

L U;;l:l Vi (o lg) = v (L),

2. r-122:1 Vi (oo lg) = v, (1D).

Example 3.14. Let R = {04, 0, 03,04, 05,06} be a set of six
laptops (with different features) under consideration. We
consider the attributes and their corresponding attribute
values as

a, = operating system  and
Linux, 3 = Mac}

a, = hard drive and U, = {x? = HDD, »3 = SSD}

a; = RAM and ¥; = {»} = low, x5 = medium, »3 = high}

a, = processor and W,={3x{ = Dual core, x5 = AMD, x5 =
Quad core}

as = screensize and Us={x] = small, %5 = medium,»3 =

Ay = {x} = Windows, »} =

large}

Two experts (Player 1 and Player 2) are appointed by two
companies that product each of the 6 laptops. Each of the
players determines the strategies and then considering the
other player's strategy, determines the payoffs for her/his own
strategy. These payoffs indicate which laptops of the company
(that appoints the player) will profit according to the
determined strategy. Note that the players create payoffs as a
result of evaluation of data, rating, survey, etc.

Assume that the strategy sets of Player 1 and Player 2 are
respectively

L= (”1»”1'”23»”1»”1) L = (”1'”1'”2'”1'”3) ‘

I3 = (%1,%1,}{3,}{1,}{1) ly = (Hl,}(l,}(g,}(l,}f3)
%_

ls = (%2,;{1,;{2,;{1,%1) lg = (}(2,}(1,}(2,%1,%3)

L = (g, u2, 55, 1, 7)), lg = (Hz,xl,xg,ul,u3)J

i — 1 2 3 4 5Y 7 — 1 2 3 4 5
I3 = (”1r”1r”3’%1’%1);l4 =My, My, U3, M1, H3

Vo] 32 33 4 5 V. — (41 3,2 3 34 .5
® = L = (”1»”1'”2'”1r”1)r12 = (”1'”1'”2'”1f”3)f}

Based on the above strategy sets, Table 6 presents the tphs-
game of Player 1.

Table 6. Tabular structure of the tphs-game of Player 1.

fx ll lz lg 14

L {02, 03} {02, 06} {03} {02, 05}
1, {02} {03,06} {04} {04}

I3 {03} {03} {03} {os}

ly {05} {04} {02, 04} {04, 05,06}
Is {os} {03} {02} {o1, 02}
le {03, 05} {06} {06} {04, 06}

l; {02,03,05} {01,0%,03,0%} {02,03,04,05}  {0%,03,04,05}

lg {02, 05} {06} {02} {0, 03}

From Table 6 created for the tphs-game of Player 1, we can say
that if Player 1 selects the strategy [; when Player 2 selects the
startegy [; then the laptops o and o3 of company (of Player 1)
will profit (according to that of the other company). In this case,
it is obvious that the laptops ¢, and o5 of the company (of
Player 2) will cause loss (not profit). Other payoffs can be
interpreted similarly.

Since the first player of this game (i.e. creating the Table 6) is
Player 1, this player will consider the maximum profit. In
contrast, Player 2 will also aim for a minimum loss when Player
1 makes (maximum) profit.

By Definition 3.13, we determine the following results

U§§=1 VHK(lpr Z1) ={03,03} U {0y} U{o3} U{os} U {os} U

{03, 05} U {07, 03,05} U {0y, 05} = {07, 03,05},

U§=1 VHK(lpJ lvz) ={01,0%,03,04,05,06}, U2=1 VHK(lpJ lv3) =
{02, 03,004,075, 06}, U§=1 }/HK(lp'LL) = {04, 0%, 03,04, 05,0}

and

Ng=1 VHK(llr Zq) = {0,031 n{oy, 06l n{os}n{or, 051 =0
Na=1Vm (2. 1g) = 8, NGorvu, (I [g) = 8, NGy vi (L L) = @,
Na=1¥u(Is. 1) =0 Néz1vu, (e ly) =8, Nio1vu(llg) =
{02, 03,05}, né=1 VHK(ZSr Zq) = 0.

Clearly, it is seen that US_, vy, (Ip,[1) = Ni—yva, (17.1;) =
{02, 03,05}

Since the intersection of the seventh row is equal to the union
of the first column, therefore (I,,[;) is the hypersoft saddle
point and {o4, 03,05} is the hypersoft saddle point value or
simply value of this tphs-game. Consequently, Player 1 chooses
the strategy I, for maximum profit and then Player 2 chooses I;
for minimum loss (when Player 1 makes maximum profit). The
laptops ¢, 03 and ¢ are the maximum profit for company (of
Player 1) and the minimum loss for company (of Player 2) when
the company (of Player 1) makes maximum profit.

Note 2. Every tphs-game has not a hypersoft saddle point. Let
us explain some situations where hypersoft saddle point will
not be found using Table 6.

(i) From Table 6, it is obvious that US_, vy, (Ip, [1) = vu, (17, 1),
Ug=1 VH,((lp, lv1) c VH,((I% lvz), Ug:1 ny(lpr Z1) = }/HK(I% lv3) and
Up=17u,(Lp, 1) = vu, (17, 1), but Uy v, (. 1) € vu, (10 )
for alli=1,..,8 and j=1,..4. Hence, if for all gq
Us_1vi, (1p,1g) € v, (1) for alli=1,..,8 and j=1,..,4
then the hypersoft saddle point value cannot be found. That is,



if ngl yHK(lp, Zq) for all q is not equal to or a subset of any of
the components in Table 6 then the hypersoft saddle point
value of this hypersoft game cannot be found. Now, we replace
the first column-seventh row entry by {¢+, 03, 05,06} then we
have ngl yHK(lp, Zl) = {04, 03,05, 0¢}. Also, we know that
U§=1 VHK(lp: Zz) ={01,02,03,04,05,06}, U§=1 VHK(lp' Z3) =
{02, 03,04, 05,06} and Ug=1VHK(lp:Z4) = {01, 02,03,04,05,06}.
It is clear that Ug=1 yHK(lp, Zq) for g = 1,2,3,4 are not equal to
or a subset of any of the components in Table 6 (i.e,
ngl yHK(lp, Zq) o yHK(li, Zj) for g = 1,2,3,4 ). Thus, we can say
that the hypersoft saddle point value of this hypersoft game
cannot be found. On the other hand, it is easily seen that we
have US_; vu,(Ip,[1) # Ni=1 v, (17, 1;) when we replace the
first column-seventh row entry by {¢,, 03, 05, 06 }-

(i) If ﬂg=1 yHK(lp, Zq) = @ for all p (i.e, if the intersection of the
components in each row of Table 6 is the empty set) then the
hypersoft saddle point value cannot be found. Now, we replace
the first column-seventh row entry by {04, 0} then we have
N3=1vn,(17.1;) = @. Also, we know that N3_; vy, (I [;) =@
forp = 1,2,3,4,5,6,8. Then, we can say that the hypersoft saddle
point value of this hypersoft game cannot be found.

Definition 3.15. Let I, = (I, & X ®) be a tphs-game over a
given universal set R, where y, _be a hypersoft payoff function.
Then, we define the following:

1. The hypersoft upper value of the tphs-game ', is denoted by
A and described as

= JomaD) (5)

leG \ l€F
2. The hypersoft lower value of the tphs-game [, is denoted by
A and described as

a=|] <ﬂ(m(l, i))) 6)

leF \e6

3. If hypersoft upper and lower values of the tphs-game [', are
equal, i.e. A = A, then they are termed to be the value of this
tphs-game, denoted by A.

Theorem 3.16. Let [}, = (T,, & X ) be a tphs-game over a
given universal set R, where yy _be a hypersoft payoff function.
Also, let A and A be considered as hypersoft lower value and

hypersoft upper value of the tp-hs-game [, resp. Then, A € A

Proof. Suppose that [}, = (T, § X ®) is a tphs-game, where® =
{1y 1} and 6 ={l, 1, ... [} (1 < 53,5, <n) be the
strategy sets for Player 1 and 2, respectively. Also, we assume
that A and A are hypersoft lower value and hypersoft upper
value of this tp-hs-game, respectively.

We take I* € § and [* € ®. Then, we obtain that

A = Useg (nie® (Y‘E;x(ﬁ(l' Z))) € Nies (Vﬁx(ﬁ(l#' Z)) =

vexo (1%, 1*) S Uieg (Vgx(ﬁ(l» Z#)) = Nies(Uies(rxs (L D))=A
Thus, proofis completed.

Theorem 3.17. Let [}, = (T, § X ®) be a tphs-game. Also let
yHK(l,T) be a hypersoft saddle point, A and A are hypersoft
lower and upper values of this tp-hs-game. Then, A S
yu (I 1%) € .

Proof. It can be shown in a similar way to the proof of Theorem
3.16. So it is omitted.

3.2. Hypersoft Elimination Method

Definition 3.18. Let [’ be a tphs-game with its hypersoft payoff
function yy, . Then, (for each k = 1,2)

1. a strategy [, € § is said to be a hypersoft dominated to
another strategy L,r € § if for all leo,

VHK (lp’r Z) S ny(lpJ Z) (7)

2. a strategy qu € ® is said to be a hypersoft dominated to
another strategy iqr € Gifforalll € g,

VHK(I' Zq) S yHK(lJ Zq') (8)

Note 3. By using Definition 3.18, we may delete the rows and
columns that are insignificant for the tphs-games, and
repeating this method leads to a solution of a tphs-game. This
technique is termed as a hypersoft elimination method.

Example 3.19. Let us consider a problem for determining the
best site where two building contractors can build their new
apartment complex in the following: Suppose R =
{04, 09, 03, 04, 05, 0, 07} denotes the set of sites which can be
selected by the building contractors to build the new apartment
complex. The choice of site is important, both for the progress
of the construction process of the apartment complex and for
the future profit, and therefore two contractors engage in a
strategic game to determine the best location for their new
apartment complex. In other words, they act as actors in this
evaluation process. By considering the following multi-valued
attributes, two building contractors (Player 1 and Player 2)
determine their own strategies in this evaluation (game)
process.

a, = physical feature and Ay = fed =
regular in shape, n} = exact boundaries, #3 = facing S —

N direction}

a, = soil condition and U, = (%% = clay, #? = sandy, % =
rocky}

az = locality and A = {33 = near hospital, x5 =
crowded, 3 = near bank,»j = good neighbour}

a, = cost (indollar) and A, = {3} = 5000 — 10000,x5 =
3000 — 5000,% = 10000 — 12000}

Player 1 determines the strategies as l; = (31, #2,33,%%), [, =
ez, 23,43, 10), L3 = (3,03, 3, 11), Ly = (3,3, 3, %7), and
thus creates the strategy setas § = {l3, 1, I3, 4 }-

Player 2 determines the strategies as [; = (3},%2,%3, 1), [, =
Gtk 3,13, 12), I3 = (uh, n3,13,#%), and thus creates the
strategy setas & = {I},1,,[5}.

Then, tphs-game of Player 1 is given as in Table 7.



Table 7. The tphs-game of first building contractor (Player 1).

Iy I, [ I;

Iy {01, 03} {o3} {os}
l; {01, 02} {01} {o1, 03}
I {01, 04,05} {01, 05} {06}

L {01,09,03,04,0506} (01,0305} {01, 03,05, 06}

The second column is dominated by the first column. Therefore,
the first column is deleted from Table 7. Then, the last row
dominates each of first, second and third rows and so these
rows are deleted. As a result, Table 8 is created as follows:

Table 8. The reduced form of tphs-game of Player 1.

l {o1, 05,06} {04, 03,05, 06}

The first column is dominated by the second column in Table 8.
By deleting the second column, we obtain the solution (optimal
strategy) (L4, [,) and the value of this tphs-game is {¢, o3, 05}

Note 4. (i) In Example 3.19 (for Table 7), if we use hypersoft
saddle point method then we obtain the solution (optimal
strategy) (L4, ;) and the value of this tphs-game is {¢, o3, 05}
(ii) If we take Table 9 instead of Table 7.

Table 9. The tphs-game of first building contractor (Player 1).

Iy I I I;

Iy {01, 03} {o3} {02}
I, {01, 02} {04} {06, 07}
I3 {01, 04,05} {01, 05} {oe}

L {01,09,03,04,0506} (01,0305} {02, 06,07}

Then we cannot obtain a solution using hypersoft saddle point
method (considering Note 2 (ii)). For this tphs-game, the
hypersoft elimination method can use and the solution is
obtained.

(iii) We consider the tphs-game in Table 6. We have a solution
(optimal strategy) using hypersoft saddle point method.
However, it is easily seen that the hypersoft elimination method
cannot be used for this tphs-game. Because each column does
not dominate any other column and each row does not
dominate any other row.

3.3. Hypersoft Nash Equilibrium

In this part, we describe hypersoft Nash equilibrium, which is a
different solution method for the tphs-games.

Definition 3.20. Let I, be a tphs-game with its hypersoft payoff
function yy, for k = 1,2. If the following features are satisfied
then (I*,1*) € § x G is said to be a hypersoft Nash equilibrium
of the tphs-game [

Lyy,(LI*) S yy, (1%, 1#) foreachl € §

2.yu, (1%, 1) € vy, (1%, 1*) for each [ € &

Note that if (I*, [*) € § x ® is a hypersoft Nash equilibrium of a
tphs-game then Player 1 can gain atleastyy, (l#, Z#) by choosing
the strategy I* € ¥ and Player 2 can gain at least v, (I*, [*) by
choosing the strategy [* € ®. So the hypersoft Nash equilibrium
is an optimal action for the tphs-game, and thus ]/HK(Z#, Z#) isa
solution of the tphs-game for Player k (x = 1,2).

Note that the example of hypersoft Nash equilibrium will be
given for multiplayer in the next section, so it is avoided in this
subsection.

3.4. An Application for Combination of Solution Methods

Now, we give an application for the combined use of the
hypersoft elimination method (or hypersoft dominated
strategy) and hypersoft saddle point method.

Example 3.21. Let us consider the problem in Example 3.19.
Also, we take the tphs-game of Player 1 in Table 10.

Table 10. The tphs-game of first contractor (Player 1).

I I I I3

L {01, 03} {o3} {o7}

L, {o1} {o1} {01, 03}

I3 {01, 03,05} {o1, 05} {os}

l, {01, 03,05} {01, 03,05} {01, 03,05, 06}

We try to solve this problem using both hypersoft dominated
strategy and hypersoft saddle point methods.

The first column is removed from Table 10 because this column
dominates the second column. Then, since each of second and
third rows is dominated by the fourth row, these rows are
deleted. As aresult, Table 11 is constructed as follows:

Table 11. The reduced form of tphs-game (in Table 10).

Iy I, I;
L {os} {o7}
L {01,03,05} {01, 03,05, 06}

There is no another hypersoft dominated strategy in Table 11.
Now we can use hypersoft saddle point method.

From Table 11, we compute Up-q4 }/Hl(lp, lv2)=yH1(l1, Zz) V]
VH, (Ls, I)={o3} U {01, 03, 05)={01, 03, 05},

Up=14 VHl(lpJ Z3)={ 01,073, 05,06,07}, Ng=23 yHl(llvlvq)zq)v and
Ng=23 VH, (14: Zq)={01:(’3:(’5}-

Then, it is seen that U,—q4 yHK(lp,Zz) = Ng=23 }/Hx(l4, lvq) =
{01, 03, 05}. Thus, we say that the optimal strategy of the tphs-
game [j is (14, ZZ) and the value of the tphs-game is
{01, 03,05}

Note 5. In Example 3.21, if we use hypersoft saddle point
method then we obtain the optimal strategies of the tphs-game
[y are (14, Zl) and (14, ZZ) and the value of the tphs-game is
{01, 03, 05}. But since the second column is dominated by the



first column according to the dominated strategy method, it is
obvious that it would make sense to choose (l4, Zz) as the
optimal strategy. In such cases where the optimal strategy is
more than one, changing the method or using them together
will bring us closer to the real/convincing solution. This is how
we can determine which solution method to use.

Note 6. From Notes 2,4, and 5, we can say that when the
optimal strategy (solution) of the tphs-game cannot be found
using any of the proposed solution methods, this does not mean
that there is no optimal strategy. In such cases, the optimal
strategy should be sought by using a different solution method
or combining the solution methods. The same is true for
reducing the number of optimal strategies if the number of
optimal strategies is more than one, and for determining the
convincing optimal strategy. The path to be followed for the
selection of the solution method(s) should be determined
according to the data presented in the tphs-game.

4 n-person hypersoft games
In many real-world applications, the hypersoft games can
sometimes be played between three or more players.
Therefore, tphs-games can be extended to n-person hypersoft
games (in short nphs-games).

Definition 4.1. Let R be an alternative set. Also, let &, =
{l, 1y, s } (1 < s < n) be asetof strategies of Player k (k =
1,2,..,n) and yg: Q=1 & = Pow(R) be a hypersoft payoff
function of Player k where ®@%_; & = &1 X & X ....X §p. For

each Player k, an n-person hypersoft game (nphs-game) over R
is defined by a hypersoft set given as

= ([®k-1 )
={( oy oy bpgr i by ) Ve (U Ly p s 1y D)
(p by oy lp,) E@R=y T} 9)
The nphs-game is played as follows. Suppose that Player 1
chooses a strategy lp1 € &; and simultaneously Player p (u =
2,3, ...,n) chooses the strategy lpu € Fu (u=23,..,n). When
the n players interact, then each Player « (x = 1,2,3,...,n)
receives the hypersoft payoffs yHZ(lpl, lpz'lps""ll’n) of

hypersoft game [\

Definition 4.2. Let
F=((p by by by ) VT L Ly Dy )
(lpl; lp2' lp3r tey lpn) E®;rc"=1 %}K}
be an nphs-game. Then, a strategy lpx € & is called a hypersoft
dominated to another strategy [, € §, if

Vi oo by bl el
Vel olp ploolo,peoloy) (10)

for each strategy [, € §; of Player 7 (t =1,2,..,k — LKk, k +
1,..,n).

Definition 4.3. Let

f,?={((lp1,lp2,lp3,..,lpn),yH;l(lpl,lpz,lpy..,lp )
Up ol by, ) E®T=y T
be an nphs-game. If for each player k¥ = 1,2,..,n, the following

property hold

n

P Bl B )
& Pl B 18 a1

for each I, € &, then (Ij , 15 ,.., 1 ) EQ_; Fy is said to be a

hypersoft Nash equilibrium of this nphs-gamel’?.

Note that if (15,15 ,..,15 ) EQR-; & is a hypersoft Nash
equilibrium of an nphs-game then Player 1 can gain at least
yul(h,,15,,.., 1% ) by choosing the strategy I5 € &, Player 2
can gain at least y,2(15 ,1f ,.., 15 ) by choosing the strategy
lgz € &,, and for each u = 3,4, ...,n Player u can gain at least
yHZ(lgl, lgz,..,lgn) by choosing the strategy lgu € §y- So, the
hypersoft Nash equilibrium is an optimal action for the nphs-
game, and thus y, (5,15 ..., 15 ) is a solution of the nphs-

game for Player k (x = 1,2, ..., n).

Now, we consider the following example for hypersoft Nash
equilibrium of an nphs-game.

Example 4.4. Suppose that three restaurants in a city, such as
Player 1, Player 2 and Player 3, want to increase the number of
customers competitively. Let R = {04 = chicken dishes, o, =
meat dishes, o3 = fish dishes, ¢, = juicy dishes, 05 =
vegetable dishes} be a set of varieties of dishes on the menu of
all three restaurants. By considering the following multi-valued
attributes, Player 1, Player 2 and Player 3 determine their own
strategies for this game.

a; = flavour and A, = (] = taste, x} = smell}

a, = presentation and U, = {x? = service, u3 = attitude}

a; = performance and Us = {33 = price, #5 = time}

Player 1 determines the strategies as l;, = (x{,#%,%3), l;, =
(1, %3, #3), and thus creates the strategy setas §; = {l;,,l,}.
Player 2 determines the strategies as l,, = (1, #%,%3), I, =
(1, %3, #3), and thus creates the strategy setas &, = {l,,, 1> }.

Player 3 determines the strategies as I3, = (s, #3,%}), I3, =
(3,13, 13), I3, = (s, #%,%3), and thus creates the strategy set
as ¥3 = {l3,,l3,, I3, }-

Then, 3phs-games of Player 1, Player 2 and Player 3 are
presented in Table 12.

10



Table 12. The 3phs-games of Player 1, Player 2 and Player 3.

The 3phs-game I, L2,
of Player k I3, L3, 5 L3, L3, L3,
f'13 111 {o1, 04,053 {o1, 05} {02,04,05} {o1, 04} {os} {ou, 05}
(forx =1) ly, {o3, 05} {o1, 03,05} {os} {02, 05} {02, 04, 05} {o3}
f23 111 {o3} {02, 04,05} {o1, 02,05} {o1, 04,05} {01, 04,05} {03, 05}
(fork =2) ly, {02, 04,05} {o1,05} {o1,02} {o3,04} {o1, 05} {o3, 05}
f33 111 {o1, 03} {02} {o1, 04,05} {o1} {01, 03,05} {03,043
(fork =3) L, {ou, 05} {o1, 04,05} {o4} {02, o5} {o3,04} {04}

From Table 12, we obtain that

Lyud(li, o, 13,) € vl (i, o, 1s,) foreach [y, € 4 (s = 1,2)

(That is, VHi(lll: 121»132) ={o1,05}) € YHi(llzi bz, 132) =
{o1,03, 05} and VHf(lh»lzl: 132) = YHi(llzi lzl' 132) =
{o1,03,05})

ii. yy3 (L, oy 1s,) € vuy(liy, Lo, 13,) foreach [, € & (t = 1,2)
ii. yHg(llzl lzl, l3y) c }/Hg(llzﬂ lzl, l32) for each lzv € %1 (U = 1,2)

then (L, 1, 13,) €®j—; Fy is a hypersoft Nash equilibrium of
VH?(IW 121: 132) = {01,03,05},
}’H;(lhrlzl; 132) = {¢1,05} and VH%(ZW lzll 132) = {0y, 04,05} is
the solution of the 3phs-game for Player 1, Player 2 and Player
3, respectively. That is, Player 1 can gain at least {¢4, 03, 05} by
choosing the strategy l;, € &, Player 2 can gain atleast {07, o5}

this  3phs-game. Hence,

by choosing the strategy [, € &, and Player 3 can gain at least
{01, 04, 05} by choosing the strategy I3, € §3. Here, for example,
the sentence “Player 1 can gain at least {¢4, 03, 05} by choosing
the strategy l;, € &,” means that if the first restaurant (Player
1) chooses the strategy I;, = (x4, #7,3) (i.e. gives importance
to taste, service and time) then it can find/attract more
customers for the dishes {o4, 5, 05} than other restaurants.

Note 7. Considering the formula (Eq. (1)) in Definition 2.8, a
ratio for each player in Example 4.4 to win from this game can
also be given. For example; for Player 1, Player 2, and Player 3

in Example 4.4, it is obtained as % = % = 0.6 (60%),

W'FTT’}' = 0.4 (or 40%) and % = 0.6 (60%), respectively.

5 Conclusions

In this article, the notion of the hypersoft game was newly
introduced to address multi-valued attribute-based strategies
with hypersoft payoffs. Then, we presented the tphs-games and
their various properties with concrete examples. We also
proposed different types of solution methods for the tphs-
games and gave a real-life application based on the hypersoft
elimination method. Finally, the tphs-game was extended by

introducing the nphs-game. In conclusion, the main
contributions can be summarized in the following.

(1) The procedures of tphs-games are established and the
properties are adressed. Thus, the solution methods
are developed for two-person soft games containing
multi-valued attribute-based strategies, that is, the
solutions can be obtained for complicated game
theory problems in the soft set environment. In the
other words, soft game theory is advanced from a
different perspective based on multiple strategies.

(2) When hs-games are played between three or more
players, it is discussed how to follow the solution
steps and thus the principles of the nphs-game are
presented. This provides the freedom to have as many
players as desired in hs-games.

We hope that the findings in this study will offer new
perspectives to researchers addressing various real-world
problems. In the future, we may consider some possible studies
in more detail. To more accurately express the thinking mode
of human beings, we can develop some new extensions of
hypersoft games, such as fuzzy hypersoft games, intuitionistic
hypersoft games, neutrosophic hypersoft games, pilthogenic
fuzzy hypersoft games. We can also study uncertainty-based
hybrid forms of hypersoft game theory and their applications.
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