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Abstract

Herein, we further contribute and promote topological structures via bipolar hypersoft (BHS) setting by intro-
ducing new types of maps called BHS continuous, BHS open, BHS closed, and BHS homeomorphism maps.
We investigate their characterizations and establish their main properties. By providing a thorough picture of
the proposed maps, we investigate the concept of BHS compact space and obtain several results relating to this
concept. We point out that BH compactness preserved under BH continuous map. The relationships among
these concepts with their counterparts in hypersoft (HS) structures are discussed.

Keywords: BHS continuous map; BHS open map; BHS closed map; BHS homeomorphism map; BHS com-
pact space

1 Introduction

Molodtsov! introduced soft sets, a new mathematical method for dealing with vagueness, in 1999. Many
scholars and researchers have researched soft set applications in various fields such as decision-making 2 fore-
casting,® computer science,* data mining,” and medical diagnosis.®

In a variety of everyday problems, parametric values are further separated into sets of disjoint attribute-values.
Existing soft set theory is inadequate for dealing with attributive-valued sets. To tackle real-life scenarios, HS
set theory,” defined by Smarandache in 2018, was specifically designed to make soft set theory in keeping
with attributive-valued sets. Certain properties, operations, laws, relations, mappings, and applications of HS
set theory and its extensions were discussed in>?!' The utilization of HS set theory in defining hypersoft
topological space (HSTS),? HS connected spaces,? HS separation axioms,>* HS continuity and HS compact
spaces> were also explored.

Recently, Musa and Asaad“® proposed the concept of BHS set. It consists of two HS sets, one that provides
positive information and the other that provides negative information. Under BHS set environment, they
defined set-theoretic operations and discussed some of their properties. This concept was used by Musa and
Asaad to define bipolar hypersoft topological space (BHSTS) in2Z Many subsequent research, such as BHS
connected spaces<® and BHS separation axioms,>**" have looked at topological notions in bipolar hypersoft
topologies (BHSTs). The authors?! defined mappings between BHS families. In order to contributes to this
concept we define, in this article, continuity and compactness in the context of BHS sets.

This article is presented as follows: BH set theory and BHST are discussed first. Section 3 introduces and
investigates BHS continuous, BHS open, BHS closed, and BHS homeomorphism maps, which are all new
types of BHS maps. In section 4, we study BHS compact space and discuss some of its characteristics.
Finally, in section 5, we conclude the paper and make recommendations for further research.
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2 Preliminary Concepts

2.1 Bipolar Hypersoft Sets
Throughout this work, f denotes the universal set; 2% denotes the set of all subsets of &, and ¥ denotes the
universal parameter set where ¥ = 01 X 02 X ... X o, With0; No; = @ and i # j. Also, A, A C 3.

Definition 2.1. % A triple (g, 7, A) is called a BHS set over i, where g and g are mappings given by g : A —
2% and g : =A — 2% such that g(¢) N g(~¢) = p forall £ € A.

We write (g,4,A) = {(£,g(£),4(—¢)) : £ € Aand g(¢) N g(—¢) = ¢}
The collection of all BHS sets on # with the set of parameters ¥ is denoted by Uy ).

Definition 2.2. ““ Let (41, 41, A), (42,42, A) € U(g,5)- Then

e

i. (g1,41,A) is a BHS subset of (g2, 42, A), denoted by (41,71, A)
52(0), g2(=0) C g1(—¢) forall £ € A.

(g2, 42, A), if A C A and g1 (¢) C

ii. (41,41,A)and (g2, fo, A) are BHS equal, if (g1, 71, A) C (g2, Jo, A) and (g, 2, A) € (g1, 41, A).

iii. If g1(¢) = ¢ and g1 (~¢f) = R forall £ € A, then (g1, 41, A) is called a relative null BHS set and denoted
by (®, R, A).

iv. If g1(¢) = R and g1(~¢) = p for all £ € A, then (41,41, /) is called a relative whole BHS set and
denoted by (R, ®, A).

v. The complement of (ﬂl,.HAl,A) is a BHS set (ﬂl,gﬁ,/\)c _ (ﬂf7ﬂAlc,A) where gé(f) — g?(%) ind
G1°(=0) = g1(0) forall £ € A.

vi. The union of (41,41, A) and (g2, g2, A), denoted by (g1, 41, A) 0 (42,42, A), is a BHS set (g,4,C),
where C = AN Aandforall £ € C: g(¢) = g1 (£) U g(¢) and g(—£) = g1 (=€) N go(—L).

vii. The intersection of (g1, 41, A) and (g2, g2, A), denoted by (g1, 71, A) A (42,42, D), isaBHS set (g, 4, C),
where C' = AN Aandforall £ € C: g(¢) = g1(£) N g2(¢) and g(—€) = g1(—4) U go(—0).

Definition 2.3. >’ Let (g, 4, %) be a BHS set over i and Y be a non-empty subset of . Then the sub BHS
set of (4,4, %) over T denoted by (g, gr, %), is defined as follows:

gr(0) =Y Ng(¢) and gr(—f) = T Ng(—L), foreach £ € X.

Definition 2.4. U Let 4 : ® — X be an injective map. Let § : ¥ — Y and A : =% — —Y be two maps such
that A(—€) = =d(¢) for all =¢ € =X and W55 : U(p,z) — Uy 5 be a BHS map. Then:

1. The image of (4,4, A), U.sx((4,4,AN) = (P150(9), Trsr (), ) is a BHS set in U x5 given as, for

allf e %
’ . i ~1(¢
U.sn(9)(6) = { v (Ueeéfl(@mé]w» , ifo (.4) NA#e
©®, otherwise
1 7 (= i —1(4 j -
Vo (G0 = 7 (ﬂﬁeex—l(ﬁzmﬂé]( 3)) , ifA (’ ) N-A#
N, otherwise
https://doi.org/10.54216/1JNS.190209 96
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2. The inverse image of (f,/?, A), \11;61/\((](,]?, A)) = (\11;51/\ (). \I/;(Sl)\ (]A[), ¥) is a BHS setin Uy x) given
as, forall / €

sz ={ U0 B0

o~

Sy = { TG, A0 € -4
Y NIS0 {% 0

Definition 2.5. *!' We call a BHS map V.5, BHS surjective (resp., BHS injective, BHS bijective) if the maps
~ and § are surjective (resp., injective, bijective).

Proposition 2.6. If V.55 : O o) — U(N %) is a BHS bijective map, then \Il;;lA : U(N 5 — Opx) isalsoa
BHS bijective map.

Proof. Let (fl,ﬁ, ¥ £ (fg,ﬁz, Y e U w5 Since Vo, is a BHS bijective map, then there exist )

# (g2, o, %) € O(g,x) such that Uosa(g, g1, %) = (fl,fl, and \I/A,(;,\(gg,gg, (ﬁ;,fg, Y). Also, we
have (.. 5) = W (i, ) and (92,30 5) = W (. for ). So. WM. D) # W3 o o 5
and \11;51/\ is BHS injective map. Now, let (g, 4,%) € U(g x). Then, there exists (f,f, ZAE O x5 such that

Vosrx(g,4,%) = (f,?, %). Since W5y is BHS injective map, then (7,7, %) = \If;(;l/\(f,f, %)) Hence, \Ifn/élA
is BHS surjective map. Consequently, \11;51)\ is BHS bijective map. O

Definition 2.7. Let W55 : O,y — O (x,5) and G5y : 6(&,2’) — 0 be two BHS maps. Then

(M%)
the BHS composite map O.5x © \II,Y(;)\ Oy — G(Mé is defined by (B4 © Vos2) (4.4, %)

0,57 (U157 ((g.9,%))) for (4,4, %) € U x).

Proposition 2.8. Let V.55 : Un ) — U(N ) and ©s) : U(N %) = (&) be BHS bijective maps. Then

(M%)

O45x 0 Vosx : Uy = O is also a BHS bijective map and (©5x 0 U.50) "1 = \If;é/\ ) 6761>\'

(M%)

Proof. Let (51,2]\1, ) # (P22, %) € U(§R s). Since W,;) is BHS injective map, then \Ilng((‘gl,jl,Z))

#+ \I/ﬂ,,;A((gg,jg, Agam since W5 is BHS surjective map, then there exists (g g>%) € U(n,x) such
that V.51 (g.4,%) = (f, f ). Then, O,5x(Tys1(4,4,%) = (A, A E) and hence @75,\ o W5, is a BHS
surjective map. Therefore, ©5x o W55 is BHS bijective map Next, let (4,4,%) € U(% %) (f f E

U x5 and (ﬁ,ﬁ, E) 0) such that U.s5:(g,4,%) = (f, f ¥) and SN f ¥) = (k, ﬁ E) Since,

(M%)
.5 and ©,5, are BHS injective maps, then (5,272) = \11;5/\(f,f7 %)) and (f,ﬂZ‘) = @;61)\(,4, ﬁj)).

Now, (0451 © ¥352)((4:4, %)) = ©yx (V101 (4,4, 1)) = 016 (f.f.5) = (£, £, %). Since, ©,5, © W5
is BHS injective map, then (@75,\ 0o Uysn) (A, R,%)) = (9,4,%). Also, (\11;51)\ o @;61/\)((,5, A,Y)) =

\11;53( W((ﬁ ﬁ 2 W ((f, f %)) = (4,7, %). Hence, (6,53 0 Uosy) ! = \117_51)\09551)\. O

2.2 Bipolar Hypersoft Topological Spaces

Definition 2.9. % Let Ty be the collection of BHS sets over R, then Ty, is said to be a BHST on R if

1. (®,R,%), (R, ®, ) belong to Tx;

2. the intersection of any two BHS sets in 7y belongs to Ty;

https://doi.org/10.54216/1JNS. 190209 97
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3. the union of any number of BHS sets in Ty belongs to 7.

Then (R, Tr, X, -X) is called a BHSTS over .
Definition 2.10. 2” Let (R, Tx, ¥, -X) be a BHSTS over % and Y be a non-empty subset of ;. Then

T = {(ﬂTagT>E) | (372’ E) éT?R}

is said to be the relative BHST and (Y, .., 3, =) is called a BHS subspace of (R, Ty, X, =X)
Definition 2.11. >/ Let (R, Tx, X, %) be a BHSTS and (g, 4, %) be a BHS set over . Then:

1. the intersection of all BHS closed supersets of (g, 4, ) is called the BHS closure of (4,4, %) and is
denoted by (4,4, %)
2. the union of all BHS open subsets of (g, g, %) is called the BHS interior of (g, 4, %) and is denoted by
@727 )¢
Proposition 2.12. *Z Let (R, Tg, 2, =X) be a BHSTS over R. Then the collection T# = {(9,%) | (4,4, %) E
Tw} defines hypersoft topology (HST) on .
Proposition 2.13. %7 Suppose that (R, T,%, %) is a HSTS over R. Then Ty consisting of BHS sets (4,4, %
such that (g,%) € Ty and g(—£) = R\ g(¢) for all ~¢ € —Y., defines a BHST over R.

Definition 2.14. > A HS map U5 : (R, T3¢, %) — (R, 7%, %) is said to be HS continuous if \If;él((f, ) e
T3k for every (f, %) € T

Definition 2.15. 2 A HS map U5 : (R, 72, %) — (R, T, %2) is said to be:

1. HS open if the HS image of every HS open set is HS open.
2. HS closed if the HS image of every HS closed set is HS closed.

Definition 2.16. 25 A HSTS (R, 73, ¥) is said to be HS compact space if each HS open cover of (&, ) has
finite HS subcover.

3 Bipolar Hypersoft Homeomorphism Maps

BH continuous, BH open, BH closed, and BH homeomorphism maps, which are novel types of BHS maps,
are discussed in this section. We look into their descriptions and look for key characteristics.

Deﬁnltlon 3.1. A BHS map W55 : (R, T, 2, -%) — (R, Ty, ¥, -3) is said to be BHS continuous if

o ( (ff ) E’Fyeforevery(ff ¥) € Tn.

Example 3.2. Let r = {’I“l,?“g,rg)} and N = {771,7]2,773,774} be two sets, o1 = {£1,€2,€3,£4},0’2 =
{ls},05 = {ls}, and oy = {€1,0a,03,04},09 = {l5},05 = {€s} be sets of parameters, 7 : N — Nbe
a mapping defined as v(r;) = n; for i = 1,2,3, the mapping 6 : ¥ — X be defined as §((¢1,¢5,%5)) =
6((62765746)) = (81765766)’ 5((63765366)) = (637853‘66)’ 5((£47£5»‘€6)) - (€4a£57£6) the mapplng A
—Y — —X be defined as A\(—¢;) = —6(¢;) for i = 1,2,3. Let Tp = {(P, R, 3), ( (R, ®,%) ), (9,4.%)} and

Te = {(D,R, %), (X, D, ), (f,]?, )} be two BHSTs defined respectively on ) and X where (9,4.%) and
(f,f,%) are BHS sets defined as follows

(g g’ - { (£17€5a€6) 2 {T3}) ((621&5756)7@7 {T3})’ ((637‘&5766)) {7‘1},{7’3}), ((84765166)79@ 3?)}’ and
(_ff Z _{ 61’65766) {774} {773} (([2’%5,[6)’{n1}7{772})’(([37(57[6)’{771}’{7737774})’(([436/5;6/6%9072\2)}'

Then, it is easy to see that U5 : (R, T, X, %) — (X, Ty, 3, —\Z) is BHS continuous map.
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Proposition 3.3. Let V.55 : (R, Tx, X, %) — (N, Ty, 3, ﬁZ) be a BHS map, then the following statements
are equivalent:

i. Uysx is a BHS continuous map.

ii. The BHS inverse image of each BHS closed set is BHS closed set.
iii. W2 (f.F.5) N (ffz Yforall (f,f,5) E (R, @, 5).
v U ((5:5.%) £ ‘Pwax((ﬂﬁ’ %)) forall (4,5, %) E (R, @,5).

V. 'yé/\ (f f E 75)\ (][ f E for all (.f?,?v Z/:) i (F&a (I)’X/:)

Proof. (i) = (ii.): Let (f,/,%) be a BHS closed set in (8, 7, 2, -%). then UL ((F,£,%))° is a BHS
open subset of (R, ®, ). But, ‘1/;51)\((7(,]?, ) = w/\ ((f, f 32)))¢, then W;;A((f,]?, 3))) is a BHS closed
subset of (R, @, X).

(ii.) = (iii.): Obviously, (£, £, %) is a BHS closed subset of (R, ®, ). From (ii.), ¥~} ((f.f, %)) is a BHS
closed subset of (%, ®, ¥) and hence \I/,;;A((f,f, »)) = \I/;(;l)\((f,?, 33)). Obviously, (f,]?, »)E (f,]?, 5)
and lll;ﬁl)\((f7f72,)) E \I’;ﬁl)\((f7f7 Z’)) Then, \II;&I)\((f7f’ Z,)) E \I/;(Sl)\((,f,fﬂz,)) = \I/;(Sl)\((fafa 2)) =

NGB )

(iii.) = (iv.): Let 4.4.%) i (R, ®, %), then \IJW;A 9,4.%)) E (R, ® E) From (iii.), \va5>\ (Usr((g,4,%)))
C \IIWD\ (U6r((g: 4 Z))) Then, (27,577 C \1175,\(\1”):5)\((5 %) € 75,\ 5x((g,4,%)))- It follows
that, ¥.5((g,4,%)) C %A(\P;;A(\Ifw 8:4:2) E¥ror((g.5. %)

e

(iv.) = (v.): Let (£, f 2) € (R, ®, ), then apply (iv.) to (f, f 3)¢, we obtain \IJ’chA(\I/,;él)\((][7}, %)e))
’yé/\ pygA(_ffZ HCHCC\IJ,Y(;)\ ;6)\(.{][2 CE(_ffi]c_ (][fﬁuc Thus,

ws)\ (f,f,E )9) CIZ\IIVM (ff E ). Therefore, \IIWD\ (ff E 75}\ (ff Z

(v.) = (i.): Let (£, ]?,i))beaBHS open subsetof(&,@,ﬁ). From (v.), \I/;(sl)\ f, ]A[ $)9) = ;;A (f, ]A( Y)E

»m(ff2 - But, (W5 (.S, %)) "E‘I’;s&(ffi (WA 20 = WL (. £,5)

and \1175/\(f f E ) is a BHS open subset of (§R ®,30). Therefore, \I/.y(”\ is a BHS continuous map.

O

Proposition 3.4. A BHS bijective map \I/w;,\ R, Tr, 2, %) - (N, T, 3, —\E) is a BHS continuous if and
0}’lly lf YO (ﬂ ﬂa 0 E \Il'yé)\ (ﬂ ﬂa for all (ﬂ ﬂv E (%, (I)a 2)

Proof. Let .55 be a BHS continuous map. Let (g, 7, 2) i (STE, P, %), then V.51 ((4,4,%)) é (R, T, 3, -%).
Obv1ously, Usr((g,5 g, )))° is a BHS open in (R, T, %, —%). As, U.55 is a BHS continuous map, then
U5\ (P50 ((4.4,%)))°) is a BHS open in (R, 75%7 ,~%) and (W75, (Vr6x((9.4,%)))%)° =

\I/,;élA (Uasa((g,4,2)))°). Clearly, (¥y5:((4,4,%)))° E U.5x((4,4,%)). As, U5, is a BHS injective map,
then W (9,41 ((9.5. 2)))°) £ (9.5.5) and @%&((%(@i D) = U4 (0 ((5.5.2))
IZ g,4,%)°. Again as W5, is a BHS surjective map, then (¥,5x(g,4,%))° C \If,y(;)\((‘q 4,%)%). Con-
versely, let (f, f %) be any BHS open set in (N, 7§, ,—\Z) then \I/Aﬂs)\ f, f ) € (R,®,%). By hy-

pothesis, (Vs ( W;/\ (£, f ) C Uosx((P 76)\ (f f 3)))°). Since, U.s5) is a BHS surjective map,
then (£, f E = (f, f E E \IJ.Y(;A (\11;51/\ (f,f7 Z . Agaln, since W5, is a BHS injective map, then
https://doi.org/10.54216/1JNS. 190209 99
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\ij;élA((fvaé)) E (\Ij;él)\((f»fv 2)))0 BEt’ (\I/,;;A((][,f, 2)))0 E qj;él)\((f»fv 2)) and so (\ij;élk((fufv 2)))0
= \I/;;/\((f,f, %)). Therefore, W;;A((f,f, %3)) is a BHS open in (R, T, £, ~X) and consequently U.,sy is a
BHS continuous map. O

The next two results are straightforward, so we cancel their proofs.

Proposition 3.5. A BHS map W55 : (R, Tr, 2, 73) = (N, Ty, 3, ﬁi’l) is a BHS continuous map if:

i (N, Ty, s, ﬂE) is a BHS indiscerte space.
ii. (R, Tw,X%,X) isa BHS discerte space.

Proposition 3.6. Let U5y : (R, Tr, X, -X) — (X, Ty, s, —\Z) be a BHS continuous map:

i. If Ty is a BHS finer than Tw, then W5y : (R, Ty, 3, 2%) = (R, Ty, 3, —E) is a BHS continuous map.

ii. If T is a BHS coarser than Ty, then Wo5y © (R, T, Z, X)) = (N, T, 5, —|E) is a BHS continuous
map.

Definition 3.7. Let (R, Tn, X, -X) be a BHSTS. A subcollection 5 of Ty is called a BHS base for Ty if every
element of Ty can be expressed as the union of members of 3. Each element of 3 is called BHS basis element.

Proposition 3.8. A BHS map U5y : (R, T, X, %) = (X, Tx, 3, ﬁZ) is a BHS continuous if and only if the
BHS inverse image of every member of a BHS base (3 for (R, T, 5, —E) is a BHS open in (R, Tg, 2, -X).

Proof. Let W.5, be a BHS continuous and (5,2, 3}) be any BHS basis element for (X, 7y, ¥, —%). Since
(5,/5\, %) is a BHS open set in (X, Ty, 3, =¥) and W.5, is a BHS continuous map, then \11561/\((5,/5\, ¥)) is a
BHS open set in (R, T, X, =3). Conversely, let ‘11;51)\((6, b,%)) be a BHS open set in (R, Tg, 2, %) for
every (b, b,%) € 3, and let (f,f, 33) be any BHS open set in (X, Ty, 32, =3). Then

(f.f.%) = 0{(6,6,%) : (6,5,%) € )
=L ((F.£.D)
= v L (0{(6,6.%) : (5,6,%) € 8})
= (U 5 ({(6.5,5): (5,6,%) € 1)}

Hence \I/;(SIA((][,]A[, 31)) is a BHS open set in (R, Ts, ¥, —%) since each \I/;;A((E,E, 31)) is a BHS open set in
(R, Tr, X, -X) by hypothesis. Therefore, U5, is a BHS continuous map. O

Proposition 3.9. Let W55 : (R, Tw, &, -%) = (R, T, &, =%) and Oy : (N, Tae, B, -%) — (M, Tar, 3, -%)

be BHS continuous maps, then ©5 o Uqsy : (R, T, Z, %) — (M, T, s, —\Z) is also a BHS continuous
map.

Proof. Let (ﬁ,ﬁ, E) be any BHS open set in (M, Ty, 3, —E) Since O,y is BHS continuous map, then

@;51/\((:6, /fi, 32)) is BHS open in (X, Ty, 3, =¥). Again, since W., 5 is BHS continuous, then \P;él/\(@;;A(ﬁ, ﬁ, %))
is BHS open in (R, Tn, X, -X). But

\11;61A<@;51/\(ﬁ7 //L Z)) = (\I’;zil)\ © 9;61>\)(ﬁa /ﬁ\v 2/3) = (G)MS)\ °© \II“YM)_I(ﬁv h, 2)

Thus, the BHS inverse image under ©.55 o U5 of every BHS open set in (M, Tar, fl, —E) is BHS open set
in (R, Tr, X, —X) and therefore ©,5x o U5y is a BHS continuous map. O]
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Proposition 3.10. If a BHS map V.55 : (R, Tn, X, %) — (R, Ta, 3, - ) is BHS continuous, then the HS
map V.5 : (R, TH, ) — (N, T2, %)) is HS continuous.

Proof. Straightforward. O

Proposition 3.11. Let the condition of constructing a BHST from HST as in Proposition 2.13] hold. If a
HS map \1175 (R, T, 2) — (N, T, ) is HS continuous, then the BHS map V.55 : (R, Tg, S, -%) —
(N, T, 3, %) is BHS continuous.

Proof. Let .5 be a HS continuous map and let (£, f ) be a BHS open set in (R, Ty, 3 . Then (f,%)
is a HS open set in (N, 7;{5 by Y). Since ¥.; is a HS continuous map, then ‘I’»y& ((£,%) E )isa HS open set in
(R, T3¢, ¥). Hence, ‘I!;(SlA((f,ﬂ %2)) is a BHS open set in (R, Tw, ¥, =%). Thus, ¥.s, is a BHS continuous
map. O

Definition 3.12. A BHS map W55 : (R, Tn, X, %) — (R, T, 3, ) is said to be:

1. BHS open if the BHS image of every BHS open set is BHS open.
2. BHS closed if the BHS image of every BHS closed set is BHS closed.

Proposition 3.13. A BHS map .55 : (R, Tg,X,7X) — (N,R,i],—é]) is a BHS open if and only if
"/5>\((ﬂ & ) ) (¥ W”\(ﬂ R X))? for every (ﬂﬂ272) E (R, @,%).

Proof. Let W.s5 be a BHS open map and let (4,7,%) C (R,®,%). We know that, (g,4,%)° is a BHS
open set. Since U.sy is a BHS open map, then W.5,((g,4,%)°) is a BHS open set in (R, Tx, 32, =)

and (\P75>\((ﬂ727 E)O»D = \IIV5>\((5727Z)0)' Obviously, (ﬂuﬁ’z)g E (3727 E) and \1175)\((5727 2)0) E
Vosr(g.4,%). Therefore, (¥55x((4, 7:2)9))° = V50 ((4,7,2)°) T (V50(4,4,%))% Conversely, let
.5x((4,4,%)°) C (¥ 7(;,\((g 4,%)))° for every (4,4,%) C (R, ®, %) and let (4,4,%) be any BHS open

set in (R, Tw, ¥, ~%) so that (g,7,%)° = (4,4,%). This implies . 5x((4,4,%)°) = U.51((4,4,%)) C

(V562 ((4:4, %)% But (P151((9,5:2)))° € Ur6a((4,4, %)) and s0 U51((g. 5. 2)) = (L150((4. 5. 2))) -

Therefore, U155 ((g,4,%)) is BHS open set and hence ¥.,55 is BHS open map. O

Proposition 3. 14 A BHS map ‘Ifws)\ (R TR, 2, ) — (N,TN,E/],ﬁX/]) is a BHS closed if and only if

Uoon(5:5.5) € Uasa(725.5) for every (4.5.5) € (R, @, %),

Proof. Let W.55 be a BHS closed map and let (g,7,%) € (R, ®,%). We know that, (4,7, ) is a BHS
closed set. Since V.5, is a BHS closed map, then \1175,\((5,2, ¥))) is a BHS closed set in (N Te, % ) and

(@ 55) = Vron(5.7.5). Obviously. (9.5, 5) C 5.5.5) and ¥rin (9,5, 5)) E osn (G55
Therefore, U51((4,4,%)) € ¥.57((4,4, %)) = ¥.50((g,4,%)). Conversely, suppose that . 5 ((4,4, %))
C ¥ ((g, 97 ) for every (g 7,%) E (R,®,%) and let (g, 7, %) be any BHS closed set in (R, T, ¥, %)

so that (9,4,%) = (g,4,%). This implies U.51((4,4,%)) € ¥1r((4,4: %)) = U50((4:4,%)). But
”/5>\((ﬂu97 )) ; \1175/\((5757 )) and hence “Ij“ﬂ”\((ﬂﬂg’ Z)) = \I]“ﬂ”\((ﬂu?v Z)) Therefore, @75>\((ﬂ72ﬂ E))
is BHS closed set and hence ¥, is BHS closed map. O

Proposition 3.15. Let U. 55 : (R, Ti, &, -%) = (R, T, &, =%) and Oy : (N, Ta, 3, =%) — (M, Tar, 3, -%)
be two BHS maps, then:

i. If U s\ and O are BHS open maps, then ©.5 o V. sy is also a BHS open map.
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ii. If©y5x 0V sy is a BHS open map and V.5 is a BHS surjective BHS continuous map, then © .5y is a
BHS open map.

iii. If ©ys5x 0o W5y is a BHS open map and ©.5y is a BHS injective BHS continuous map, then W5 is a
BHS open map.

Proof. i. Let (g,4,%) be a BHS open set in (R, T», X, —¥). Since V.5, is a BHS open map, then
U.5x((g,4,%)) is a BHS open set in (N, Tx, 3, —%). Again, since ©.sx is a BHS open map, then
0,577 (755, %)) = (O46x © Ur60)((4,4,%)) is a BHS open set in (M, Ty, 3, -%). Hence,
O,5x 0 U5y is a BHS open map.

ii. Let (f,]?, 33) be a BHS open setin (R, Ty, 32, —%). Since W, 5, is a BHS continuous, then \I';;A((f,]?, )
is a BHS open set in (R, T, X, —X). Again, since ©,53 o ¥ 5 is a BHS open map, then (0,55 ©
\1175,\)(\1’;51)\ (f,f,%))) is a BHS open set in (M, Tas, 3, ﬂil) As, U5, is a BHS surjective, then
(@75/\0\1/75)\ 75)\ (_ff Z ,y(;)\ 75)\ ’qu(ff E ’Yé/\ (][f E is a BHS open set
in (M, Ty, 2 ,ﬂE). Hence, @75,\ is a BHS open map.

iii. Let (g,4,%) be a BHS open set in (R, Ts, ¥, —X). Since O, o ¥, is a BHS open map, then

(©45x0U.52)((g4,4,%)) is a BHS open set in (M, Tar, ¥, -3). Again, since ©.,5 is a BHS continuous
map, then @;51/\((@75,\ o U.5x)((g.4,%) is a BHS open set in (X, T, 3, ﬂi?). As, ©.5, is a BHS

injective, then @_51/\(675,\ o \IJ,Y(;A 4.4 g, @76/\(6)75)\ (Vosn(g:4,2))) = Vosa((g,4,2)) is a
BHS open set in (X, Ty, 32, =%). Hence, \IIW;)\ is a BHS open map.

Proposition 3.16. Let U. 55 : (R, Ti, &, -%) = (R, T, &, =%) and Oy : (N, T, 3, =%) — (M, Tar, 3, -%)
be two BHS maps, then:

i. If U s\ and O are BHS closed maps, then ©.5y o Vs is also a BHS closed map.

ii. If©ys5x 0 W5y is a BHS closed map and Vs is a BHS surjective BHS continuous map, then ©.s is

a BHS closed map.
iii. If ©5x 0 W5 is a BHS closed map and © .5y is a BHS injective BHS continuous map, then V.55 is a
BHS closed map.
Proof. Similar to the proof of Proposition O

Proposition 3.17. Ifa BHS map U5 : (R, Ts, 2, -X) — (X, Ty, 3, =%) is BHS open (closed), then the HS
map U5 (R, T, 2) — (N, Tk, Z) is HS open (closed).

Proof. Straightforward. O
Proposition 3.18. Let the condition of constructing a BHST from HST as in Proposition hold. If a HS
map V.5 : (R, TR, 2) — (R, T8, %) is HS open (closed), then the BHS map V.5 : (R, Tg, %, =%) —
(N, Ty, 3, ﬁZ) is BHS open (closed).

Proof. Similar to the proof of Proposition O
Definition 3.19. A BHS bijective map W55 : (R, Tx, X, %) — (N, T, 3, ) is said to be BHS homeo-

morphism if 5, and \Il;;/\ are BHS continuous maps.

Proposition 3.20. If U 5y : (R, T, 2, %) — (N, Ty, 3, —%) is a BHS bijective map, then the following
Statements are equivalent:
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i. Uysx is BHS homeomorphism.
ii. W5y is BHS continuous and BHS open.

iil. W5y is BHS continuous and BHS closed.

Proof. (i.) = (ii.): Let ©,5 be the BHS inverse map of W.s) so that \11;51)\ = O, and @;51)\ = Wsn.
Since .55 is BHS bijective map, then ©.4) is also BHS bijective. Let (g,4,3) be a BHS open set in
(R, Tr, X, X). Since .4, is BHS continuous, then 9;51)\((17,2, 1)) is a BHS open set in (R, Tx, 3, —%).

But O] = Wysx so that SN2 E)) = \1175,\((5,2, ¥)) is a BHS open set in (R, Ty, 3, =), It follows
that U5 is BHS open map. Also, W5 is BHS continuous by hypothesis.

(ii.) = (iil.): Let (4,4, %) be a BHS closed set in (R, Tr, X, =X), then (4,4, X)¢ is a BHS open set. Since
. s5x is BHS open map, then W.5,((g,4,%)¢) is a BHS open set in (X, 7y, E,—E) As W5y is a BHS
bijective map, then U.s5x((4,4,2)°) = (V51((g,4,2)))¢. Hence, ¥.51((g,4,%)) is a BHS closed set in
(R, T, ¥, —%) and consequently W5 is BHS closed map.

(iii.) = (i.): Let (4,4, %) be a BHS open set in (R, Tr, X, =3), then (g, 4, %) is a BHS closed set. Since
W.s5x is BHS (,:lose,d map, then W51 ((g,4,2)%) = ©75,((4,4, %)) = (0,5,((4,4,%)))" is a BHS closed
set in (N, Ty, 2, -X), that is, @;51/\((5,2, Y))) is a BHS open set. Hence, ©,5x = \11;51/\ is BHS continuous

map. O
Proposition 3.21. Let U. 55 : (R, Ti, &, -%) = (R, T, &, =%) and Oy : (N, T, 2, =%) — (M, Tar, 2, -%)

be BHS homeomorphism maps, then ©.s5 o Uosy @ (R, Tr, X, 0%) — (M, Tu, s, —'Z) is also a BHS home-
omorphism map.

Proof. Follows from Proposition [3.9] Proposition [3.15](i.), and Proposition [3.20] O

Proposition 3.22. If U5\ : (R, Tg, %, %) — (N,R,ﬁ,ﬂi) is a BHS homeomorphism map, then the
following statements hold for all (g,4,%) C (ST%, D, %)

i \P75A((ﬂ7ﬁﬂ E)) = \1175)\((57357 E))
ii. \1175)\((g7ﬁ, E)a) = (\I/'yé/\(ﬂ72ﬂ E))a'

Proof. i. Follows from Proposition [3.3] Proposition [3.14] and Proposition
ii. Follows from Proposition [3.4] Proposition [3.13] and Proposition [3.20} O

4 Bipolar Hypersoft Compact Spaces

In this part, we look into BHS compactness, which is another significant property of BHSTSs. The topic of
BHS compact spaces is examined, and certain conclusions are drawn.

Definition 4.1. A collection {(g;,4i,X) : @ € I} of BHS sets is called the BHS cover of a BHS set (4,4, %)

if (7,4,%) C N {(4i, 4, 2) : i € I}. If each member of {(g;, 7;, ) : i € I} is BHS open set, then it is called
the BHS open cover of (g,4,%). A BHS subcover is a subcollection of {(g;,4:,X) : i € I} which is also a
BHS cover.

Definition 4.2. A BHSTS (R, Tn, X, —X) is said to be BHS compact space if each BHS open cover of
(R, @, X) has finite BHS subcover.
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Example 43. Let ® = {7‘1,7‘2,7“3}, oy = {Ehfz}, O = {63}, and o3 = {64} Let Tp = {((I) ﬁé Z)
§R (I) E (ﬂlvgla )7 (ﬂ%g/\?ax)v @3)%72% (ﬂ‘hﬁlvz)v (5575/\572% (ﬂﬁvﬂﬁa (ﬂ%ﬂ% }beaBHST de-

ﬁned on R, where

(91,51, %) = {((t1, £s, £a), {r2}, {r3}), (L2, L3, £a), {r2}, {rs})}-
(82,52, 2) = {((01, £, £a), {r1}, {r3}), (L2, L3, L), {r1}, {rs})}-
(g3, 53, 2) = {((C1, ls, £a), {r1, 72}, {r3}), (€2, £s, L), {71, 72}, {rs})}.
(91,51, %) = {((t1, £s, £4), {r2, 73}, ©), (L2, €3, €a), {2, 73}, 0) }-
(585, 2) = {((01, L5, £a), {r1, 73}, 0), (L2, €3, €a), {1, 73}, 0) }-
o, 46, 2) = {((€1, £s, £a), 0, {rs}), (L2, €3, €a), 0, {r3})}.

(gr. 47 %) = {((lr, £s, £a), {3}, ), (€2, €3, €a), {r3}, ©) }.

It is easy to see that (R, Tn, X, —X) is a BHS compact space.

Example 4.4. Let R = {ry,72,73,...}, 01 = {l1, 02}, 02 = {{3}, 03 = {{4}, and consider the family of BHS
sets {(Gn, gn, ) 1 n=1,2,3, ...}, where

(ﬂna?in; Z) = {((fl, €3,€4), {7“1, T2,y ey ’I“n}, (p), ((62,63,&;), {7“17 T2, .0y ’I“n}, (p)}

The family T = {(®, R, %), (R, ®, %), )s (JnsFn, X)} is a BHST on R. However, (R, Tr, X, —X) is not a BHS

compact space.

Proposition 4.5. If (R, Tr, X, ~X) is a BHS compact space and Ty is BHS coarser than Ty, then (R, Tg, X, —X)
is BHS compact.

Proof. Let the collection {(g;, 7i,%) : i € I} be a BHS open cover of (R, ®, %) in (R, T, %, ~X). Since Tx
is BHS finer than 7y, then each member of {(g;, i, %) : ¢ € I} is also a BHS open set in (R, T, X, -X).
Hence, {(gi, i, %) : i € I} is also a BHS open cover of (?R ®, %) in (R, Tr, X, -X). Since (R, Tx, X, -X) is
a BHS compact space, then {(g;, i, ¥) : i € I'} has a finite BHS subcover. It follows that (R, Ty, X, -X) is
BHS compact space. O

Proposition 4.6. Let (Y, Ty, X, %) be a BHS subspace of (R, Tg, %, =X). Then (Y, Ty, X, -X) is BHS
compact space if and only if every BHS cover of (T, ®,Y) by BHS open sets in (R, Tg, X, ~X.) contains a
finite BHS subcover.

Proof. Let (Y, Ty, Y, —X) be a BHS compact space and {(g;, i, %) : i € I} be a BHS cover of (T, ®, %) by
BHS open sets in (R, T, X, ~X). Then the collection {(gi, iy, %) : © € I} be a BHS cover of (T,®,%)
by BHS open sets in (Y, 7Ty, X, =3). Since (T, Ty, X, =X) is a BHS compact, then the finite subcollection of
{Giy>Gir>2) : 1 € I} is also a BHS cover of (T, ®, ). Thus, the finite subcollection of {gi,5i,%) i €I}
is also a BHS cover of (T,®,%). Conversely, let {Giy:Fiy,X) + @ € I} be a BHS cover of (T,9,%).
Obviously, {(gi,4:,X) : i € I} be a BHS cover of (T,®,%) by BHS open sets in (R, 73,3, —%). By
hypothesis, the finite subcollection of {(g;,7;,%) : @ € I} is also a BHS cover of (T, ®,¥) and hence
{(ﬂiwjiw ¥):i=1,2,..,n} is a BHS subcover of (T, ®, ¥). Therefore, (T, Ty, X, —%) is BHS compact
space. O

Proposition 4.7. A BHSTS (R, Tg, X, ~X) is a BHS compact if there exists a BHS basis ( for Ty such that
every BHS cover of (R, ®,X) by the elements of 8 has a finite BHS subcover.
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Proof. Let (R, Tg, X, —X) be a BHS compact space. Obviously, 7 is a BHS basis for 7x. Hence, every BHS
cover of (R, ®, ¥) by the elements of Ty has a finite BHS subcover. Conversely, let {(gi,4i,%) : i € [} be a
BHS cover of (R, ®,¥). Now, {(4i,4:,2) : i € I} can be written as the union of some BHS basis elements

{(8b;, 67», %) : i € I} of B. These elements form a BHS cover of (R, ®, ). By hypothesis, every BHS cover
of (R, ®, %) by the elements of /3 has a finite BHS subcover. Now, we have {(#;, Ei, ¥):i=12,..,n}
C {(454,%) : i = 1,2,...,n}. This implies that {(gi,7;,%) : i = 1,2,...,n} is a finite BHS subcover of
(R, ®,%). Hence, (R, Ts, &, -%) is a BHS compact space. O

Proposition 4.8. If U.5» : (R, Tr, 2, -X) — (X, Ty, y, —\Z) is a BHS continuous map and (R, T, X, =X) is
a BHS compact space, then V.55 ((R, Tr, £, ~X)) is a BHS compact.

Proof. Let {(fz,]/(;,E) : i € I} be a BHS cover of \I/ﬂ,(;A((iﬁ,q),Z)). Since W.sy is a BHS continuous
map, then, for each ¢ € I, \I/,;él/\((ﬁ,ﬁ,E)) is a BHS open set in (R, 7w, X, -X). Then, the collection
{W;;A((ﬂ,ﬁ, %)) : i € I} forms a BHS cover of (R, ®,X). Since (R, T, £, ~X) is a BHS compact, then
we have (R, ®,5) = 0 (WL (/. £.9) 1 i = 1,2} = WA O{(£.£.5) + i = 1,2,...,n}) so that

\IIW;,\((@?E, o, %)) C ﬁ{(ﬁ,ﬁ, $):i=1,2,..,n}. Hence, \Ifw;,\(@?%, ®,30)) is a BHS compact space. O

Definition 4.9. A collection £ of BHS sets is said to have the finite intersection property if the BHS intersection
of members of each finite subcollection of & is non-null BHS set.

Proposition 4.10. A BHSTS (R, Tg, X, —X) is a BHS compact if and only if every collection of BHS closed
subsets of (R, @, X) with the finite intersection property has a non-null BHS intersection.

Proof. Let (R, Tn, X, —X) be a BHS compact space and let i = {(g;,4;, %) : i € I} be a collection of BHS
closed subsets of (fﬁ, ®,X) with the finite intersection property and suppose, if possible, IA:VI{(‘%7 ginX) i €
I} = (®,R,%). Then, 0{(g:, 5, X)° : i € I} = (R, ®,). This means that {(g;, 5, %) : i € I} is BHS
open cover of (gﬁ, ®,¥). Since (R, Tn, X, ~X) is a BHS compact space, we have that ﬁ{(gi,ﬁi7 )i =
1,2,..,n} = (R, ®, %) which implies that FI{ (g, 7:, £)° : i = 1,2, ...,n} = (&, R, ¥). But this contradicts
the finite intersection property of u. Hence, we must have {(g;,4:, %) : @ € I} # (®,R,%). Conversely,
let every collection of BHS closed subsets of (R, ®,X) with the finite intersection property has a non-null
BHS intersection and let {(g;, 4i,%) : @ € I} be a BHS open cover of (R, ®, %) so that ﬁ{(g“jl, ¥):i€
I} = (R,®,%). Then, ﬁ{(cqi,g:,ﬂ)c i € I} = (®,R,%). Hence, by hypothesis ﬁ{(gi,ji,E)c D=
1,2,..,n} = (®,%,%). Then, ({(g:,5.%) : i = 1,2,...,n} = (R, ®, ). Thus, (R, T, ¥, =3) is a BHS

compact space. O

Proposition 4.11. If (R, Ty, &, —X) is a BHS compact space, then (R, T¢, ¥) is a HS compact.

Proof. Straightforward. O

Proposition 4.12. Let (R, T3¢, X) be a HSTS and let (R, Tg, =, ~X) be a BHSTS constructed from (R, T%, %)
as in Proposition If (R, T3k, X) is a HS compact space, then (R, Tn, 2, =) is a BHS compact.

Proof. Let (R, T3, ¥) be a HS compact space and let the collection {(g;, gi, %) : i € I} be a BHS open cover
of (R, ®,%) such that (R, ®,%) = 0 {(41,7.,%) : i € I}. Then, R = U{gi(¢) : i € I} forall £ € .
Since (R, Ty, ¥) is a HS compact space, then ® = U{g;(¢) : i = 1,2,...,n}. Since g(=¢) = R\ g(¢) for
all £ € ¥, then ® = N{F(=¢) : i = 1,2,...,n}. Hence, (R, ®,¥) = 0 {g:,4,2) : i =1,2,...,n}. Thus,
(R, Tw, X, %) is a BHS compact space. O
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5 Conclusions

In this paper, we have made a contribution to the field of BHSTs. In the frame of BHS maps, we have defined
new types of maps namely continuous map, open map, closed map, and homeomorphism map. In addition,
the concept of BHS compact space have been studied. Also, We have created some examples to validate
and illustrate the obtained conclusions and relations. The relationships between these notions and their HS
analogues have also been discussed. As a future work, one can extend the proposed work to IndetermSoft Set,
IndetermHyperSoft Set and TreeSoft Set and their corresponding Fuzzy, Intuitionistic Fuzzy, Neutrosophic
forms and other Fuzzy-extension.
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