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In this study, the graphical exploration of a novel hybrid, that is, possibility of picture fuzzy hypersoft graph (popths-graph) is
accomplished. The popths-graph is more flexible and reliable in the sense that it has the ability to tackle the limitations of picture
fuzzy soft graph regarding the entitlement of multiargument approximate mapping and possibility degree-based setting. Its
approximate mapping considers the Cartesian product of subclasses of parameters as domain and then maps it to the power set of
universal set. The possibility degree-based setting ensures the assessment of uncertain attitude of approximate elements up to the
level of acceptance. First, some of elementary notions and set theoretic operations of popths-graph are investigated with the
support of numerical examples and pictorial representations. Second, some of its variants, types of products, and composition are
also discussed. Lastly, based on aggregation of the popths-graph, an algorithm is proposed for multiattribute decision-making

problem and validated by resolving daily-life recruitment problem for the best selection of candidate.

1. Introduction

The information that are obtained for any kind of com-
putation have some kinds of vagueness and uncertainty. In
this regard, fuzzy set (f-set) [1] and intuitionistic fuzzy set
(if-set) [2] are initiated to tackle such type of informational
uncertainty and vagueness. In f-set, the condition “well
defined” of classical set is characterized by a membership
function y defined by a membership grade pp (u;) within
[0,1] for all members u; of initial universe %, whereas the
if-set characterizes such condition by two functions, that is,
membership function y; and nonmembership function pp
defined by membership grade y (1;) and nonmembership
grade pp (u;), respectively, within [0, 1] for all u; € % subject
to conditions that both p (1;) and pp (1;) are dependent and
their sum pg(u;) + pp(1;) must lie within [0,1] with

hesitancy grade py (1;) = 1 — (up (14;) + up (1;)). Both f-set
and i f-set are not capable to tackle the situations in which a
neutral grade along with refusal grade is required to be
emphasized, so picture fuzzy set (pf-set) [3] is conceptu-
alized to manage such scenarios. In p f-set, objective be-
longingness is further characterized by three membership
functions, that is, yr, y;, and py such that for all u; € %, their
sum pp (u;) + py (14;) + pp (1;) and refusal grade pp (14;) = 1 -
pr (u;) — up (u;) — pp (u;) lie within [0, 1]. Recently, the un-
certain complexities in different daily-life problems have
been investigated and addressed by the authors [4-8]
through employing various multicriteria decision-making
techniques based on p f-set. In order to equip f-set, i f-set
and pf-set with parameterization tool, Molodtsov [9] in-
troduced soft set (s-set) for dealing with uncertainties and
vagueness. The fuzzy soft set fs-set [10], intuitionistic fuzzy
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soft set (i f s-set) [11], and picture fuzzy soft set (p fs-set) [12]
are the hybridized structures of f-set, if-set, and pf-set,
respectively, with s-set to tackle uncertainties with the
support of parameterization tool. The researchers [13-15]
discussed the applicability of pfs-set in various fields of
study for solving many real-life decision-making based
problems. Kamaci et al. [16] discussed multiperiod decision-
making problem based on dynamic aggregation operators
and Einstein operations of interval-valued p fs-set. Kamaci
[17] applied the extended concept of p fs-set with linguistic
information in game theory. Akcetin and Kamaci [18] used
TOPSIS and ELECTRE decision-making techniques by
using three-valued s-set.

In various real-world scenarios, the classification of
attributes into subattributive values in the form of non-
overlapping sets is necessary. The s-sets and its hybrids are
incompatible with such scenarios, so Smarandache [19]
introduced hypersoft sets (hs-sets) to address the insuffi-
ciency of s-set-like models. In hs-set, a new approximate
function, multiargument approximate function (maa-function),
is employed that maps Cartesian product of attribute-valued
disjoint sets to the power set of initial universe. The rudi-
ments and elementary axioms of hs-sets have been discussed
in [20] and elaborated with numerical examples. Thsan et al.
[21] discussed the validity of hs-sets for the entitlement of
multidecisive opinions under expert set environment.
Rahman et al. [22-24] investigated the hybridized properties
of hs-sets under the environments of convexity and con-
cavity, parameterization, and bijection. They employed
decision-making algorithmic approaches to solve real-world
problems. The hybridized structures of hs-set with f-set and
if-set are fuzzy hypersoft set (fhs-set) [25, 26] and intui-
tionistic fuzzy hypersoft set (ifhs-set) [27], respectively.
Saeed et al. [28] characterized the concept of hypersoft
graphs and discussed its some properties.

In order to manage s-set information in graphs,
Thumbakara and George [29] characterized soft graphs in
2014. As its extension, fuzzy soft graph (fs-graph) [30],
intuitionistic fuzzy soft graph (i fs-graph) [31], and picture
fuzzy soft graph (pfs-graph) [32] are conceptualized. In
order to evaluate uncertain nature of approximate elements
as a whole in fs-set and i fs-set, Alkhazaleh et al. [33] and
Bashir et al. [34] characterized possibility fuzzy soft set
(pofs-set) and possibility intuitionistic fuzzy soft set
(poifs-set), respectively, by assigning possibility degree to
each approximate element collectively in these structures.
Akram and Shahzadi [35] developed possibility intuitionistic
fuzzy soft graph (poi f s-graph) and investigated some of its
properties and operations.

In poifs-graph, neutral membership grade is ignored,
and it lacks the consideration of maa-function. Conse-
quently, various daily-life scenarios such as recruitment
process, medical diagnosis, optimal product selection, and so
on are not tackled by poifs-graph that demands a novel
graphical structure to be characterized in literature. We,
therefore, present a new graphical model, that is, possibility
picture fuzzy hypersoft graph (popths-graph) in this study.
Its advantageous aspects are as follows: it provides due status
to neutral membership degree while dealing uncertainties,
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and it employs maa-function to cope with the scenarios
having further partitioning of attributes into their respective
attribute-valued sets. The proposed graphical model is more
flexible as it overcomes the shortcomings of existing relevant
models for dealing with uncertainties. It assigns a possibility
degree to each approximate element of its maa-function to
deal with its uncertain behavior. The major contributions of
the paper are outlined as follows:

(1) A novel graphical hybrid popths-graph is charac-
terized that is capable to cope with the following
situations collectively:

(a) The situation in which the categorization of
opted parameters into their respective disjoint
subclasses having their relevant attributive values
is necessary

(b) The situation in which the consideration of
multiargument parameterization in the domain
of approximate mapping is mandatory to have
reliable approximation of alternatives

(c) The situation that demands a mode for the as-
sessment of uncertain nature of approximate
elements to assess the level of acceptance

(2) The novel notions of pfhs-set, popths-set, and
popths-graph are introduced, and then some es-
sential fundamental properties such as subgraph,
spanning subgraph, strong subgraph; aggregation
operations such as union, intersection, and com-
plement; and products such as Cartesian product,
cross product, lexicographic product, strong prod-
uct, and composition of popths-graph are
investigated.

(3) A decision-support system is constructed based on
the proposal of an algorithm that is implemented in
real-life multiattribute decision-making problem for
the selection of suitable candidate.

The layout of the remaining paper is as follows: some
essential definitions relevant to main work are recalled from
existing literature for proper understanding of proposed
study in Section 2. Some fundamentals, that is, properties
and set-theoretic operations of popths-graph, are charac-
terized with graphical representation-based examples in
Section 3. Section 4 presents the analytical cum graphical
exploration of some products and compositions of
popths-graphs. In Section 5, the concept of popths-graph is
applied in decision-making for HRM-scenario. The com-
parison analysis is presented in Section 6. Lastly, paper is
summarized with more future directions in Section 7.

2. Preliminaries

This portion of the paper presents some elementary terms
and definitions by reviewing the existing literature for vivid
understanding of the proposed study.

In literature, Cuong [3] characterized the following
concept of pf-set as a generalization of if-set [2] by in-
troducing a new grade called neutral grade u, (&) to furnish
the neutrality of decision-makers.
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Definition 1 (see [3]). A pf-set Pg is defined as
Po = {1, <pp @), py (@), up > )i € ul} such that up (@),
pn (0), pp (1): U — [0, 1], where pp (1), py (%), and pp (72)
represent positive, neutral, and negative membership grades,
respectively, of #i € % subject to the condition that
0<up (@) +py (B) + pp (W) <1 with refusal membership
grade pp (1) = 1 — pp () — uy () — pp (). The collection of
all pf-sets over % is denoted as Pg (%).

The parameters play a key role in reliable and authentic
decision-making process. The existing fuzzy set-like models
are inadequate with any kind of parameterization tool;
therefore, Molodtsov [9] initiated the following idea of s-set
to address the limitations of predefined uncertain models
with the provision of parameterization tool.

Definition 2 (see [9]). A s-set S over % is a pair (ys,2A),
where yg: A — P (%) is an approximate function of S and
ACE (a set of parameters). For any @ € U, y (a) is called an
approximate element of S. In this definition, the symbol
P (%) is meant for power set of %.

In 2015, Yang et al. [12] developed the following novel
model, that is, p fs-set to tackle the insufficiencies of p f-set
for parameterization context. In short, they combined the
theory of pf-set with Molodtsov’s theory of s-set to carve
out a parameterized family of universal set with picture fuzzy
setting.

Definition 3 (see [12]). A pfs-set P over % is a pair (yp, Z),
where yp: Z — Py (%) and ZCC. Forany z € Z, yp (Z) is
a p fs-subset and known as approximate element of p fs-set
[, that is, yp (Z) can be represented as p fs-set over % such

that g (2) = {(a, <o (@), iy (@), i () >l € %} where

Wi (4), u3, (4), and 7 (i) represent positive, neutral, and
negative membership grades, respectively, of &i € % subject
to the condition that 0<% () + p5; (%) + uf (4) <1 with
refusal _ membership grade i (%) = 1—uf (W) — ui,
(@) - g (@),

In 2018, Smarandache [19] extended the concept of s-set
and developed a novel model, that is, hs-set that utilizes a
novel mapping known as maa-function to deal with the
shortcomings of s-set regarding the categorization of pa-
rameters into their relevant parametric valued subclasses.

Definition 4 (see [19]). A hs-set  over % is a pair (W', D),
where 2 is the Cartesian product of @',i=
1,2,3,...,n,2' NP’ = @Vi+j having attribute values of
attributes h1,i=1,2,3,...,nh #h,i # j, respectively, and
W: D — P(U) is called approximate function (so-called
maa-function) of §, and for all d € @, % (d) is called ap-
proximate element of §. The hs-set § over % is said to be
fhs-set and ifhs-set if WD — F(%) and W
D — IF (%), respectively, where F (%) and IF (%) denote
the family of all fuzzy subsets and intuitionistic fuzzy
subsets, respectively.

In 2021, Chellamani et al. [32] explored the graphical
notations of p fs-sets to handle p fs-information efficiently.

Definition 5 (see [32]). Let M* = (B, E) be a simple graph
with B as set of vertices and E as set of edges and € be a
nonvoid set of parameters. By a picture fuzzy soft graph
(pfs-graph), we mean a four-tuple ® = (G*, Q, L, M) with
(L,€) and (M, €) that are pfs-sets over B and E, re-
spectively; for alle € €, (L(e),M(€)) is a pfs-graph of ® if

W (B,b,) < min{‘u%(e) (by), s (Ez)}, 1 (b,b,) <min
O @) 0 B}, and i (B6;) < max| i By),
up @ (b)) such that 0<uy (B,0) +puy'"” (B,) +py
(b,b),<1 for all by, b, € B.

3. Possibility Picture Fuzzy Hypersoft Graphs

This portion presents the characterization of popths-graph
along with some essential properties and results. First, we
present the definitions of picture fuzzy hypersoft set
pfhs-set and possibility picture fuzzy hypersoft set
popths-set, which are missing in existing literature.

Definition 6. A p fhs-set H over % is a pair (my, Z), where
My: Z — Pg(%)and Z =111 | Z; where Z;(i = 1,2, ..., n)
is nonoverlapping attribute-valued sets with respect to
distinct attributes. For any Z € Z,my;(Z) is a pfhs-subset
and known as approximate element of p fhs-set H, that is,
7y (Z) can be represented as pfhs-set over % such that
my (2) = {(17, < g (), w5 (), ui () > )l € %} where
Y5 (1), u% (@), and p% (i) represent positive, neutral, and
negative membership grades, respectively, of &i € % subject
to the condition that 0<uf (@) + p3; (W) + pf (4) <1 with
refusal _ membership  grade  pi (%) = 1—uf (W) — u%,
(1) - g ().

Definition 7. A possibility picture fuzzy hypersoft set
(popths-set) H, over  is stated as H,, = {z <my(2)>,0
(2))|z € Z}, where my; (Z) is a pfhs-set as defined in Defi-
nition 6 and §: % — [0,1] with §(2) is the possibility
degree of Z to H,,. The collection of all pop fhs-sets over % is
represented by Qpp (%).

Throughout the remaining paper, A = (B, €) is a
simple graph with 2B as set of vertices and € as set of edges; E
denotes set of parameters; and Q' denotes the disjoint sets
containing subparametric values for distinct parameters
€,i=1,2,...,nof E. Also, Q= Q' x Q2 x Q* x--- x Q".

Definition 8. A popths-graph is a four-tuple 2 = (A", Q,
J,K), where J: Q — P (8B),K: Q — P (B x B) given
by J(0) = J, = { (), <T, (9,1, @), F;, @)> ),
veB} and K(o) =K, ={((3,9,),<T;  (7,9,)1; (¥,
), Fy, (?1,?2)>,,uj” V1, 7,)), (V,,9,) € B x B} are
popf-sets over B and BxB with T, (¥,,)
<min{T, 7)., T, M)}, Iy, (¥}, %,) <min{ly (3,),1; @ )2}
Fy (v, ;) <maxily (), Fy (%), py (91, 9,) <minjp,
(?l),yja(—ﬁz)}, YV (¥,9,) € (BxB),and 0 € Q.

Note: The collection of all popths-graphs is represented

>

by Qpprpse-



Example 1. Let A" = (B, €) be a simple graph with B =
9,75} and Q) = {419} [ = {219} and

={gs;} such that Q =9, xQ, x Q3 = {0},0,,03,04}
and'l]'K (V,,v )=0, Iy, (E,? ) =0, F, (vl,v )=1, b, (v,,v )
= OV(VI, v;) € B x %/{(vl, v2) v, vz) (vl,vz)} Table 1 and
Figure 1 present its numerical tabulation and geometrical
depiction, respectively.

Definition 9. A popths-graph & = (A", Q*, J',K!) is called

a popths-subgraph of 2 = (A%, Q, J, K) if
1) Q' cQ
(2) J]},QJ] implies 'U'j; )< Ty, ), [IJ]; )<

I]J] ), IFJJI = IFJ] ), HJ]l (‘1;)<,M\J] )
3) KICK implies —I]—Kl (v)<'[I'K ), I]Kl @) <y, »), [FK1
(v) >F, »), Hi! ) <, (V)Va eQ”

Example 2. Repeating Example 1 with Q, = {ay;, ap,},

Q ={ay} and QY ={a;} and Q=2 xQyx
Q; ={0,,05,03}, we have a new popths-graph
A= (A, Q" I, K") which is popfths-subgraph of

popths-graph given in Example 1. Its tabular and geomet-
rical depiction are given in Table 2 and Figure 2, respectively.

Definition 10. A popths-subgraph (2%, Q*, J', K') is called
a popths-spanning subgraph of popths-graph (2", Q, J, K)
when J} (¥) = J, (")VV € B,0 € Q.

Definition 11. A popths-subgraph (2*, Q*, J!, K!) is called
a strong popths-subgraph  (SPFHS-subgraph) of
popfhs-graph (A", Q, J,K) when K, (¥,7,)=J,F)n
J, (@,) for v,,9, € B and 0 € Q.

3.1. Set-Theoretic Operations of pop fhs-Graphs. This seg-
ment of the paper investigates the basic set theoretic op-
erations of popths-graphs along with their geometrical
interpretations.

Deﬁmtzon 12. The wunion of two popths-graphs

= (A, QL ILKY and A, = (A5, Q% I K?), denoted
by A, VA, is a popths-graph A = (A", Q, J,K) such that
Q=2'UQ% In this graph,
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TaBLE 1: Numerical computation of Example 1 with (a) P (a,), (b)
Pr(0,), (c) Pr(03), and (d) Pg(oy)

J 7, 7, 2
o, (02,0.1,03,02)  (0.1,0.3,0.2,0.3) (0,0,1,0)
o, (0.1,03,03,0.2)  (0.2,0.4,0.1,0.1) (0,0,1,0)
o;  (0.1,02,0.2,03)  (0.3,0.1,0.2,0.2)  (0.1,0.2,0.3,0.1)
Oy (0.2,0.2,0.1,0.3) (0.3,0.2,0.1,0.4) (0.1,0.3,0.2,0.2)
K (¥1,7,) (7,,73) (¥1,73)
o (0,0,1,0) (0,0,1,0) (0,0,1,0)
o,  (0.1,0.2,0.2,0.4) (0,0,1,0) (0,0,1,0)
o,  (0.1,03,0.3,03)  (0.2,0.1,0.3,0.1) (0,0,1,0)
o, (0.1,0.1,0.1,0.6) (0.2,0.2,0.1,0.4)  (0.2,0.2,0.1,0.5)
ifo e Q' - Q’&ve B, - B,
Ty (V)4 orifo € Q' - Q*&ve B nB,
orifo € Q' NQ’&ve B, - B,
o if o e Q* - Q'&ve B, - B,
V = <
o Ty (7)1 orifo € Q7 - Q'&ve B,nB,

orifo € Q' NQ*&ve B, - B,
max{T,; (7), Tp MHif 0 € Q' N Q*&Pe B, B,
0, otherwise
ifoe Q' - Q’&ve B, - B,
orifc € Q' - Qe B, nB,
orif o € Q' NQ*&ve B, - B,
ifoe Q- Q'&ve B, - B,
orif o € Q> - Q'&ve B,N B,
orif o € Q' NQ*&ve B, - B,
max{ly (9), 1 (M}if o € Q' N Q*&ve B, N B,
| 0, otherwise
ifo e Q' - Q’&ve B, - B,
orifo € Q' - Q’&ve B, NB,
orifo € Q' NQ*&ve B, - B,
ifo e Q% - Q'&ve B, - B,
orifo € Q° - Q'&ve B, N B,
orifo € Q' NQ*&ve B, - B,
min{F ;; (), F;: M}Hif 0 € Q' nQ*&ve B, nB,

0, otherwise.

Iy (@)

- I ()

[FJ]; @)

IFJ]'Z, (?)

(1)

Also, the popfhs-components for K are given as follows:
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(a) (b)

“ (c) ‘ (d)

FIGURE 1: Geometrical interpretation of Table 1.

TaBLE 2: Tabular notation of Example 2 with (a) P (0,), (b) Pz (0,), and (c) P (05).

J Vi v Vs

0, (0.1,0.3,0.1,0.1) (0.2,0.2,0.1,0.2) (0,0,1,0)

o, (0.1,0.2,0.1,0.1) (0.2,0.1,0.3,0.1) (0,0,1,0)
03 (0.1,0.4,0.1,0.2) (0.2,0.2,0.1,0.1) (0.2,0.1,0.2,0.1)
K (¥1,7,) (¥,,73) (71, 73)

o, (0,0,1,0) (0,0,1,0) (0,0,1,0)

0, (0.1,0.2,0.1,0.1) (0,0,1,0) (0,0,1,0)

03 (0.1,0.2,0.3,0.2) (0.1,0.2,0.4,0.1) (0,0,1,0)

n (®) H

FIGURE 2: Graphical representation of Table 2.

(c)

[(ifo e Q' - Q& (7,,7,) € (B, xB,) - (B, xB,)

Ty (V1) orif o € Q' - Q& (¥, 7,) € (B, x B,) N (B, x B,)

| orif o € Q' NQ°&(¥,,7,) € (B, xB,) - (B, xB,),

[ifoe Q- Q'&(7,%,) € (B,xB,) - (B, xB))

’ Ti: ()4 orifo € Q% - Q'&(9,,7,) € (B, x B,) N (B, x B))

| orif o € Q' NQ*&(¥,,7,) € (B, xB,) - (B, xB,),

max{Ty (7,), T (W) Hif 0 € QN Q&(9,,9,) € (B, x B,)n (B, x B,),

| 0, otherwise,
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[ifo e Q' - Q&(9,,7,) € (B, xB,) - (B, x B,)
It (7)1 orifo € Q' - Q2&(9,,7,) € (B, x B,)N (B, x B,)
| orifo € Q'NQ°&(7,,7,) € (B, xB,) - (B, xB,),
(ifo e Q- Q'&(,7,) € (B,%xB,) - (B, xB,)

‘ Iz (7)1 orif o € Q> - Q'&(9,,7,) € (B, xB,)N (B, x B,)

0, otherwise,

Fy (/‘71) =

orifo € Q' NQ*&(9,,7,) € (B, xB,) - (B, xB)),
max{l (7,), e (7,) Hif 0 € Q' NQ°&(3,,9,) € (B, x B,) N (B, x B,),

[(ifo e Q' - Q& (¥, 7,) € (B, xB,) - (B, xB,)
Fio (71)4 orifo € Q' - Q&(7,,7,) € (B, x B,)n (B, x B,)
| orifo e Q' NQ*&(V,,7,) € (B, xB,) - (B, x B,),
[ifo e Q- Q'&(¥,,7,) € (B, xB,) - (B, xB,)

(2)

’ Fiz (7)1 orif o € Q- Q'&(9,,7,) € (B, xB,)N (B, x B,)

0, otherwise,

| 0, otherwise.

Theorem 1. If A, A, € Qppyss> then A UA, € Qpryoe
Proof. Its proof is trivial in accordance with Definition 12. O

Example 3. Let A, = (A}, Q', I, K') be a popths-graph
where A} = (B,,€,) with B, = {v,,7,,7;} and Q, = {a,},
Q, = {ay;}, and Q; = {a3;, a3, a33} such that Q' = Q; x
Q, xQ; ={0,,05,03} and Ty (3,7,) =01 (¥,7,) =
0,F (7,7) =L (7,7,) =0, and  (V(9,7;) € B,x
B, 1{(V1,7,), (¥,,73), (¥;,73)}). Its tabulation is given in
Table 3. Also, let 21, = (2}, Q7% J?,K?) be a popths-graph,
where 2 = (B,,€,) with B, = {V5,V,,¥5}, Q; = {az1, a3, }
and Q, = {a,;} such that Qg = {a;,}. Q> = Q3 x Qy x Qs =

{0204} and Ty (¥,,7;) = 0,0 (7,,7)) =0,F, (¥, 9;) =1,

| orif o € Q' NQ*&(9,,7,) € (B, x B,) — (B, x B,),
min{Fy; (7,), Fie (7)) Hif 0 € Q' nQ°&(3,,9,) € (B, x B,)n (B, x B,),

(ifo e Q' - Q& (P, 7,) € (B, xB,) - (B, xB,)

e (V1)1 orif o € Q' - Q& (¥,,7,) € (B, x B;)N (B, x B,)

| orif o € Q' NQ*&(7,,7,) € (B, xB,) - (B, x B,),

[ifo e Q% - Q'&(7,,7,) € (B, xB,) - (B, xB,)

e (7)1 orifo € Q2 - Q'&(9,,7,) € (B, xB,) N (B, xB,)

orifo € Q' NQR’&(7,,7,) € (B, xB,) - (B, xB,),

max{‘uK; (7)) the ('171)}{if0 e Q'NQ&(V,7,) € (B, xB,)N (B, xB,),

te, (7 7;) = 0, and (V(9;,7;) € B, x B,/ {(73, V), (7, 75),
(75, 95)}). Its tabulation is given in Table 4. Now let 2 =
2, U, with Q=Q' VR and Ty (¥,,7)) = 0,1 (¥,,7;) = 0,
F, ¥, 7;) = Ly (¥,7;) =0, and (V(¥;, ¥;) € BxB/
{GL1), F1L,73), (05,703), (13,7,), (W3, 75), (V4 95)}). Its
tabulation is given in Table 5.

The graphical interpretations of Tables 3-5 are presented
in Figures 3-5, respectively.

Definition 13. The intersection of two popths-graphs ®, =
(67,20, K" and 6, = (8;,Q% % K?), denoted by
®,NG,, is a popths-graph G = (6*,Q,J,K) such that
Q=2'nQ%L,B=B,nB,. In this graph, the uncertain
parts for J are as follows:
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TaBLE 3: Tabulation of Example 3.

J v v, Vs
o, (0.2,0.1,0.2,0.2) (0.3,0.1,0.1,0.3) (0.2,0.2,0.1,0.3)
o, (0.2,0.3,0.1,0.2) (0.2,0.2,0.1,0.2) (0.1,0.2,0.1,0.5)
oy (0.2,0.1,0.1,0.6) (0.1,0.1,0.4, 0.4) (0.1,0.2,0.1,0.7)
K (V1. 7,) (V2,%3) (V1,73)
0, (0.2,0.3,0.2,0.2) (0.2,0.1,0.3,0.2) (0.2,0.1,0.2,0.2)
o, (0.2,0.1,0.3,0.2) (0.2,0.2,0.1,0.2) (0.2,0.3,0.1,0.2)
oy (0,0,1,0) (0.1,0.2,0.1,0.3) (0.1,0.2,0.1,0.2)
TaBLE 4: Tabulation of popths-graph 20, = (20}, Q%, J% K?) according to Example 3.
J Vs Vy Vs
o, (0.2,0.1,0.2,0.3) (0.2,0.1,0.2,0.2) (0.1,0.2,0.1,0.5)
o, (0.2,0.1,0.1,0.6) (0.1,0.2,0.1,0.4) (0.2,0.1,0.2,0.4)
K (V3,7y) (V4> V5) (v3,75)
o, (0.2,0.3,0.1,0.2) (0.3,0.1,0.2,0.3) (0,0,1,0)
o, (0.2,0.1,0.3,0.2) (0.1,0.3,0.2,0.3) (0.1,0.2,0.2,0.3)
TaBLE 5: Tabulation of 2 = A, U,.
J v v, V3 v,
o, (0.2,0.1,0.2,0.2) (0.3,0.1,0.1,0.3) (0.2,0.2,0.1,0.3) (0,0,1,0) (0,0,1,0)
o, (0.2,0.3,0.1,0.2) (0.2,0.2,0.1,0.2) (0.2,0.2,0.1,0.5) (0.2,0.1,0.2,0.2) (0.1,0.2,0.1,0.5)
03 (0.2,0.1,0.1,0.6) (0.1,0.1,0.4,0.4) (0.1,0.2,0.1,0.7) (0,0,1,0) (0,0,1,0)
o, (0,0,1,0) (0,0,1,0) (0.2,0.1,0.1,0.6) (0.1,0.2,0.1,0.4) (0.2,0.1,0.2,0.4)
K (1, %) V1, %3) (V2,73) (3, %) (V4 75)
0, (0.2,0.3,0.2,0.2) (0.2,0.1,0.2,0.2) (0.2,0.1,0.3,0.2) (0,0,1,0) (0,0,1,0)
o, (0.2,0.3,0.2,0.2) (0.2,0.3,0.1,0.2) (0.2,0.2,0.1,0.2) (0.2,0.3,0.1,0.2) (0.3,0.1,0.2,0.3)
oy (0,0,1,0) (0.1,0.2,0.1,0.2) (0.1,0.2,0.1,0.3) (0,0,1,0) (0,0,1,0)
o, (0,0,1,0) (0,0,1,0) (0,0,1,0) (0.2,0.1,0.3,0.2) (0.1,0.2,0.2,0.3) (0.1,0.3,0.2,0.3)
(@

(c)

FIGURE 3: Graphical representation of Table 3.

()
! ! (b) ! !

FIGURE 4: Geometrical depiction of Table 4.



Iy, =1
Fy, =1
Hy, =1

_ min{l]j]ﬂ ), ujﬂ M}ifo e Q' N QY
(F), Mifo e Q' -,

(a)

(c)
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(®)

FIGURE 5: Graphical representation of Table 5.

[T}, Mifo e Q' - Q2

T3, (Mif o € Q- Q'

_ min{ﬂ]g (v),wrjn M}ifo e Q' N QY
(1), Mifoe Q' -,

I, Mifo e Q* - Q,
(3)

F, (Mif o e Q7 - Q',

| max{F} (9),F} (M}ifoeQ'nQ’,
| yj]g Mifo e Q' - Q%

i, Mifo e Q- Q'

| min{g) (3,45 M}ifo e Q' Q%

The uncertain parts for K are given as follows:

(T, Mifoe Q' -

T, Mifo e 7 -Q',
min{T, (), Ty (M}ifo € Q' NQ%,

(1, (Mif o e Q' -,

I (Mifoe Q- Q'

| min{l,, (0,05 (M}ifo e Q' Q%

Fi, MifoeQ' - Q7
Fi, Mifo e Q*-Q',
| max{Fy (9),F (}ifoe Q' nQ%,
[y, Mifo € Q' - Q7
vy (Mifo e Q- Q'
| min{u (), 4y, (M}ifo e Q'NQ%

(4)

Theorem 2. If A, A, € Qppygs, then A, NA, € Qpppss-

Proof. It can easily be proved with the help of axioms used in
Definition 13. Therefore, its proof is omitted. O

Example 4. Let A, = (A}, Q", I, K") be a popths-graph
where 2} = (B,,€,) with B, = {9,,7,,7;} and Q,, Q,, Q5
are subparametric nonoverlapping sets with respect to
distinct attributes a;, oy, a3, where Q; = {ay;}, Q, = {1},
and Q; = {o5, a5} Q' =Q, xQ, xQ; = {0,,0,} and
Ty, (¥,7;) = 0,0k (¥,7;) =0,F¢ (¥,9)) =1, and (V (V;,
;) € B x B,/{(V,,9,), (9,,73), (¥, 7;)}). Table 6 and Fig-
ure 6 elaborate its tabulation and geometrical depiction,
respectively.  Also, let oA, = (2, Q% J%K?) be a
popfhs-graph where 2 = (8,,6,) with B, = {9,,9;,7,}
and R,, Q;, Q, are subparametric nonoverlapping sets with
respect to distinct attributes a,, a3, a, where Q, = {a,,},
Qs = {mpan),  and Q= {ay). Q7 =9Q, xQyx
Q, = {005} and Ty 3,7) = 0l (¥,7,) =0,Fy
V7)) = (WY (3, 7)) € B, x By/{(7,,73), (73, 74), (95, V4)}).
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TaBLE 6: Tabulation of popfhs-graph 2,

(2, Q' I K" for

TaBLE 7: Tabulation of popfhs-graph 2, = (23, Q% J%, K?) for

Example 4. Example 4.
J 7 7, 7 J 7, 7 7,
o,  (02,0.1,02,02)  (0.1,0.2,0.1,0.3)  (0.1,0.3,0.2,0.2) o, (0.1,02,0.1,04)  (0.2,0.1,0.3,0.5)  (0.3,0.1,0.1,0.3)
o, (0.1,0.1,03,03)  (0.1,0.2,0.1,0.5)  (0.2,0.2,0.4,0.4) oy, (03,02,0.1,03)  (0.1,0.1,0.3,02)  (0.2,0.1,0.2,0.2)
K (v, v5) (V2,¥3) (V1,73) K (V2,73) (V3,74) (V25 V4)
0, (0.2,0.2,0.1,0.2) (0.2,0.2,0.1,0.2) (0.2,0.1,0.3,0.2) 0, (0.2,0.2,0.3,0.2) (0.2,0.1,0.1,0.2) (0.2,0.2,0.3,0.2)
o, (0.1,03,02,03)  (0.2,0.1,0.3,04)  (0.3,0.1,0.2,0.3) oy (0.1,0.1,0.4,03)  (0.2,0.1,0.4,0.4)  (0.5,0.2,0.1,0.3)
(a) (b)
FIGURE 6: Geometrical interpretation of Table 6. @ (®)
) ) ) ) ) ) FIGURE 7: Graphical representation of Table 7.
Its tabulation and pictorial representation are provided in
Table 7 and Figure 7, respectively. Consider 2 = 2, N ¥,
with Q = Q'NQ%. Its tabulation and geometrical inter- TasLe 8: Tabulation of popths-graph 2 = 2, N,
pretation are stated in Table 8 and Figure 8, respectively. J 7, 7,
o, (0.1,0.2,0.1,0.3) (0.1,0.3,0.2,0.2)
Definition 14. The compliment A= (A,QFG) of 02 (8;85 818? %igigg 8‘21)
SPFHS-subgraph 2 = (A*,Q,J,K) with K,(#,9,)= - (03,0201,03 (01010302
J, (%) nJ, (7,) where K (72,73)
. o (0.2,0.2,0.1,0.2)
Q=9 g, (0.2,0.1,0.3,0.2)
oy (0.1,0.1,0.4,0.3)

@) T, ) =T, 00, ) =1, @),F, () =F, (),
1.0 =, ¥ € 3

3) T,0,%) = {min{T, @).T,  @)}LifTy
(¥1,%,) = 0, 0, otherwisel; (v;, ¥,) = {min{ﬂja @),

Iy, MLifl (¥1,%,) = 0,0, otherwise, Fy (V,9,) =
{max{F, #),F;,  @)LifF (3,9,)= 0,0,

otherwise, m = { min{‘uja (V1)> g, (?2)},
if py, (v1,7,) = 0,0, otherwise.

4. Some Products and Composition of pop f hs-
Graphs

In this section, we discussed some products and composition
of popths-graphs with the help of graphical representation
and numerical examples.

Definition ~ 15. For  two  popfhs-graphs,  A' =
(A, QY IL K and A% = (AP, Q% J?, K?) with respect to
A = (B,,E,) and A* = (B,,G,). Let A=A'x, A
where 2 = (J,K, Q' x Q%) and (J = J' x %, K = K' x K?)
is popfhs-set over B =B, x B,, K = (K' x K, Q' x Q%)
is popfhs-set over €C={(77), @T,))ITe B,
(7,,7,) € G,}U {(71,7), (M, T))IT € By, (7, 71,) € €.},
and K = (J, KK, Q' x Q%) is pop fhs-graphs where

M Togo @D = Ty @AT e (Dl (77) =
Ly oy (MALp ( (DF 50,0 (@ 7) = Fpr ) @VE
(T)yj(y)() (m,7) = 1t (y) (Nug (o (DY (7, T) € B,
(s,t) € Q' x Q?

(c)

FIGURE 8: Graphical representation of Table 8.

2) Ty (7)), (T.73)) = Ty MATe () (715 75)
Uk (.00 (7, T1)s (7,7)) =y () @A () (71, 75)
Fi.o (7)), (7,75)) = Fyi ) @VEe ) (71, T,)
P (y0) (7,7)), (T, 7,)) = pp ) (N2 (o) (715
T,V € By, (7,,7,) € C,,

(3) Tﬂ«yﬁ)((ﬁl,?), o (Aﬁz,?)) =Tpq (?A)/\TKJ(Y)
(7AT1s Zfz)ﬂk(y,() (7, Tz, (fz, TA)) = U2y (AT)/\I]K1 W
(7'[1, Ty [FK()/,() ((7'[1, T), (7'[2, T)) = [FJ]Z ) (T)/\[FKI )
(71> )b (3,0 (71> T)s (713, 7)) = pge (o) (DA (4
(7, 1,)VT € B,, (7,,7,) € G,

V(. () € Q'xQ? and W (y,{) =W, (y) x W, ({) are
pop fhs-graphs of .

Example 5. Let A'* = (B,, €,) be a simple graph with B, =
{7, 7, 3} and €, = {717, T, 715, 71,75} and Q, Q,, Qs are
subparametric nonoverlapping sets with respect to distinct
attributes oy, a,, a; where Q; = {ay;}, Q, = {1, a,,}, and

Q; ={ay ). Q' =9, xQ, xQ; = {0,0,}. A ={W,
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TaBLE 9: popths-graph ' = (A%, Q', I}, K') (Example 5).

J m T, T3

0, (0.3,0.2,0.2,0.3)  (0.2,0.1,0.3,0.5)  (0.2,0.3,0.3,0.5)
o, (0.2,0.1,0.1,04) (0.2,0.2,0.3,0.5)  (0.2,0.3,0.1,0.6)
K (), 7,) (7, 73) (75, 713)

0, (0.2,0.1,0.4,0.3)  (0.2,0.3,0.2,0.2)  (0.2,0.4,0.1,0.3)
w, (0.3,0.2,0.2,0.3)  (0.2,0.4,0.2,0.3) (0,0,1,0)

QY} = {(W, (@,)), (W, (@,))} is popths -graph, which is
stated in Table 9.

Let A =(B,,G,) be a simple graph with
B, ={7,,7,, 75,74} and G, ={7\7,,7,75, 7174 7374} and
R,,9Q,,Q; are subparametric nonoverlapping sets with
respect to distinct attributes ay, a,, a3, where Q; = {ay;},
Q, ={opap),  and Qs ={ay) Q=9 xQx
Q; = (@, @y}, W = {(W,, Q7] = {(W, (@,)), (W, (@,))} is
pop fhs-graph that is depicted in Table 10.

A=A'xpA* = (W, Q' x Q?), where Q' x Q* = {(@;,
W), (0, @3), (@, Dy), (0,, @,)}. Here, W(@,,w;) =W,
(0))xpW, (@3), W(@,, @;) = W, (@,)xpW, (@5), W (@,
W) =W, (@0)xpW, (@,), and W(@,,w,) =W, (@,)%p
W, (@4); for convenience we will write (7, 7,) = 7,,, for p =
1,2,3 and ¢g=1,2,3,4 also TKA(ﬁi,ﬁj) =0, 0.
(o) = 0, Fu (7)) = 1¥(7,,) € B x B.° g

( (ﬁll’ﬁ12)> (ﬁll’ﬁw)’ (ﬁll’ﬁZl)’ (ﬁll’ﬁm)’ (ﬁlz’ﬁzz)’
(ﬁ12>ﬁ32)’ (ﬁ13>ﬁ23)’ (ﬁ13>ﬁ33)’ (ﬁ13)ﬁ14)’ (ﬁ14’ﬁ24)’
1 (ﬁ14’ﬁ34)> (ﬁzl’ﬁzz)’ (ﬁ21’ﬁ23)’ (ﬁ21’ﬁ31)’ (ﬁzz’ﬁn)’ (>
(ﬁzs»ﬁzzx)’ (ﬁ23>ﬁ33)’ (ﬁ24>ﬁ34)’ (ﬁsl’ﬁ32)’ (ﬁ31’ﬁ33)’
(ﬁss’ﬁﬂ)

(5)

popths-graph of W(@,,@;) = W, (@,)xpW, (@) is
given in Table 11.

The graphical representation of Table 9 is provided in
Figure 9.

The graphical explanations of Tables 10 and 11 are

presented in Figures 10 and 11, respectively.

Theorem 3. The Cartesian product of two popfhs-graphs is
popfhs-graph.
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Proof. It can easily be proved by following the axiomatic
concepts provided in Definition 15 and Example 5. There-
fore, we have omitted its proof. O

Definition  16. For two popfhs-graphs, ' = (A",
QLILKY) and A% = (A, Q% J%K?) with respect to
A" = (B,,6,) and A = (B,,E,). Let A= A'epA* be
cross product A' and A* where A = (J,K, Q! xQ?) is
popths-set over B =B, xB,, K = (K'opk? Q' x Q?) is
popths-set over G ={((7,,7)), (M, T))I(7,7,) € €,
(7,,7,) € 6,},and K = (K'opk? Q' x Q7) is popths-graph
where

M) Ty (7) =Ty
Lty (DAL (1) (DF 5 30)
Dy (7) =
B, (s,1) € Q! x Q?

(2) TK(y,() (7, 7))s (715, 7)) = Ty ) (75 ﬁz)/\—ﬂ—u«(()
(T 1) ko (7T, (1, 5) = D) (AL TN
lz () B TPk 00 (711 T1)s (70, T5)) =
Fict () (1 T)VEe ()

(7,71, (71, T3)) = phyer o))
(T, TV, 7, € €, (T,T,) € 6,

V(7,7) e Q' x Q> and W(y,0) = W, ()eopW, ({) are
popths-graphs of 2.

(DT 20y Dy g0 (7 =
(ﬁ, :l:) = [FJ]I (Y) (ﬁ)V[FJ]Z (t)
[JJ]I (V) (ﬁ)A#JZ t) (?)V(ft, ?) €

(T Tk )
(721, )Ntz ()

Theorem 4. The cross product of two popfhs-graphs is
popfhs-graph.

Proof. Tt can easily be proved by following the axiomatic
concepts provided in Definition 16. Therefore, we have
omitted its proof. O

Definition 17. For two popths-graphs,
A= (A", QLILKY) and A = (A, Q0 ILKP) with
respect to A" = (B,,E,) and A** = (B,,E,). Let
A = A' ©pA* be lexicographic product A' and A* where
A= (J,K Q' x Q%) is popths-set over B = B, x B, K =
(K'opk?, Q' x Q?) is popths-set over

C={((m7), (m7))I7 € By, (7, 7,) € E}U{((71, 7)), (7 ) (A1, ) € €1, (71,7,) € Gy, (6)

and K = (K'0p?, Q' x Q?) is popths-graphs where

@) Ty @D =Ty @ATey Dy (@7 =
Ly oy (MALp ) (DF 50,0 (@ T) = Fp ) @VE
(Dts .0 (T) = g () (DA (DV (T, T) €
B, (s,1) € Q' x Q?

) Ty (7)), (T,73)) = Ty (MATe o
(T Dk o (M7, (BT) =gy
(N (o) (71, 72) Fi.o (7)), (7,75)) =
[FJ]I (V) (7T)V[FK2 (O (Tl’ Tz)

o (T T1), (T,75)) = pg () (WA
e () (T,T VA € By, (7,,7,) € G,

(3) —I]—K(y,() (71, 77), (755 7)) =Tk ) (71, ATy ()
(?1:?2)|][K(y,() ((ﬁp?l)s (ﬁzs ?2)) =
I]Kl ) (ﬁl, ﬁZ)/\ﬂKZ(()
(7, 7)), (7,5,7,)) = Fi W
(To Ttk 0 (71, T))s (72, 7)) =
tict () (T ) Az (¢
G, (7,7,) € €,

@5 )i
(7, T VF 2 0

G BV (7 7,) €
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TasLE 10: popfhs-graph A* = (A%, Q?, J?, K?) (Example 5).
7 7 7 2
(0.3,0.2,0.2,0.5) (0.2,0.1,0.2,0.4) (0.3,0.1,0.1,0.4) (0.3,0.1,0.2, 0.6)
(0.1,0.1,0.3,0.5) (0.3,0.2,0.2,0.7) (0.1,0.2,0.1,0.5) (0.2,0.3,0.1,0.8)

(T1,7,) (71,73) (T1,74) (75, 73) (72, 74) (75,74)
(0.1,0.2,0.1,0.3) (0.2,0.1,0.2,0.3) (0,0,1,0) (0,0,1,0) (0,0,1,0) (0.1,0.3,0.1,0.3)
(0.2,0.1,0.2,0.4) (0.3,0.1,0.1,0.3) (0.1,0.2,0.2,0.4) (0,0,1,0) (0,0,1,0) (0,0,1,0)

TaBLE 11: popfhs-graph W (@, @;) = W, (@,)xpW, (@;) of A = A'xpA* (Example 5).
J ﬁll ﬁlZ ﬁlf’) ﬁlél ﬁll ﬁZZ
(@,@;)  (0.3,02,02,03)  (0.2,0.1,0.2,0.3)  (0.3,0.1,0.2,0.3)  (0.3,0.1,0.2,0.3)  (0.2,0.1,0.3,0.5)  (0.2,0.1,0.3,0.4)
J 123 724 131 13 133 134
(@;, W3) (0.2,0.1,0.3,0.4) (0.2,0.1,0.3,0.5) (0.2,0.2,0.3,0.5) (0.2,0.1,0.3,0.4) (0.2,0.1,0.3,0.4) (0.2,0.1,0.3,0.5)
K (1 712) (1> 113) (115 7121) (11 7731) (712 7122) (125 713)
(@,@;)  (0.1,02,02,0.3)  (0.2,0.1,0.2,0.3)  (0.2,0.1,0.4,0.3)  (0.2,0.2,0.2,0.2)  (0.2,0.1,0.4,0.3)  (0.2,0.1,0.2,0.2)
K (ﬁl.’)’ﬁ:{i) (?]13’ﬁ14) (ﬁl4’ ?I24) (ﬁ14’ﬁ34) (ﬁZI’ﬁZZ) (ﬁZI’ﬁZS)
(@ (0.2,0.1,0.2,0.2)  (0.1,0.2,0.2,0.3)  (0.2,0.1,0.4,0.3)  (0.2,0.1,0.2,0.2)  (0.1,0.1,0.3,0.3)  (0.2,0.1,0.3,0.3)
K (122 7132) (123> 7124) (7123, 7133) (124> 7134) (315 713) (315 7133)
(@;, W3) (0.2,0.1,0.2,0.3) (0.1,0.1,0.3,0.3) (0.2,0.1,0.1,0.3) (0.2,0.1,0.2,0.3) (0.1,0.2,0.3,0.3) (0.2,0.1,0.3,0.3)
K (13 7123) (21 7131) (133 7134)
(@, @) (0.2,0.1,0.4,0.3) (0.2,0.2,0.2,0.3) (0.1,0.3,0.3,0.3)

VAN

FIGURE 9: Graphical representation of Table 9 with (a) W(@,) and (b) W(@,).

() (b)

FIGURE 10: Geometrical depiction of Table 10 with (a) W(@;) and (b) W(@,).

328

FIGURE 11: Geometrical interpretation of W(@,, @;) = W, (@;)xpW, (@;).
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Here, V(7,7)eQ'xQ> and W(y,{)=W,
(y) ©pW, ({) are popths-graphs of 2.
Theorem 5. The lexicographical product of two

popfhs-graphs is popfhs-graph.

Proof. It can easily be proved by following the axiomatic
concepts provided in Definition 17. Therefore, we have
omitted its proof. O
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Definition 18. For two popths-graphs,
A = (A, QLK) and AP = (A, Q% 04K with
respect to A" = (B,,E,) and A = (B,,G,). Let
A = A ® pA* be strong product of A and A*, where A =
(UK, Q' xQ?% is popths-set over B=B,xB,,
K= (K'®pk? Q' x Q%) is popths-set over

€ ={((m7), (mT)7 € By, (71, 7) € G U{((7, T) (A D) (71, 7,) € 6,7 € By}

U{(@, 7)), (70, 70) (1, 7,) € €, (70, 7,) € G,

and K = (K'®plk?, Q' x Q%) are popths-graphs where

M) Ty (@7 =Ty, (@A
Ty Dy (@ 7) =1y (DA
Ly DFs0 (17) = Fgy
(VEF gy Dby 0 (BT) = Py
(INp () DIV (7, 7) € B, (s,t) € QU xQ?
() —U—K(y,() (7, ?1), (ﬁ’?z)) = —U—jl (y)
(MATye o (T Tk .0 (7 T1), (T,75)) =
U () DAL ) (T T)Fk ) (7)), (7, 75)) =
Fy iy MVFe ) (1 Tt (0 (1 T1), (7,75)) =
ot (DN () (T TV € By, (71,7,) €6,
() Tk (7,7 (75, 7)) = Ty
(71, AT g2 () (D (1,00 (71, 7), (71, 7)) =
lict () G2 )ALz () (D)Fi (9,09
(7, 7), (71, 7)) = Far ) (B, T)VE g
(?)HK(%() ((ﬁls?)s (ﬁ2> ?)) =
thct () (> )N (o (DY (7, 7,) € 61,7 € B,
(4) -I]—K(y,() ((ﬁ1:?1)) (ﬁza%z)) =
Ticr ) (7 TIAT e (0 (T Tk (10)

€ ={((m7), (%.7,))I7 € By, (71, 7,) € €, }U

{(77), (A 2)) (71, 7) € 61,7, # 7T,
and K = (K' x K% Q' x Q?) is popths-graphs where

(V) Ty @7) = Ty (DA
Ty Dy (77) = Ly (DA
Le ) MFs0 (17) = Fngy
(RVE 2 g (Ditgy0 (7 7) = g ) (DA
Upp DV (A7) €B, (5,1) € QT x Q
(@) Ty (7. 7)), (7.7,) = Ty ) DATe ) (B
Tl (771, (7,7,) = L
() WA ¢ (71, T2)Fi g,
(@70, (1,7,)) = Fyi ) (MVFe g
(To ko (T, (1,75)) =
Hi'(p) (ﬁ)/\["u@(() (T, 7))V € By, (7,,7,) € 6,

(7)

(7)), (715, 72) = D) (L A
Iz () (T T)Fk (00 (T T1)s (715, 7)) =
Fier () (i 1)VEe (g
(T1 Tk () (1 T1)s (75, T5)) =
Hic () (T )N (o) (T15 T2V
7,) € G,
Here, V(7,7) € Q' x Q?
W, ({) are popths-graphs of 2.

(my,7,) € €y, (T,

and W, () =W, (p)®p

Theorem 6. The strong product of two popfhs-graphs is
popfhs-graph.

Definition 19. For two popths-graphs, A' = (A, Q,
JLIKY) and A% = (AP, Q% I, K?) with respect to A =
(%B,,€,) and A% = (B,,E,). Let A= AL [A?] be compo-
sition of A' and A where A= (I, K Q' xQ?) is
popfths-set over B =B, xB,, K= (K' x K> Q' x Q%) is
popths-set over

{(71,7), (7 D) (71, 7,) € 61,7 € B, U (8)

(3) —I]—[K(y,{) ((ﬁla?)a (ﬁz)?)) = TKI ) (ﬁp
AT ¢ Dl (s
), (13, 0) = It gy (@ T)ALg
(DFy (.0 (71, 7), (715, 7)) = Fyeo
() (1, )IVE g (0 (Dt .00
((ﬁls?)s (ﬁp?)) = Uk! (y) (ﬁlx
AN ) DV (7, 7,) € G, T € B,
(4) -I]—K(y,{) ((ﬁp?l), (ﬁz: :1:2)) =
—ﬂ—Kl ) (ﬁ'l, ﬁZ)A—ﬂ—jl 0 (?Z)A—U—J]z(() (?I)HK()/,()
(1) (7)) = bty
(71, TN () (BN ) (7)) Ficy,
O ((ﬁp?]), (ﬁza?z)) = [F|K1 (y) (ﬁp ﬁz)/\
Far ) @IAE 2 o (T 0
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((ﬁp?])) (ﬁz,?z)) = UK (y)
(s )N g (o) TN g2 () GOV (), T1y) € 61T, #7T,
Here, V(y,{) € Q' x Q% and W(y,{) = W, (y)[W, ()]
are popths-graphs of 2.

Theorem 7. The composition of two popfhs-graphs is
popfhs-graph.

Proof. Tt can easily be proved by following the axiomatic
concepts provided in Definition 19. Therefore, we have
omitted its proof. O

Deﬁmtzon 20. For two popths-graphs,

= (A", Q0K and 2’ = (AP, Q%1% K%) with
respect to A =(B,,E,) and A* = (B,,E,). Let
A=A'UA* be the union of A' and A* where
A= (J,K Q' UQ? is popths-set over B =B, UB, and
K= (K'UK%,Q'UQ?) is popfhs-set over G =G, UG,,
where for 77,7 € B, pop f-components are stated as follows:

Tp@ @ ‘0 Q' -Q°
T, (D=1 Teg (7) e Q1 -Q'
) TpoVTeg (@ 0e Q'nQ?
) (7) e Q' - Q7
1, (3) = 5@ e Q1 -Q'
o ) I Vg @ aeQ' nQ’
Fp@ @ e Q' -7
Fy(@) =1 Fpg@ e Q- Q!
) Fpo DAFpo (D) oe Q' N’
(@) [ @e Q' - Q
- (T) = D) () ; W€ Q- Q!
’ | oo Ve @ e Q0
K] )(n‘r), e Q' -Q°
T (@ o (77); we Q- Q'
(7‘[T V—I]—Kz )(nr), ae Q' NQ%
o) (m), we Q' - Q7%
L (77) = 1 le g, (7D); we Q' -,
2y o @V o (7D); @c Q' nQY
( Fei ) (m’), we Q' -Q%
Fi (77) = { Fie 5 (70); we Q- Q'
’ Fio o @Vl 5 (77); e Q' NQ7,
[t ) (70); pe Q' -
i (70) = { e ) (79); @ Q’-Q',
) |t @ TV o) (70); e QN
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Definition 21. For two popths-graphs,
o = (A, QL ILKD and A = (U, Q517K with
respect to A" = (B,,E,) and A = (B,,G,). Let
A = A' NA? be the intersection of A’ and A*, where A =
(J, K, Q' UR?) is popths-set over B =B, NB, and K =
(K'UK%L Q'UQ?) is popths-set over € = G, NE,, where
for 7,7 € B, pop f-components can be given by

Ty @ ;0e Q' - R
T,0®=1 T.5® Joe Q- Q'
Ty OATeo @) e Q' NQ?
1y o) (D ;e Q' - Q7
Lo @ =1 leg® ;e Q- Q'
(1) Iy DALG @) e Q'nQ?
NG J0e Q' - R
Fyo@® =1 F.g® ;0e Q- Q!
Fug FOVE o D e Q'nQ2
5@ ;e Q' - Q7
Hy@ (D =1 P‘J@ @ e’ -
‘uJ]l (Z;) (?)/\ﬂjz (Z)) (:":) y CT)G Ql n Qz
o (@) ‘e Q' - QY
TKA(ET) (m (e QT - Q'
S AT (7)) 10e Q'ND
(T[T) ‘e Q' -7
by (77) = (m) ;e Q- Q!
AN o (D) e QN2
5 (7%) o€ Q' -
Fi (77) = Kz( )(m) e Q1 -Q'
F @) TDVFe 5 (D) @e Q'nQ°
Hi (o) (7T e Q' - Q7
e (77) = { e o) (D) ;e Q- Q'
: e o) DN 5 (D) e QN Q2

Definition 22. For two popths-graphs,
A = (A", QLILK) and A = (A, Q0 IALKP) with
respect to A" = (B,,E,) and A = (B,,E,). Let
A=A'wA* be the join of A' and A* where
A= (Jul Kk, Q'URQ?) is  popths-set  over
B =PB,UB, and K = (K'wk?, Q' UQ?) is popths-set over
€ = €, UC, where

1) J'wl?,QuR?) = LAY U P QRY

) (K'wKk?, Q'uR?) =
(KL QYU (K2, Q%), if it € G, UG,
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Input universal set and sub- | (Input popfhs-sets for set of

parametric tuple-valued set ) v vertices and set of edges
___________________________________________ -
o I
Construct Resultant ] (
Construct popfhs-graph
‘ popfhs-graph ] popfhs-grap J

[ Represent popfhs-graph in Incidence Matrix Notation ]

Compute Score corresponding to
each member in universal set

____________ i

Decision with optimal
score

End

FIGURE 12: Step-wise brief graphical description of proposed algorithm.

Start
Input
(1) Input B and Q as universal set and set of parametric tuples, respectively.
(2) Input popths-sets {J, Q} and {I, Q}.
Construction
(3) Construct popths-graph A = (A", Q, J, K).
(4)  Construct resultant popths-graph for ® = A@, V values of .
(5) Construct popths-graph W(@) along with -Matrix.
Computation
(6) Calculate score S, of €, V values of « and its average by the formula S, = T, + 1, - F, +py, + 1/4.
Decision
(7) Opt €, if €, = max,C,.
(8) Opt any one of €, if x bears multiple values.

End
ALGORITHM 1: Optimal selection of candidate by using popths-graph.
when @ € Q' NQ? and 77 € G, and uncertain parts are as QA=
follows: (2) J9(@) = J(@)
—[I—KlLﬂKZ (’(5) (ﬁ%) mm{ (ﬁ?), —H—Jz ’a;) (ﬁ?)}, (3) —I]—Kc (a) (ﬁ) ?) = —I]—J] (’a;) (ﬁ)ATJ (’(5) (?) - —H—K(a) (ﬁ) ?)
ruic: @ (7)) = min{l; )(m) 13 @ (D) ) ”ﬂ«‘@)(’f? = ”J@(”z’\”ua)(f): ﬂ”‘@(ﬂ’?A
L . 9) (5) Fye @ (7,7)=F, @ (n)/\[FJ@) ™) - Fx o) (7, 7)
I}TK%Z@ (77) = n{ @) (77), F o @) (ﬂr)}, (6) b @) (7,%) = e (ﬁ)/\ﬂj@) ) - ) (7,7)
e @ (77) = minfuy ) (77 e ) (AT}

Definition 24. If A°=A where A= (A", Q, J,K) is a
popths-graph, then 2 is self-complementary.
Definition 23. The complement 2 = (2A* ¢, Q°, J°, K°) of
popths-graph 2 = (A", Q, J, K) is a popths-graph for which Definition 25. If K(®) is popths-graph of 2, V& € Q, then
7,7 € Band @ € Q, and it satisfies the following conditions: A is complete, and one can write
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TasLE 12: popths-graph A = (A*, Q, J, K).
J (O c, (0N ¢, (O (O
@, (0.2,0.1,0.3,0.4) (0.3,0.1,0.1,0.3) (0.2,0.1,0.3,0.5) (0.1,0.2,0.1,0.6) (0.2,0.1,0.1,0.5) (0.2,0.1,0.2,0.3)
@, (0.1,0.1,0.3,0.7) (0.2,0.3,0.2,0.7) (0.1,0.3,0.2,0.3) (0.3,0.1,0.3,0.8) (0,0,0,0) (0.2,0.3,0.1,0.7)
@ (0.3,04,0.1,0.7) (0.2,0.3,0.1,0.6) (0.1,0.1,0.3,0.5) (0.2,0.1,0.2,0.6) (0.3,0.2,0.1,0.7) (0.2,0.1,0.3,0.5)
K (€,,6,) (€, 635) (€, 6y (€, €5) (€,,65) (€, €, (€,,€5)
@, (0.2,0.2,0.1,0.2) (0,0,1,0) (0.3,0.2,0.3,0.3) (0,0,1,0) (0.3,0.1,0.1,0.3) (0.2,0.2,0.2,0.2) (0.3,0.1,0.1,0.3)
@, (0.2,0.2,0.3,0.6) (0.2,0.1,0.1,0.2) (0.2,0.2,0.1,0.5) (0,0,1,0) (0,0,1,0) (0.1,0.2,0.3,0.6) (0,0,1,0)
@, (0.2,0.1,0.1,0.5) (0,0, 1,0) (0,0,1,0) (0.1,0.3,0.2,0.5) (0.1,0.2,0.2,0.4) (0.2,0.2,0.1,0.4) (0,0, 1,0)
K (€,,6) (€5,6,) (€5, €C5) (€5,65) (€4, C5) (€5, C)
0, (0,0,1,0) (0,0,1,0) (0.2,0.1,0.2,0.4) (0.2,0.2,0.3,0.2) (0.1,0.2,0.3,0.4) (0.3,0.1,0.1,0.3)
@, (0.5,0.1,0.1,0.5) (0.2,0.1,0.4,0.2) (0,0, 1,0) (0.3,0.2,0.1,0.3) (0,0, 1,0) (0,0, 1,0)
03 (0,0,1,0) (0,0,1,0) (0.2,0.3,0.1,0.4) (0.2,0.3,0.3,0.4) (0.2,0.1,0.2,0.5) (0.3,0.1,0.4,0.3)
(a) (®) (©
FIGURE 13: Pictorial depiction of Table 1 with (a) W(&,), (b) W(&,), and (c) W(@s).
TABLE 13: Score values with choice values.

¢, c, (0N c, (O G C,
(08 0.250 0.300 0.225 0.175 0.200 0.250 1.400
G, 0.300 0.250 0.200 0.325 0.225 0.225 1.525
(ON 0.225 0.200 0.250 0.150 0.200 0.325 1.400
(N 0.175 0.325 0.150 0.250 0.175 0.250 1.325
(O 0.200 0.225 0.200 0.175 0.250 0.150 1.200
G 0.250 0.225 0.325 0.250 0.150 0.250 1.450

TaBLE 14: Advantageous aspects of proposed model over relevant existing models.
. . . . . Project

Grade of true  Grade of false Grade of =~ Mapping with Mapping with Entitlement of .
Models . . . . : . selection

membership membership neutrality — single argument  multiargument  possibility degree ranking
fs-graph [30] v X X v X X X
ifs-graph [31] v v X v X X X
pfs-graph
(32] v v v v X X X
pofs-set [33] v X X v X v X
poifs-set [34] v v X v X v X
poi fs-graph
(3 v v x v/ x v x
Proposed v v v v v v v

model
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'I]'K@)(ﬂr = min 'I]'J@(?t),'I]'J@(?)},

{
Ik @) (77) = n{”ﬂ@) () 1,3) (?)}’
5 (A7) = n{uj(a (ﬁ),uj@)(?)},
{

My (@) (TT) = minjp = (7), 4 (T)}

Definition 26. A popths-graph A = (U, Q, J, K) is strong
popths-graph if K (@) is popfhs-graph of 2 and Vo € Q.

Theorem 8. For two strong  popfhs-graphs,
o' = (A, QLILKY) and A = (AT, QL ILK?) with
respect to A'* = (B,, €,) and A** = (B,, G,); then A' [A*];
the composition of A' and A* is strong popfhs-graph.

Theorem 9. For two strong  popfhs-graphs,
A = (A", QL ILKY and A = (AT,Q%, 1K) with
respect to A" = (B,,E,) and WA = (B,,G,); then
A'xp2A%; the Cartesian product of A' and A* is strong
popfhs-graph.

Definition 27. The complement A = (A", Q°, J°, K°) of
strong popths-graph A = (A, QI K)Vw € J, 7,7 € B is
given by
1) [ =
(2) I9(@) (7) = J(@) ()
(3) —[I—KC(;]) (ﬁ: ?) =
min{T, & (7)., T, @}
0 K(w)
i min{l; 5 (7),1; 5, (D)}
0
(5) Kl(g)(ﬁy?) =
min{F @@ Fy @}
0

K(w) (m,7) =
(7, T)>0

; ”K(g) (:\75) z) =0
il (m1)>0

) (1,7) =0
7)>0

) [K(w
) [K(w)(ﬂ’
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(6) pye ) (M, 7) =

mm{yj(w) (), e (?)} YUK @) (m,7) =
0

St (T )>0

Theorem 10. The complement A = (A", Q°, I, K ) of
strong popfhs-graph A = (A, QI,K)Vo € J,7,T€ B is
strong popfhs-graph.

Theorem 11. If A = (A, Q, J, K) and its complement A° =
(A<, Q5 J°, K°) are strong popfhs-graphsV @ € J, 7,7 € B,
then AU A is complete popfhs-graph.

5. Application in Decision-Making

In order to validate the proposed study, an algorithm-based
application is discussed for reliable decision-making process
(The brief graphical description of steps involved in Algo-
rithm 1 is presented in Figure 12).

Example 6. Suppose an organization intends to recruit a
candidate to fill a vacant post of assistant manager. Six
candidates, that is, 8 = {€,,C,,C;,C,, €5, €4}, have been
scrutinized by recruitment committee. The committee fur-
ther requires evaluation to select one of these candidates. The
evaluation indicators are qualification (f,), relevant expe-
rience (f3,), and computer skill (f;). Their subparametric

disjoint sets are RQ; = {B;;}, Ry = {Bo1, B2 Brs}> and
Q; ={B5;},  respectively, such  that RQ=Qx
Q) X Q3 ={@),@,, @5} and A= {W,Q)} = {(W(a,)),

(W(@,)), (W(@,;))} are popths-graph. This selection is
accomlished by proposing an algorithm (i.e. Algorithm 1
which is presented in Figure 1)

The graphical explanation of Table 12 is provided in
Figure 13.

The popths-graphs W (®,), W(@,), and W(@;) with
respect to subparametric values are given in Table 12 and
stated in Figure 2. The I-Matrices of popths-graphs are

(0,0,0,0)  (0.2,0.2,0.1,02)  (0,0,0,0)  (0.3,0.2,0.3,0.3)  (0,0,0,0) (0,0,0,0)
(02,0.2,0.1,02)  (0,0,0,00  (0.3,0.1,0.1,0.3) (0.2,0.2,0.2,0.2) (0.3,0.1,0.1,0.3)  (0,0,0,0)

i (0,0,0,0)  (0.3,0.1,0.1,0.3)  (0,0,0,0) (0,0,0,0)  (0.2,0.1,0.2,0.4) (0.2,0.2,0.3,0.2)
W) = (0.3,0.2,0.3,0.3) (0.2,0.2,0.2,0.2)  (0,0,0,0) (0,0,0,0)  (0.1,02,0.3,0.4)  (0,0,0,0)

(0) 0’ 0) 0)

(0) 0’ 0) 0) (0’ O) 0) 0)

(0.3,0.1,0.1,0.3) (0.2,0.1,0.2,0.4) (0.1,0.2,0.3,0.4)

(0.2,0.2,0.3,0.2)

(0,0,0,0) (0.3,0.1,0.1,0.3)

(0,0,0,0) (0.3,0.1,0.1,0.3) (0,0,0,0)
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(0,0,0,0) (0.2,0.2,0.3,0.6) (0.2,0.1,0.1,0.2) (0.2,0.2,0.1,0.5) (0,0,0,0) (0,0,0,0)
(0.2,0.2,0.3,0.6)  (0,0,0,0) (0,0,0,0)  (0.1,0.2,0.3,0.6) (0,0,0,0) (0.5,0.1,0.1,0.5))
W(@,) = (0.2,0.1,0.1,0.2) (0,0,0,0) (0,0,0,0) (0.2,0.1,0.4,0.2) (0,0,0,0) (0.3,0.2,0.1,0.3)) ,
(0.2,0.2,0.1,0.5) (0.1,0.2,0.3,0.6) (0.2,0.1,0.4,0.2) (0,0,0,0) (0,0,0,0) (0,0,0,0)
(0,0,0,0) (0,0,0,0) (0,0,0,0) (0,0,0,0) (0,0,0,0) (0,0,0,0)
(0,0,0,0)  (0.5,0.1,0.1,0.5) (0.3,0.2,0.1,0.3)  (0,0,0,0)  (0,0,0,0) (0,0,0,0)
(0,0,0,0) (0.2,0.1,0.1,0.5) (0,0,0,0) (0,0,0,0) (0.1,0.3,0.2,0.5) (0,0,0,0)
(0.2,0.1,0.1,0.5) (0,0,0,0) (0.1,0.2,0.2,0.4) (0.2,0.2,0.1,0.4) (0,0,0,0) (0,0,0,0)
W(@,) = (0,0,0,0) (0.1,0.2,0.2,0.4) (0,0,0,0) (0,0,0,0) (0.2,0.3,0.1,0.4) (0.2,0.3,0.3,0.4)
(0,0,0,0) (0.2,0.2,0.1,0.4) (0,0,0,0) (0,0,0,0) (0.2,0.1,0.2,0.5) (0,0,0,0)
(0.1,0.3,0.2,0.5) (0,0,0,0) (0.2,0.3,0.1,0.4) (0.2,0.1,0.2,0.5) (0,0,0,0) (0.3,0.1,0.4,0.3)
(0,0,0,0) (0,0,0,0) (0.2,0.3,0.3,0.4) (0,0,0,0) (0.3,0.1,0.4,0.3) (0,0,0,0)
(11)
The incidence matrix for resultant pop fhs-graph can be
calculated by @ = ®,;A®,A®;, which is given by
(0,0,0,0) (0.2,0.1,0.3,0.2) (0,0,0.1,0) (0,0,0.3,0) (0,0,0.2,0) (0,0,0,0)
(0.2,0.1,0.3,0.2) (0,0,0,0) (0,0,0.2,0) (0.1,0.2,0.2,0.2) (0,0,0.1,0) (0,0,0.1,0)
_ (0,0,0.1,0) (0,0,0.2,2) (0,0,0,0) (0,0,0.4,0) (0,0,0.2,0) (0.2,0.2,0.3,0.2)
Wi = (0,0,0.3,0) (0.1,0.2,0.2,0.2) (0,0,0.4,0) (0,0,0,0) (0,0,0.3,0) (0,0,0,0) (1)
(0,0,0.2,0) (0,0,0.1,0) (0,0,0.2,0) (0,0,0.3,0) (0,0,0,0) (0,0,0.4,0)
(0,0,0,0) (0,0,0.1,0) (0.2,0.2,0.3,0.2) (0,0,0,0) (0,0,0.4,0) (0,0,0,0)

Score and its average values are given in Table 13.
Since according to Table 13, the maximum average score
value for €, is 1.525, so the candidate €, is selected.

6. Comparison Analysis

The problem of project selection for investment selection is
of great importance for investors. A very few literature exists
in this regard under uncertain environments (i.e., fuzzy set-
like environments). But there exists no literature regarding
this project under soft set-like and possibility soft set-like
environments. It is an advantageous aspect of the proposed
study over the existing relevant models that an important
problem has been discussed through this study. Due to lack
of relevant literature, the numerical comparison is not
possible, but we present the comparison of the proposed
model with some existing relevant models on structural basis
to depict its advantageous aspects and flexibility. Table 14
presents this structural comparison.

7. Conclusions

In this research, authors have managed the real-world
decision-making situation that demands: (i) the categori-
zation of opted parameters into their respective disjoint

subclasses having their relevant attributive values, (ii) the
consideration of multiargument parameterization in the
domain of approximate mapping to have reliable ap-
proximation of alternatives, and (iii) a mode for the as-
sessment of uncertain nature of approximate elements to
have level of acceptance, collectively with the development
of novel context of popths-graph. As a conceptual
framework, essential rudiments, operations, and products
are characterized with the help of elaborated instances. A
real-world decision-making problem from human resource
management for the optimal selection of candidate is re-
solved with the proposal of an intelligent algorithm. Since
the sum of values of uncertain components in proposed
model is considered within [0,1], but it is not sufficient for
the situations where decision-makers provide their opin-
ions as uncertain values whose sum exceeds 1; therefore,
future work may include the extension of this work to
possibility neutrosophic hypersoft setting to deal with
above describe limitation. Moreover, many other notions
of classical graph may also be characterized by utilizing the
proposed context.
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