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In this article, we introduce bipolar hypersoft topological spaces over the collection of bipolar hypersoft sets. It is proven that a
bipolar hypersoft topological space gives a parametrized family of hypersoft topological spaces, but the converse does not hold in
general, and this is shown with the help of an example. Furthermore, we give a condition on a given parametrized family of
hypersoft topologies, which assure that there is a bipolar hypersoft topology whose induced family of hypersoft topologies is the
given family. The notions of bipolar hypersoft neighborhood, bipolar hypersoft subspace, and bipolar hypersoft limit points are
introduced. Finally, we define bipolar hypersoft interior, bipolar hypersoft closure, bipolar hypersoft exterior, and bipolar
hypersoft boundary, and the relations between them, differing from the relations on hypersoft topology, are investigated.

1. Introduction

Many challenges in engineering, artificial intelligence,
economics, environmental research, social science, and
other fields include ambiguous or unclear data. As a result,
traditional methods depending on the specific instance may
be ineffective in solving or modeling them. Many theories
have been developed to address these issues in light of this.
Soft set theory was introduced by Molodtsov [1] as a rev-
olutionary idea for dealing with uncertainty. In comparison
to earlier ideas, he demonstrated how effective soft sets are at
solving complex issues. Many scholars have since researched
soft set theory’s properties, operations, and applications (see,
for example, [2-8]). The relevance of topology and its
multiple applications, particularly in physics, economics,
and computer science, have piqued researchers’ interest in
the topological structure of soft sets. There were two defi-
nitions of soft topological spaces presented. Shabir and Naz
[9] were the first to establish the concept of soft topological
space on a universe set. Cagman et al. [10] used a soft set to
demonstrate the notion of soft topological space. Following
that, several academics concentrated on soft topological
spaces [11-26].

Shabir and Naz [27] first used bipolar soft set to combine
bipolarity [28] with soft set theory [1]. According to Dubois
and Prade [28], our decision-making is built upon two sides,
positive and negative, and we choose based on which is more
powerful. Some definitions, operations, and applications on
bipolar soft sets were studied in [29-32]. The notion of bipolar
soft topological spaces over an ordinary set was first intro-
duced by Shabir and Bakhtawar [33], along with studies into
bipolar soft connectedness and bipolar soft compactness. The
notions of interior and closure operators, basis, and subspace
in bipolar soft topological spaces were studied by Ozturk [34].
By redefining bipolar soft topological spaces on a bipolar soft
set, Fadel [35] has expanded the definition of bipolar soft
topological spaces introduced in [33]. They have covered the
key concepts and properties, as well as some illustrative ex-
amples. For additional work on the topological structures on
bipolar soft sets, one may study [36, 37].

In 2018, Smarandache [38] transformed the argument
mapping F into a multiargument mapping to turn gener-
alized soft sets into hypersoft sets. This notion is more
adaptable than soft set and more suited to challenges in-
volving decision-making. Under the hypersoft set envi-
ronment, some vital basics (e.g., elementary properties, set
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theoretic operations, basic laws, relations, functions, and
matrices) as well as applications are conceptualized in
[39-46]. Musa and Asaad [47] initiated the study of
hypersoft topological spaces. They defined hypersoft to-
pology as a collection of hypersoft sets over the universe X.
So, they defined elementary notions of hypersoft topological
spaces such as hypersoft open sets, hypersoft closed sets,
hypersoft neighborhood, hypersoft limit points, and
hypersoft subspace. Further, hypersoft closure, hypersoft
interior, and hypersoft boundary were studied, and some of
their basic properties were investigated.

Recently, Musa and Asaad [48] introduced the notion of
bipolar hypersoft sets, which was created by merging the
bipolarity [28] and hypersoft set [38]. It was distinguished by
two hypersoft sets, one of which provided positive data and
the other negative data. In their paper, they defined some
basic operations such as bipolar hypersoft subset, bipolar
hypersoft complement, and bipolar hypersoft difference.
Furthermore, aggregate operations such as intersection,
union, AND-operation, and OR-operation of two bipolar
hypersoft sets with their characteristics were explored and
illustrated with examples.

The following is how the rest of the paper is laid out:
Section 2 contains some basic definitions on bipolar
hypersoft sets. In Section 3, we introduce bipolar hypersoft
topological spaces, which are defined over an initial universe
with a fixed set of parameters. Then, we discuss some basic
properties of bipolar hypersoft topological spaces and define
bipolar hypersoft neighborhood, bipolar hypersoft subspace,
and bipolar hypersoft limit points. In Section 4, bipolar
hypersoft interior, bipolar hypersoft closure, bipolar
hypersoft exterior, and bipolar hypersoft boundary are
defined. Also, the relationship between these concepts is
investigated. In Section 5, we summarize the main results
and make suggestions for further studies.

2. Preliminaries

Here, we recall some basic terminologies regarding bipolar
hypersoft sets and hypersoft topological spaces.
Throughout this work, we use X as an initial universe,
P(X) as the power set of X, and E, E,, ..., E, the pairs of
disjoint sets of parameters. Fori =1,2,...,n, let A;, B;CE,.
To keep things simple, for E,xE,x-.--XE,,
A xAy,x---x A, and B; X B, X --- x B, we use the nota-
tions E, A, and B, respectively. Let A, B € E and each el-
ement in A, B, and E is obviously an n-tuple element.

Definition 1. [48] A bipolar hypersoft set over X is defined
as (A,Q,A) where A and Q are mappings given by
A:A— P(X) and Q:-A— P(X) such that
A()NQ(~a) = ¢ for all « € A.

A bipolar hypersoft set (A, Q, A) can be represented as
follows:

(A Q,A) ={(a, Aa), Q(ma)): @ € Aand A (a) N Q(—a) = ¢}

(1)

Journal of Mathematics

Definition 2. [48] Let (A,Q,,A) and (A,,Q,,B) be two
bipolar hypersoft sets over a common universe X, we say
that (A, Q,, A) is a bipolar hypersoft subset of (A,, Q,, B) if
for all o € A:

(1) AcB and;

(2) Aj(a) €A, () and Q, (~a) €Q, (ma).

We symbolize it by (A}, Q;, A) £ (A5, Q,, B).

If (A,, Q,, B) is a bipolar hypersoft subset of (A, Q,, A),
then (A, Qy, A) is said to be a bipolar hypersoft superset of
(A,, Q,, B). It is symbolized by (A, Q;, A) C (A,,Q,,B).

Definition 3. [48] (A, Q,, A) and (A,,Q,, B) are said to be
bipolar hypersoft equal if (A;,Q;,A) € (A,,Q,,B) and
(A3, 05, A) E (A, Qy, B).

Definition 4. [48] (A, Q, A) = (A5, QF, A) is defined as the
bipolar hypersoft complement of (A, Q, A), where A° and Q°
are mappings given by A° («) = Q (~a) and Q° (~a) = A(a)
for all a € A.

Definition 5. [48] We called (O, ¥, A) over X a relative null
bipolar hypersoft set if for all a € A, ®(a)=¢ and
¥ (-a) = X.

An absolute null bipolar hypersoft set over X is denoted
by (®,¥, E).

Definition 6. [48] We called (V¥,®,A) over X a relative
whole bipolar hypersoft set if for all « € A, ¥ (&) = X and
D (—a) = ¢.

An absolute whole bipolar hypersoft set over X is
denoted by (¥, ®, E).

Definition 7. [48] A bipolar hypersoft set (I, ®,C), where
C = ANB, is defined as the difference of (A;,Q,,A) and
(A,,Q,, B) over a common universe X if for all « € C:
I'(a) = A (@)NAS () = A (@) N O, () and
0O () =Q; (ma)UQS (~a) = Q; (ma) UA, (a).
We symbolize it by (A, Qy, A\ (A,, Q,, B) = (T,0,C).

Definition 8. [48] A bipolar hypersoft set (T, ®,C), where
C=AnNB, is defined as the union of (A;,Q;,A) and
(A,,Q,, B) over a common universe X if for all « € C:

I['(a) = A (@)UA, () and O (—ar) = Q; () N Q, (ma).  (2)
We symbolize it by (A;, Q,, A)LI (A, Q,, B) = (T, ©,C).
Definition 9. [48] A bipolar hypersoft set (I',®,C), where

C = AN B, is defined as the intersection of (A;,Q;, A) and
(A,,Q,, B) over a common universe X if for all « € C:

I['(a) =A (@) NA, () and O (mar) = Q; (mx) U Q, (ma).  (3)

We symbolize it by (A;, €, A)F1(A,, Q,, B) = (T, ®,C).
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Definition 10. [47]If T4, is a collection of hypersoft sets over
X, then T is a hypersoft topology on X if:

(1) (O,E), (¥,E) belong to Tg.

(2) The intersection of any two hypersoft sets in Ty,
belongs to T'y.

(3) The union of any number of hypersoft sets in Ty,
belongs to T'g.

Then, (X, Ty, E) is called a hypersoft topological space
over X.

Definition 11. [47] Suppose that (X, T, E) is a hypersoft
space over X, then the members of Ty are said to be
hypersoft open sets in X.

Definition 12. [47] Suppose that (X, Ty, E) is a hypersoft
space over X. A hypersoft set (A, E) over X is said to be a
hypersoft closed set in X, if (A, E)° belongs to T's.

3. Bipolar Hypersoft Topological Spaces

In this section, we introduce the concept of bipolar hypersoft
topological spaces and study its relation with hypersoft
topological spaces. Then, bipolar hypersoft subspace, bipolar
hypersoft neighborhood, and bipolar hypersoft limit point
are characterized.

Definition 13. Let (A, Q, E) be a bipolar hypersoft set over X
and x € X. Then x € (A,Q,E) if x € A(«) for all « € E. If
x € (A, Q, E), then automatically x ¢ Q (—«) for all ~a e~ E.

Foranyx € X, x ¢ (A, Q,E),ifx ¢ A(«)for some a € E.

Definition 14. (A;,Q,,E) and (A,,Q,,E) are said to be
disjoint bipolar hypersoft sets if for all «€E,
A ()N A, (a) = ¢. We denote it by
(AL, QLE)N (A, Qy, E) = (0,0, E) where @ (a) = ¢ for all
a € E and Q(~a) € X for all -« €-E.

Definition 15. Let Y € X. Then, the bipolar hypersoft set
(Y,®D,E) over X defined by Y(a) =Y for all « € E and
@ (—a) = ¢ for all ~a e-E.

Definition 16. Let Y < X. Then, the subbipolar hypersoft set
(Ay, Qy, E) over Y of a bipolar hypersoft set (A, Q, E) over
X is defined as

Ay (@) =YNA(a) for all
Qy (ma) =Y NQ(—a) for all ~a €-E.

a€E and

Definition 17. If T 54, is a collection of bipolar hypersoft sets
over X, then T4 is a bipolar hypersoft topology on X if:
(1) (®,¥,E), (¥, D,E) belong to T zg.

(2) The intersection of any two bipolar hypersoft sets in
T o belongs to T 5.

(3) The union of any number of bipolar hypersoft sets in
T o belongs to T 5.

Then, (X, T gy, E, —E) is called a bipolar hypersoft to-
pological space over X.

Definition 18. Suppose that (X,T g, E,E) is a bipolar
hypersoft space over X; then the members of T' 54, are said to
be bipolar hypersoft open sets in X.

Definition 19. Suppose that (X,T g, E,E) is a bipolar
hypersoft space over X. A bipolar hypersoft set (A, Q, E)
over X is said to be a bipolar hypersoft closed set in X, if
(A, Q, E) belongs to T .

Proposition 1. Let (X,T 44, E, ~E) be a bipolar hypersoft
space over X. Then:

(1) (O,¥,E), (¥,D,E) are bipolar hypersoft closed set
over X.

(2) The union of any two bipolar hypersoft closed sets is a
bipolar hypersoft closed set over X.

(3) The intersection of any number of bipolar hypersoft
closed sets is a bipolar hypersoft closed set over X.

proof. Follows from Definition 17 and De Morgan’s
laws. O

Definition 20. Suppose that X is an initial universe, E is the
parameters set, —E is the not set of E, and
T gy ={(O,V,E), (¥,D,E)}. Then, T g4 is called the bi-
polar hypersoft indiscrete topology on X and
(X, T4, E, E) is said to be a bipolar hypersoft indiscrete
space over X.

Definition 21. Suppose that X is an initial universe, E is the
parameters set, ~E is the not set of E, and Tgg is the
collection of all bipolar hypersoft sets, which can be defined
over X. Then, T 44 is called the bipolar hypersoft discrete
topology on X and (X, T 44, E, E) is said to be a bipolar
hypersoft discrete space over X.

The following proposition shows that a bipolar hypersoft
topological space gives a parametrized family of hypersoft
topological spaces.

Proposition 2. Suppose that (X, T 44, E,-E) is a bipolar
hypersoft space over X. Then, the following collections define
hypersoft topology on X.

() Ty = {0 BIA QB e},

(2) =T = 1 (Q,-E)| (A, Q, E) ZTW} (provided that X
is finite).

Proof. (1) Suppose that (X,Tg4%,E,~E) is a bipolar
hypersoft space over X. Then:

(i) (O,'¥,E), (¥,®,E)€ Ty, imply that (®,E),
(¥,E) €Ty

(ii) Let (A, E), (A, E) € Ty. Since (A;,Q), E), (A,,
0,),E) € Tgy then (A, Q,E)N(A,, Q,E)€
T 4 this implies that (A, E)1 (A,, E) € Ty



JE)€

(iii) Let {(A;, E)|i € I} belong to T . Since (4, Q
T g for alli € I so that L, (A;, Q
O,y (A;, E)ET o

Hence, Ty, defines a hypersoft topology over X.
(2) The proof is similar to part (1). O

Remark 1. The converse of Proposition 2 is incorrect as the
next example shows.

Example 1. Let X = {1, X, X3 X} E1 = {0, 0}, B, = {ws},
and E; = {w,}. Assume that Ty = {(®,E), (V,E), (A, E),
(A, E), (A3,E), (A4, E)} and =Ty = {(Qy,—E), (Q,,-E),
(Q3,-E), (Q4,—E)} are two hypersoft topologies on X
where the hypersoft sets (A}, E), (A, E), (A5, E), (A E),
(Q,,E), (Q,,E), (Q3,~E), and (Q,, ~E) are defined as
follows:

(A1, E) ={((w1, w3, 04)s {12})s (02, 03, 0), {11 D)}
(A, E) ={((w1> 03, 04)s {15 X2})s (@2 w3, ), {3 }) >
(A3, E) ={((w1, w3, 04), {12})s (03, @3, @4), )}
(Ap E) ={((@1, 03, 04), {15 X2 })> (@20 03, 04), {x15 X3 1)
(4)
(AL QL E) = {((“’1’“’3’“’4)’{
(Mg, 0y, E) ={((wy, 3, ,), {
(A3, 3, E) ={((wy, @3, wy), {
(Ap Qo E) ={((wy, 3, ,), {
If we take
(A, Qy, E)1 (A, Q,,E) = (A, Q, E), ?)
then
(A Q,E) ={((“’1’“’3’“’4)’ {X2}> 8)

o Xab)s (0 03, 04), 6 X2 xa}) )

but (A,Q,E)?T%%. Hence, Tgy is not a bipolar
hypersoft topology on X.

The following proposition demonstrates when the
converse of Proposition 2 will be true.

Proposition 3. Suppose that (X, Ty, E) is a hypersoft space
over X. Then, T gy consisting of bipolar hypersoft sets
(A, Q, E) such that (A, E)€ Ty and Q(~a) = X\A («) for all
- €-E, defines a bipolar hypersoft topology over X.

Proof

(i) Since (D, E) € Ty, then ¥ (-a) = X\® (a) = X\¢ =
X and hence (®, ¥, E) € T gy . Also, since (¥, E) €
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and
(Q1, =E) ={(= (w01, @3 04), {115 30 Xa})> (7 (@35 035 04)s {2 xa 1)}
(Qp, =E) ={(= (w1, w3, 0,), ), (= (w2 @3, 0,)s {21}
(3, =E) ={(= (w1, 3, 04), {11})s (7 (w3, 03, 04), {12})}
(4 =E) ={(= (w1, @3, 04), {13 Xa})s (7 (@3 030 04, {2 xa})}>
(5)

Then,

Taw = {(O, Y, E), (¥,D,E), (A;,Q,E), (A,,Qy,E),
(A5, Q5,E), (A4, Q4 E)} where (A, Q4,E), (A,,Q,,E),

(A5, Q4, E), and (A, Q,, E) are bipolar hypersoft sets over
X, defined as follows:

b U s b (02 w5, 04) {0 b {0 xahb
X Xab 81)s (@ @3, @4), {1} {2 )b
xab s (0 w5 @0), 6 {121}
xo b e xab)s (@2 @3 04)s fxi s b frs Xab) -

(6)

T then @ (—a) = X\V ()
(W, ®,E)e Ty

(ii) Let (A, Qy, E), (A, Q,,E) € Ty Then (A, E) €
T4 and Q, (-a) = X\A, (@). Also, (A,, E) € T4 and
Q, (na) = X\A, (). Now, since Ty, is a hypersoft
topology, then (A, E) 1 (A,, E) € Ty. Let (A, E) =
(A,E) M (A, E); then Q(-a) = X\A(a) = X\
(A (@) T Ay(a) = (X\A (@) O (X\A, (@) =
Q, (ma)1Q, (ma). Hence, (A1, Qq, E)N1(A,, Q,, E)
€ Tyy-

(i) Let {(A;, Q, E)li € I} € Tgg. Then {(A, E)li € I}
€ Ty and Q; (—a) = X\A, («). Now, since Ty is a
hypersoft topology, then O, (A; E) € Tg. Let
(AE) = Ui (ALE) then Q(-a) = X\A(a) =
X\ (TierAy (@) = P, Q; (ma). Thus Ujep (A, Q;, E)
€ T 4. Therefore, the proof is completed. O

= X\X = ¢ and hence

Definition 22. Let (X,T gy ,E,~E) and (X,T g%, E, ~E)
be two bipolar hypersoft topological spaces over X. If
T gy, E T g, then Ty is said to be finer than T . If
Tgy, cE Ty, or T gy, c Ty, then Tgg and Tgy,
are said to be comparable bipolar hypersoft topologies
over X.
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Proposition 4. Let (X, Tgg ,E, —E) and (X,T gy , E, ~E)
be two bipolar hypersoft topologzcal spaces on X, and then
(X, T g NT g, E, ~E) is a bipolar hypersoft topological
space over X.

Proof

(i) (®,%,E), (¥,®,E) belong to Ty, ETW

(ii) Let (Ay,Qy, E), (Ay, 0y, E) € Taw, n T 9, Then
(A, Q. E), (AZ,QZ,E) € Taw, and (A, Q,E),
(A, Q,,E) _ T%% Since (AJ,QI,E) r
(A, Q. E) € TW and (A, QL E) 1 (A, Qy, E)
€ Tgw, s0 (ALQLE(AypQyE)E Ty, N
Tz,

(i) Let {(A;, Q;, Eli € I)} be a family of bipolar_hyper-
softsetsmT@% I‘IT@W Then (A, Q,, E) € T@%
and (A, Q,E) € T%%;, for all iel, so U

(Ap QI’E)
(Asr Q. E)
(A3’ 93’E)

and

(T,.0,.E)

(1,6, )
(5,65, E)

Then,  _
T@%IUT@WZ = {(CD’ \P)E)a (\P) ®>E)) (Al’Ql’E)’
(AZ) QZ) E)) (Aga G3; E); (Fl) ®17E)s (rza ®2; E)! (F3s ®3)E)}'
If we take

(A, QL E)U(T,,0,,E) = (A, Q,E), (11)

then

(A QL E) ={((wy, w3, 04)s {35 Xa}> 8)s (03, 03, 0), X, )},

(12)

but (A, Q, E)7T@%1 GT‘%%Z Hence, T‘%%l El T‘%WZ is not
a bipolar hypersoft topology on X.

Definition 23. Suppose that (X, T gg,E,E) is a bipolar
hypersoft space over X, and (A, Q, E) is a bipolar hypersoft
set over X and x € X. Then, (A, Q, E) is said to be a bipolar
hypersoft neighborhood of x if there exists a bipolar
hypersoft open set (I,®,E) such that x € ([,0,E) C
(A, QL E).

Proposition 5. Suppose that (X,T g4, E,E) is a bipolar
hypersoft space over X; then:

= {((@y, w3, @), {15 X2 X3}

(A QE) € Tgy, and_Uig (A, Q,E)E Tgy .
Therefore, U (A, Q;, E)E T NT g5 .

Thus T g, M T 3, defines a bipolar hypersoft topology
on X and (X,Tgg NT g%, E, ~E) is a bipolar hypersoft
topological space over X. O

Remark 2. The union of any two bipolar hypersoft topol-
ogies on X may not be a bipolar hypersoft topology on X.

Example 2. Let X = {1, X5, X3, Xa} E1 = {w), 03}, E; = {ws},
and E; = {w,}. Let T%%l ={(®,¥,E), (¥,D,E), (A,Q,E),
(Mg, 0y, E), (A3, Q3. BN} and Ty, = (O, ¥, E), (¥, D, E),
(T}, 0,,E), (T,,0,,E), (I's, ®;, E)} be two bipolar hypersoft
topologies defined on X where (A,Q,E), (A,,Q,, E),
(A3, Qs E), (T},0,,E), (T,,0,,E), and (I, 0,,E) are bi-
polar hypersoft sets over X, defined as follows:

={((01, w3, 04), {3 X} U2} (020 035 4, {12 431 i D
¢1)s (02 03, 04), {1 Xabs D2 X Db 9)
={((wp, @3, 0,), {3} 12})s (03, 03, 00), 6 {0 420 X3 b

={((0p, @3, 0,), {5 xab T01})> (2o 035 04)5 {15 X35 X b T2}) )
={((wp, @3, @,), (X0 2} (161)> (020 035 04)s {0 Xas D1 DB (10)
={((0p, @3, 04), &, {x1> x31)> (3o 035 04)5 {xa}s s XD

(1) If (A,Q,E) is a bipolar hypersoft neighborhood of
x € X, then x € (A, O, E).

(2) Each x € X has a bipolar hypersoft neighborhood.

(3) If (A,Q,E) and (I,®,E) are bipolar hypersoft
neighborhoods of some x € X, then (A, Q,E)N
(I, ®, E) is also a bipolar hypersoft neighborhood of x.

(4) If (A,Q,E) is a bipolar hypersoft neighborhood of
xe€X and (A,Q,E)E (I,®,E), then (I,®,E) is
also a bipolar hypersoft neighborhood of x € X.

Proof

(1) It follows from Definition 23.

(2) For any xe X, x€ (¥,D,E) _and since (¥, D,
E)e Tgy, so x€ (V,0,E)C (V,D,E). Thus,
(¥, D, E) is a bipolar hypersoft neighborhood of x.

(3) Let (A, Q,E) and (T, ®©, E) be the bipolar hypersoft
neighborhoods of x € X, then there exist (A, ), E)
and (A,, Q,, E) € T g such that x € (A}, Q). E) E
(A, Q,E) and x € (A,,Q,,E) c (I,®,E). Now x €
(A, Q,E) and x € (A,,Q,,E) imply that x €



(ApLQLE) 0 (AyQ,E) and (A, Q,E)
(A, Q,,E) € Ty So, we have x € (A}, Qy,E)
(Ay, 0y, E) € (A, Q,E)N1 (T, O, E). Thus, (A, Q, E)M
(T, ®, E) is a bipolar hypersoft neighborhood of x.
(4) Let (A, Q, E) be a bipolar hypersoft neighborhood of
xeX and (A,Q,E) C ([,0,E). By definition,
there exists a bipolar hypersoft open set (A, Qy, E)
such that x € (Al,le,E) C(AQE)C (T,0,E).
Thus, x € (A, Q,E) E (I, 0, E). Hence, (I, 0, E) is
a bipolar hypersoft neighborhood of x. O

- Jau Ja

Proposition 6. Suppose that (X, T 4o, E,~E) is a bipolar
hypersoft space over X and (A, Q, E) is any bipolar hypersoft
open set over X; then (A, Q,E) is a bipolar hypersoft neigh-
borhood of each point of N g A (), that is, of each of its points.

Proof. Let (A, Q,E) € Ty For x € N 4pA(a), we obtain
x € A(a) _for each a€E. Therefore,
x € (AQ,E) C (A, Q,E) and hence (A, Q,E) is a bipolar
hypersoft neighborhood of x. O

Remark 3. The converse of Proposition 6 is incorrect as the
next example shows.

Example 3. Consider Ty given in Example 2 and let
(A, Q, E) be any bipolar hypersoft set defined as follows:

(A, E) ={((w1, w3, @), {15 X3 Xab 1X2})>
+ (w30 @3, 04)s {2 431 1

Then, (A, Q, E) is a bipolar hypersoft neighborhood of each
point of N ,.pA (a), that is, of each of its points, but it is not a
bipolar hypersoft open set.

(13)

Definition 24. Suppose that (X, T4, E,~E) is a bipolar
hypersoft space over X and (A, Q, E) is a bipolar hypersoft
set over X. A point x € X is called a bipolar hypersoft limit
point of (A, Q,E) if (A, Q, E)N (T, ®, E)\{x}) # (®, ¥, E)
for every bipolar hypersoft open set (I, ®, E) containing x.
The set of all blpolar hypersoft limit points of (A, Q, E) is
denoted by (A, Q, E)

Proposition 7. Suppose that (X,T 44, E, ~E) is a bipolar
hypersoft space over X and (A, Q,E), (A,,Q,,E) are bi-
polar hypersoft sets over X. Then,

1) (Ale,E)E(Az,QZ,E) implies (AI,QI,E)dE
(AZ) QZ)E)

) ((AI,QI,E)H(AZ,QZ,E))“’E(AI,QI,E) N (Ay Q,,
E).

(A, Q,E)
(I,®,E)

={((wp w3, @), Y1} P2 xak
={((wy, w3, 0,), (o} {0 x5}
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(3) ((Al,nl,mu (A 0, E)? = (A, QL E) L

QZ) E)

(A2)

Proof

(1) Let x € (AI,QI,E) so that x is a bipolar hypersoft
limit point_of (A,,Q,,E). Then, by definition
(A}, Q4,E) n ((T,®,E)\{x}) # (®,¥,E) for every
bipolar hypersoft:open set (I, ®,E) containing x.
But (A, Q,E) E (A, Qy,E), and it follows that
(AZ,QZ,E) N (T, 0, E)\{x}) # (®,¥, E). Thus, xg
(AZ,QZ,E) Therefore, (AI,QI,E) c
(A, ), E)Y. ) ~

(2) Since (A;,Q,E) N (A,,Q,,E) € (A,Q,,E) and
(AL, QLE) M (AyQy,E) T (A, Qy, E), it follows
from (1) that ((A,QpE) 1 (AyQ,, E)°
(A, QLB and (A, Q,E) N (Ag, 0y, E))?
(A 0B So, (A, Qp,E)N (A, Q,, E))*?
(A1) Q])E) I—l (A2) Qz: E)

(3) Since (A,Q,E) c (A QI,E) Y (A,,Q,E) and
(AZ) stE) E (AlrﬂlrE) I—I (Az)QZ)E)> bY (1), we
have (Al,Ql,E)d c (A Q1 E) U (A,,Q,,E)) and
(A 0B € ((ALQuE) U (A0, E)™. So,
(A0, B U (Ap0B)* € ((ALQE) L
(Ay,Q,E)?. Now, let xe ((A,QE)

(A, E))Y. Then, ((A,QLE) U (A,,Q,,E))
(T,0,E)\{x}) # (&, Y,E) for every bipolar
hypersoft open set (I',®, E) containing x. Therefore,

(ALQLE) N ((O,ENx}) # (OY,E) or
(A, ,,E) 1 ((T,0,E)\{x}) # (O, E). Thus, x €
(A,Q,E)? (A,,Q,,E)? and then xe
(A, QB L (AZ,QZ,E)d Therefore, ((A,, Q,,E) U

My My 1My

e CaCa

or xe¢

(A,,Q,,E)Y) € (Al,Ql,E) U (A, Q,,E). Now, we
have ((ALQLE) U(A,0E) =(A;, Q) B
U (A,,Q,E)Y. O

Remark 4. The equality in Proposition 7 (2.) does not hold
in general as shown in the next example.

Example 4. Let us consider the bipolar hypersoft topological
space (X, T gy ,E, ~E) in Example 2 and let (A, Q,E) and
(T, ®,E) be blpolar hypersoft sets defined as follows:

ix (w5 w3, ), {x1> 31 2 Db (14)

s (02 03 00), P2 b X X3 Xa Db
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Then, (A, Q,E)* = (I,0,E)? = {x,,x;}. But (A, Q,E) m
(I,6,E) = (O, %,E) and ((A,QE) 0 ([,8,E)" =
(O, ¥,E)Y = ¢. Hence, ((A,Q,E)N(Ay,Q,,E)#

(A, QL E) 1 (Ay, Qy, E)Y.

Definition 25. Let (X, T z4,E,E) be a bipolar hypersoft
space over X and let Y be a nonempty subset of X. Then,

T, = { (Ap Q. E) (A QLE) € Topp)s  (15)

is said to be the relative bipolar hypersoft topology on Y and
(Y, Tgg,,E, ~E) is called a bipolar hypersoft subspace of
(X, T‘%%, E, _|E).

It is easy to verify that Tgy is a bipolar hypersoft
topology on Y.

Example 5. Any bipolar hypersoft subspace of a bipolar
hypersoft indiscrete topological space is a bipolar hypersoft
indiscrete topological space.

Example 6. Any bipolar hypersoft subspace of a bipolar
hypersoft discrete topological space is a bipolar hypersoft
discrete topological space.

Proposition 8. Assume that (Y,Tgy ,E,—~E) and
(Z,T g9, E,—E) are bipolar hypersoft subspaces of
(X, T, E,~E) and Y € Z. Then, (Y,T@%Y,E, -E) is a
bipolar hypersoft subspace of (Z,T g4 > E, 7E).

Proof. Since Y € Z, then Y = Y N Z. From Definition 16,
each bipolar hypersoft open set (Ay,Qy, E) is defined as
Ay (@) =YNA(a)and Qy (ma) = YN Q(-a), foreach o € E
where (A,Q,E) is a bipolar hypersoft open set of
(X, T 4o, E, ~E). Now, for each « € E,

Ay () =(YNZ)NA(a), Qy (ma) = (Y NZ)NQ(~a),
=>Ay (@) =YN (ZNA(a), Qy(ma) =Y N (ZNQ(-a)),
=SAy (@) =YNA,L (), Qy(ma) =Y NQ, (na),

(16)

where (A, Q,, E) is a bipolar hypersoft open set of Z. So,
(Y,Tg%,,E,~E) is a bipolar hypersoft subspace of
(Z> ngyfza E, _‘E)- O

4. Bipolar Hypersoft Closure, Bipolar Hypersoft
Interior, Bipolar Hypersoft Exterior, and
Bipolar Hypersoft Boundary

In this section, we introduce the notions of bipolar hypersoft
closure, bipolar hypersoft interior, bipolar hypersoft exte-
rior, and bipolar hypersoft boundary supported with some
properties and relations between them.

Definition 26. Suppose that (X, T e, E,-E) is a bipolar
hypersoft space, and (A, Q, E) is a bipolar hypersoft set over
X. The bipolar hypersoft closure of (A, Q, E) is denoted by
(A, Q,E) and is defined as the intersection of all bipolar
hypersoft closed supersets of (A, Q, E).

_ In other words, (A,Q,E) = N \{((I,®,E)| (T,0,E)
€ Ty (1,O,E) € (A, Q,E)\L

Proposition 9. Suppose that (X, T g4, E,~E) is a bipolar
hypersoft space, and (A, Q, E) is a bipolar hypersoft set over
X. Then:

(1) (A, Q,E) is the smallest bipolar hypersoft closed set
containing (A, Q, E).
(2) (A, Q, E) is a bipolar hypersoft closed set if and only if

(A, QE) = (A Q,E).

Proof

(1) It follows from Definition 26.

(2) Suppose that (A, Q, E) is a bipolar hypersoft closed
set. So, (A, Q,E) itself is the smallest bipolar
hypersoft closed set over X containing (A, Q, E) and
hence (A,Q,E) = (A,Q,E). Conversely, let
(A, Q,E) = (A, Q,E). By (1), (A, Q,E) is a bipolar
hypersoft closed, and (A,Q,E) is also a bipolar
hypersoft closed set over X. O

Proposition 10. Suppose that (X,T 34, E, ~E) is a bipolar
hypersoft space over X and (A, Q,E), (A,,Q,,E) are bi-
polar hypersoft sets over X. Then:
1) (®,¥,E) = (®,¥,E) and (¥,®,E) = (¥, D, E).
@) (A,Q1,B) E (A, Q,, B). B
(3) (A, Q,E) E (A, Qy,E) implies (A, Q,E)C
(AZ) 02) E)'

(4) (A, Q,E)I(A,,Q,,E)) = (A, Qp, E)U(A,,Q,, ).

(5) (A, Q) E) (A5, Q,,E)) E (A, QL E)N (A, O, E).

(6) (A, Q5 E) = (A, Q, E).

Proof

(1) Since (®,¥,E) and (¥, D, E) are bipolar hypersoft
closed sets, then by Proposition 9 (2.), we have

(O,¥,E) = (D,V,E) and (¥,D,E) = (¥, D,E).

(2) By Proposition 9 (1.), (A;,Q,,E) is the smallest
bipolar hypersoft closed set containing (A;,Q;,E)
and so (A,,Q,E) C (A, Q. E).

(3) By (2.), (A5, Q,,E) C (Ay,Q,,E). Since (A}, Qy, E)
C (A,,Q,,E), we have (A,Q,E) E (A, Q,,E).
But (A,,Q,,E) is a bipolar hypersoft closed set.
Thus, (A,,Q,,E) is a bipolar hypersoft closed set
containing (A, Q,,E). Since (A;,Q,E) is the
smallest bipolar hypersoft closed set over X con-
taining (AL QL E), ) we have

(A, QLE) E (A, 0,,E).




ru

(4) Since (A,Q,E) E (A, QLE) U (A,,Qy,E) and
(Ap 0B) € (AnQLE) U (4,0, by (3),
AL00B) € ((ALQLB)U(A, 0, )
(AyO,,E) € ((ApQy,E)U(Ay,Q,,E)). Hence,
(AL OLE) U (A, 00F) C
(A,,Q, E)U (A,, Q,, E)). Now, since (A, Q,, E)
and (A,,Q,,E) are bipolar hypersoft closed sets,
(A}, Q4,E) 0 (A,,Q,, E) is also bipolar hypersoft
closed. Also, (A;,Q;,E) £ (A, Q,E) and
(Ay, 0y, E) E (Ap Oy, E) imply that (A,,Qy, E) L
(A, Q,, E) (ALQLE) U (A, Q, E). Thus,
(A, QL E) N (A,,Q,,E) is a bipolar hypersoft
closed containing (A, Q,, E) 0 (A,, Q,, E). Since
((AI,QI,E)EJ(AZ,QZ,E)) is the smallest bipolar

and

Iy

hypersoft closed set containing (A;,Q,E)
(A,, Q,, E), we have (A}, Q;, E)U (A,, Q,, E)))

Y
c

(A Q,E) ={((wy, w3, 0y), $, X), (03, 03, 04), &5 X1 X2 131 b
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(A Oy, B (A, 0, B)). S0, (A, Q1 E)U (Ay, Qy, E)) =
(A1, Q1 B)U (A, Q. B)). .

(5) Since (A;,Q,E) N (A, Q,,E) € (A,,Q,,E) and
(ALQLE) N (A, QuE) € (A,Q,E), then
(A, QLB (A, 05, B)) € (A, 0, E) and
(A}, Q, E)N (A, Q,, E)) € (A, Q,, E). Therefore,
((ALQLEN (A, Q. B) E (A, QL E)N (A, QB

(6) Since (Ay,Q4,E) is a bipolar hypersoft closed set,
therefore, by Proposition 9 (2.), we have

(A, Q,.E) = (A, Q,,E). O

Remark 5. The equality does not hold in Proposition 10 (5.)
as the following example shows.

Example 7. Let us consider the bipolar hypersoft topological

space (X, Ty E —E) in Example 2 and let (A, Q, E) and
(T, ®, E) be bipolar hypersoft sets defined as follows:

(17)

(1,8, ) ={((@1, @3 @), {1} o x5 1> (@20 03 @), o (b

Then, (A, Q,E) = (A}, Q,E)° and (T, ®,E) = (A;,Q;, E)°
and (A, Q,F) 1 (T,0,E) = (A, Qy, E)°. Now, (A, Q,E) M
(I,®,E) = (@,¥,E) (A, Q,E)N(T,0,E) =
(®,%,E) = (O, E). (A, Q,E)N (T, ®,E)) #
A, Q,E)n (T, 0, E).

and

Hence,

Definition 27. Suppose that (X, T4, E,~E) is a bipolar
hypersoft space over X, and (A, Q, E) is a bipolar hypersoft
set over X and x € X. Then, x is said to be a bipolar hypersoft
interior point of (A, Q, E) if there exists a bipolar hypersoft
open set (T, ®, E) such that x € ([,0,E) C (A, Q,E).

Definition 28. Suppose that (X, T gy, E,-E) is a bipolar
hypersoft space over X. The bipolar hypersoft interior of
bipolar hypersoft set (A, Q, E) is denoted by (A, Q, E)° and
is defined as the union of all bipolar hypersoft open set
contained in (A, Q, E). - B

In other words, (A,Q,E)° = u {(T,0,E)[(T,0, E)e
T g (I,0,E)E (A, Q, E)}.

Proposition 11. Suppose that (X,T 4, E, -E) is a bipolar
hypersoft space and (A, Q, E) is a bipolar hypersoft set over X.

Then:

(1) (A, Q,E)° is the largest bipolar hypersoft open set
contained in (A, Q, E).

(2) (A, Q, E) is a bipolar hypersoft open set if and only if
(A, Q,E) = (A, Q,E)°.

Proof

(1) It follows from Definition 28.

(2) Suppose that (A, Q, E) is a bipolar hypersoft open
set. Then, (A, Q, E) is surely identical with the largest
bipolar hypersoft open subset of (A, Q, E). But by
(1.), (A, Q,E)° is the largest bipolar hypersoft open
subset of (A,Q,E). Hence, (A, Q,E) = (A, Q,E)°.
Conversely, let (A, Q,E)= (A Q,E)°. By (1),
(A,Q,E)° is a bipolar hypersoft open set, and
therefore, (A,Q,E) is also bipolar hypersoft open
set. O

Proposition 12. Suppose that (X,T 34, E, ~E) is a bipolar
hypersoft space over X and (A, 4, E), (A,,Q,,E) are bi-
polar hypersoft sets over X. Then:

(1) (®,¥,E)° = (D,¥,E) and (¥, ®D,E)° = (¥, D, E).

(2) (A, QB € (A, Qy, E). )

(3) (A, Q,E) € (A,,Qy,E) implies (A, Q,E)°C
(Ay Q. E)°. .

(4) (1)\)1,QI,E)" M (Ay Q) E) = (A, QL E)1(Ay, Q)
E))°.
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(5) (A, QL E)° U (Ay . E)° € (A, QL E)D (A, O,
E))°.

(6) ((A,Q,E)°)’ = (A, Q, E)°.

Proof

(1) Since (®,¥,E) and (¥, ®, E) are bipolar hypersoft
open sets, then by Proposition 11 (2.), we have
(®,¥,E)’ = (O,¥,E) and (¥, D,E)° = (¥, D, E).

(2) Let x € (A},Q,,E)°; then x is a bipolar hypersoft
interior point of (Ay,Q;,E). This implies that
(A, Q,, E) is a bipolar hypersoft neighborhood of x.
Then, x € (A, Q,,E). Hence, (A,Q,,E)°C (A,
Q, E).

(3) Let x € (A, Q,,E)°. Then, x is a bipolar hypersoft
interior point of (A;,Q,,E) and so (A, Q,E) is a
bipolar hypersoft neighborhood of x. Since

(A, QL E) E (A, Q,,E), (A,,Q,,E) is also a bi-
polar hypersoft neighborhood of x. This implies that
x € (A, Qy, E)°. Thus, (A, Q,,E)° € (A,,Q,, E)°.

(4) Since (A, Q,E) M (AypQy,E) E (A,Qp,E) and
(Ap Q,E) 1 (Ay,Qy,E) E (Ay,Qy,E), we have, by
(3., (A,Q,,E) 01 (A, Q,E))° E (A;,Q,E)° and
(A, Q,E) N (A, Q,,E)° E (A, Qy,E)°, implying
(A QLB N (A0E)° £ (ALQLE)N 1
(A, Q,,E)°. Now, let x € (A}, Qy,E)° 11 (A, Q,,E))°.

(A QLE)
(I''®,E)

Then, (A, Q,E)° = (A, Q,E) and (I,0,E)° = (AZ,QZ,E)
and (A, Q,E)° U (T,®,E)° = (As, Qs, E). Now, (A, Q,E) U
(I,8,E) = (¥,®,E) and ((A,Q,E) U (I,0,E))

(¥, d,Ef° = (¥, ,E). (A, Q,E))tﬁn
T,0,E))°# (A Q,E)°U(T,0,E).

Hence,

Proposition 13. Suppose that (X,T g, E, —E) is a bipolar
hypersoft space over X and (A, Q, E) is a bipolar hypersoft set
over X. Then, (A, Q,E)° C (A, Q,E) C (A, Q,E).

Proof. It follows from Proposition 10 (2.) and Proposition12
(2.). O

Proposition 14. Suppose that (X, T »4, E, ~E) is a bipolar
hypersoft space over X and (A,,Q,E), (A,,Q,,E) are bi-
polar hypersoft sets over X. Then:

(D) (A, Q. B))° = (A, Q, E))°.

(2) (A, Q, E)°)° = (A, Qy, E)Y).

(3) (A, QL E) = (A, Q, E))°)

={((@p, @3, @4), (X1, 3 Xa > 02})> (@3, @3, @4), {10 131 {1 D)}
={(w1, w3, 0,), X, 9), (@ 03, @4)s {15 Xab> 2D

Then, x € (A;,Q4,E)° and x € (A,,Q,,E))°. Hence, x
is a bipolar hypersoft interior point of each of the
bipolar hypersoft sets (A,Q;,E) and (A,,Q,,E). It
follows that (A;,Q,,E) and (A,,Q,,E) are bipolar
hypersoft neighborhoods of x so that their inter-

section (A;, Q,E) M (A,, Q,,E) is also a bipolar
hypersoft neighborhood of x. Hence, x € ((A,Q,E)
M (Mg 00, B)°. Thus, (A, QE)° 11 (A, 0, B)° E
(A Q,E) 1 (Ay,Qy,E))°. Therefore, (A,,Qy,E)°N
(A 00, B = (A, Ql,E)Fl(AZ,QZ,E)E".

(5) By (3.), (ALQLE) C (AI’QI’E) u (Ay; 0y, E)

implies (A;, Q,, E)” © ((A},Qy, E) U (A,, Q,, E))°

and (Ay, Oy, E) E (A, Qy, E) U (A, Oy, E) implies
(A, 0y, E)° T ((A, Q) E) U (A,,Qy, E))°. Hence,
(A, QL E) I_I(AZ,QZ,E) C (AL, QLE) U(A,y
0y, E))°.

(6) By Proposition 11 (1.), (A;,Q,,E)° is the bipolar
hypersoft open set. Hence, by (2.) of the same
proposition ((A,,Qq,E)°)° = (A}, Q, E)°. O

Remark 6. The equality does not hold in Proposition 12 (5.)
as shown in the following example.

Example 8. Let us consider the bipolar hypersoft topological
space (X, T%%1>E, =E) in Example 2 and let (A, Q, E) and
(T, ®, E) be bipolar hypersoft sets defined as follows:

(18)

(4) (Ap Q])E)o = ((A1’Q1’Ef))c~
(5) ((A,QLEN\(A,Q,,E)° E (A,Q,E)°\ (A,,Q,,E)°.

Proof. From the definitions of bipolar hypersoft closure and
bipolar hypersoft interior, we have:

1) (Al,Ql,E) M {(T,®,E) | (I,6,E)° < T g%, (T, 0,
E) C (AprE)} ((Ale)E)) [I‘I {(I,6,E) |
(I,0,E) € TPB%’ (I,8,E) C (AprE)}]C ((A,
QLE) = O ((LO.EN | (LO.EfETyy (IO,
E)* E(Ale»E) b= ((ALQLE)).

) (AI,QI,E) = U {(I,®,E) | (T,0,E) € T@%, (T,
©,E) C (AprE)} ((AI’QI’E)) = [|—| {(T, 0,
B) | (1LO.E)E Ty, (LOE) E (A, 0BT
(A QlyE)o)c =N {(T,&,EF | (I,0,E) Ty
(A, Qp, EFC (T, 0,E)} = (A}, Q) B)).

(3) Obtained from (1.) by taking the bipolar hypersoft
complement.
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(4) Obtained from (2.) by taking the bipolar hypersoft
complement.

5) ((ALQLE) \ (A, QuE)° = ((ALQLE) R

(Ap O E))° = (AL QLEP 1 (A Oy EY) =
ALOQLE® 1 (A 0B = (ALQLE)
\(A,, Q,,E) E (A, Q, E)°\(A,, Q,, E)°. O

Definition 29. Suppose that (X,T 4y, E, 7E) is a bipolar
hypersoft space over X and (A, Q, E) is a bipolar hypersoft
set over X. A point x € X is said to be a bipolar hypersoft
exterior point of (A, (Q,E) if and only if it is a bipolar
hypersoft interior point of (A, Q, E)‘, that is, if and only if
there exists a bipolar hypersoft open set (I, ®, E) such that
x € (I,®,E) C (A, Q,E)°. The set of all bipolar hypersoft
exterior points of (A, Q, E) is called the bipolar hypersoft
exterior of (A, Q,E) and is denoted by (A, Q, E)°.

Thus, (A, Q,E)°= ((A,QE))°. It follows that

((AQE)) = (A, Q,E)))’ = (A, Q,E).

(A, Q,E)) = ﬁ{ (I,®,E)|(T,®,E) €T 4, (I, ®,E) € (A, Q, E)} = (A, Q, E).

Proposition 16. Suppose that (X,T 4g, E, —E) is a bipolar
hypersoft space over X and (A, Q,E), (A,,Q,,E) are bi-
polar hypersoft sets over X. Then:
(1) (¥,9,E) = (O, ¥, E) and (®,¥,E)° = (¥, D, E).
(2) (A, 0, E)° E (A, 0, E).
(3) (Ap QB = (A, Qy, BV, .
(4) (A, Q,E) € (A, 0, E) implies (A,,Q,,E)° €
(Al) Q]) E)e'
(5) (A, Qp, E) € ((Ay, 0y, E))".

6) (A, Q, E)U(Ay, O, B)F = (AL QLEFR (A
0, EF. ) )

(7) (A, Qy, E)T1 (A, Q,, E))° C (A}, Qy, E)°U (A, Q,,
E)°.

Proof
(1) (¥,0,E) = ((¥,D,E))’ = (D,¥,E)° = (D,V, E).

(®,¥,E)° = ((®,¥,E))’ =(¥,D,E)° = (¥, D,E).
(21)

(2) By definition, (A, Q,E)* = ((A},Qy, E))° and b~y
Proposition 12 (2.), we have S(AI,QI,E)C)O c
(A}, Q,, E)°. Hence, (A, Q,E)* T (A, Q,E).

(3) (((A, QL E)))* = ((((A, QL E))O))*
= ((((ALQBLE))))) = (((ALQL,E))) =
((A,Q, E))’ = (A, Qp, E).
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We also have (A, Q, E)11 (A, Q, E)° = (®,Q, E); that is,
no point of (A, €, E) can be a bipolar hypersoft exterior
point of (A, Q, E).

Remark 7. Since (A, Q, E)° is the bipolar hypersoft interior
of (A,Q,E), it follows that (A,Q,E)° is the bipolar
hypersoft open and is the largest bipolar hypersoft open set
contained in (A, Q, E)°.

Proposition 15. Suppose that (X, T g4, E, -E) is a bipolar
hypersoft space and (A, Q, E) is a bipolar hypersoft set over X.
Then,

(A, Q, E)f = ﬁ{ (T, ®,E)|(T, ©, E)eT . (T, ©, E) C (A, Q, E)C}.
(19)

Proof. From the definitions of bipolar hypersoft interior and
bipolar hypersoft exterior, we have

(20)

@) (A, QLE) € (A, Q,E) then (A0, E) C
(A}, Qy, E)Y, implying ((A,, ), E))° E ((A,Q,

E))°. So, (A, ), E)° E (A, Q,E)°.

(5) By (2.), we have (A, Q,E)°_C (A, Q,, E)". Then,
(4) gives ((A,Q,E))°E ((A,Q,E))°. But,
(;‘Al) Q])E)o = ((A1>QlaE)c)e' Hence) (A1>QlaE)0
C ((AI,QI,E)f)e.

I_IND

6) (ALQLE) U (A, 0,E)° = ((ALQ,E) U
(Ay, Q5 E))’ = ((ALQLE) N (A, Qy,E))° =
(AL QLE))N (A, Q,,E))’ = (A, Q. E) N
(A, Q,, E). . .

(7) (AL QRE) N (A, Q,E))° = ((A,Q,E) .
(A, 05, E))’ = (AL QLE) U (A, 0y, E))° &
((ALQRLE))  °n((A),Q,,E))° = (AL QL E)
(A, Q,, E). O

Definition 30. Suppose that (X,T g, E,E) is a bipolar
hypersoft space over X; then, bipolar hypersoft boundary of
bipolar hypersoft set (A,Q,E) over X is denoted by
(A, Q,E)’ and is defined as (A, Q,E)’ = (A QE)N
(A, Q, E).

Remark 8. From Definition 30 it follows that the bipolar
hypersoft sets (A, Q, E) and (A, Q, E)° have the same bipolar
hypersoft boundary.

Proposition 17. Suppose that (X, T 4, E, —E) is a bipolar
hypersoft space and (A, Q, E) is a bipolar hypersoft set over X.
Then:
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(1) (A, QB E (A Q,E).

2) (A Q,E) = (A Q,E)\ (A QE)°.

(3) (A, Q,EP) = (A Q,EPLU (A Q EX.
4) (A, Q,E)° E (A, Q,E)\(A,Q,E).

(5) ((ALQ,EP) E (A QE).

6) (AL E) € (A QB

My

Proof

(1) By definition, A, Q,E)N (A, Q,E)Y.

Hence, (A, Q,E)’ € (A, O, E).

2 (LOE = (AQE N (AQEF =
(AQE)N((A,Q,E°) = (A, Q, B\ (A Q, E),

3) (ALQLEY) = [(AOE) N (AQE =
(ALO,B)Y U (A QE) =((AQE)U (A,
QO,E)° = (A Q,E)U (A Q,E).

@) (AQE) ) (AQE=(AQE) N ((AQEY) =
(A, Q,E) 1 (A, QLE)P° U (A, Q,E)) =((AQ,E) N

(AQE)

11

(ALQE) U ((AQE n
Q, E)°0(D, Q, E)fi(A, O, E)°.

) (ALQEP)Y = (AQE°® N

(A, Q,E)) = (A,

(A, Q,E)°)°

ALOE® 1M (AQECHQEL(AQEN =
(A, Q,E).

6) (LOLE) = (LOE) N (A,QE)C(AQE)
LA, QENF = (A, Q,E). O

Remark 9. The next example shows that the equality of
Proposition 17 (4.) is incorrect, whereas it is equal in
hypersoft topology.

Example 9. Let X = {x}, x5, x3}» E; = {w), w5}, E; = {ws},
and E; = {w,}. Let T4 = {(®, 'V, E), (¥, D, E), (A, Qy, E),
(A5, Q,,E), (A5,Q5,E)} be a bipolar hypersoft topology
defined on X where (A, Q,, E), (A,, Q,, E), and (A5, Q;, E)
are bipolar hypersoft sets over X, defined as follows:

(A Qp, E) ={((w01, w3, 00), fas > {1 })s (@35 030 04)s {31 P v
(A2, 0y, E) = {((@y, w3, 04), b, {125 X31)s (@03, 03, 04) (Db (22)
(A3, Q3. E) ={((w1, 03, 04)s {13}, 8), (@3, @3, 0,){x1> x5} )}

Let (A, Q, E) be any bipolar hypersoft set defined as
(A, B) ={((w, @3 04)s {1} {1a})s (@2 @030 00)s b )b
(23)
Then,
(A Q,B)° ={((01, @3, @4), 6, {2 X3})> (@20 @35 04), {a ) fas Db
(AQ,E) ={(@1, @3, 0,), 6, {x3})> (03 3, @), ¢, x1 x5}
(24)
Hence,

(A, Q,E)°# (A Q,E)\ (A, Q,E)P. (25)

Proposition 18. Suppose that (X,T 34, E, ~E) is a bipolar
hypersoft space over X and (A, Q4, E), (A,,Q,,E) are bi-
polar hypersoft sets over X. Then:

(1) ((AI,QI,E)u(Az,Qz,E»b C (A, QB0
(A, Q,, E). B )
(2) ((AI,QI,E»mnAz,QZ,E)) C (ALQLEU (A,
Q,, B)".
Proof
(1) (A, Q,E) N (Ay Q. E)) -
[(A}, Qp, E)U (Ay, Q,, B)] n[((A, Q, B)U

(A, Q0,,E)] = [(ALQLE) U (A, Q0 E)]

Cua

[(A, Q. E)
(A2> Qz) E)C]

M {(Ap Q0 B) 11 (A, Oy, B
(A0, )] N(A, Q) Ef
[(ALQLE) 1 (AL, QLB N (A 0y, E))]
(A, 0, E) r| ((A,Qy, EY (A, Q,, E))]
[((A,Q,E) (A, QLEF) 0 (A, Qy EY]
[((A,, Oy, E) |‘| (A, Q,, E)) |‘|~(A1,QI,E)]
[(A,QLE? N (A, 0y, E] U [(AyQ,,E)Y
(A, Q,Ef i} E (ApQp,E)PU (Ay, Q. E).

(2) ((AI’QI’E)H(AZ)QZ’E)) = [(Al)QpE)r' (A,
0.B)] (AL QLBN (A, Q.)€
[(A.00B) N (4,0, B) N4, QBN (A,
0, B))1=[(A), Q1. E) M (AZ,QZ,E)]ﬁ (A, Q,E)
i [(A,QpE) 1 (A0, F)

u (AZ)QZ$E)C =
N(ALQLE] U [(ALQLE) N (Ay,Q,E) N

y v Ja ”_“l
Cuo

|

T

Je Mu ey

(A 0 BF] =[((A,0QLE) N (AL QLE) N
(A, 0, E)] U [(A,Q,E) ﬁ((AE’QZ’E)) n
(A0, E))] = [(A,QLE®  1(A,,QyE)l

U[(A,Q,, E) M (A, Qy, E)] € (A, Qp, E)'U
(A, Oy, E). O

Proposition 19. Suppose that (X, T 4, E, ~E) is a bipolar
hypersoft space and (A, Q, E) is a bipolar hypersoft set over X.
Then:
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(1) (A, Q,EP°L(AQ,E) E (A Q,E).
2) (A, Q,E)°L (A, Q,E)FL (A QE) C (¥, D, E).

Proof

U(AQEP = (AQE°’ U [(AQE) N
(A QEF]=[(AQE° O (AQE)] N [(AQE°
U (LOLE] = (LOE) N [(AQE° O
(A, QE°)] E (A, QE)N (¥, 0,E) = (A, Q. B).

(2) By Proposmon 17 (3., (A, Q,E)° N (AQLE) =

@ (A QE)

((AQE)) then (A,QE)P° U (AQE)° U (A
QE = (ALQEYDUL(AQEYD)E (P,
E). O

(AQLE) =

(A Qs E)C ={((@p, @3, 0,), {1 1> {x31)> (02, 03, 00), {0 021 DD
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Remark 10. The quality of Proposition 19 (1.) and (2.) does
not hold in general, whereas it is equal in hypersoft topology.

Example 10. Consider T 44 and (A, Q, E) given in Example
9. We found that

(A QB ={((0, w3, 04), 85 {2 x3})s (@2 030 @0), {1} (s P)}

(A0, E)b ={(wp, 03, 0,), 6, {x31)s (@ @5, 04), ¢ {115 X31)}-
(26)

Now,

(27)

(A QL E) ={((wp, w3, 04)s P31 1)) (@3 @3, @0), (s D 12D

Then,

(A QEP DA QE) ={((@, 03 0), 6, {x3}),

: ((“’z»“’s»“’4)> {ub bl £ (A Q. E),
(28)

Also,
(A, Q, E)°T(A, Q, E)°T(A, Q, E)’ = (@), 03, 0,), {13}, 9)

((wy, @3, “)4)’ {Xst}’ ¢)} # (¥, D, E).
(29)

Proposition 20. Suppose that (X, T 34, E, ~E) is a bipolar
hypersoft space and (A, Q, E) is a bipolar hypersoft set over X.
If (A Q, E) is a bipolar hypersoft open set, then (A, Q, E) and
(A, Q,E) are dzs]omt bipolar hypersoft sets, that is,
(A, Q,E)1 (A, Q,E) = (0, Q, E).

proof. Let (A,Q,E) be a bipolar hypersoft open set. By
Proposition 17 (3.), (AQ,E)° C ((AQ,EP)°. But
(A, Q,E)° = (A, Q, E) since (A, Q,E) 1s a bipolar hypersoft
open set. Hence, (A, Q, E) C ((A,Q,E)")°. This implies that
(A, Q, E) and (A, Q, E)’ are d15)01nt bipolar hypersoft sets,
that is, (A, Q, E)M1 (A, Q,E)¥ = (®,Q, E). O

Remark 11. The next example illustrates that the opposite of
Proposition 20 does not hold in general, whereas it is true in
hypersoft topology.

Example 11. Consider T g5, (A, Q, E), and (A, Q, E)° given
in Example 9. It is easy to see that
(A, Q, E)[‘I (A, Q,E)’ = (0,Q,E). Hence, (A Q,E) and
(A, Q, E)® are disjoint bipolar hypersoft sets, but (A, Q, E) is
not a bipolar hypersoft open set.

Proposition 21. Suppose that (X, T 4o, E, —E) is a bipolar
hypersoft space and (A, Q, E) is a bipolar hypersoft set over X.
If (AQ, E) is a bipolar hypersoft closed set, then
(A, Q,E)P C (A, QE).

proof. Suppose that (A, Q, E) is a bipolar hypersoft closed
set. By Proposition 5 (1.), (A, Q,E)° c (A, Q, E). Since
(A,Q,E) is a bipolar hypersoft closed set, then (A,
Q,E)= (A,Q,E). This implies that (A,QE)E (A,
Q,E). O

Remark 12. The converse of Proposition 21 is false in
general, while it is true in hypersoft topology.

Example 12. Consider T g4, (A, Q, E), and (A Q,E) given
in Example 9. It is easy to see that (A, Q, E)’ € (A, Q,E) but
(A, Q, E) is not a bipolar hypersoft closed set.

Proposition 22. Suppose that (A, Q, E) is a bipolar hypersoft
set of a bipolar hypersoft space over X. If (A, Q, E) is a bipolar
hypersoft open set and a bipolar hypersoft closed set, then
(A, Q, E)’ = (0,Q,E)

proof. Suppose that (A, Q, E) is a bipolar hypersoft open set
and a bipolar_hypersoft closed set. Then (A,Q, E)
(A QE) M (A, Q, E) = (A QE)
((AQ,E)°) = (A, QE)N (A, Q,E) = (0, Q, E).

DZIHH

Remark 13. The next example shows that the opposite of
Proposition 22 is incorrect in general, while it is hold in
hypersoft topology.

Example 13. Consider T g4, (A, Q, E), and (A, Q, E)® given
in Example 9. We saw that (A, Q, E) (D, 0, E), but
(A, Q, E) is neither a bipolar hypersoft open set nor a bipolar
hypersoft closed set.



Journal of Mathematics

Proposition 23. Suppose that (X,T 34, E, ~E) is a bipolar
hypersoft space and (A, Q, E) is a bipolar hypersoft set over X.
Then:

(1) (A, Q,E)P°N (A, QE)P = (d,Q, E).
2) (A, Q,E)XN (A Q,E) = (0,Q, E).

proof

1) (AQE’N(AQE = (AQ E)On[(é

(A O,E)] = [(ALQ,E)° N (AQ,E)] N
(A, Q,E)°

(A,Q,E) (A, Q,E)°M ((A, Q,E)°) = (,Q, E).

2) (AQE° N (AQE = ((AQE) N [(AQE)
n_WOQE] = (AQE) 0 [(ALQE) 0
(A E)T = [((MQRE) N (AQE)] N
(ALOLES = (0, 0EN((AQLE))Y = (0,0,
E). O

JE)N
,Q,E

:III\/

5. Conclusions

We have introduced bipolar hypersoft topological spaces
over the collection of bipolar hypersoft sets. The notions of
bipolar hypersoft neighborhood, bipolar hypersoft subspace,
and bipolar hypersoft limit points are introduced, and their
elementary characteristics are investigated. In addition, we
have defined bipolar hypersoft interior, bipolar hypersoft
closure, bipolar hypersoft exterior, and bipolar hypersoft
boundary, and the relations between them are studied. In the
end, it is necessary to establish more topological structures
such as compactness, connectedness, and separation axioms
for the practical applications.
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